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Mathematics of Transport Phenomena
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If the functions u(x,f) and f(x, ) are differentiable, then the divergence theorem.
as applied to the surface integral in (1.2). yields the identity

Since the choice of V is arbitrary. the expression in the square brackets must vanish.
so the evolution of u(x,f) is governed by the partial differential equation (PDE)

du(x,t)
dt

+V-f(x,t) = s(x,1). (1.3)
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massa transportada
Gradiente de concentragao

In general. both convective and diffusive effects musy be taken into account, so

f(x,f)=v(x,tju—Z(x,f)pVe. (1.7)

However. the rates of convective and diffusive transport may be quite different. For
example, the transport of pollutants in a river 1s doninated by convection, whereas
the spreading of pollutants in a lake is dominated by diffusion (dispersion).

Velocidade de transporte Coeficiente de difusao
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Fig. 1.2 Transport of tracer particles in a pipe filled with moving water.

(c) equlibrium state

(b) intermediate state

(a) 1tial state
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The Generic Transport Equation

% +V-(vpec)—V-(ZpVc) =s.

the rate-of-change term %,:;_c is the net gain/loss of mass per unit volume and time;
the convective term V- (vpc) is due to the downstream transport with velocity v:
the diffusive term —V - (Zp Ve) is due to a nonuniform spatial distribution of ¢;
the source or sink term s combines all other effects that create or destroy pe.

% +V-(vu)—V-(ZVu) =s.

convection-diffusion-reaction (CDR) equation



Summary of Model Problems

Table 1.1 Summary of models for convection, diffusion. and reaction processes.
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PDE type multidimensional one-dimensional
elliptic V-(vu—9Vu)=s v gg — g—ig =5
V- (PVu) =5 e
hyperbolic V-(vu)=s v% =5
%%—I—"F-Iii'zs:]:S %I‘:JF"%—S
parabolic % —V-(9Vu)=s % g—ig =5
%4—?{1'!{—&3?1{]:3 %-I—v%— g—ig=s
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(a) structured. uniform (b) structured. deformed (¢) structured. perturbed

| . memusaB=anuE:

- L | | L € 1 :i 4|
-I
1 - - -

(d) block-structured. 2 subdomains

— e
_;\—__‘_-__ . ,_—'_____._,,—
‘-1—_._-_‘—\—\.-_._' P I oy
SS— ] - _ R P
————
I | e P |
— R e
| — ——— "_"—\_—_ﬁ
L——" s S S
Dy T ——

Dominios que podem ser mais facilmente mapeados no quadrado sdao mais propensos a
aplicacdo do métodos de diferencas finitas.
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(e) unstructured. triangular (f) unstructured. quadrilateral
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Dominios mais complexos nao podem facilmente ser discretizados de forma a aplicar o
método de diferencas finitas. Formulacdes mais gerais como o método dos Volumes Finitos
e o método dos Elementos Finitos sao capazes de lidar com discretizacdes em poligonos.



Fig. 1.6 Control volumes for a vertex-centered FVM in two dimensions.
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850 mb Wind Speed (kts) & MSLP (hPa) 12Z260CT2012 fx: [96] hr —=> Tue 12Z300CT2012
ECMWF Global Deterministic Forecost Model T1279 Domain Max: 94.5 kt Domain MinSLP: 940,35 hPa
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Roteiro do curso

* Introducao

* Séries de Fourier

 Meétodo de Diferencas Finitas
 Equacao do calor transiente (parabdlica)
 Equacao de Poisson (eliptica)
 Equacao da onda (hiperbdlica)



