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Para a barra de seção transversal circular ilustrada, discretizada 

conforme indicado, pede-se resolver utilizando o método matricial 

considerando-se matriz de rigidez de viga de 3 g.l.: 

  

a) escrever a matriz de rigidez local de cada elemento;  

b) escrever a matriz de transformação de coordenadas de cada 

elemento;  

c) escrever a matriz de rigidez global de cada elemento;  

d) escrever a matriz de rigidez global da estrutura;  

e) escrever o vetor de esforços externos;  

f) reduzir o sistema considerando as condições de contorno 

dadas;  

g) inverter a matriz de rigidez;  

h) obter os deslocamentos desconhecidos (nós 2 e 3);  

i) obter as forças de reação;  

j) obter os esforços no elemento 3;  

k) desenhar os diagramas de momento fletor, esforço cortante e 

esforço normal no elemento 3; 

l) obter o estado de tensões no ponto P, nó 3, pelo elemento 3 

(vide seção transversal indicada), desprezando esforço cortante;  

m) obter as tensões principais neste ponto;  

n) obter a tensão equivalente neste ponto pelos critérios de 

Rankine, de Tresca e de Von Mises e verificar o 

dimensionamento. 
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Gabarito para coordenada y da carga = 1000 mm. 
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3DOF Beam Element matrix 
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1 2 3 4 5 6

1 147000 0 0 -147000 0 0 0,00 1,00 0 0 0 0 0,00 -1,00 0 0 0 0

2 0 100,8 50400 0 -100,8 50400 -1,00 0,00 0 0 0 0 1,00 0,00 0 0 0 0

3 0 50400 33600000 0 -50400 16800000 0 0 1 0 0 0 0 0 1 0 0 0

4 -147000 0 0 147000 0 0 0 0 0 0,00 1,00 0 0 0 0 0,00 -1,00 0

5 0 -100,8 -50400 0 100,8 -50400 0 0 0 -1,00 0,00 0 0 0 0 1,00 0,00 0

6 0 50400 16800000 0 -50400 33600000 0 0 0 0 0 1 0 0 0 0 0 1

7 8 9 10 11 12

7 73500 0 0 -73500 0 0 0,00 1,00 0 0 0 0 0,00 -1,00 0 0 0 0

8 0 12,6 12600 0 -12,6 12600 -1,00 0,00 0 0 0 0 1,00 0,00 0 0 0 0

9 0 12600 16800000 0 -12600 8400000 0 0 1 0 0 0 0 0 1 0 0 0

10 -73500 0 0 73500 0 0 0 0 0 0,00 1,00 0 0 0 0 0,00 -1,00 0

11 0 -12,6 -12600 0 12,6 -12600 0 0 0 -1,00 0,00 0 0 0 0 1,00 0,00 0

12 0 12600 8400000 0 -12600 16800000 0 0 0 0 0 1 0 0 0 0 0 1

13 14 15 16 17 18

13 98000 0 0 -98000 0 0 1,00 0,00 0 0 0 0 1,00 0,00 0 0 0 0

14 0 29,86667 22400 0 -29,8667 22400 0,00 1,00 0 0 0 0 0,00 1,00 0 0 0 0

15 0 22400 22400000 0 -22400 11200000 0 0 1 0 0 0 0 0 1 0 0 0

16 -98000 0 0 98000 0 0 0 0 0 1,00 0,00 0 0 0 0 1,00 0,00 0

17 0 -29,8667 -22400 0 29,86667 -22400 0 0 0 0,00 1,00 0 0 0 0 0,00 1,00 0

18 0 22400 11200000 0 -22400 22400000 0 0 0 0 0 1 0 0 0 0 0 1

Matrizes de Transformação de 

coordenadas
Matrizes de rigidez locais

Matrizes de Transformação de 

coordenadas Transposta

Gabarito para coordenada y da carga = 1000 mm. 
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9,00E-12 1,47E+05 0,00E+00 -9,00E-12 -1,47E+05 0,00E+00

-1,01E+02 6,17E-15 5,04E+04 1,01E+02 -6,17E-15 5,04E+04

-5,04E+04 3,09E-12 3,36E+07 5,04E+04 -3,09E-12 1,68E+07

-9,00E-12 -1,47E+05 0,00E+00 9,00E-12 1,47E+05 0,00E+00

1,01E+02 -6,17E-15 -5,04E+04 -1,01E+02 6,17E-15 -5,04E+04

-5,04E+04 3,09E-12 1,68E+07 5,04E+04 -3,09E-12 3,36E+07

4,50E-12 7,35E+04 0,00E+00 -4,50E-12 -7,35E+04 0,00E+00

-1,26E+01 7,72E-16 1,26E+04 1,26E+01 -7,72E-16 1,26E+04

-1,26E+04 7,72E-13 1,68E+07 1,26E+04 -7,72E-13 8,40E+06

-4,50E-12 -7,35E+04 0,00E+00 4,50E-12 7,35E+04 0,00E+00

1,26E+01 -7,72E-16 -1,26E+04 -1,26E+01 7,72E-16 -1,26E+04

-1,26E+04 7,72E-13 8,40E+06 1,26E+04 -7,72E-13 1,68E+07

9,80E+04 0,00E+00 0,00E+00 -9,80E+04 0,00E+00 0,00E+00

0,00E+00 2,99E+01 2,24E+04 0,00E+00 -2,99E+01 2,24E+04

0,00E+00 2,24E+04 2,24E+07 0,00E+00 -2,24E+04 1,12E+07

-9,80E+04 0,00E+00 0,00E+00 9,80E+04 0,00E+00 0,00E+00

0,00E+00 -2,99E+01 -2,24E+04 0,00E+00 2,99E+01 -2,24E+04

0,00E+00 2,24E+04 1,12E+07 0,00E+00 -2,24E+04 2,24E+07

[K][T]
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1,01E+02 9,00E-12 -5,04E+04 -1,01E+02 -9,00E-12 -5,04E+04

9,00E-12 1,47E+05 3,09E-12 -9,00E-12 -1,47E+05 3,09E-12

-5,04E+04 3,09E-12 3,36E+07 5,04E+04 -3,09E-12 1,68E+07

-1,01E+02 -9,00E-12 5,04E+04 1,01E+02 9,00E-12 5,04E+04

-9,00E-12 -1,47E+05 -3,09E-12 9,00E-12 1,47E+05 -3,09E-12

-5,04E+04 3,09E-12 1,68E+07 5,04E+04 -3,09E-12 3,36E+07

1,26E+01 4,50E-12 -1,26E+04 -1,26E+01 -4,50E-12 -1,26E+04

4,50E-12 7,35E+04 7,72E-13 -4,50E-12 -7,35E+04 7,72E-13

-1,26E+04 7,72E-13 1,68E+07 1,26E+04 -7,72E-13 8,40E+06

-1,26E+01 -4,50E-12 1,26E+04 1,26E+01 4,50E-12 1,26E+04

-4,50E-12 -7,35E+04 -7,72E-13 4,50E-12 7,35E+04 -7,72E-13

-1,26E+04 7,72E-13 8,40E+06 1,26E+04 -7,72E-13 1,68E+07

9,80E+04 0,00E+00 0,00E+00 -9,80E+04 0,00E+00 0,00E+00

0,00E+00 2,99E+01 2,24E+04 0,00E+00 -2,99E+01 2,24E+04

0,00E+00 2,24E+04 2,24E+07 0,00E+00 -2,24E+04 1,12E+07

-9,80E+04 0,00E+00 0,00E+00 9,80E+04 0,00E+00 0,00E+00

0,00E+00 -2,99E+01 -2,24E+04 0,00E+00 2,99E+01 -2,24E+04

0,00E+00 2,24E+04 1,12E+07 0,00E+00 -2,24E+04 2,24E+07

[T]T[K][T]
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4 5 6 7 8 9 Carga

4 1,32E-02 -1,01E-06 -1,10E-05 2,27E-06 -3,02E-06 6,62E-06 5000

5 -1,01E-06 6,80E-06 1,51E-09 2,59E-10 6,80E-06 -4,53E-09 0

6 -1,10E-05 1,51E-09 2,98E-08 -3,97E-09 4,53E-09 -9,92E-09 0

7 2,27E-06 2,59E-10 -3,97E-09 1,02E-05 7,77E-10 -1,70E-09 0

8 -3,02E-06 6,80E-06 4,53E-09 7,77E-10 2,04E-05 -1,36E-08 0

9 6,62E-06 -4,53E-09 -9,92E-09 -1,70E-09 -1,36E-08 2,98E-08 0

1 2 3 4 5 6 7 8 9 10 11 12

1 1,01E+02 9,00E-12 -5,04E+04 -1,01E+02 -9,00E-12 -5,04E+04 0 0 0 0 0 0

2 9,00E-12 1,47E+05 3,09E-12 -9,00E-12 -1,47E+05 3,09E-12 0 0 0 0 0 0

3 -5,04E+04 3,09E-12 3,36E+07 5,04E+04 -3,09E-12 1,68E+07 0 0 0 0 0 0

4 -1,01E+02 -9,00E-12 5,04E+04 1,13E+02 1,35E-11 3,78E+04 -1,26E+01 -4,50E-12 -1,26E+04 0 0 0

5 -9,00E-12 -1,47E+05 -3,09E-12 1,35E-11 2,21E+05 -2,32E-12 -4,50E-12 -7,35E+04 7,72E-13 0 0 0

6 -5,04E+04 3,09E-12 1,68E+07 3,78E+04 -2,32E-12 5,04E+07 1,26E+04 -7,72E-13 8,40E+06 0 0 0

7 0 0 0 -1,26E+01 -4,50E-12 1,26E+04 9,80E+04 4,50E-12 1,26E+04 -9,80E+04 0,00E+00 0,00E+00

8 0 0 0 -4,50E-12 -7,35E+04 -7,72E-13 4,50E-12 7,35E+04 2,24E+04 0,00E+00 -2,99E+01 2,24E+04

9 0 0 0 -1,26E+04 7,72E-13 8,40E+06 1,26E+04 2,24E+04 3,92E+07 0,00E+00 -2,24E+04 1,12E+07

10 0 0 0 0 0 0 -9,80E+04 0,00E+00 0,00E+00 9,80E+04 0,00E+00 0,00E+00

11 0 0 0 0 0 0 0,00E+00 -2,99E+01 -2,24E+04 0,00E+00 2,99E+01 -2,24E+04

12 0 0 0 0 0 0 0,00E+00 2,24E+04 1,12E+07 0,00E+00 -2,24E+04 2,24E+07

4 6,61E+01

5 -5,04E-03

6 -5,51E-02

7 1,13E-02

8 -1,51E-02

9 3,31E-02

Deslocamentos 

Matriz de Rigidez 

Matriz de Rigidez Reduzida e Invertida 
𝑢 = 𝐾 −1 𝐹𝑒𝑥𝑡  
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Deslocamentos Reações

1 0 -3,89E+03

2 0 7,40E+02

3 0 2,41E+06

4 6,61E+01 5,00E+03

5 -5,04E-03 2,55E-14

6 -5,51E-02 -5,24E-10

7 1,13E-02 5,68E-13

8 -1,51E-02 0,00E+00

9 3,31E-02 -2,33E-10

10 0 -1,11E+03

11 0 -7,40E+02

12 0 3,70E+05

desl. 

coords. locais 

elemento 3

esforços 

coords. locais 

elemento 3

7 1,13E-02 1,11E+03

8 -1,51E-02 7,40E+02

9 3,31E-02 7,41E+05

10 0,00E+00 -1,11E+03

11 0,00E+00 -7,40E+02

12 0,00E+00 3,70E+05

5000 

740 

3.890 
2.410.000 

740 

1110 

370.000 

- 

+ 

+ 

- 

Esforço longitudinal 

Esforço cortante 

Momento fletor 

1110 

(compressão) 

740 

741.000 

370.000 

1110 1110 

740 740 

741.000 370.000 

𝐹𝑒𝑥𝑡 = 𝐾 𝑢  
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𝜎𝑓𝑙𝑒𝑥ã𝑜 =
𝑀

∅
2

𝐼
=

741000.15

40000
= 278 MPa  (em compressão no ponto P) 

𝜎𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 =
𝑁

𝐴
=

1110

700
= 1,59 MPa (em compressão ao longo de todo o trecho) 

y 

// z P 

Como proposto no enunciado, desconsiderando a tensão de cisalhamento causada pelo efeito cortante: 

𝜎𝑥 = 280 MPa 𝜎𝑥 = 280 MPa 

𝜎3 = −280 MPa 𝜎1 = 𝜎2 = 0 

τ 

𝜎𝑒𝑞 = −280 𝑀𝑃𝑎 

𝜎𝑒𝑞 = 280 𝑀𝑃𝑎 

𝜎𝑒𝑞 = 280 𝑀𝑃𝑎 

Rankine: 

Tresca: 

Von Mises: 

Material é ductil (A80 = 15%), critérios de Tresca 

e Von Mises seriam adequados: 

Neste ponto 𝜎𝑒𝑞 < 𝑆𝑦 ⇒ 𝑂𝐾! 

Todavia o ponto P não é o mais solicitado da estrutura! 

O ponto mais solicitado está localizado no engaste do nó 

1 onde o momento fletor é máximo.  

Analisando a seção transversal no nó 3, pelo elemento 3, no ponto P: 


