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Fourier analysis

3 transforms and 1 algorithm:

— Fourier Series

— Continuous Fourier Transform
— Discrete Fourier Transform

— Fast Fourier Transform
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Fourier Series

* The Fourier series of a periodic function
2(1), with period 2L:

o(t)= a0+2{a cos(nzﬂ j+bn sin(%ﬂ

n=I

2L
L

a, = % __‘; g(t)cos(%jdt
L

b = % jL g(t)sin( ”2” jdt
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Fourier Series

* o(?) 1s represented as a weighted sum of
sines and cosines (ie linear combination),

with frequencies defined as:

nit n
— =271 & [ =—
L ! / 2L
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Fourier Series
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Fourier Series

Example: g(t)= (1)

{t)

Original (non-periodic) g(?)
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Fourier Series

1 - 1 % 1
—— Vhlt)dt=— | h(zr)d
o 2L_J;(t)t 4a o 4a
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Fourier Series

L 2a a
a, = ! j h(t)cos(ﬂjdt _ L h(t)cos(ﬂjdt _ L cos(ﬂjdt =
L~ . 2a 2a ° 2a

" h L 2a -
1| 2a nm )] et 1] . (mzj ( nﬂj
=—| —sin| — = —|sin| — |—sin| —— || =
2a| nrx 2 )|, nrx 2 2
=—|sin| — |+sin| — | |= —sIn| — | = sinc| —
niw 2 ni
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Fourier Series

L 2a a
b, = 1 Ih(t)sin(@jdt _1 _[ h(t)sin(@jdt _1 sin(@jdt =
L L kS 2a 2a ° 2a
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Fourier Series

{1 if —a<t<a

0 otherwise

h(t)=;+i{sinc(};jcos(273j}
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Fourier Series
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Fourier Series

Euler formula:  exp{;j6}=cos(8)+ jsin(0)

jnt ]

€)= 3|, el 27}
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Continuos Fourier Transform

Continuous Fourier transform:
G(f)=3g(t)}= [ g(t)expl- j2nfi}di

Inverse Fourier transform:
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Continuos Fourier Transform

2D Continuous Fourier transform:

G(u, v) = S{g(x, y)} = T Tg(x, y)exp{— j27z(ux + vy)}dxdy

2D Inverse Fourier transform:

3G (u,v)} = ]9 T G(u,v)exp{j27(ux + vy )jdudv

—00—00

g(x,y)=
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Continuos Fourier Transform

Fourier pair

g(x,y) o Glu,v)
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Discrete Fourier Transform

2D Discrete Fourier transform:

Ul
U

G, =g, =3 3 g,, expl- j2r(z+2)]

2D Discrete Inverse Fourier transform:

2

M-1

{ } G exp{]27z( +qs)}

r=0 s

Epag ~

I
-
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Fourier analysis

2D Fourier transform properties
Property Description

Separability (DFT) The discrete Fourier transform can be computed in
terms of 1D Fourier transforms of the image rows

followed by 1D transforms of the columns (or

vice-versa).

Spatial Translation g(x TXp YT yO) > exp L j272'(ux0 + vyO)JG(u, V)
(Shifting)
Frequency Translation exp |-j27l'(xu0 + yVO)Jg(X, y) VRN G(u U,V VO)
(Shifting)
Conjugate Symmetry If g(x, y) is real, then G(u,v)=G*(~u,~v)

Rotation by 0 g(x cos 0+ ysin 0,—xsin 0 + y cos 0) >

& 6% cos0 +vsin 0,—u sin 0+ vcos 0)

Linearity — Sum gl(x,y)+ gz(x, y)<—> Gl(u,v)-i‘ Gz(u,v)
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Fourier analysis

ag(x, y) g aG(u, v)

Linearity —
Multiplication by
Scalars

Scaling 1 A

larp) o L G(z vl

‘ab‘ a b)

Average Value The image average value is directly proportional to
G(0,0) (the so called DC component).

g VY h(x, )< G(u,v)H (u,v)
and
g(x, y)h(x,y) <> Gu,v)* H(u,v)

Convolution Theorem

g(x,y)o h(x,y) <> G*(u,v)H (u,v)
and
g (x, y)h(x, )€ G(u,v)o H(u,v)

Correlation Theorem

ox ) oy 78

Ay J

Differentiation
o \m( o\
(_L [ (o GamdmGamdng, )
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Convolution Theorem

Convolution Theorem

gx, )Y hx,y)< G(u,v)H (u,v)
and
gx, y)h(x,y) <> G(u,v)* H(u,v)



Frequency Filtering

2D Discrete Fourier transform:

Algorithm: Frequency Filtering
1.Choose G(r,s);
2.Calculate the Fourier transform F(r,s);
" 3.H(r,s) = F(r,s) G(r,s);
4 .Calculate the inverse Fourier Transform h(p,q);
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Frequency Filtering

Example: Box filter

G =

r,s

Lif (2 +s7)<T
0, if (7'2-|—S2)>T
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Frequency Filtering

(a)

Shape Analysis and Classification - Roberto M. Cesar-Jr




Frequency Filtering

¥

(c)
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Frequency Filtering

Example: Gaussian filter

G :exp( (rz _I_Sz)\
\

r,

2
20 y

Shape Analysis and Classification - Roberto M. Cesar-Jr



Frequency Filtering

(b)

(d)
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