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Catalyst

Reaction Mechanism is a set of elementary reaction steps that explains
how the reactants are converted into the products.

Besides the reactants and products, the reaction mechanism includes
formation and consumption of active intermediates

Typical characteristics of an active intermediate:
- Highly reactive
- Very short lifetime (e.g. ~10s)
- Difficult to measure, very low concentrations

Examples:
- activated complex
- transition state
- free radicals
- enzyme-substrate complex

- 10NS



energy

Catalysts

Change (increase) the reaction rate

— Reduce activationenergy
— Promote a new mechanism for the reaction

Do not affect the reaction equilibrium
Not consumed

Can be selective for a given product
Can be homogeneous or heterogeneous

A S B+ C, exothermic

Catalyst
(different intermediate)
Ecatalyzed Euncatalized (different mechanism)

Ecatalyzed < Euncatalyzed

B+C
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Adsorption Isotherms

/
d e .
= = 9
Ag +S _ AS A\
rate of adsorption: r,,, =k, p,C, -

rate of desorption: r,,, =k_,C

A =molecule A in gaseous phase

S = vacant site

AS = molecule A adsorbed on thesite S

p, = partial pressure of A in the gaseous phase (atm)

C, =surface concentration of sites occupied by species A (mol A/g cat)
C ,; =surface concentration of vacant (mol of vacant sites/g cat)

C, = total surface concentration of sites (mol of sites/g cat)
SITEBALANCE: C,=C,6+C,



Adsorption Isotherms JUSTH

-
ads ‘ — >

Ay +S d—> AS AT *

rate of adsorption: r,, =k, p,C, \_

rate of desorption: r,, =k ,C,
at the equilibrium rg =1y = Ky PaegCueqg =K aCaseq

o _ Crom g _{ ilibriom J
Koa PaeCue constant for A
KaPaeCureg =Crseq and C,=C,  +Cysq

Ka Paeg
"1+ K Pacg

KA pA,eq (Ct _CAS,eq): CAS,eq — CAS,eq =C

CAS eq KA pAeq
O, = — = ’ (LANGMUIR ADSORPTION ISOTHERM)
Ct 1+ KA pA,eq




Adsorption Isotherms

competitive adsorption of Aand B

ads
A+ S > AS

des

ads
B+S > BS
des

Fy = I(A pA,eqCv,eq B k—ACAS,eq =0
g = I(B pB,eqCv,eq B k—BCBS,eq =0

~

site balance :
Ct — Cv,eq + CAS,eq + CBS,eq
Show that :
/ . CAS,eq KA pA,eq
A=

CBS,eq . KB pB,eq

Ct B 1+ KA pA,eq + KB pB,eq

O
\_

Ct _1+ KApA,eq +KB pB,eq/

UMIVERSIDADE DE SAQ PAULD

adsorption of A, with dissociation

ads
A, +257 " 2AS

des

rA2 — kA pAZ,eqC2 o k—ACiS,eq =0

v,eq
site balance:
Ct — Cv,eq + CAS,eq
Show that :
CAS'eq \/KA pAZ,eq
®, = —
Ct 1+\/KA pAZ,eq
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LHHW Kinetic model
for heterogeneous catalytic reactions

LHHW = Langmuir-Hinshelwood-
Hougen-Watson

12



L HHW mechanism / kinetic model ISF

Hypotheses:

(1) in the surface reaction step, all reactants are
adsorbed and all products formed are adsorbed
on the catalytic sites

(2) PSSH applies for the reaction intermediates

(3) A rate-limiting step Is assumed (i.e., one of the
reaction steps Is rate-limiting)

13



LHHW mechanism/kinetic model

global reaction ... A ’C+D .. (=ry)=r.=ry=T(pPar, PcsPp)

Mechanism (elementary steps)

— C
(1) AJFSE AS Rl:kl[pACV— KASj
1
— CesC
(2) ASJFSE CS+DS R,=k,|C,C, - C|S< DS]
2
3 p CV
3) CS, "C+S R, =k, CCS_|C<_3

4

EVEN C
(4) DST_D+5S R, = k{ch —%
4

14



L HHW mechanism/kinetic model [SF

global reaction ... A "C+D o (=ry)=r.=ry=1T(ps, Pc,Pp)

Mechanism (elementary steps)

1 ;
(1) A"‘S(_AS RlzkILpACV_CKASj :kA[pACv_iAS]
1 A
_2 C..C C..C
(2) AS+S CS+DS R, =k,|C,C, —C}S(ZDS] =k, (CASCV - C:(:S ]
3 C C
3) CST_’C+S R, =k, CCS—% =K, KCS—pCch
3 C
4
(4) DS__D+S R, = k{ch _plz_Cv =k, f(DS - pDCVj
4 D
kl = kadS,A = kA K. — k3 _ kdes,C _ 1 k. =k . kadsC _ kC
K, = Kads,A =K, ’ K_s kads,C Ke ’ . Kec Ke
k2 = ksr . k4 . kdes,D . 1 k =k kads D _ kD
K, =K e TR TK oK, K
2 sr —4 ads,D D D D



L HHW mechanism/kinetic model [SF

global reaction ... A "C+D o (-=ry)=r.=ry;=T(ps P, Pp)

Mechanism (elementary steps)

1
(1) A+S(—AS Rlzk{pACv_CKASj :kA[pACV_?(AS]
1 A
SN C..C C.C
(2) AS+S___"CS+DS R, =k,|C,C, —CSDS] _ ksr(CASCv _CSDS]
2 Sr
3 o C
(3) CS__C+S A [ Kcs_pccvj
3 C
4
(4) DS E D+3S R, = k{CDS — plzcv =K, (I:<DS — pDCVj
4 D
o T =+R-R,=0 (PSSH) Cro =7
A 1
r __|_R rCS :+R2 _R3 :O (PSSH) CCS :7
c 3
r. =+R os =R, =R, =0 (PSSH) R Cps =7
> =R R +R+Ry=0(PSSH) c, =7




L HHW mechanism/kinetic model USF

global reaction ... A__"C+D ... (=ra) =rc =15 = f(Pa, Pc. Po)
Mechanism (elementary steps)
1 C C
1) A+S E AS R, = kl[pACV _KAS] _ kA(pACv _ KASJ
1 A
2
(2) AS+S_CS+DS R, =k, CASCV—CCSCDSJ K, LCASC _CKC j
2
3 CV C
(3) CS, C+3S R, =k, CCS—pr(— =k, > —p.C J
3 C
—4) pDCv DS
(4) DS D+3S R, =K, Cps — < =K, < - p,C
4 D
re =+R,—R, =0 (PSSH
ry=-R * ( ) R =R.=R. =R
s =+R, =Ry =0 (PSSH) 1T Ry = Ry = Ry
r. =+R, ©° |
F _.R s =+R, —R, =0 (PSSH) site balance
0 * r=-R —R, +R+R—=06—+PSSH) ~ C,=C,+C,; +Cgs +Cps




global reaction ... A C+D EP

(—
RN C s
A+S AS R, =k,| p.C, — " —->—->—->->->C,, =K,p,C,
A
2 rate
AS+S CS+DS| R, =k, | C,C, — CosCos J —|limiting > R ., = R,
sr step
3 Ces
CS, C+S R, = k¢ Rl p.C, | >>—>—>—>C, =K. p.C,
C
4 Cos
DS D+S R, =Kg < pP,C, | >>—>—>—>C, =K, p,C,
D
Ke PcCKp PpC, KcKpPe P
Rglobal = Rz :ksr(KApACv Cv_ —= Ker = ]:kSFKACVZ(pA_ CKADK; > | =
PcP
I:\)global = kerAC\f[pA o CK Dj
(Ccs j (CDS j equilibrium
KcKp  \PcCu )\ PoCu )y ( py ) 1 « | constant
KK C e CesCos PcPo /), K of the global
PAC, J L CusCy )y reaction




global reaction ... A >C+D

%
1 C s
A+S AS R, =k, pACV—K— —->—->—>—>—>C, =K, p,C,
A
2 rate
AS +S CS+DS,| R, =k, | C,C, — CosCos ] — flimiting - R .., = R,
st step
3 Ces
CS, C+5S R, =K. P p:.C, | >>—>—>—>C. =K, p:C,
C
_ 4 Cos
DS D+S R, =k, < p,C, | >>—>—>—>C, =K,;p,C,
D

K
Ct :Cv +CAS + Ccs +CDS = Cv + KA pACv + Kc pCCv + KD pDCv
Ct — Cv(1+KApA+ Kc Pc +KD pD)

ksr KACtz( Pa— pCKpD j

(@ +Kapa+ Kepe +Kppp)?

Pc P
RglobaI:kerACvz(pA_ . Dj

R =R

global 2




- —>
global reaction ... A C+D EP
SESEN C _rate
[A+S AS J R, = k,{pACV — KAjj e |Ir;’ltle'[;3ng — Rpa = Ry
SN K:.K
AS+S CS+DS, R, =k, CASCV—CCSCDS A = CosCos _ Kl P PoC,
Sr CVKSI‘ KSI’
_ 3 Ces
CS, C+S R, = k¢ " C j—)—)—)CCS = K. p:C,
C
_4 Cos
DS D+S R, =k, < pP,C, | >>—>C, =K, p,C,
D
KcKp PP
Ryiopar = Ry = Ka| PAC, === Pc PpC ) CV(p—CDj
global 1 ( A KAKsr c Mp A K

C,=C,+C, +C +C :CV(1+

K.K

Sr

= pch+chc+KDpDJ

(

R

kACt ( Pa— pCKpD

|

\

global

\

K
"‘KApch+chc+KDpD

_/




global reaction ... A ’C+D EP

%
RN C i
A+S AS R, =k,| pAC, — <, —->—>—>C, =K, p,C,
2
AS+S._ CS+DS, R, =k_| C,C, _MJ 55C,, = KaCasCy _ Ky KyPa C,
sr CDS KD pD
3 C rate
CS ’C+5S R, =k.| —=-— pCCVj ——>—p limiting > R .. = R,
Ke step
_ 4 Cpos
DS D+S R, =k, <. - ppC, | >—>—>—C =K, ppC,
K Ka P K
Rglobal = Rs = C[ A —d Cv - chv] — kCCv—(pA - Pe ij
KcKp Pp Pp K
C,=C,+C, +C. +C_ :CV[1+ K,op,+ KiKa Pa + KDpD]
Ko Po
4 )
kCCtK(pA_ pCKpD)
Rglobal = R3 — p
pD(l_i_ KApA + KCK7A+ KD ij

N\ Po /)




global reaction ... A ’C+D | ES p

%
1y C s
A+S AS R, =k, pACV—K— —->—->—>C, =K, p,.C,
A
2 CC K,CxC, K, K
AS+S T 2CS+DS, R, =k_| C,.C, —=C DS]—>—>CDS = Baensty _ RaBaPa
sr CCS KC pC
_ 3 Ces
CS, C+S R, = k¢ P pP:C, | >>—>—>C =K. p.C,
C
4 C rate
DS "D+S R, =k, KDS — pDCV] ——— limiting > R .., = R,
D step
K, K
Rglobal =R, = kD[ s P C, - pDCvj = kDCvﬁtpA B pD)
KCKD pC C K

K, K
Ct:CV+CAS+CCS+CDS:Cv£1+KApA+KCpC+ st A ij

kDCt K( Pa— pCKpD j

pc(1+ Kipa+ KePe +KDKpA+]
Pc

R

global



- oD TSH
Results for LHHW kACt(pA P! j
(depending on the Ryt = Ry =—
rate-limiting step L L+ PePo +Kepe +Kp ij
Chosen)
4 )
kerACtZ(pA - pCKpD )
Rglobal = RZ = 2
(1+ KA pA + KC pC + KD pD)
mechanism LHHW
/ 1 \ 4 Pec Pp h
A+S E AS kKcCiK| pa— K
2 Rglobal = R3 =
AS + S >CS + DS _ pD[1+KApA+KCKpA+KDpDL
D
_3
CS,_'C+S - N
Pc Po
— k.C.K| p, —
DS D+S L . (p“ K j
Rglobal _ R4 -

pc(1+ KD+ Ke pe +KDKpA+j
Pc ) )




L HHW mechanism / kinetic model 0SF

Other reactions

24



LHHW mechanism / kinetic model

(kinetic factor )driving_force group)

overall rate= _
(adsorption group)

25



LHHW kinetic model

Driving-Force Groups

Reaction A=R A=R+585 A+B=R A+B=R+ §
Adsorption of 4 controlling 24 — % Pa — p—l& Pa — }{%Z Pa— ﬁ:ﬁi
Adsorption of 8 controlling 0 0 Pa — ﬁ:—T‘" P — F;E
Desorption of R controlling p, — p_; E — %ﬂ PiPr — % F’;f” - ‘%
Surface reaction controlling py — '%ﬂ 4= FT:: PaPy — F_ﬁ_ﬂ Pafs — EEK‘E_S
::Tnjla.j‘ﬂjrzzl}tmm“g 0 0 PaPe — % Pals — %

Froment & Bischoff, Chemical Reactor Analysis and Design, 2nd ed., Wiley, 1990 26
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Replacements in the General Adsorption Groups
(I + K,py + Kpps + Kppp + Kgps + K, p)"

Reaction A=R A=R+S5S A+B=R A+B =R+ S
Where adsorption of 4 israte K, pg K4 prps K. pr K PaDs
controlling, replace K, p, by K K Kpy Kpg
Where adsorption of B is rate 0 0 KoPr KsPrPs
Kp, Kp,

controlling, replace Kgpg by

Where desorption of R is rate KKep, KK P4 KKppspa Kk, 2=

controlling, replace Kgpg by Ps Ps

Where adsorption of A is rate o
K
controlling with dissociation Kapr KaPaPs ﬂlf;pk APRPs
of A4, replace K, p 4 by K Pu

Where equilibrium adsorption
of A takes place with dissoci-

ation of A, replace K, p by /K,p, o Kapa o KaPa KD

and similarly for other
components adsorbed with
dissociation

Where A is not adsorbed,
replace K, p, by 0 0 0 0

and similarly for other
components that are not
adsorbed

Froment & Bischoff, Chemical Reactor Analysis and Design, 2nd ed., Wiley, 1990



L HHW kinetic model USTS

Exponents of Adsorption Groups

Adsorption of A controlling without dissociation
Desorption of R controlling

Adsorption of A controlling with dissociation
Impact of A without dissociation 4 + B=R
Impact of A without dissociation 4 + B==R + §
Homogeneous reaction

= 3 o3 3 o3 3
[ I [ I A |

Surface Reaction Controlling

A=R A=R+ S A+B=R A+B=R+ 8§

No dissociation of A 1 2 2 2
Dissociation of A 2 3 3
Dissociation of 4

(B not adsorbed) 2 2 2 2
Mo dissociation of A

(B not adsorbed) I 2 | 2

From Yang and Hougen [33].

28
Froment & Bischoff, Chemical Reactor Analysis and Design, 2nd ed., Wiley, 1990



L HHW kinetic model USTS

Kinetic Groups
Adsorption of 4 controlling k.
Adsorption of B controlling ky
Desorption of R controlling kp K
Adsorption of A controlling with dissociation &,
Impact of A controlling k, Ky
Homogeneous reaction controlling k

Sarface Reaction Controlling

AZ=R AZ=R+S5S A+B=R A+ B=2R+S

wuhﬂut djSEﬂdﬂUﬂ'ﬂ .i', K‘. k..ﬁ,; j.", Eﬂ_ KI k' "::.-vl K-ﬂ'
With dissociation of 4 kK, kK, kK, K, koK, Ky
B not adsorbed ko K4 ke K, ke K, ko Ky

29

Froment & Bischoff, Chemical Reactor Analysis and Design, 2nd ed., Wiley, 1990



LHHW mechanism / kinetic model

ASSIGNMENT:

- choose one of these reactions;

- write the steps of the LHHW mechanism;

- choose one of the steps as rate-limiting;

- derive the corresponding rate equation;

- obtain the rate equation from the
tables (kinetic factor, driving-force
group, adsorption group) and
compare with the per-you-derived
rate equation

30




Eley-Rideal mechanism

Similar to LHHW, except that in the surface reaction step, not all
reactants (or not all the products) are adsorbed

(i.e., hypothesis (1) of LHHW is not adopted).

’C+D

global reaction ... A

Eley - Rideal Mechanism (elementary steps)

RN C
) A+ST ”AS R, = kl(pACV - ]
N Ces P

_3, C
(3) CST_ ’C+5S R, = k{ccS —p;;—]
3

31



Design Equations for Ideal Reactors TR
(mole balance for component A — limiting reagent)
one reaction & isothermal reactor

Batch reactor

dN dXA_ — ¢ dXA
o BB e ]Sy

CSTR

v _ Fuo—Fa [V:FAOXA_XAO}
) = )

PFR

dF dXA__ V:FAOXA dXA
o e [FAOdV_(rA)} [ <>}

PBR
X
dXA _ ' W — F dxA
[ Fao W (rA)} [ Ao o (-ry)

32




Use of LHHW kinetic model In reactor design

4 X
X, + X
eocceevee Fao——=(-T,) W =Fy —r’A
fasesecss) 4w G (CT2)
000000000 \ /\
kerACtz(pA — pCKpDJ | En=0Yp =
(_rIA):(1+K D, + K.pe +K,pg)? = (+1) Fao
/ A =t oY B I:Ao + I:Co + I:Do + I:Io
] .

pA:CART:CAoRT (1_XA) TOP :yAOP (1_XA) TOP
(L+e,X )\ TP, (L+e,X )\ TP,

(ECHXAJ - £E+Xj .
Pe = CC RT = CAo RT = — | = onP = >
(1-I-8AXA) TPO (l-l-gAXA) TPO

(I;D°+XAJ . [ED°+XA} .
pD:CDRT:CAoRT = [0 J:onP = (O j

L+&,X,) \ TP, L+&,X,) (TP, 33



Discrimination of kinetic models using
Initial rates (p=pp=0)

: kACvipA_ Pe pDJ A
K
Rglobal = Rl = KA
1+K PcPp + KePe + Kp Py
> <
kerACtZ(pA B pCKpD)
Rotoral = 2T 1+ K, p,+ K.pe +K.p.)?
\ ApA CpC DpD )
4 )
kCCtK[pA - pCKij
Rglobal = R3 =
pD£1+ KApA + KcKpA"' KD pD]
\_ Po Y,
[ kDCtKLPA _ pCKpDJ \
Rglobal = R4 =
pc[1+ K, pa+Kepe +KDKEA+
\_ ¢ /)

—
A; C+D

R :RlzkApA

global

R kerA pA

global — " ‘2

L+ K,p,)°

R

global



Analysis of the rate equation UST,

Nonlinear regression
(using the original rate equation)

kC,C,

(—r,) =
" 1+K,C, +K,Cy+K.Co +K,Cp )

1/2
CACBJ 1 Kip L K K. K.
_ +—BC, +—SC.+—2C
(_rA \/E \/7?(’é \/7‘}’25’ kj(% \/E?’E')'
Y

Linear regression
(using the linearized-transformed equation)

35



LHHW mechanism / kinetic model

Recommended Exercises
(Fogler Chapter 10)
P-10-5 (32 Ed.) = P-10-6 (48 Ed.)
P-10-8 (32 Ed.) = P-10-9 (42 Ed.)
P-10-9 (32 Ed.) = P-10-10 (42 Ed.)
P-10-10 (32 Ed.) = P-10-11 (42 Ed.)

36



P10-5y The dehydration of n-butyl alcohol (butanol) over an alumina-silica catalyst
was investigated by J. E Maurer (Ph.D. thesis, University of Michigan))The
data in Figure P10-5 were obtained at 750°F 1n a modified differential reactor.
The feed consisted of pure butanol.

{a) Suggest a mechanism and rate-controlling step that is consistent with the
experimental data.
(b) Evaluate the rate law parameters.
(¢} At the point where the initial rate is a maximum, what is the fraction of
vacant sites? What is the fraction of occupied sites by both A and B7

0.8

—

E osf- -
HE

22

=

Tu,q.F

¥

: @

! 0.2k -
E

J %0

37
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KaPa

Discrimination of kinetic models using A0
e o +D
Initial rates (p=pp=0) ‘
4 kACtL Pa— pCKpD J A
Pc=Pp= _
Rglobal = Rl — K Rglobal Rl
1+KA PcPp + Kc Pec + KDpD
g J
7
kerACtZ(pA_ pC pD) \/
K Pc=Ppp=0
R — - I:aglobal R2
global 2 2
\ (1+ I<ApA-I_ KC pC+KD pD)) \
4 )
chJ<(pA"piij
Rglobal = R3 = Pe—Po Rglobal
pD£1+ KApA + KCKpA+ I<D pD]
\_ Po J
( kDCtKLpA _ pCKpDJ \
Rglobal = R4 — Pe=po Rglobal
pc(1+K 0, + K. pe + K KPa 4
N pe /)




Discrimination of kinetic models using initial rates (p=pp=0)

Adsorption of A

A

Surface reaction

—
; C+D

=l

ksr KA pA

R....=
initial (1+ KADA)2

Desorption of C

=

F.m:_jk

Adsorption

T

rAD rli

Surface reaction

FAQ ‘L

Desarption




Discrimination of kinetic models using initial rates (p=pp=0)

—
A, C+D

Surface reaction

R _ ksr KA pA

— initial — 2

g 1+ KApa)
e
M:'é} o4

‘;: G) surface reaction

| 7 rao )

Lo, ..
P (atm)

Figure P10-5




- ~  Linearization of the model equation UST

k. K 4 N
(_er) _ s v a Pao . 0. 1 1
I+K,pa) = +—Pup =Y =a+bX
\_ Yy, (_er) ksr KA ksr T
N — y — —
" i Y,
pAo
(_er) 10 n \
YK =D Vi DX —
e N o " 1 1
Ker n (& Y " slope b
x> — X.
S8 ) -
K, = slope b
A2 — [intercept —a= L - E(Z y; —b> X, j ] Intercept &
kerA n i=1 i=1 —
X = pAo
2
5
min F(a,b) = Z[Yi,exp ,Ca,c] < minF(a,b) = Z _Pro B 7
=1 ( rAO) i,exp (_er) i,calc

Linear Regression (fit of the linearized equationto the
transformed variables Y and X) 41



TSF

4 ) Fitofthe original (nonlinear) equation

(_r ) — kerA pAo - .
o) T ALK,y ) to the original (non-transformed) data
\§ J
Y = (_er)
/I\/Iatlab N
Octave
Y Scilab
= Pao Polymath
5 ’y Excel (“solve”)
min F(ksr ) KA) - Z[(_er)i,exp o (_er)i,caIc ]2

5t Y

Nonlinear Regression (fit of the nonlinear equationto the original data)

42



(ST
Try the two methods and compare

 Linear regression using the linerized equation and
transformed variables

* Nonlinear regression using the original equation
and the original variables

Which of the two methods above is the easiest one?
Which of the two methods above Is the best one?

43



Parameter Estimation JUSTS
 Model: { = f(X,IB)

o Experimental data: n measurements (y;, X; )

e General criterion:
max likelihood function

m/?x L(,B\y, X) = f[ P(yi ‘Xi ,,B)

44



Least Squares Criterion JUSTS

Assumptions:
(1) Errorson variable x are zero

(i.e., x are “perfect” measurements, with no error)
(2) Errorsonthe variabley is -

A 2 ]
distributed accordingto 1 - (yi =Y )
a normal (Gaussian) p(yi ‘Xi "B) - 7 XP 252

L . 2O o
distributionwith . -
mean=zero and
(3) variance o? = constant
y
X

45



Least Squares Criterion JUSTS

Assumptions:
(1) Errorson variable x are zero

(i.e., x are “perfect” measurements, with no error)
(2) Errorsonthe variabley is -

o\ 2 ]
distributed accordingto 1 - (yi - yi)
a normal (Gaussian) p(yi‘xi,,ﬁ)= 7 XP 252
L . 2O o
distributionwith . -

mean=zero and
(3) variance o? = constant

L(ﬂ‘y,x)zli[p(yi‘xi,ﬂ) Hmexp{_(yé;;’i )2:|

max(L)= max(In(L)) = max In(\/;[?jn - 12 Zn:(yi -9.7 |= min(zn:(yi ~ . )Zj

'
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Other Criteria JUSTS

(a) Error(x) =0 and

Error(y) = N(mean=0, 62 not constant) y F
WEIGHTED LEAST SQUARES
(with weights proportional to
the inverse of the variance) % :
mln(ZW( y. ) j mm[Z“Glz(yi . )Zj X
=1 i
N
AN

(b) Error(x) = N(mean=0, 2 ,) (not zero) y N
Error(y) =N(mean=0, %) AN
ERROR-IN-VARIABLES @P i

minLZn‘,lz(yi -9,) + Zn:iz(xi - % )2]
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Least Squares Criterion JUSTS

Assumptions:
(1) Errorson variable x are zero

(i.e., x are “perfect” measurements, with no error)
(2) Errorsonthe variabley is -

o\ 2 ]
distributed accordingto 1 - (yi - yi)
a normal (Gaussian) p(yi‘xi,,ﬁ)= 7 XP 252
L . 2O o
distributionwith . -

mean=zero and
(3) variance o? = constant

(I38i
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Linearization of the equation by variable transformation

y = axlbxzC In(y) = In(a)+@ln(x1)+@ln(x2)
Y Po B X, Pa X,
y = ae™ In(y) = In(a) + (0)(x)
Y fo B X
y = 1 (1/y):@+@&>9
a + bx ¥ Sy B X
b &32 = ﬂ +@(1/ X)
y — a+; Y 5o o) X

W)=+ o/

Y 5o B X

ax (x/y) = (b/a)+(1/a)(x)

y: - —_— _ - \/_J \ﬁ/_J%,—J
b+ X Y fo poX

)= @+ )y /0
Y Bo B X 49




Linearization of the equation by variable transformation TSP

Disadvantages

(1) If the values of x; are in a narrow range (less than one order of
magnitude), In(x;) will be in an even narrower range. Because all
elements of 1st column of matrix X are equal to 1, the matrix X™X
becomes quase-singular.

(2) Variable transformation may change the error structure (i.e., error
on the transformed variable is not normally distributed), thus
Introducing bias in the parameter estimates.

(3) In some transformations, y enters in the transformed
“Independent” variables (thus adding errors to the tranformed X)

Advantages

(a) Convert the original problem (nonlinear regression) into an easier
problem (linear regression)

(b) Useful for obtaining the initial guesses of the parameters to be
used in the nonlinear regression. 50
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Variable transformation changes the error distribution

Y=20+4

IN(Y)=2.996 + ?

1/Y =0.05£7

IN(16) =2.773
In(20) =2.996
In(24) =3.178

1/20 = 0.0500
1/24 =0.0417

1/16 = 0.0625 \
o |
>
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