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xProblem 6.9 Consider a quantum system with just three linearly independent
states. Suppose the Hamiltonian, in matrix form, is

(1—¢) 0 O
H=YV, 0 1 €
0 € 2

where V) is a constant, and ¢ is some small number (¢ « 1).

(a) Write down the eigenvectors and eigenvalues of the unperturbed Hamiltonian
(e = 0).

(b) Solve for the exact eigenvalues of H. Expand each of them as a power series
in €, up to second order.

(c) Use first- and second-order nondegenerate perturbation theory to find the
approximate eigenvalue for the state that grows out of the nondegenerate
eigenvector of HY. Compare the exact result, from (a).

(d) Use degenerate perturbation theory to find the first-order correction to the
two Initially degenerate eigenvalues. Compare the exact results.



H=H’+H'
(1—-€¢) 0 O
V()( 0 1 E)
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(a) Write down the eigenvectors and eigenvalues of the unperturbed Hamiltonian

- Hamiltoniano nao perturbado:

- Autovetores normalizados:
1 0
0 0

E? =V, EY =1V, E = 2V,

- Autovalores:



(b) Solve for the exact eigenvalues of H. Expand each of them as a power series H 1/) = A 1/)

in €, up to second order.

(1—-¢) 0 O
- Equacao caracteristica: det(H — ] /1) =0 H=V) ( 0 ] 6)
0 € 2
Vo(l—€)—=A] 0O 0
0 [VO — )\] GVO =0
0 GVO [QVO — )\]

- Polinbmio caracteristico:
Vo(1—e) = N[(Vo = N)(2Vo — A) — (V0)?] =0
— ——’

A = Vo(1 —e) A =3V + 2V — V) =0

3Vt OVE -4V -eVg) _ W
- 2

A

3+ 1—l—462]
> |



V1 + 4€2 ~ 1+ 262

- Autovalores exatos de H:

» )\1 = Vo(l—é)

m) )\sz (33—\/1+462> zVO(l—GQ)

-0
2

y
= A3:70(3+\/1+4e2) ~ Vo(2 + €2)



(c) Use first- and second-order nondegenerate perturbation theory to find the

. : 1 0 0
approximate eigenvalue for the state that grows out of the nondegenerate H=v.lo 1 o
eigenvector of H 0. Compare the exact result, from (a). 0

0
E =2V, |3)=<o>
1

- Correcao de primeira ordem no autovalor:

- Autoestado nado degenerado de H? :

~100 ~100Y\ /0
H'=eo | 0 01| 5 El= (3|H'|3) =W (001)| 0 01 0
0 10 0 10 1
0
=elp(001) [ 1] =0
0

- nao temos correcao 12 ordem



- Correcao de segunda ordem no autovalor: 1 0 —1 00
m| H'13)2 '”=<°> '”:(1) R
m| H 0 0 0 10
D>

0 _ 10
m=1,2 b3 — Em

~100 0 0
(1| H'|3) =€V (100) ( 0 01) (0) =eVp(100) (1) =0
0 10 1 0

(2| H'|3) =€V (010) (?) = eV}

0




2| H'|3))? ,
g2 = [2IH ) {(2|H|3)=EVO

EO_EO
> B9 — E9 = 2Vp — V= Vi

. 2 __ 2 2
. B3 = (eVp)?/Vo = €V
- Autovalor corrigido até segunda orderm em € :

W F3=F)+Ei+FE2=2V5+0+€Vy = Vo(2+ €%)

resultado exato até segunda ordem em €:

/13 ~ V0(2 =+ 62)



(d) Use degenerate perturbation theory to find the first-order correction to the
two 1nitially degenerate eigenvalues. Compare the exact results.



Teroria de perturbacao - estados degenerados

- Estados degenerados de H° 1/23 ) 1/11(9)

0.0 0.,0 0.,0 0.,0 0,0
H'Y, = E"Y,, HY, =E"Y,. (Yal¥,) =0
- Combinacao linear desses estados:

¥ = ay? + By

autoestado de H°

HOy O = EOy0



- Queremos resolver a equacao de Schrodinger:

HYy=EY¥y H=H+\H

{ E = EO + ).El correcoes até a primeira ordem no espectro de energia

¥ =y + 1y

e autoestado do H do problema perturbado.

HoY? + A(H'Y? + HOy) + - = E%° + A(E'y* + EOyl) + -

- ordem zero em A: -ordem lem A:

HOwO EOwO H()wl + szo — E()wl + Elwo



-ordem 1 em A:
HOwl _+_ H’wo — Eolpl _+_ Elwo

Produto escalar com 1/;3

WOIHO Yy + (WO H' YO = E%w 01y Yy + EN w10
W—J W—J
HO Hermitiano

Considerando a combinagao linear l/)O= o 1/)3 + [ lljg teremos:

a (WO H'|[W0) + B2 H |y = « E!



-ordem 1 em A:
HO'(,[/l +H’1lf0 — EOI/,I + Elwo

Produto escalar com l/Jg

a(p|H'[e) + B (Wp|H'[wp) = BE?



- Sistema de equacoes

a(PIIH' 1Y) + B (YO|H'|yp) = a E*
a(wp|H'[w2) + B (wp|H'|yp) = B E?

WIH Y. (. j=a.b)

- Reescrevo em termos dos elementos da matriz W

AWaa + BWap = ¢ E'
aWp, + BWpp = ,BEI




- Forma matricial do sistema de equacgoes:
(Waa Wab) (C() = F1 ((1)
Wpa Wpp) \B b
> dettW —ITEY) =0
- Polindmio caracteristico: (W, — EY)(Wp, — EY) — W, Wpq = 0

(EN? — EY(Wag + W) + (Wag Wiy — Way Wie) =0

- Correcao de primeira ordem para autovalor degenerado:

1
Eit = '2' l:waa + W T \/(Waa - th)z + 4‘|V'/ab|2 ]
Wipa = W,

ab



(d) Use degenerate perturbation theory to find the first-order correction to the

two Initially degenerate eigenvalues. Compare the exact results —100
s £ B P S H =elp| 0 01
0 10
- Autovetores degenerados HO. Autovalor:
1 0 EO — EO -V
I1>=<0> |2)=<1> Lo
0 0
- Elementos da Matriz \WW
—1 00 1 —1
Waa= (1| H'|1) =5 (100)[ 0 01 )| 0] =€e5(100)[ 0 | =—€Vg

0 10 0 0



Wy = (2| H'|2) ZGVO(O 1 0) (

Wap = (1| H'|2) =€V (100)

Wha = 0.

—1 00

0 01
0O 10

—1 00
0 01
0 10

1



- Solucéo para correcao de primeira ordem dos autovalores degenereados:

1
El = :7: [Waa + Wiy T \/(Waa — Wbb)z + 4|Wal)|2 :I
Teremos:
gt =1 —eVo + 0=+ \/e2V02 +0| = l(—eVo + €Vo)
+ 2 2
Finalmente: E?=E} =V, El=—¢V, El =0

=» E, = E>+E1=V,— €V,

resultado exato até primeira ordem em e:
' 2 2 | + [ 0

)\1 — Vo(l —6) AZ — VO



