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468 CHAPTER 10 Partial Differential Equations and Fourier Series

of problem (29) are given by

λn = n2π 2

L2
, yn( x) = sin

(nπ x
L

)
, n = 1, 2, 3, . . . . (31)

As usual, the eigenfunctions yn( x) are determined only up to an arbitrary multiplicative
constant. In the same way as for the problem (18), (19), you can show that the problem (29)
has no eigenvalues or eigenfunctions other than those in equation (31).
The problems following this section explore to some extent the effect of different

boundary conditions on the eigenvalues and eigenfunctions. A more systematic discussion
of two-point boundary and eigenvalue problems appears in Chapter 11.

Problems
In each of Problems 1 through 13, either solve the given boundary
value problem or else show that it has no solution. (Problems 11
through 13 involve Euler equations; see Section 5.4.)
1. y′′ + y = 0, y(0) = 0, y′(π ) = 1
2. y′′ + 2y = 0, y′(0) = 1, y′(π ) = 0
3. y′′ + y = 0, y(0) = 0, y( L) = 0
4. y′′ + y = 0, y′(0) = 1, y( L) = 0
5. y′′ + y = x , y(0) = 0, y(π ) = 0
6. y′′ + 2y = x , y(0) = 0, y(π ) = 0
7. y′′ + 4y = cos x , y(0) = 0, y(π ) = 0
8. y′′ + 4y = sin x , y(0) = 0, y(π ) = 0
9. y′′ + 4y = cos x , y′(0) = 0, y′(π ) = 0
10. y′′ + 3y = cos x , y′(0) = 0, y′(π ) = 0
11. x2y′′ − 2xy′ + 2y = 0, y(1) = −1, y(2) = 1
12. x2y′′ + 3xy′ + y = x2, y(1) = 0, y(e) = 0
13. x2y′′ + 5xy′ + (4+ π 2) y = ln x , y(1) = 0, y(e) = 0
In each of Problems 14 through 20, find the eigenvalues and
eigenfunctions of the given boundary value problem. Assume that all
eigenvalues are real.
14. y′′ + λy = 0, y(0) = 0, y′(π ) = 0
15. y′′ + λy = 0, y′(0) = 0, y(π ) = 0
16. y′′ + λy = 0, y′(0) = 0, y′(π ) = 0
17. y′′ + λy = 0, y′(0) = 0, y( L) = 0
18. y′′ + λy = 0, y′(0) = 0, y′( L) = 0
19. y′′ − λy = 0, y(0) = 0, y′( L) = 0
20. x2y′′ − xy′ + λy = 0, y(1) = 0, y( L) = 0, L > 1
21. The axially symmetric laminar flow of a viscous incompressible
fluid through a long straight tube of circular cross section under a
constant axial pressure gradient is known as Poiseuille1 flow. The axial
velocity w is a function of the radial variable r only and satisfies the
boundary value problem

w ′′ + 1
r
w ′ = −G

µ
, w( R) = 0, w(r ) bounded for 0 < r < R,

..............................................................................................................................
1Jean Louis Marie Poiseuille (1797--1869) was a French physician who was
also trained in mathematics and physics. He was particularly interested in the
flow of blood and published his first paper on the subject in 1840.

where R is the radius of the tube, G is the pressure gradient, and µ is
the coefficient of viscosity of the fluid.

a. Find the velocity profile w(r ) .
b. By integrating w(r ) over a cross section, show that the total
flow rate Q is given by

Q = π R4G
8µ .

Since Q, R, and G can be measured, this result provides a
practical way to determine the viscosity µ .
c. Suppose that R is reduced to 3/4 of its original value. What
is the corresponding reduction in Q? This result has implications
for blood flow through arteries constricted by plaque.

22. Consider a horizontal metal beam of length L subject to a
vertical load f ( x) per unit length. The resulting vertical displacement
in the beam y( x) satisfies the differential equation

E I
d4y
dx4

= f ( x) ,

where E is Young’s modulus and I is the moment of inertia of the
cross section about an axis through the centroid perpendicular to
the xy-plane. Suppose that f ( x)/E I is a constant k. For each of
the boundary conditions given below, solve for the displacement y( x) ,
and plot y versus x in the case that L = 1 and k = −1.

a. Simply supported at both ends:
y(0) = y′′(0) = y( L) = y′′( L) = 0
b. Clamped at both ends: y(0) = y′(0) = y( L) = y′( L) = 0
c. Clamped at x = 0, free at x = L:
y(0) = y′(0) = y′′( L) = y′′′( L) = 0

23. In this problem we outline a proof that the eigenvalues of the
boundary value problem (18), (19) are real.

a. Write the solution of equation (18) as y = k1 exp( iµx) +
k2 exp(−iµx) , where λ = µ2, and impose the boundary
conditions (19). Show that nontrivial solutions exist if and
only if

eiµx − e−iµx = 0. (32)
b. Let µ = ν + iσ and use Euler’s relation exp( iνπ ) =
cos(νπ ) + i sin(νπ ) to determine the real and imaginary parts
of equation (32).
c. By considering the equations found in part (b), show that ν
is an integer and that σ = 0. Consequently, µ is real and so is λ .


