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Brief review



Review
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Next steps: dense fluids

Mean-field treatment of long-range
intermolecular forces
Lattice models for non-ideal fluids



Part 3:
Dense fluids

1 Non-ideal gases: long-range forces

2 Shan-Chen models

3 Phase separation

4 Cohesion-adhesion model

5 Hands-on tutorial



Non-ideal gases:
(ii) long-range forces



Inspiration: kinetic theory of plasmas
Neutral plasmas are usually described as a gas of electrons
moving in the presence of an uniform positive background
charge, with density en+ [Bhatnagar, Gross, Krook (1954)]

The velocity distribution of electrons f(r, ξ, t)
obeys the Boltzmann equation:

∂f

∂t
+ ξ · ∂f

∂r
− eE
m
· ∂f
∂ξ

= Ω(f)

where the electric field is found by

ε0∇ · E(r, t) = e
[
n+ −

∫
dξf(r, ξ, t)

]



RDFs: the long-range region
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RDFs: the long-range region
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RDFs: the long-range region

In gases and liquids
RDF is uniform at sufficiently long ranges*
Long-range forces can be interpreted as if
caused by a continuum mass distribution
Molecules can be treated as test particles
moving in a mean-field
Mean-field implemented as external force per
unit mass: g
* ‘long-range’ compared to molecular sizes



Mean-field potential and force
Energy due to pairwise forces (molecule-level)

E = 1
2
∑
a6=b

U(ra, rb)

The potential energy per unit mass at r is

ϕ(r, t) = m−1
∫

Λ
U(r, r′)n(r′, t)dr′

[U(r, r′)] = [energy]

The force per unit mass at r is

g(r, t)Λ = −∇rϕ(r, t)



Mean-field potential and force
Energy due to pairwise forces (continuum)

E = 1
2

∫∫
U(r, r′) npairs(r′, r) dr′dr

The potential energy per unit mass at r is

ϕ(r, t) = m−1
∫

Λ
U(r, r′)n(r′, t)dr′

[U(r, r′)] = [energy]

The force per unit mass at r is

g(r, t)Λ = −∇rϕ(r, t)



Mean-field potential and force
Energy due to pairwise forces (mean-field)

npairs(r′, r) → n(r′)n(r) (if |r′ − r| → ∞)

The potential energy per unit mass at r is

ϕ(r, t) = m−1
∫

Λ
U(r, r′)n(r′, t)dr′

[U(r, r′)] = [energy]

The force per unit mass at r is

g(r, t)Λ = −∇rϕ(r, t)



Mean-field potential and force
Energy due to pairwise forces (mean-field)

E = Eclose + 1
2

∫ ∫
Λ
U(r, r′) n(r′)n(r) dr′dr

The potential energy per unit mass at r is

ϕ(r, t) = m−1
∫

Λ
U(r, r′)n(r′, t)dr′

[U(r, r′)] = [energy]
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Mean-field potential and force
Energy due to pairwise forces (mean-field)
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2
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Mean-field potential and force
Energy due to pairwise forces (mean-field)
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Mean-field potential and force
Energy due to pairwise forces (mean-field)
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Mean-field potential and force
Energy due to pairwise forces (mean-field)
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(appears in the transport equation)



Mean-field potential and force
Energy due to pairwise forces (mean-field)

E = Eclose︸ ︷︷ ︸
τc

+1
2

∫ [ ∫
Λ
U(r, r′) · n(r′)dr′

]
n(r)dr

The potential energy per unit mass at r is

ϕ(r, t) ≡
∫
υ(r, r′)ρ(r′, t)dr′

[υ(r, r′) = U(r, r′)/m2] = [energy/mass2]

The force per unit volume at r is

ρ(r, t)g(r, t)Λ = −ρ(r, t)
∫

Λ
[∇rυ(r, r′)]ρ(r′, t)dr′

(appears in the Navier-Stokes equations)



Mean-field potential and density gradients
A much more convenient expression can be obtained
under two assumptions: (a) isotropic interactions

υ(r, r′) = υ(R), R = r′ − r

and (b) over the interaction range the following
approximation is valid

ϕ(r, t) =
∫
Λ
υ(r, r′)ρ(r′, t)dr′

and inside the integral we take:

ρ(r+R, t) ≈ ρ(r, t)+R·∇ρ(r, t)+1
2RR : ∇∇ρ(r, t)
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Mean-field potential and density gradients
The resulting expression can then be organized as

ϕ(r, t) = −2aρ(r, t)− κ∇2ρ(r, t)

with coefficients

a = −1
2

∫
Λ
υ(R) dR

κ = −1
6

∫
Λ
R2υ(R) dR

(not independent)

Then, the mean-field force per unit mass at r is

gΛ = −∇ϕ = ∇(2aρ+ κ∇2ρ)



Mean-field potential and density gradients
The resulting expression can then be organized as
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Korteweg’s tensor
The transport equation becomes

∂f

∂t
+ ξ · ∂f

∂r
+ gΛ ·

∂f

∂ξ
= Ω(f)

A new force per unit volume appears in the
momentum equation, which can be written as

ρgΛ = ρ∇(2aρ+ κ∇2ρ) ≡∇ · (aρ2I) + ∇ ·Πκ

where Πκ is known as Korteweg’s capillarity tensor

(Πκ)ij = κ
(
ρ∇2ρ+ 1

2∇ρ ·∇ρ
)
δij − κ

∂ρ

∂xi

∂ρ

∂xj

(κ controls surface tension)
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Korteweg’s tensor
The transport equation becomes

∂f

∂t
+ ξ · ∂f

∂r
+ gΛ ·

∂f

∂ξ
= Ω(f)

A new force per unit volume appears in the
momentum equation, which can be written as

ρgΛ = ρ∇(2aρ+ κ∇2ρ) ≡∇ · (aρ2I) + ∇ ·Πκ

where Πκ is known as Korteweg’s capillarity tensor

Πκ = κ(ρ∇2ρ+ 1
2 |∇ρ|2

)
I− κ∇ρ∇ρ

(κ controls surface tension)



Fluid dynamics: organizing terms
Momentum equation:

ρ
Du
Dt

= ρ
∂u
∂t

+ ρ(u ·∇)u = ρg−∇ ·P

Organizing terms:

ρ
Du
Dt

= ρgΛ −∇ ·P

= ∇ · aρ2I + ∇ ·Πκ −∇ · (ρRT I− 2µ∇û)
= −∇ · (ρRT − aρ2)I + ∇ · (2µ∇û) + ∇ ·Πκ

= −∇(ρRT − aρ2) + ∇ · (2µ∇û) + ∇ ·Πκ

= − ∇pe︸ ︷︷ ︸
hydrostatic pressure

+ ∇ · (2µ∇û)︸ ︷︷ ︸
viscous

+ ∇ ·Πκ︸ ︷︷ ︸
surface tension
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= − ∇pe︸ ︷︷ ︸
hydrostatic pressure

+ ∇ · (2µ∇û)︸ ︷︷ ︸
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viscous

+ ∇ ·Πκ︸ ︷︷ ︸
surface tension



Fluid dynamics: summary
In summary, inclusion of mean-field intermolecular
interactions yields (i) a non-ideal equation of state

pe = ρR T − aρ2

and (ii) a description of surface tension effects via
Korteweg stresses

Πκ = κ(ρ∇2ρ+ 1
2 |∇ρ|2

)
I− κ∇ρ∇ρ

or, equivalently, Korteweg forces

∇ ·Πκ = ρ∇(κ∇2ρ)



Fluid dynamics: remark
Remark: the balance equation for the total internal
energy per unit mass εtotal = ε+ 1

2ϕ, can also be
derived:

ρ
Dεtotal
Dt

= λ∇2T − p∇ · u · · ·

−
(
Πviscous + κ∇ρ∇ρ

)
: ∇u · · ·

+ ∇u :
[
κ∇(ρ∇ρ)− 1

2κ∇ · (ρ∇ρ)I
]

where
p = pe − κρ∇2ρ− 1

2κ∇ρ ·∇ρ

• consistent with free-energy formulation [He-Doolen (2002)]



Next step
How the mean-field description can be incorporated into a

lattice-based framework?

Potential per unit mass:

ϕ(r, t) =
∫

Λ
dR υ(R)ρ(r + R, t)

Force per unit volume:

ρ(r, t)g(r, t)Λ = −ρ(r, t)
∫

Λ
dR[− 1

R

∂υ(R)
∂R

]ρ(r+R, t)R

• seek lattice versions of these formulas



Shan-Chen models



Shan-Chen models
LB forcing style: shifted velocity

neqα (ũ); ũ = u + δt(τ − 1
2)g;

Then
ρũ ≡ ρu + ρδt(τ − 1

2)g
where

ρu =
∑
α
meαnα + 1

2δtρg

thus
ρũ =

∑
α
meαnα + τ(ρgδt)

Shan-Chen-type models implement an impulse per
unit volume, J ≡ ρgδt, at each point of the fluid.
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Shan-Chen models
The general form of the forcing term is

J = −G ψ(r, t)
∑
α
ωαψ(r + δteα, t)eα

where ψ(r, t) = ψ(ρ(r, t)) is an effective density .

ρũ(r, t) =
∑
α
meαnα − τGψ(r, t)

∑
α
ωαψ(r + δteα, t)eα

X. Shan, H. Chen (1994)

obs: compare with:

ρ(r, t)g(r, t)Λ = −ρ(r, t)
∫

Λ
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∂υ(R)
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Shan-Chen models

J = −G ψ(r, t)
∑
α
ωαψ(r + δteα, t)eα

The functional ψ(ρ) is adjustable, but it should
reduce to ρ in the low-density limit – a popular
model is

ψ(ρ) = ρ0
(
1− exp(−ρ/ρ0)

)
• this functional defines the equation of state
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reduce to ρ in the low-density limit – a popular
model is

ψ(ρ) = ρ0
(
1− exp(−ρ/ρ0)

)
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Shan-Chen models
The force per unit volume associated with

J = −G ψ(r, t)
∑
α
ωαψ(r + δteα, t)eα

depends on density gradients. The sign of G
determines whether the force is cohesive or
anti-cohesive.

from: T. Krüger et. al., The Lattice Boltzmann Method (Springer, 2017)



Shan-Chen models
One way to interpret the Shan-Chen force term is to
look at it as resulting from a mean-field force per
unit volume computed with the effective density

ρg = −ψ(r, t)
∫
dR[− 1

R

∂υ(R)
∂R

]ψ(r + R, t)R

The lattice expression is recovered by quadrature if
we let

υ(R) = −1
3c

2G(2πγ2)−D2 e−
R2
2γ2

with a characteristic range of

γ = csδt = (δx)/
√

3



Shan-Chen models
Then we can show that
ρg = −1

3Gc
2ψ∇ψ − 1

18Gc
2(δx)2(D/3)ψ∇(∇2ψ)

and the model’s mean-field coefficients, a and κ,
can be identified.

• The equation of state of the model is

p = 1
3ρc

2 + 1
6Gc

2[ψ(ρ)]2

• The Korteweg coefficient is
κ = − 1

18Gc
2(δx)2(D/3)
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Shan-Chen models
Then we can show that

ρg = −1
3Gc

2ψ∇ψ − 1
18Gc

2(δx)2(D/3)ψ∇(∇2ψ)

and the model’s mean-field coefficients, a and κ,
can be identified.

• The equation of state of the model is

p = 1
3ρ+ 1

6G[ψ(ρ)]2 (lattice units)

• The Korteweg coefficient is

κ = − 1
18G(D/3) (lattice units)



Phase separation
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Phase transition
For a certain range of G values there can be a
decrease in pressure with an increase in density: this
signals a phase transition.

The change in behavior is marked by an inflection of
the p vs. ρ curve – the critical values, Gc and ρc,
are determined by the conditions

dp

dρ

∣∣∣∣∣
ρc,Gc

= 0; d2p

dρ2

∣∣∣∣∣∣
ρc,Gc

= 0

A simple calculation gives:

ρc = ρ0 ln 2; Gc = −4.00



Phase transition (G = −5.00)



Phase transition (G = −5.00)



Phase transition (G = −5.00)



Phase transition (G = −5.00)



No separation: (G = −3.00)



No separation: (G = −3.00)



Cohesion-adhesion model



Cohesion-adhesion model
The Shan-Chen model can be used for modeling
multi-component fluid-fluid interactions, e.g.

Jσ = −ψσ(r, t)
∑
α
ωα
[∑
σ′
Gσσ′ψσ′(r + δteα)

]
eα

and also fluid-solid interactions, e.g.

Jff = −Gff ψ(r, t)
∑
α
ωαψ(r + δteα)eα

Jfs = −Gfs ψ(r, t)
∑
α
ωαS(r + δteα)eα

• Gff controls surface tension (cohesion)
• Gfs controls wetting (adhesion)
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Cohesion-adhesion model
The Shan-Chen model can be used for modeling
multi-component fluid-fluid interactions, e.g.

Jσ = −ψσ(r, t)
∑
α
ωα
[∑
σ′
Gσσ′ψσ′(r + δteα)

]
eα

and also fluid-solid interactions, e.g.

Jff = −Gff ψ(r, t)
∑
α
ωαψ(r + δteα)eα

Jfs = −Gfs ψ(r, t)
∑
α
ωαS(r + δteα)eα

S(r, t) =
1 at solid nodes

0 at fluid nodes



Hands-on tutorial



Hands on

LB-lab-3:
phase separation

LB-lab-4:
contact angle

LB-lab-5:
heterogeneous surfaces
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