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1. Introduction

The effects of blood flow on heat transfer in living tissue have been
examined for more than a century, dating back to the experimental studies
of Bernard in 1876 [8]. Since that time, mathematical modeling of the
complex thermal interaction between the vasculature and tissue has been
a topic of interest for numerous physiologists, physicians, and engineers.
The first quantitative relationship that described heat transfer in human
tissue and included the effects of blood flow on tissue temperature on a
continuum basis was presented by Harry H. Pennes, a researcher at the
College of Physicians and Surgeons of Columbia University [46]. His
landmark paper, which appeared in the literature in 1948, is cited in nearly
all of the research articles involving bioheat iransfer. Appropriately, the
equation derived in this paper is often referred to as the ‘‘traditional’’ or
“‘classic’’ or ‘“‘Pennes’’ bioheat equation.

Over the past 40 years, hundreds of research articles have questioned,
examined, and utilized the underlying assumptions of the Pennes theory
[26, 54]. Even though some aspects of Pennes’s work have been con-
vincingly discredited, certain elements have stood up to this intense scrutiny
over the years. His work remains essentially the quantitative foundation for
the field of bioheat transfer. The objective of this survey is to first present
the original work of Pennes, then to examine the subsequent research that
questioned Pennes’s theory and provided alternate and more sophisticated
analyses of bioheat transfer. One of the most important alternates, which
will be discussed in depth in this review, was developed by Weinbaum
and colleagues in a series of papers over the past decade [24, 34, 55, 56,
59-63, 70]. In a concluding section, the characteristics of the original
Pennes theory that are still being used today in bioheat transfer research will
be discussed, along with the current understanding and future prospects for
advances in bioheat transfer via a bioheat transfer equation.
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I1. Models Prior to Pennes

A. THERMAL CONDUCTANCES

Prior to the work of Pennes, heat transfer from the body to surroundings
was quantified by the product of a thermal conductance and a measured
temperature gradient between the tissue and the surroundings. The early
work of Gagge et al. [27], Hardy and co-workers [29, 30], Bazett and
co-workers [5-7], Mendelson [44], and Burton [11] utilized this approach
with measurements of temperature gradients between the body surface and
the environment under various conditions of environmental and metabolic
stress. The heat transfer from the body to the surroundings was modeled
based on the radiative, convective, and evaporative conductances with
the environment and the temperature difference between the skin and
surroundings. The influence of clothing on body heat transfer was modeled
by adding an additional conductance for this layer and measuring the
clothing surface temperature. These conductances were simply constant
physical properties of the particular experimental subject.

B. ErrecTivE CoNDUCTANCE DUE TO BLoOD FLOoW

A more difficult problem was to quantify the contribution of blood flow
to the thermal conductance of the tissue layer. While it was known from
experiments that variations in tissue blood flow rate associated with
vascular changes in the skin significantly affected the rate of heat loss from
the tissue to the surroundings, the mathematical description of this process
was quite simple. Heat transfer from the deep interior region of tissue to
the skin surface was modeled by a linear addition of two conductances;
one based on tissue blood flow rate and the other based on the inherent
thermal conductivity of the tissue under conditions of zero blood flow.
The relationship used,

4= 0P dT, ~ T) + 20— T) = KTy = T)  2.D)
states that the surface heat flux from the body to the environment depends
on the tissue thermal conductivity, k,, the thickness of the tissue layer in
which a temperature gradient is measured, J, the volume flow rate of blood
to the tissue per unit volume tissue (also known as the blood perfusion rate),
w, and the density and specific heat of the blood, p, and ¢, respectively.
The temperature difference between the deep tissue, or body core, and the
skin (7, — T;), and g, were usually measured experimentally and in this
manner an ‘‘effective’’ tissue conductance, K., was determined according
to the definition in Eq. (2.1). Rearranging Eq. (2.1), the influence of
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blood perfusion in tissue on the heat transfer inside the tissue could be
quantified as
K T
s USRI b
Ky k,

2.2)

where K|, is the tissue conductance in the absence of blood perfusion.
Studies were presented which used some form of Eq. (2.1) to quantify the
effect of blood flow on tissue heat transfer {5, 27, 29, 30, 44)]. Variations in
K with (T, ~ T) were identified with the influence of vasomotor control
in thermoregulation of body temperature. At large values of (7, — T;)
the effective conductance was relatively constant, which represented the
maximum degree of vasoconstriction in the tissue. As the temperature
difference (7, — T;) decreased, the effective conductance was observed to
rise due to the increased perfusion rate in the tissue at higher ambient
temperatures. Numerous experiments seemed to at least qualitatively
corroborate this simple mathematical model.

The inadequacies of this formulation were considered by those who
utilized it to be due mainly to the use of (7, — T;) as the driving force for
heat transfer. The temperature difference (7, — T;) was usually calculated
using the difference between the deep or body core blood (usually the rectal
temperature) and the mean skin temperature. Gagge ef al. [27] were aware
that their calculated (7, — 7.) was a maximum temperature difference and
thus the perfusion rate w in Eqs. (2.1) and (2.2) was the minimum blood
perfusion rate required to transfer heat across the tissue layer to the
surroundings [27]. As a result, the parameter w was considered an effective
blood perfusion rate in the tissue. Another fundamental assumption of this
effective conductance analysis that would be later challenged by Pennes
was the existence of a temperature difference between the body and skin
surface, (T, — 7;), that extended only to a depth J within the tissue.
Measurements by these early thermal physiology groups [5, 27, 29, 30, 44]
were used along with the mathematical model described by Eqs. (2.1) and
(2.2) to estimate that the value of J was on the order of 2 cm. Pennes’s
measurements in human limbs, however, indicated the presence of tempera-
ture gradients in much deeper regions in the tissue. The importance of
Pennes’s work on the development of a mathematical model of bicheat
transfer was to quantify the first continuous, analytical relationship
between tissue temperature and position, or depth from the skin surface.

Prior to 1948, research in bioheat transfer was performed on an
experimental basis and the associated quantitative analysis was of the type
described in Eqs. (2.1) and (2.2) which used an overall conductivity to
describe the heat loss from tissue to the surroundings. The overall thermal
gradients measured by these physiologists were related to the overall heat
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transfer from the body to the surroundings. Pennes’s contribution to the
field was stimulated by the lack of rigorous analysis of the local thermal
gradients inside the tissue and the effect of blood perfusion on the local
heat transfer rate in deep tissue. Preliminary in vivo measurements of
temperature gradients in human biceps muscle revealed to Pennes that these
gradients were present from the surface to the deep region of the muscle
layer. These experimental measurements were supported by simple conduc-
tion heat transfer theory, which predicts that temperature gradients will
exist from the surface down to the axis of a symmetrical body like the
human limb, e.g., a cylinder. Recognizing that analytical differential heat
transfer theory had not been previously applied to human tissue, Pennes
initiated a combined experimental and rigorous theoretical study to examine
the governing heat transfer principles in perfused tissue [46].

III. The Pennes Bioheat Equation [46}

A. EXPERIMENTAL MEASUREMENTS
1. Description

Healthy males were used as experimental subjects. They lay on a bed with
only a sheet covering their hips. The room and wall temperatures were
identical, between 25-27 °C, and typically rose during the 4 to 6h
experimental period by 1 °C. There was essentially no air motion in the
laboratory, as measured by an anemometer. Temperature measurements
were made on both the surface and deep muscle regions of the unanes-
thetized pronated right forearm of all subjects. Skin temperatures were
determined using both a radiometric device and copper-constantan thermo-
couples. Deep muscle and brachial artery temperatures were monitored
using a similar thermocouple inserted into a thin walled steel needle. The
relative precision of the thermocouple measurements was £0.01 °C, while
the radiometric temperatures were accurate to 0.1 °C.

Skin temperature distributions along the axis of the upper limb, as well as
around the circumference of the forearm, were examined by Pennes in 17
subjects. In addition, the effect of circulatory occlusion for 30-40 min
at either the distal forearm or upper arm on proximal forearm and hand
skin temperatures was quantified. These studies were used to qualitatively
analyze the influence of cutaneous blood flow on skin temperature, which
was generally a heating effect. The experimental results, however, were not
in any way analyzed in a quantitative manner compared to the deep forearm
and brachial artery temperature measurements that are described in the
following paragraph.
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The brachial artery temperature was measured at the elbow while the
forearm was in a completely supinated position. The brachial artery
temperature was greater than the maximum deep forearm temperature by
an average of 0.16 °C for all 10 subjects involved in this part of the
experiments. From this result, Pennes hypothesized that the arterial blood
supplied to the forearm acts as a heating system for the muscle in this section
of the arm. Furthermore, Pennes theorized that the brachial artery tempera-
ture at the elbow could be considered equal to the temperature of the blood
in the radial artery located 8 cm distal to the elbow. Pennes based this
assumption on the earlier observations of Bazett and McGlone [5]. This
assumption was critical in the derivation of the Pennes bioheat equation
because it allowed the arterial blood supply to the arm to be treated as a heat
source that was independent of axial location along the length of the limb.

Steady state temperatures were measured across the muscle layer of nine
subjects at an axial location 8.0 cm distal from the tip of the ulna olecranon
(an elbow bone) and midway between the superior and inferior surfaces of
the forearm. The thermocouple wire was moved in tension across the
muscle layer by a mechanical wire-controller so that the position of the
thermocouple junction relative to the skin surface was known to a high
precision, on the order of a tenth of a millimeter. The number of measure-
ments was greatest near the axis of the limb, where the temperature
gradients were small, and temperatures were recorded roughly at 2-mm
spacing intervals. Fewer temperatures were measured in the more peripheral
region of the muscle layer, with spacing intervals on the order of 10 mm.
The temperatures measured by Pennes are shown in Fig. 1.

2. Basis for the Mathematical Model

One of the most significant of Pennes’s experimental results was that
while there was some asymmetry in the temperature profiles, the maximum
muscle temperature was located very close to or at the axis of the limb.
The asymmetry was explained by Pennes to be due to the asymmetrical
temperature distribution around the circumference of the forearm surface.
Generally, the medial side of the limb was at a higher level than the lateral
side of the limb, due mainly to the medial side’s proximity to the warm core
section of the human torso.

In addition, the temperature profiles of the different subjects were
similarly flat near the limb axis, indicating that in general the tissue tempera-
ture was more uniform in this deep central region compared to the peripheral
region, with its relatively large spatial gradients. Interestingly, one subject
showed a temperature profile with two local maxima, which was accounted
for by Pennes as a proximity effect with the radial artery, which would
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Fic. 1. Tissue temperature profiles in the forearms of nine human subjects. Negative
abscissa values represent the lateral side of the forearm, and positive values represent the
medial side. The ambient temperatures range from 26.1 to 27.4 °C. (Reproduced from [46],

with permission.)

tend to locally heat tissue surrounding its wall. For this particular subject,
the thermocouple wire clearly passed close by the wall of this artery.
The extent of this local proximity heating, approximately 0.5 °C in this
particular subject, is reasonable when compared to the results of bioheat
transfer studies conducted much later during the 1980s in which local
heating and cooling effects of arteries and veins embedded in muscle tissue
were examined both experimentally and theoretically [41, 60].
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B. THEORETICAL FORMULATION
1. Governing Equations and Solution

Using his experimental results as a basis, Pennes presented his
quantitative analysis of heat transfer in the human forearm. For simplicity,
a cylindrical geometry was assumed for the pronated forearm, even though
its cross section is somewhat elliptical. The rate of metabolic heating in
the tissue was assumed to be uniform throughout the forearm despite the
observation that metabolic heat production would probably be lower near
the forearm surface where temperature gradients are large. Also, the
presence of the skin and fat layers, as well as the two forearm bones, was
neglected by assuming that their heat production and thermal conductivity
were the same as those in the muscle tissue. Pennes justified this latter
assumption with his experimental data, which did not reveal any noticeable
perturbation in the forearm temperature fields that could have been caused
by the presence of the forearm bones.

A more accurate portrayal of the limb geometry and composition was not
justified because there were several other simplifications that were more
significant, most importantly that the heat transferred from the blood to the
tissue was governed by what Pennes termed the ‘‘Fick principle.”’ Accord-
ing to this behavior, the rate of mass transfer between the blood and tissue
is proportional to the difference between the blood and tissue level of a
substance multiplied by the rate of blood flow. Using this concept to
describe the rate of heat transfer between blood and tissue, Pennes
theorized that the net heat transferred from the blood to the tissue, Q,,, was
simply proportional to the temperature difference between the arterial
blood entering the tissue and the venous blood leaving the tissue:

O = wppeo(T, — T.) 3.1

where w is the volumetric rate of blood perfusion to the tissue per unit
volume of tissue and ¢y, is the blood specific heat. Since the temperature of
the venous blood leaving the tissue depends on the degree of thermal
equilibration it undergoes with the surrounding tissue, Pennes introduced a
thermal equilibration parameter, k', to account for this effect:

L=T+k(T,-T) 3.2

For k' = 0, i.e., complete thermal equilibration, the venous blood tempera-
ture leaving the tissue is 7;, while for k' = 1 the venous blood leaves the
tissue at a temperature equal to the entering arterial blood temperature.
At this point, the Pennes derivation assumes that 7, is uniform throughout
the tissue at some 7,4, which Pennes set equal to the mean brachial artery
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temperature in his experimental subjects, and k' is close to zero everywhere
in the muscle layer, thus yielding the familiar Pennes perfusion heat source

term
Qp = wppCp(Tyo — T}) (3.3)

The perfusion heat source in Eq. (3.3) essentially assumes that blood
enters the smallest vessels of the microcirculation at temperature T,,, where
all of the heat transfer between the blood and tissue takes place. The blood
will act as a heat source or sink depending upon the algebraic sign of the
temperature difference in Eq. (3.3). As blood leaves the capillary bed, it has
undergone complete thermal equilibration with the surrounding tissue and
enters the venous circulation at this temperature. The complete thermat
equilibration is expected in the capillary bed since the blood velocity in these
small diameter vessels is very low, corresponding to a Peclet number (the
ratio of bulk convection heat transfer to conduction heat transfer) much
less than unity. However, the venous blood temperature is assumed to
remain at the tissue temperature as it flows from the capillary bed back to
the main supply vein, regardless of flow rate or vessel size. Any heat
exchange in this region of the microcirculation is neglected. Thus, in a
manner analogous to the mass transfer of oxygen from blood to tissue, the
Pennes perfusion term neglects all pre- and postcapillary heat exchange
between the blood and tissue.

This term has been the focus of attention since its inception over 40 years
ago. While computationally simple, several objections have been raised
against the assumptions that this term represents [2, 10, 18, 22, 60, 61, 69].
The main argument against this formulation is that the thermal equilibra-
tion lengths for precapillary arterioles and postcapillary venules are quite
small and thus the blood reaches the capillary bed at the surrounding tissue
temperature. All heat exchange between blood and tissue will occur in the
larger vessels of the microcirculation before the arterial feed blood reaches
the capillaries, and similarly, after blood leaves the capillary bed there can
be some heat exchange with the surrounding tissue. These objections and
the alternative representations of the effect of blood perfusion on tissue
heat transfer will be discussed later in this review.

Assuming angular symmetry and neglecting axial gradients in tissue
temperature along the length of the limb, the Pennes equation is

0T, k a ( 9T,
Cp—t = — — {r—’} + wpycp(Tyo — T)) + O G4

Poar “rarl or
where Q,, is the uniform rate of metabolic heat generation in the tissue layer
and k is the thermal conductivity of the tissue, also assumed to be uniform.
Under steady state conditions, the solution to this second order ordinary
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differential equation for the tissue temperature as a function of radial
position in the limb is found using a convective boundary condition at the
skin surface, radial position R:

a1, = h<7; - Tw> 3.5)
r=R r=R

“ar
where # is the combined convection/radiation heat transfer coefficient
between the skin surface and the surroundings, which are at temperature 7.
The solution of the Pennes bioheat equation in these radial coordinates is

On
T, = Al + + T, .
t olra) wpecy | 10 (3.6)
where
’w ¢ L - mec ~ Two
a= ——l;:—b and A= a P
—h—l ((Ra) + I(Ra)

Because the perfusion rate, w, could not be directly measured, Pennes
varied this parameter in his model to fit his experimental data to the
solution above for a fixed, representative ambient temperature and meta-
bolic heating rate. In addition, the uniform arterial blood temperature T,
was taken to be 36.25 °C, which corresponded to a temperature 0.16 °C
higher than the mean maximum temperature measured in the experiments
described above. Pennes found that his theory best fit the experimental data
for a perfusion rate of between 1.2 and 1.8 ml blood/min/100 g tissue,
which is a typical range of values for resting human skeletal muscle. If the
equilibration factor k'’ was not considered to be zero (complete thermal
equilibration between the venous blood and surrounding tissue) but 0.25
(partial equilibration), then the values of w needed to fit the experimental
data were higher, in the range 2-3 ml blood/min/100 g tissue. A comparison
between the predictions of the Pennes model using various perfusion rates
with experimental measurements is shown in Fig. 2.

The results of Pennes were the first predictions of a continuum mathe-
matical model of bioheat transfer in humans. A fundamental conclusion
from this study was that the rate of metabolic heat generation in the muscle
was not sufficient to heat this tissue to the measured values. In order to
qualitatively match experimental data to theory, the warming effect of
blood flow in the perfused tissue layer had to be added to the metabolic
heating. His model predicted that the maximum tissue temperatures would
exceed the ambient tissue temperature by only 2-3 °C if the effects of
perfusion were omitted from the bioheat equation. This parametric study
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FiG. 2. Mean experimental temperature profile (solid) and theoretical temperature profiles
(dashed) based on the Pennes bioheat equation. The parameter V represents perfusion rate in
grams blood per cubed centimeter tissue per second, and A, is the metabolic heat source in
calories per second per cubed centimeter tissue. (Reproduced from [46], with permission.)

was invaluable in delineating the heating effects of blood and metabolism.
For typical steady state resting conditions, only 25% of the limb heat loss
to the environment was produced by tissue metabolic heating. Pennes also
observed the effect of blood flow on the shape of the temperature profile.
He noted that as the perfusion rate to the tissue increased, the bioheat
equation predicted that the temperature profiles across the forearm would
become flatter and their level would approach the fixed arterial tempera-
ture, 7,4. In contrast, earlier calculations in 1938 by Gagge et a/. [27], which
neglected the effects of blood perfusion, overestimated the magnitude of
the temperature gradient in the periphery of the muscle layer.

2. Analysis by Shitzer and Kleiner [53]

A general analysis of the Pennes bioheat equation and the solution given
above by Eq. (3.6) was performed by Shitzer and Kleiner in 1976 [53].
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Their computations showed that the steady state temperature profile in
the deep regions of the tissue, i.e., radial positions smaller than one-half
the radius of the limb, was relatively insensitive to variations in the
physiological parameters that appear in the solution to the Pennes equation,
namely the perfusion raie w and metabolic heating rate Q, as long as
these two parameters changed in the same proportion. These theoretical
studies also revealed that the computed temperatures in the deep regions of
the tissue were not strongly dependent upon the rate of heat transfer from
the surface of the cylindrical limb as characterized by the heat transfer
coefficient h. As constructed, the Pennes model assumes that the arterial
blood bathes the tissue at the same temperature everywhere in the limb cross
section. In the deep region of the muscle layer, blood perfusion dominates
the heat transfer because the surface boundary is relatively far away. The
temperature difference between the blood and tissue in the deep region is
relatively uniform, resulting in a temperature profile that is flat in the core
of the limb. Shitzer and Kleiner also showed in their general analysis that
the role of the perfusion term was that of a source in the cooler peripheral
tissue and a sink in the warm core region of the cylindrical limb model. As
the perfusion rate increases, the arterial blood acts like a heat source in a
larger portion of the deep tissue. In the theoretical limit of infinite perfusion
rate, the Pennes equation predicts that the entire cylindrical limb model will
be at a uniform temperature equal to Tpq.

3. Model Shortcomings

Pennes acknowledged the inherent simplicity of his bioheat transfer
model, for example, assuming uniform metabolic heating, perfusion rate,
and thermal conductivity [46]. In addition, venous return from the distal
part of the forearm could have an important effect on the tissue tempera-
ture of the deep muscle in which these vessels were located. To observe this
effect, he suggested that a series of experiments in which the distal venous
return was occluded would be useful, However, the underlying assumption
of the model regarding the isotropic perfusion heat source itself was not
mentioned as a possible source of error. As explored by many researchers
in subsequent studies, this assumption is critical to the formulation of
Pennes’s equation. Without consideration of the vascular architecture,
especially the countercurrent arrangement of the circulatory network and
the gradually tapering characteristics of the vascular bed, the bioheat
equation of Pennes neglected important anatomical features of the circu-
latory system that can have a profound effect on tissue bioheat transfer.

While the Pennes model has been applied with great success as an
analytical tool with which blood perfusion rate can be determined from
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experimentally measured local temperature gradients and heat flows,
the basic formulation of the model is still questionable. The shortcomings
of the Pennes model and improvements that have been proposed to
overcome the deficiencies inherent to this model have been the subject of a
large body of research over the past 40 years. An examination of these
studies yields some very interesting observations, including not only the
flaws and limitations of the Pennes model, but also the applicability of
this relatively simple bioheat equation as an analytical tool for bioheat
transfer.

These successes include implementation of the Pennes model in
mathematical simulations of procedures such as therapeutic hyperthermia
for the treatment of cancer [15, 16, 23, 26, 33, 42, 49, 54], estimation of
tissue perfusion by heat clearance methods [9, 14, 21, 25, 35, 43, 47, 48], as
well as in whole body thermal models of man under conditions of
environmental stress [28, 31, 32, 57, 65]. Many of these formulations have
yielded realistic predictions, in some cases with experimental verification. In
most of these theoretical studies, the temperature of the blood that perfuses
the tissue is assumed to be uniform and fixed at the body core temperature.
Some of the whole body thermal models mentioned above include a spatial
variation in blood temperature between body segments [16, 65]. However,
within a body segment, the Pennes assumptions are usually applied. While
many of these simulations were in good agreement with experimental data
obtained clinically, the questionable assumptions upon which the Pennes
equation are based continue to be examined. In many of these cases, the
neglect of heat transfer in the prearteriole and postvenule blood vessels of
the circulatory system can be used to explain the discrepancy between
experimental measurements and Pennes bioheat equation-based theoretical
calculations.

IV. Wulff Continuum Model [69]

A. CRITICISM OF THE PENNES MODEL

In 1974 a paper by Wulff appeared which was one of the first papers that
directly criticized the fundamental assumptions of the Pennes bioheat
equation and provided an alternate analysis [69]. Three different aspects of
the Pennes theory were faulted. Consider the unsteady version of the
Pennes equation in its original form, before any assumptions are made
regarding the thermal equilibration of blood in the microcirculation:

oT,
pcpa—t‘ =V (kVT;) + wcp(Ta,in - T;,am) + Qm (4~1)
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where T, ;, and T, ,,, represent the temperature of the blood upon entering
and leaving the tissue region via the arteriole-venule network. Wulff states
that one flaw in the Pennes equation is that it contains both local and global
control systems. The capacitance term on the left-hand side of Eq. (4.1),
along with the diffusion and metabolic heat generation terms on the right-
hand side of Eq. (4.1), all represent local control volume heat sources, that
is, net heat deposition at a specific location in the tissue at a given time. The
perfusion term, as represented by the second term on the right-hand side
of Eq. (4.1), however, is what Wulff terms a ‘‘global’’ heat source. The
Pennes perfusion term in Eq. (4.1) models heat exchange between the blood
and tissue on an overall, or global, basis, where the heat deposited in the
tissue per unit volume tissue is proportional to the total, or global, change
in the blood temperature accomplished during its travel through the tissue
medium. Such a combination of local and global control volume terms is
physically inconsistent.

The second major criticism by Wulff is that the original form of the
Pennes equation, as shown in Eq. (4.1), actually contains three unknown
temperatures: the tissue temperature T;, the entrance arterial temperature
T, in» and the exit venous temperature T, ,,,. Based upon this equation,
there are three different materials occupying the same space at any given
location and time: the solid tissue as well as two flowing blood streams,
arterial and venous. Therefore two more equations must be written and
then solved simultaneously with Eq. (4.1) in order to completely define the
system both mathematically and physically.

Another faulty aspect of the Pennes equation according to Wulff is the
representation of the heat transfer between the solid tissue and moving fluid
blood streams. Since blood is moving through the tissue, it may convect
heat in any direction, not just in the direction of the local tissue temperature
gradient. In addition, the magnitude of the heat transfer between the
solid tissue and flowing blood should be proportional to the temperature
difference between these two media, rather than between the two blood
stream temperatures, 7T, ;, and T, ,,. Based upon this principle, the
convective transport of energy by the flowing blood is

1
Poyvy, = - Xn puhyv do’ 4.2)

where A, is the specific enthalpy of the blood, w’ represents the solid
angle across the control surface of the blood vessel, Q represents the entire
solid angle, equal to 4x, and v, represents a local mean apparent blood
velocity. This energy flux by the flowing blood will either augment or
diminish the effect of the conductive energy flux on overall tissue heat
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transfer. Wulff argues that the isotropic perfusion term that appears in the
Pennes equation does not account for the convective heat transfer by the
flowing blood described in Eq. (4.2). Another inconsistency in the Pennes
theory, according to Wulff, is that the presence of arterial and venous
blood streams within the solid tissue medium renders the existence of the
continuous gradients in tissue temperature implied by the conduction term
in Eq. (4.1) physically impossible. Wulff also points out that the actual
tissue contains a microcirculatory network in which a single stream of
arterial blood flows through capillaries and in this manner gradually
becomes converted into a single stream of venous blood over a finite space.
The Pennes perfusion term, however, essentially assumes that two different
blood temperatures, the inlet arterial and outlet venous temperatures,
coexist at the same spatial location within the tissue continuum.

Wulff’s three areas of criticism are directed towards the inherent
physical incongruities of the original form of the Pennes equation, before
any assumptions are made regarding the thermal equilibration effects
in the microcirculation. The approximations of thermal equilibration in the
microcirculation are also shown to be faulty. Wulff contends that the
simplification of the perfusion heat source term from its form in Egs. (3.1)
and (4.1) to Eq. (3.3) is arbitrary since the blood will be thermally
equilibrated with the surrounding tissue before it reaches the capillary level.
While it is reasonable to equate the blood and tissue temperatures, Wulff
states that it is arbitrary to choose only the venous blood stream and not the
arterial blood as the fluid stream that becomes equilibrated with the tissue.
Of course, if both arterial and venous blood temperatures are equilibrated
with the tissue only a very small distance from the main supply artery
and drainage vein, the magnitude of the Pennes perfusion term in Egs. (3.1)
and (4.1) will be zero. Wulff concludes his physical arguments by stating
the form of the Pennes perfusion term in Eq. (3.4), which had been used
in previous studies of bioheat transfer, was the result of numerous
deficiencies in its derivation.

B. DERIVATION OF AN ALTERNATE BIOHEAT EQUATION

1. Anisotropic Blood Flow Term

In response, Wulff presents his own formulation which corrects the
physical violations in the Pennes model described above. In conjunction
with Eq. (4.2), the energy flux at any point in the tissue region is

q=—kVT + pyhyvy 4.3)
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The specific enthalpy of the blood 4, is formulated to account for both the
sensible enthalpy plus the enthalpy of reaction that is represented by the Q,,

term in Eq. (4.1):
Ty

hy = | (TN dTY + Ll AH(1 - ¢) 4.4)
JT Py
where P is the system pressure, AH; is the specific enthalpy of the metabolic
reaction, ¢ is the extent of reaction, and 7 and T, are the reference and
blood temperatures, respectively. Since the energy capacitance of the tissue
in the control volume is equal to the negative gradient of the net energy flux
into the control volume, the energy balance equation can be written as

aT,
,ocpa—tt =-V-gqg 4.5)
Substituting Eq. (4.4) into Eq. (4.5)
aT, L P
pcpa—t =V 3kVT — pyvy, | (T AT + ;— + AH{(1 — &); (4.6)
JT b

Note that Eq. (4.6) neglects the fact that the heat capacity product pc, on
the left-hand side should actually be taken as a volume average for the tissue
and blood properties since both media comprise the control volume under
consideration. However, the volume of blood relative to tissue in the
control volume is considered small enough so that the contribution of the
blood to the heat capacity of this mixture may be neglected. Using the
continuity condition, Eq. (4.6) can be simplified for a system with no
fluid accumulation. This is a reasonable assumption if the effect of lymph
accumulation and drainage is neglected. By setting the divergence of the
product (p,vy,) to zero, neglecting the mechanical work term P/p,, and
assuming constant physical properties within the control volume, Eq. (4.6)
becomes

3T,
pc"?tl =k V> T, — pyvy(c, VT, — AH; Ve) (4.7)

The metabolic reaction term can be substituted with its usual form since the
last term on the right-hand side of Eq. (4.7) is equivalent to Q,,.

2. Complete Blood-Tissue Equilibration

Wulff assumes that the gradient in blood temperature in Eq. (4.7) is equiv-
alent to the gradient of the surrounding tissue temperature, an assumption
that will be encountered later in this review as other mathematical models
of bioheat transfer are introduced [61, 63]. Actually, in his formulation



34 CALEB K. CHARNY

Wulff simply assumes that 7; is equivalent to 7; in the tissue control volume
based upon the argument that blood in the microcirculation will be
thermally equilibrated with the surrounding tissue not far from its exit from
the main arterial supply blood streams. According to Wulff, this concept
was overlooked in Pennes formulation, which he claimed arbitrarily chose
the venous blood to be thermally equilibrated with the surrounding tissue,
while a similar argument could be made for the arterial blood as it leaves the
main supply vessel and enters the tissue via the microcirculatory network.
The final form of the ‘“‘correct’’ form of the bicheat equation as derived by
Wulff is

aT,
pcpa—t‘ =k V2T — pyunc, VT + Qpy (4.8)

C. SoLuTION TO THE WULFF MODEL—PARAMETERIZATION AND
COMPARISON WITH PENNES

The main difficulty in solving this energy balance equation is in the
evaluation of the local blood mass flux p,v,. This determination is more
complicated than the evaluation of the volumetric perfusion bleed-off
parameter, w, which appears in the Pennes equation. For a relatively simple
geometry, however, this mass flux term may be reduced to an easily
managed form. For a one-dimensional slab geometry, there is only one
nonzero component of blood velocity, v,. At steady state with zero
metabolic heating, this one-dimensional problem is easily solved., Wulff
enforces a fixed temperature boundary condition at the two boundaries of
the slab, and solves both Eq. (4.8) and the Pennes bioheat equation. In
dimensionless form, the fundamental difference between the two equations
is readily apparent. The Pennes bioheat equation reduces to

3%0 wpy Cy L2
—=——af = = — 9
72 ad = 0, a X 4.9)
The energy balance in Eq. (4.8) under these same conditions is
30 a0 Py Ly,
— - b— =0, =227 .10
P b 8z b k (4.10)

where L is the length of the slab, z is a dimensionless position within the
slab, and @ is the dimensionless temperature (7;(x) — T,(0))/(T,(L) — T,(0)).
Both Egs. (4.9) and (4.10) are subject to the fixed temperature boundary
conditions 8(0) = 0 and (1) = 1. Note that Eq. (4.9) was derived by setting
the boundary value temperature 7(0) equal to the value of T, in the
perfusion term of the Pennes bioheat equation. This dimensionalization
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transforms the Pennes bioheat equation from a nonhomogeneous to a
homogeneous differential equation which can be solved independently of
the arterial blood temperature 7.

The solution to Eq. (4.9) for the conditions stated above is

sinh(Va 2)
=——= 0=z=<]I 4.11
sinh(Va) ¢ @.11)
while the solution to Eq. (4.10) under these same conditions is
zb
-1
0=i,, -, 0=z=1 (4.12)

Solutions to both the Pennes and Wulff models are shown in Fig. 3.
With zero blood flow, the temperature profile is linear according to both
the Pennes and Wulff models, since under these conditions w and v, are
both zero and thus the tissue slab is a one-dimensional pure conduction
field. As the blood flow increases from zero, the temperature profiles
become skewed away from a linear profile. It is important to realize that
for a constant value for v,, the ratio of the coefficient ¢ and b has a
magnitude of unity because the products wp, L and p, v, both represent the
mass flux of blood flowing through the tissue. However, Wulff shows
that while the Pennes bioheat equation is insensitive to the direction of
blood flow (the isotropic perfusion parameter w is by definition always
positive), the predictions of Eq. (4.12) will include the consequences of
blood flow direction. Thus the coefficient a that appears in the Pennes
bioheat equation is always positive, while the coefficient b in Eq. (4.12)

0 z

Fic. 3. Temperature profiles across a one-dimensional slab as predicted by the Wulff
bicheat equation. The parameter b, defined in Eq. {(4.10), corresponds to the perfusion velocity
of blood in the tissue. (Reproduced from [69], with permission, © 1974 IEEE.)
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may be positive or negative, depending upon the direction of blood velocity.
This directionality effect is missing from the Pennes bioheat equation and
is clearly a major deficiency of this model. The degree of error introduced
into the Pennes equation computations depends mainly on the magnitude of
the perfusion bleed-off parameter, w. It is interesting to note that under
resting conditions, the value of the coefficient @ across a 5-cm-thick slab of
skeletal muscle tissue is on the order of 5-10. For the case a = b = 10,
the dimensionless temperatures predicted by the Pennes and Wulff models
at the midpoint of the one-dimensional slab are 0.1974 and 0.0067, respec-
tively. Also, with b = —10, the dimensionless temperature at this same
midpoint location as predicted by the Wulff model is 0.9933, which is four
times greater than the value predicted by the Pennes bioheat equation.
Clearly, directionality of blood flow plays an important part in the heat
transfer within the perfused tissue.

The study by Wulff represented one of the earliest investigations of
alternatives to the Pennes bioheat equation. One of the major criticisms of
the Pennes model, the omission of blood flow directionality, was shown to
be of great significance because the errors introduced by this omission were
on the same order as the effect of blood flow itself. Wulff also concluded
that blood flow could be properly modeled only if spatial variations in the
local blood velocity where known. For the one-dimensional slab case
described above, no variations were considered. For the in vivo case,
however, these considerations of blood flow variations become very
complicated. Finally, Wulff revealed that there were several physical
inconsistencies inherent to the Pennes bioheat equation, including the
combination of local and distributed heat source terms. The control volume
approach to analyzing bioheat transfer between solid tissue and flowing
blood within the solid tissue that was used by Wulff in 1974 was similarly
implemented in series of studies by Klinger [37-39].

Y. Klinger Continuum Model [37-39]

In 1974, Klinger [37-39] presented an analytical model of heat diffusion
with convection that did not use the Pennes assumptions and was concep-
tually similar to that of Wulff. The formulation of Klinger was developed
primarily to describe thermal clearance experiments in which tissue
perfusion rate was related to the rate at which deep tissue temperature
changed during point source heating [47, 48]. Klinger argued that in utilizing
the Pennes model to interpret these heat clearance experiments, the effects
of nonunidirectional blood flow were being neglected and thus significant
errors were being introduced into the computed results. In order to correct



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 37

this lack of directionality in the formulation, Klinger proposed that the
convection field inside the tissue should be modeled based upon the in vivo
vascular anatomy. A combination of ‘‘convection multipoles’’ could be
used to represent the thermal influence of the blood vessels, based upon
not only the magnitude of the blood flow, but also its direction.

A. GOVERNING EQUATIONS

The differential energy balance for this system contains capacitance,
convection, conduction, and heat source terms:

pc%+pcv-v7; =k VT, + Q (5.1)
This model assumes that the tissue physical properties are constant and the
flowing blood is incompressible so that (V - v) = 0. This equation is similar
to that derived by Wulff [69], except it is written for the more general case
of a spatially and possibly temporally nonuniform velocity field v and heat
source Q. This general heat transport equation can be written in terms of
spatially dimensionless quantities as

O | peyr 9T = 9°T +

at
where the v* is the fluid velocity relative to a characteristic velocity, Pe is
the Peclet number for flow based upon the characteristic velocity, 72 is a
dimensionless Laplacian operator based upon the characteristic length L,
and 7 is the time relative to a characteristic time, L?/e, where « is the tissue
thermal diffusivity. Note that this time characterization is equivalent to a
Fourier number of unity. Klinger introduces another dimensionless velocity
¥, which is the product of the Peclet number and v*. In this manner, the
energy balance equation is written as

QL*
k.
where i is the dimensionless operator [V — (Pe v* : V) — 3/37]. Assuming

an instantaneous point source, the heat source term QL?/k, is replaced by a
Dirac delta function that vanishes everywhere except at the location r, .

or?
e (5.2)

wT +

0 (5.3)

B. GREEN’S FUNCTION SOLUTION

Klinger uses a Green’s function formulation to solve the differential
equation above. The solution to Eq. (5.3) is given by the relationship

wG,(r, 1,7, 7)) = (0 — 1)o(t — 1)) (5.4
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where the solution of G, is the Green’s function, which depends upon r;,
the nondimensional location of the point source (normalized by length L),
the general position r, which is a nondimensional radial position, and time
7. The time 1, represents the time when the point source is turned on. For
a small heat source, the surrounding tissue can be considered an infinite
medium, and the heat flux will therefore be zero as r approaches infinity.
The value of r,, however, must be finite. The initial conditions are based
upon a uniform temperature field inside the tissue before time 7, . Equation
(5.4) is solved according to the conditions

G,(r,r,7,7) =0 <1 (5.5

(,%G,,(r, r,o0,7)=0 r— o (5.6)
For the case of a noninfinite tissue medium, the boundary condition
described by Eq. (5.6) can be modified to account for the heat flux at the
tissue surface using a superposition method with the method of images.
Klinger shows that the solution to the nonhomogeneous heat conduction
aspect of this problem, with no convection effects, has the form

T
Ii(r,7) = — Ld3r1 go G,(r,ry, 7, 1)Q*(r, 7)) d7y (5.7
where Q* = QL%*/k,. The symbol Q stands for the control volume of
integration. Klinger calculates the Green’s function by treating the effect of
convection near the point source as a small perturbation of the temperature
field in the absence of convection. This can be justified by considering that
the temperature gradient near the point source is very large during a
time interval that is much smaller than the characteristic time for heat
conduction, L2/«. During this period, the conduction heat flow is much
more significant that the effect of convection and the Green’s function can

be written
Gv = GVO + le (58)

where G, is the Green’s function for heat transfer by pure conduction and
G, is the perturbation due to heat transfer by convection. Substituting this
expression for the Green’s function into the governing energy balance
equation (5.4) and utilizing the condition that

l:VZ - (%] G, = o(r — 1)o@ — 7))

vV VGyr —r, 7 - 79) + [Vz -V - %]le(r, r,5,7)=0 (5.9
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Neglecting the small convection term v - VG, , the solution for G,, is given
by Eq. (5.7). Consequently, the convection term G,, = (V- VG,;) can be
considered a small perturbation term in the solution for G,,, and so on,
implying that the exact solution to Eq. (5.4) is an infinite series of terms

Gv(r, l-] » Ty Tl) = Z Gvi(r, I, T, T]) (5'10)
i=0

Klinger uses similar perturbation methods to show that the series solution in

Eq. (5.10) is appropriate not only for the time intervals much smaller than

the characteristic time, but also for all times z. The expressions for G,; are

[Vz - (%,]Gvo =8(r — r)o(r — 19) .11
., 0 - .
v ~ 3 Gy =¥:VGy-, where i = 1,2,3, ... (5.12)

The solution to Eq. (5.11) with boundary conditions (5.5) and (5.6) is the

Green’s function for pure conduction heat transfer with no convection.

exp[—(r — r)*/4(z — 1))]
[4n(zr — 1))

Gyt = 1, T~ 7)) = (5.13)
The i # 0 terms in Eq. (5.10) are computed successively using the (/ — 1)th
solution for each Green’s function. Klinger shows that the term on the
right-hand side of Eq. (5.12) can be interpreted as a distributed heat source
that influences the pure conduction field described by the Green’s function
G,o. While each calculation of G is performed without including the effect
of convection in the operator on the left-hand side of Eq. (5.12), the
right-hand side acts as a higher order correction. In this manner, the effect
of convective heat transfer due to the circulatory system is treated as a
correction term in the perturbation solution, and the total convective heat
transfer between tissue and flowing blood is modeled as an infinite number
of successively smaller magnitude heat sources that may be both spatially
and temporally variable. The terms in this infinite series are uniformly and
absolutely convergent, as shown by Klinger [37].

The temperature field is thus determined by implementing Eq. (5.7) to
solve for G,;, which represents the temperature distribution inside the
nonhomogeneous conduction field

Gw- = — ‘ s Gvo(l' - I, T— Tz)V(I'Z s 1'2) . ﬁGv(i_l)(rz, T, 7Ty Tz) d3r2 de
sme (5.14)
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Klinger shows that by combining Eqgs. (5.10) and (5.14), the Green’s
function solution can be written as
G, = Gylr — 13, T — 1)V, 75) — S

T

Sn Gy — 1, T = 75)¥(r3, T3)

!

. VGV("_ 1)("2 s Ty Ty, rz) d2r2 de (5.15)

C. CoMPUTATION OF MEAN TiSSUE TEMPERATURE

In order to relate the predictions of this analytical solution to experi-
mental measurements, Klinger defines a macroscopic temperature based
upon a spatial average of the microscopic temperatures predicted by his
mathematical model over a finite volume. This averaging procedure is
necessary because the experimental measurements are made with tempera-
ture probes that have some finite dimension, and an associated spatial
resolution, and thus measure temperatures over a macroscopic length scale.
The spatial averaging procedure also reduces the amount of information
regarding vascular geometry that is required to solve the analytical model.
The details of the vascular architecture can be replaced by a repeating
pattern of vessels in the tissue that are represented mathematically by a set
of convection multipoles.

1. Multipole Models of Blood Perfusion

Klinger computes a mean temperature over a finite volume of tissue
based on an average Green’s function [38]

]

1
(G,)y = — g G,d’r (5.16)
Vo Jv,
Substituting Eqgs. (5.10) and (5.14) into the definition above

1 -]

6i=0

X d3r§ S Gyt — 13, T — 1)qi (13, 1y, 7y, T drp d1y
oo IR .17

where g; represents the heat source effect of perfusion based on the
(i — Dth Green’s function

qi = —V(ty, 1) - VG, pp(ry, 1y, T4, T) (5.18)

The volume V, is chosen to be on the order of the volume resolution of the
temperature probe. Outside the control volume ¥;, the contribution of
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convection to the temperature field inside the volume ¥V, can be written as

1 T
(Gy;) = E T’; SV d3rS SV Gyo(r — 1o, T = T))qi(ry, 1y, 79, 7)) d3l’2 dr,
° et (5.19)

J
where V; represents the volume of the region outside ¥, in which blood
flow influences the temperature profile inside volume V.

Klinger uses the g; perfusion correction terms to account for variations in
vascular geometry and their effect on the mean tissue temperature field. By
introducing the vector ¢ to relate spatial positions inside each volume V; to
r, the Green’s function solutions for the temperature field inside the control
volume V¥, can be written in terms of a series of heat multipoles, whose
moments represent the influence of the blood flow convection effect. The
components of the resulting moment tensor depend upon the geometry of
the flow field inside the volume eclements V;. The mean temperature
distribution predicted by this method is valid as long as the characteristic
distance between adjacent blood vessels is smaller than the length scale of
the control volume ¥, over which the mean temperature is determined, i.e.,
the temperature probe’s spatial resolution. Under this condition, the mean
temperature distribution is given by the Green’s function solution

L T 3
G,(r,r,1,7) = E S E E 6va(i—l)(l'z, Fis Tys T2)

i=0 Jrp JQ v=1

> /Y I n\
. ,;0 E Gvo(r — I, T— T2) . él D d r, de
SO g (5.20)

where £ = r, — 1, o; With 1, (; representing the position of the center of the
element j with volume V;, the parameter v is one of the three primary
spatial directions, and / is the order of the moment tensor described below.
The tensor term on the right-hand side of Eq. (5.20) as derived by Klinger
is a moment tensor representation of the blood flow velocity field in the
tissue based upon the local perfusion field in the volume element V;. The
moment, of order /, depends upon the blood velocity and geometry:

3
<1'ﬂ=l Eﬂk / (5.21)

¥ -
¢ s)
mERER D,

When the moment order is zero, the effect of blood flow on tissue tempera-
ture is one-dimensional, and the tensor specifies a monopole moment. With
I = 1, the tensor yields the dipole moments in each of the three spatial
dimensions.
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2. Variations in Vascular Geomeltry

Klinger shows that the multipole moments of several different convection
patterns are determined by the relationship

(1: ny +n, + ny {) =S v, fl EmegiE (5.22)
Vj k=1

ny,ny, N, v,

for the tissue element with volume V; containing a repeating pattern of
blood vessels. Klinger considers three different flow arrangements, one
cocurrent, and two countercurrent, as shown in Fig. 4. In case 1, flow is
cocurrent and the monopole moment, from Eq. (5.22), is

o i\ [ . .
(0 r_}y)—SVjv,dé (5.23)

0 ) _12
(0 D)_VJ_LV (5.29)

where V is the volume flow rate in all vessels that are embedded in the
tissue element, 4 is the length of the side of the cube over which the average
tissue temperature is determined, and L is the characteristic length of the
macroscopic temperature field. The nondimensional volume of the cubic
element V; is (A/L)3. In this manner, Klinger illustrates that the monopole
moment for this vascular arrangement is equivalent to an average flow
velocity based upon the volume flow rate per unit area normal to flow.
Similar evaluations are made for the multipole moments related to cases 2
and 3.

In all three vascular arrangements, Klinger observes that the multipole
moment is directly proportional to the total volumetric flow rate in the
blood vessels within a repeating tissue element. The influence of each of
these multipole moments is influenced also by the ratio (A/L), which is less
than unity, to some power between unity and 5, depending on the moment
order and the vascular geometry. The multipole moments for the cocurrent
arrangement described by case 1 are on the order of magnitude of (A/L) or
smaller, while for the countercurrent flows in cases 2 and 3 the multipole
moments vary with (A/L)? or smaller. Thus Klinger concludes that the effect
of countercurrent flow on tissue heat transfer is at most a second order
effect. Klinger also points out that the monopole moment for all cases is
independent of the number density of blood vessels in the tissue as well as
the velocity profile inside the vessels and depends instead on a D’ Arcy type
mean blood flow velocity as described by Eq. (5.24). The higher order
multipole moments, however, depend on the vessel density. The influence
of blood flow on tissue heat transfer will decrease as the number density

or
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Case 1 Case 2

FiG. 4. Three different vascular arrays considered by Klinger. The *“x’’ signifies a vessel
with flow countercurrent to a vessel with no x. (Reproduced from [39], with permission of the
publisher, Plenum Publishing Corporation.)

of blood vessels increases for a fixed total blood flow rate V. Klinger
shows that, in the limit of an infinite vessel density, his mathematical model
predicts that the countercurrent arrangement will have no effect on tissue
heat transfer since the flow paths of all adjacent vessels will over overlap
and cancel each other.

Klinger derived the influence of the countercurrent flow arrangement on
tissue temperature by considering case 2 in Fig. 4, in which the blood flow
effect can be modeled as a dipole (i.e., / = 1 in Eq. (5.20)), neglecting the
higher order effect of the octopole moment (i.e., / = 3). Note that in this
case the monopole and 2*-pole moments are both zero due to symmetry.
The tissue temperature profile can be written for this case as

o T 3 9
aG,(rr,7,7) = E S j E a_ Gv(i—l)(rz, r, Ty, 1))
i Q X3

i=0 Jny v=1

28 1 1,
X Z GVO(r — I, T - T2) * ( _ d3r2 de
w1 0%, g, D
(5.25)
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where the dipole moment tensor in Eq. (5.25) is determined from Eq. (5.22):

1 _ l _ 3
<fu 5 > =7 Syjé“vy(é)d 4 (5.26)

v J

By assuming that the integral in Eq. (5.26) is the same for each element j,
i.e., the dipole moment is independent of r,, Klinger derives a new expres-
sion for the Green’s function solution for the tissue temperature profile:

T

G,(r,r;,7,7) =Gt — 1, 7T —179) — S g Gyt — 15, T — 1,)dr, d’r,
Q

7 o

1 [ - =
X5 S (%2, V)=VENG (s, 11, Ty, 1) dE (5.27)
JJV;
Klinger rewrites this equation as a differential equation for the Green’s
function solution as a function of space and time using the governing
equations (5.4) and (5.8):

a—(iv =4 —r)d(t — 1))

d
(5.28)

J

— 1 I
VZGV + v S (V, V)VGV(I-) r, 7, Tl)é dJé -

3. Calculation of an Effective Thermal Conductivity

Equation (5.28), the energy balance equation for the tissue element V},
contains an integral term for the effect of convective perfusion on tissue
heat transfer which contains a tensor of second derivatives of the Green’s
function solution [39]. Klinger shows that these tensor terms may be
combined with the first term on the left-hand side of Eq. (5.28), which
represents the pure conduction heat transfer., By defining the tensor

elements,
1
ay = X (&0 + 0;&) d¢ (5.29)
Jj

Klinger introduces an anisotropic effective conductivity for the tissue into
the energy balance equation (5.28)]:

G
= ke VG, — 8 ~ 1)0(x — 1) (5.30)
where
1 +ay ap a;
ket = ay, 1 + ay a3 (5.31)

as; asz, 1 + a3
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Based upon the definition of g;; in Eq. (5.29), the effective conductivity
tensor in Eq. (5.31) is symmetric about the diagonal, as required. The
influence of blood flow on tissue heat transfer in this case depends on the
magnitude of the dipole moments contained within Eq. (5.29). For the
countercurrent flow configuration in Fig. 4, Klinger shows that the dipole
moment is given by

1 r _i _ ,
<¢u vy> Iz Lfﬂ""‘@“ (5.32)
1AV
“E(Z) N (5.33)

where N is the characteristic spacing between adjacent vessels. According to
this mathematical model, the change in tissue conductivity due to counter-
current blood flow will depend on the blood flow rate in the countercurrent
vessels and the number density of the vessels.

Klinger’'s mathematical model was significant in that it introduced the
concept of an enhancement of tissue thermal conductivity due to the
presence of flowing blood in the tissue via a conduction tensor. Using the
Green’s function solution, Klinger quantified the importance of vessel
number density, blood perfusion rate, and vessel architecture on this
enhancement of tissue conduction. His most important observations were
(1) the temperature field was most influenced by the geometric arrangement
of the blood vessels, (2) a cocurrent flow structure results in a mean
velocity analogous to the D’ Arcy velocity that enhances conductivity in the
flow direction, while the enhancement is independent of vessel density,
and (3) a countercurrent system of blood vessels influences the tissue
conductivity in an anisotropic manner and the magnitude of this effect is
inversely proportional to the vessel density and proportional to the total
volumetric flow rate of blood in the tissue. These results were important
because they emphasized the importance of the geometry and flow direction
of the microcirculation, which was not considered by the Pennes bioheat
transfer model. The use of an enhanced conductivity tensor in the bioheat
transfer model that Klinger introduced would be applied several years
later by Weinbaum and Jiji in their mathematical model of bioheat
transfer [34, 61]. Prior to the work of Weinbaum and Jiji, however, Chen
and Holmes [22] developed a bioheat transfer model that included the
effects of blood flow direction and vessel orientation relative to the tissue
and examined the anisotropic effect of blood flow on a ‘‘perfusion”
conductivity that was similar in concept to the effective conductivity derived
by Klinger [39].
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V1. Continuum Model of Chen and Holmes [22]

The modeling work of Chen and Holmes [22] employs a continuum
description of the tissue-blood control volume in a manner similar to that
of Wulff [69] and Klinger [39]. This is justified by the presence of a large
number of blood vessels in a tissue volume whose characteristic dimension
is much larger than those of the individual blood vessels. The effect of these
numerous small blood vessels on the heat transfer of the tissue is based
upon a statistical grouping of the vessels and is incorporated into the
physical parameters that govern the system heat transfer. The theoretical
relationship between the microvascular network structure and tissue
thermal properties and perfusion bleed-off rate into the tissue is examined
in this study. Similar to the analysis of Wulff and Klinger, the bioheat
transfer analysis of Chen and Holmes is a microvascular model, with the
effects of large blood vessels with diameters on the order of 1 mm or greater
omitted from the energy balance. The presence of these large vessels in this
type of model would violate the continuum assumption that the length scale
of the tissue temperature variations is much larger than the dimensions of
the individual blood vessels.

A. GOVERNING EQUATIONS

Chen and Holmes divide the control volume occupied by the tissue and
blood vessels into two separate volumes: one consisting of solid tissue only,
with differential volume dV,, the other, with differential volume dV;,
comprised of only blood in the vascular space within the blood vessels.
Although there is some mass transfer between the blood and the tissue
control volumes, the fluid lost from the vascular space is assumed to be
compensated for by the flow of lymph from the tissue to the vascular space.
Since the flow rate of lymph is slow compared to the flow of blood in the
vascular space, it is reasonable to assume that all lymph that remains in the
tissue space has the same temperature as the tissue itself and is therefore
indistinguishable from the tissue.

For a relatively small vascular control volume dV,, and a total control
volume dV that is small compared to the scale of macroscopic temperature
gradients, yet large compared to the scale of microscopic temperature
gradients, volume-averaged local temperatures can be defined for both the
tissue (subscript ‘s’ for solid tissue volume) and blood:

1
dv;

1
T, = — T dv (6.2)
* T dn, LV,,

T, = S T dv (6.1)
dv,
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Using these local mean temperatures, an energy balance equation can be
written for both the tissue and vascular spaces. In the solid tissue space

aT;
st pscs—a_t— = kos + des + de (6.3)

where dQ,, is energy gain in the control volume by conduction, dQ,, is
energy gain in the control volume from the blood compartment, and dQ,,
is energy gain from metabolic heating. The energy balance equation for the
vascular space is similar, but with an added term due to the bulk fluid flow
in this space:

av; pccb%’TTb =dQ, — dQys + | pc,Tvds (6.4
where dQ,, is energy gain by conduction in the vascular space, and the
integral term represents the convective energy gain due to blood flow at
velocity v across the surface area S. The addition of Egs. (6.3) and (6.4) and
division of the result by dV yields an energy balance for the continuum
tissue space:

[y

oT,
pca—,‘ =qi+ G+ g} (6.5)

where p, ¢, and 7, represent the local mean density, specific heat, and
temperature of the continuum tissue based upon a volume average

1 dv,, dv,
- _Z® — .6
T; pc (<1 dV>pscsT; + debeTb> (6 )
_ dv, dv,
p= (1 dV>ps MPTAL (6.7)
1 v, av,
= — -_—— y ‘8
4 p((l dV>psCs + debcb> (6 )

Note that as the ratio of blood to total tissue volume dV; /dV approaches
zero, the tissue temperature 7; approaches the solid medium temperature 7.

1. Conduction and Metabolic Terms

The thermal capacitance term on the left-hand side of Eq. (6.5) is
balanced by three sources of heat in the total control volume: conduction,
metabolic, and convective heat gain. The conduction gain can be written in
terms of an effective thermal conductivity, k, , which represents the thermal
transport associated with molecular energy diffusion of the combined tissue
and vascular spaces:

M =V -k VT, (6.9)

4k = dv
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Note that this effective thermal conductivity is not associated with the bulk
flow of blood in the vascular space, an effect that is considered later in the
development of this model. Because the vascular volume is much smaller
than the tissue volume, Chen and Holmes assume that the value of &, is
equal to the thermal conductivity of the solid tissue medium, &;.

While the metabolic heat deposition per unit volume term, q,,, is straight-
forward in its significance, the perfusion, or bulk flow term, g, must be
further examined.

2. Blood Flow Terms
The integral equation
1
qll) = ﬁ SsprbTv ds (6.10)

is complicated by the condition that the temperature 7" within the integral
is not simply equal to 7, as was assumed by the bioheat transfer model of
Wulff [69]. In Wulff’s formulation, complete thermal equilibration
between blood and solid tissue medium was assumed at all locations within
the control volume. Under these conditions, the ratio of the integral in
Eq. (6.10) to the tissue volume reduced to the familiar convection term
PucuyV + VT, In this case, a single equation was derived by Wulff [69] to des-
cribe solid tissue temperature variations with spatial position without
including the effect of spatial variations in the blood temperature.

In contrast, Chen and Holmes [22] consider the effect of blood flowing
within the tissue matrix at a temperature different than the tissue tempera-
ture. The convective heat flow across a differential surface area dS is
written by Chen and Holmes as the sum of the contributions of individual
blood vessels crossing this surface:

S poCoTVds = pycy, Y Th;vi A, sin 6; 6.11)
ds i

where A, is the cross-sectional area of the ith vessel, §; is the angle formed
between the vessel axis and the surface area dS, v; is the mean velocity in
the blood vessel, and 7;; is the flow-weighted, or ‘“‘mixing cup’’ average
temperature of blood inside the vessel:

| —

v, = ‘ udA (6.12)
A

iy

1
Ty = —— TudA .1
bi uiAi SAI. u (6 3)
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a. Thermal Equilibration Effects in the Microcirculation. Evaluating the
summation in Eq. (6.11) is difficult due to the unknown mean blood
temperature in the blood vessel. At this point in their model formulation,
Chen and Holmes examine the effect of thermal equilibration length on this
mean blood temperature as blood passes through the circulatory system
[22]. The thermal equilibration effect between flowing blood and the
surrounding solid tissue medium will be used to evaluate the perfusion heat
transfer term, g,, as described by Egs. (6.10) and (6.11).

Based upon a one-dimensional steady state analysis, where the time
rate of change of the mean blood temperature is small compared to the
convective effect, the governing energy balance equation for the blood
temperature 7;; as a function of axial position x is

dTy;
Aipyeytti— = UPAT, = Ty) (6.14)

where U, represents the overall heat transfer coefficient between the flowing
blood and surroundings, and P; is the perimeter of the blood vessel. The
solution to this first order equation is an exponential mean blood tempera-
ture profile along the length of the vessel.

Chen and Holmes define the thermal equilibration length of a blood
vessel as the length of blood vessel over which the temperature difference
between the blood and the solid tissue surroundings decreases by a factor e.
Based upon the solution to Eq. (6.14), the thermal equilibration length is

_ AipyCol;

Lea= U,P,

(6.15)

When L., is small relative to the spatial scale of solid tissue temperature
gradients, then the mean blood temperature can be considered equal to the
solid tissue temperature T;. Conversely, when L., is large compared to the
characteristic length of the solid tissue temperature gradients, the mean
blood temperature will be independent of 7. This second condition was
not considered in the bioheat transfer model of Wulff [69].

In order to calculate the values of the thermal equilibration lengths in
various regions of the circulatory system, it is necessary to estimate the
overall heat transfer coefficient U;. The thermal resistance represented by
the inverse of U; is comprised of two components: conduction resistance
through the tissue and convective resistance in the blood. Using a cylindrical
geometry, the former depends upon the logarithmic ratio of the charac-
teristic distance of the tissue from the blood vessel wall to the radius of
the blood vessel itself. Chen and Holmes suggest that this characteristic
distance is half the distance between adjacent vessels. The convective
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resistance is inversely proportional to the Nusselt number, Nu. Therefore
the overall resistance is
1 rndi/r) r;

1 6.
U, k. ks Nu (6.16)

where /; is the distance midway between adjacent vessel walls. Chen and
Holmes argue that because the Nusselt number for fully developed tube
flow is on the order of 4, and because the ratio/;/r; is typically on the order
of 10 in the microcirculation, it is reasonable to assume that the overall
thermal resistance is dominated by the conduction term since the ratio
of the thermal conductivities of the blood and solid tissue is near unity.
Subsequently, Chen and Holmes combine the effect of these two resistances
into a parameter A which represents the combined effects of blood and
solid tissue thermal conductivities, vascular geometry, and blood velocity
on the overall blood-tissue resistance.

k k
= s =1In(d,;/r s .
U; A where A = In(,/r;) + %o Nu 6.17)

Assuming the ratio /,;/r; is 10 and the Nusselt number is 4, the value of A
will be approximately 3. The expression for thermal equilibrium length in
Eq. (6.15) is transformed for a circular blood vessel to

Arizpbcbui
Ly = T

Using the vascular data from a 13-kg dog shown in Table I [13, 64],
Chen and Holmes utilized Eq. (6.18) to compute the thermal equilibration
lengths of various blood vessels in the circulatory system. Because the blood
velocity in the circulatory system is roughly proportional to the vessel radius
[64], the thermal equilibration length depends on approximately the third
power of the radius, which is a very high sensitivity. For the larger vessels
such as the aorta and large arteries and veins, the thermal equilibration
length is on the order of meters, implying that blood in these large vessels
can be at a mixing cup temperature that is much different than the sur-
rounding tissue temperature. Conversely, the thermal equilibration lengths
of the blood vessels that comprise the microcirculation, i.e., the arterioles,
venules, and capillaries, are on the order of microns, which implies that
blood flowing in these small vessels will be completely equilibrated with the
surrounding tissue. These equilibrium effects are shown schematically in
Fig. 5.

The main assumption of the Pennes formulation, that all tissue-blood
heat transfer occurs in the capillary bed, is clearly contradicted by this
result. Chen and Holmes also estimated that the terminal arteries, with a

(6.18)
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TABLE I

VASCULAR PARAMETERS [22]

% Vascular r; X’ ki

J Vessel volume (um) (m) L/x;" (1/8=<10)
1 Aorta 3.30 5000 190 0.002 0.1

2 Large artery 6.59 1500 4 0.05 2

3 Arterial branch 5.49 500 0.3 0.3 15

4 Terminal branch 0.55 300 0.08 0.1 4

5 1.00 175 0.009 1 10

6 Arteriole 2.75 10 5x107° 400 0.04

7 Capillary 6.59 4 2x 1077 6000 0.00008
8 Venules 12.09 15 2% 1078 800 0.002

9 Terminal veins 3.30 750 0.1 0.1 4
10 Venous branch 29.67 1200 0.3 0.3 14
11 Large veins 24.18 3000 5 0.04 2
12 Vena cava 5.49 6250 190 0.002 0.09

“Symbols: % vascular volume: compartment percent of total vascular volume.
X;: equilibrium length.

l;/x,;: vessel length/equilibration length.

k,;/k,: perfusion thermal conductivity/solid tissue thermal conductivity.

T2 Tq

———

=t |2l3]als]e]v (8] Jolwlnli]
S 7N 7\ 7N

AORTA TERMINAL  CAPILLARY  TERMINAL VENA
ARTERIAL VEIN CAVA
BRANCH

FiG. 5. A schematic view of the blood temperature throughout the systemic circulation.
Blood at arterial temperature T, is distributed to solid tissue that is either warmer (T,,) or
cooler (7,,) than 7. Thermal equilibration occurs after the terminal arterial branches (j = 5).
Past the venules (j = 8), blood temperature changes are due to mixing effects in venous
drainage branches. The vena cava blood returns to the heart at 7. (Reproduced from [22],
with permission of the Publisher, the Annals of the New York Academy of Sciences.)
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diameter of approximately 0.2-0.5 mm, would have a thermal equilibration
length equal to their own length, and on the venous side, terminal veins with
a diameter of 0.3-0.8 mm would similarly be as long as their thermal
equilibration length.

Using a length scale analysis, Chen and Holmes illustrated an important
new concept in bioheat transfer modeling: all of the tissue-arterial blood
heat exchange must occur along the circulatory network after the blood
flows through the terminal arteries and before it reaches the level of the
arterioles, and consequently there can be no significant heat transfer
between tissue and capillary blood. Downstream from the arterioles, the
blood temperature will be equal to the surrounding tissue temperature until
the blood reaches the terminal veins. Here the thermal equilibration length
of the veins is significant compared to their length, and there will be little
heat transfer between the solid tissue and venule blood. Mixing effects,
however, will be important as cool blood from the cutaneous regions drains
into the veins. Chen and Holmes also show that the thermal equilibration
constant k', used by Pennes to account for any incomplete thermal
equilibration between tissue and blood in the capillaries (see Eq. (3.2)),
must be zero, since the thermal equilibration length of these vessels is
several orders of magnitude smaller than their actual length.

b. Subdivision of Perfusion Term. Applying these results, Chen and
Holmes were able to determine the microvascular contributions to tissue
heat transfer as represented by the term in Eq. (6.11). Following the flow of
blood along a vessel axis position x, the differential energy balance equation
is given by Eq. (6.14). Substituting the expression for vessel thermal
equilibration length:

dTy

Lea Ty

=T, - T (6.19)
Equation (6.19) is solved by setting the mean blood temperature at the
entrance to the circulatory network, i.e., x = 0, equal to the core arterial
temperature, T, typically 37 °C. Note that L., and 7 are both functions
of x, the location along the circulatory network. In order to solve the
problem, Chen and Holmes introduce a Fourier integral representation for
the solid tissue temperature 7:

k-]

T,(x) = T(xo) + S C(n) sin n(x, — x)dn (6.20)
0

where x, represents the location downstream from position x where the
vessel crosses the control surface dS, # is the spatial wavenumber, and the
coefficient C(#) is determined according to the given solid tissue tempera-
ture distribution 7;(x). The sinusoidal variation in T (x) is justified by the
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structural periodicity of the blood vessels embedded in the tissue. The blood
vessels can be depicted as an array of identical repeating units crossing the
control surface at the position x;. Based upon the linear property of both
the governing energy balance equation (6.19) and its boundary condition
at x = 0, Chen and Holmes separate the solution to the energy balance
equation (6.19) into three independent parts:

Lx)=Th+ L+ T, (6.21)
where three ‘‘subproblems’’ are defined:
dT,
Leq?;‘ =T, (6.22)
Ii(xo) = T (6.23)
S T,dn =T, (6.24)
0
where
daT,
Leqa—’,’ =T, — Csinnx’ X' = x5 — X) (6.25)

subject to the following boundary conditions

L) = Tao - Ti(x) (6.26)
T,x) = T.,<x' ;2”) 6.27)

The T, subproblem represents the thermal equilibration of the blood with a
uniform solid temperature, while the 7, subproblem is just the contribution
of the solid tissue temperature to the blood temperature, and the T}
subproblem models the thermal equilibration of the blood with the spatial
variations in the solid tissue temperature. Note that if the solid tissue
temperature is assumed independent of x, i.e., a constant, the solution for
T, is just (7, + T), as the coefficient C will be zero, and subsequently the
temperature 73 will be zero.
The solution for temperature 7, is the exponential relationship

1
T, = [T — T(xp)] exP(‘j L_—dx> (6.28)
0 +eq
The integral in Eq. (6.28) can be estimated by considering the thermal
equilibration length of the various blood vessels in the circulatory system. As
blood passes through the major arteries into the large arteries, the thermal
equilibration lengths are so large that the integral remains essentially at
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zero. In this part of the circulation, 7; will be equivalent to the temperature
difference [T,, — T;(x,)]. Past the terminal arteries, however, the
magnitude of this integral will increase substantially, so that 7; will
approach zero in this region of the microcirculation between the terminal
arteries and arterioles.

At this point Chen and Holmes show that the perfusion heat source term
in the blood-tissue composite energy balance equation (6.5), g, can be
interpreted based upon the above results for the first subproblem. For a
control volume d¥V much smaller than the scale of macroscopic temperature
gradients in the tissue, the large arteries and veins will have little influence
on the value of g . The effect of blood flow on tissue temperature around
these large vessels can be accounted for by examining heat transfer between
the tissue and blood in the vessels on an individual basis. At some genera-
tion of branching within the vascular network, however, this procedure
becomes too complex for an individual analysis. At this location, the j*th
generation of branching, the blood temperature is defined as T*. Note
that 73 will not be equal to T,,, the blood temperature as it enters the
circulatory system in the aorta. The difference between 7T} and T, will
depend upon the blood flow rate, vessel wall heat transfer coefficient, and
vessel-tissue geometry and architecture.

Chen and Holmes next argue that if the control volume dV is large
enough that it contains the portion of vascular network that includes all
vessels between the terminal arteries and arterioles, then for the first sub-
problem the blood that leaves this control volume will be at the solid tissue
temperature. Under these conditions, the summation of (v;A4;sin §;) in
Eq. (6.11) is equivalent to the total volume of blood that flows through
the tissue per unit time. Consequently, the integral in Eqgs. (6.10) and (6.11)
can be simplified so that g, for this subproblem looks quite similar to the
Pennes perfusion heat source:

qpay = Wipuco(TF — T)) (6.29)

Chen and Holmes emphasize the differences between the perfusion heat
source term in Eq. (6.29) and that of Pennes in Eq. (3.3). First, the term
w¥ is the total perfusion bleed-off to the tissue only from the micro-
vessels past the j*th generation of branching. The Pennes term w includes
bleed-off from all generations of the vasculature. Second, the perfusion
heat source term derived by Chen and Holmes is proportional to the
temperature difference (7* — T;), which, as stated above, is not the same as
(T,o — T;). According to their calculations, the difference between these
two temperature differences can be on the order of 10-50%, based upon the
thermal equilibration lengths of these large vessels compared to their actual
lengths.
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The second subproblem simply states that the blood temperature is equal
to the solid tissue temperature everywhere in the control volume. This was
the assumption made by Wulff [69] in his derivation of the bioheat
equation, as discussed above. In this case, Chen and Holmes show that the
perfusion term described by Eqgs. (6.10) and (6.11) can be reduced to the
familiar convective heat transfer term

Gpy = —PoCo¥p " VT, (6.30)

where p,v, is the mass flux of blood flowing through the tissue. This
expression for the tissue-blood heat transfer and its derivation from
Eq. (6.10) is identical to that described by Wulff and described in
Eq. (4.8).

The third subproblem involves variations in 7, due to a temperature
difference between the blood and the various components of 7;(x). The
solution to Eq. (6.25) when combined with the periodicity prescribed by
Eq. (6.27) is
_”Leqc

HO =

6.31)

Since T,(0) represents the net temperature difference between the blood
and the solid tissue at x = x,, there is added heat transfer between the
blood and tissue due to the contribution of this temperature component
with wavenumber 7. This extra contribution is included in the integral
in Eq. (6.10) which quantifies the total heat transfer between blood and
tissue due to bulk flow. Chen and Holmes also show that the amplitude
of this wave component, C(#), is related to the temperature gradient at
X = Xy, so that the effect of the term 7,(0) on g, is analogous to that
of a heat conduction term. In this manner, the effect of blood flow can
be characterized by a perfusion or effective thermal conductivity, k.

c. Effective (Perfusion) Conductivity. The analysis of k is simplified by
assuming that the differential surface area is normal to the temperature
gradient and that the tissue is isotropic. In this case k, can be considered
a scalar quantity. Under these conditions, Chen and Holmes derive the
relationship between the perfusion conductivity and the vessel thermal
equilibration length, wavenumber, blood velocity, and vascular geometry.
Using the definition

qh =~k VT (6.32)

p.ni

and the definitions of C(#), n, L.,, along with Eqs. (6.10) and (6.11), Chen
and Holmes show that the value of the effective or perfusion conductivity
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for the wavenumber # in blood vessel / is

A? 2 Uiz"izli

Ky i = — Pi
Pl 2”2+1

)
T 23 sin” 6, (6.33)

where A, is the area fraction of the ith blood vessel.

Chen and Holmes note several important characteristics of their derived
perfusion conductivity parameter, k. First, for the smaller vessels of the
microcirculation the quantity Lﬁqr]2 in the denominator of Eq. (6.33) is
negligible and the value of &, ; is independent of wavenumber. Second, the
perfusion conductivity depends significantly on the vessel inclination angle,
but not on the direction of flow (positive or negative) in the vessel, as the
velocity term v, is squared. However, the contribution of the blood vessel to
the perfusion heat transfer does depend on the direction of the temperature
gradient. As a result, tissue with an isotropic array of blood vessels will
yield an isotropic increase in conduction due to the blood flow. Using the
superposition principle to sum the influence of all the individual vessels
and wavenumbers, Chen and Holmes define an overall perfusion thermal
conductivity k, by the expression

dpay = —Vk, VT (6.34)

While the value of k, is necessarily a complicated function of vessel
geometry and architecture, estimates can be made of the individual vessel
k,; values by approximating the wavenumber as the inverse of the vessel
length, and using vessel number density measurements to compute 4;. In
addition, the inclination angles 6; can be approximated from vascular
anatomical studies. For example, a terminal branch artery with a radius of
0.03 cm and velocity of 7.4 cm/s will have a thermal equilibration length
of approximately 8.0 cm, assuming a value of 3 for A. Since the number
density of a 600-um terminal branch artery in the systemic circulation is
approximately 1 vessel/cm? tissue, the area fraction 1 is 2.8 x 1073, Using
Eq. (6.33) with an inclination angle of 90° (i.e., vessel axis normal to the
control surface), and a wavenumber of 1 cm™! (i.e., the inverse length of a
terminal branch artery), the resulting value of the perfusion conductivity is
1.5 W/m-°C, which is three times the thermal conductivity of solid tissue.

Based on Eq. (6.33), the effect of perfusion on tissue heat transfer will
be important in blood vessels larger than the terminal artery branches and
terminal venous branches, where thermal equilibration lengths are much
larger than the lengths of the vessels themselves. In the small vessels of
the microcirculation, the thermal equilibration lengths of the arterioles,
venules, and capillaries are so small that the contribution to tissue conduc-
tivity by perfusion is negligible. Chen and Holmes emphasize, however,
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that despite the large ratio of perfusion conductivity to tissue conductivity
in the larger vessels of the circulation, it is preferable to analyze the heat
transfer around these large vessels on an individual basis rather than in a
continuum model. The low number density of these large vessels is not
compatible with the assumptions of a continuum model where the size of
the individual blood vessels is assumed to be much smaller than the length
scale of the macroscopic temperature gradients.

B. FINaL BioHEAT EQUATION

Substituting the three components of perfusion heat transfer derived in
the three subproblems and described by Eqgs. (6.29), (6.30), and (6.34) into
Eq. (6.5), Chen and Holmes derive a ‘“‘new’’ bioheat equation:

aT,
pe—"=V -k VT + V- -k, VT, + 0}pyco(TF — T) — pycyVy,* VT, + gy

at
(6.35)

where T, the temperature of the solid tissue component of the tissue-blood
continuum model, is replaced by 7;, the volume-weighted continuum
temperature (see Eq. (6.6)). This replacement is reasonable as long as the
ratio of vascular volume to total (tissue plus blood) volume is smali,
i.e., dV,/dV < 1, Similarly, since the vascular volume is much smaller than
the tissue volume, Chen and Holmes assume that the thermal conductivity
of the total control volume is equal to that of the solid tissue medium.
Equations (6.7) and (6.8) can be used to determine the values of p and c,
which are also volume-weighted guantities.

Several new terms appear in this energy balance equation for a tissue
control volume perfused by flowing blood. The second term on the right-
hand side of Eq. (6.35) models the enhancement of thermal conductivity in
the tissue due to the flow of blood within blood vessels with thermal
equilibration lengths of the same order of magnitude as the lengths of the
blood vessels themselves. Chen and Holmes show that this term acts like an
“‘eddy’’ conduction due to the random flow of blood through the tissue.
The third term on the right-hand side of Eq. (6.35) looks very much like the
familiar Pennes perfusion heat source term, but, as mentioned above, T}* is
the temperature of the arterial blood in the first generation that can be
legitimately represented in the continuum model, the j*th generation.
Similarly, w} is the blood perfusion rate only from blood vessels beyond the
J*th generation. In order to model bioheat transfer from the larger vessels
upstream from the j*th generation, Chen and Holmes propose that these
arteries and veins should be examined on an individual basis as macroscopic
entities. The fourth term on the right-hand side of Eq. (6.35) is the usual
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convection transport term that accounts for the effect of the direction of
blood flow within the tissue on tissue heat transfer. This concept was
included in the earlier model of Wulff [69].

In the absence of the anatomical data that are needed to determine &,
w¥, and v, the bioheat equation of Chen and Holmes can be reduced to
the familiar Pennes bioheat equation. Neglecting the second and fourth
terms on the right-hand side of Eq. (6.35), and assuming that the equation
applies to all vessels in the circulatory network, i.e., ;¥ = Tpand 0} = w,
the Chen and Holmes bioheat equation simplifies to the Pennes bioheat
equation. When applied to a lumped parameter model, where conduction is
neglected inside the control volume and consequently there are no spatial
variations in temperature within a tissue region, the governing bioheat
transfer equation simplifies further to a balance between thermal capaci-
tance and the two heat source terms: perfusion and metabolic heating.

The model of Chen and Holmes [22] offered a new perspective on bioheat
transfer in several manners. While the bioheat transfer model of Wulff [69]
introduced the concept of bulk convective transport into bioheat transfer
analysis, Chen and Holmes [22], as well as Klinger [39], generalized this
effect to a much greater extent. Rather than simply assuming complete
thermal equilibration in all vessels of the circulation as Wulff had done,
Chen and Holmes implemented the concept of thermal equilibration length
into their analysis to account for bulk flow convection heat transfer. As a
result, their model defined an effective thermal conductivity in order to
quantify the enhancement of thermal conductivity in the tissue by the
convection transport associated with blood flow. Similarly, Klinger [39]
derived an effective thermal conductivity that was dependent on the blood
vessel spatial arrangement.

Another important aspect of the bioheat transfer model of Chen and
Holmes [22] was the observation that thermal equilibration between blood
and tissue takes place in the terminal branches of the arteries and the
arterioles. Chen and Holmes demonstrated that the main assumption of
Pennes’s bioheat equation, no precapillary heat transfer, was not possible
due to this equilibration effect in the microcirculation. While their bioheat
transfer equation contains a term similar to that of the Pennes bioheat
equation, T* and w} are defined differently, so that the microcirculatory
perfusion heat transfer in Eq. (6.35) accounts for heat exchange only within
the region defined by the continuum model.

An aspect of bioheat transfer that was not examined by Chen and Holmes
was the effect of countercurrent heat transfer between closely spaced,
paired arteries and veins. The bioheat transfer model of Chen and Holmes
considered the heat transfer between essentially isolated vessels and the sur-
rounding tissue, without accounting for countercurrent exchange between
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adjacent vessels in the microcirculation. Klinger [39] included the effects
of countercurrent flow in his continuum model in order to quantify the
importance of flow direction on the perfusion multipole solution. This
continuum model, however, did not investigate the variation of blood
temperature within the blood vessels as a function of vessel geometry and
the heat transfer between blood flowing in vessels and the tissue that
surrounds these vessels. These phenomena have been considered in mathe-
matical models of bioheat transfer that may be categorized as vascular, as
opposed to continuum, models [3]. In vascular models, the heat transfer
between tissue and blood is examined by deriving the governing energy
balance equations between individual blood vessels and the surrounding
tissue [3]. The next section of this review will present several important
vascular models, which provided a theoretical basis for the interpretation of
bioheat transfer in countercurrent flow systems.

The thermal significance of countercurrent flow of closely spaced arteries
and veins positioned alongside each other was first observed over 100 years
ago by Claude Bernard [8]. This structure has been observed in many parts
of the circulatory system, including retia in the limbs of many animals and
paired artery-vein networks in the fins of whales. In addition, the deep-
seated arteries and veins that supply blood to and drain blood from the
extremities of many animals, including humans (e.g., the femoral artery
and vein in the upper leg), are similarly arranged in a countercurrent
manner. The countercurrent arrangement is a mechanism by which heat
losses from the body to the environment are reduced. As warm arterial
blood flows towards an extremity such as a limb or tail, it exchanges heat
with cooler venous blood which flows in the opposite direction, back
towards the body core. In this manner, arterial blood can be supplied to the
extremity without significant heat loss to the surroundings [45].

Another view of the countercurrent heat exchange mechanism involves
the mean tissue temperature of the extremity. As heat is shunted from the
artery to the countercurrent vein via this mechanism, the arterial and mean
tissue temperatures in the limb or tail are reduced since some of this heat
would be otherwise transferred to the surrounding tissue. In this manner,
the temperature difference between the extremity and the environment,
which is the driving force for heat loss from the extremity, is reduced. This
heat conserving property of the countercurrent mechanism can be bypassed
during periods of thermal stress such as exercise by shunting blood from the
deep veins to the cutaneous venous system. Without significant blood flow
in the deep veins, the countercurrent heat exchange is reduced and, as a
result, heat can be shed from the body. Control of venous blood flow is
accomplished by the thermoregulatory system according to the thermal
state of the whole body [45].
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VII. Countercurrent Bioheat Transfer

A. EARLY STUDIES

1. Bazett [5-T]

One of the earliest examinations of countercurrent heat exchange in the
circulatory system was performed by Bazett and co-workers [5-7] in a series
of experimental studies. Longitudinal temperature gradients were measured
in the large arteries and veins of the limbs of humans. Under conditions of
very low ambient temperature, the axial gradient in the limb artery was
shown to be an order of magnitude greater than under normal ambient
conditions. When venous return in the limbs was interrupted by occlusion
the temperature of the artery increased significantly, indicating that a
portion of the arterial temperature gradient was due to heat transfer with
the parallel vein. Bazett and colleagues proposed the concept of venous
shunting to the periphery, whereby heat could be readily shed from the
body by reducing countercurrent exchange in the deep vasculature and
at the same time directing venous blood to the cutaneous circulation
where the venous blood is in close proximity to the surroundings. These
qualitative examinations of thermal physiology by Bazett and colleagues
were significant in bringing attention to the role of countercurrent heat
exchange in bioheat transfer. These studies by Bazett did not attempt to
mathematically model the effects of countercurrent heat exchange, but
within several years these concepts were incorporated by other physiologists
in their research.

2. Scholander [50-52]

The work of Scholander and colleagues [50-52] was an early example of
mathematical modeling of biotransport phenomena in countercurrent
systems. In 1954, Scholander and van Dam [50, 51] presented a quantitative
study of gas diffusion in the swim bladder of fishes in which the mass
transfer of oxygen in countercurrent systems was examined theoretically.
These theoretical studies were useful in providing the basis for a subsequent
report by Scholander and Krog [52] which applied the same concepts of
transport in countercurrent systems to an investigation of heat transfer
between paired arteries and veins in the vascular bundles of sloths.

The theoretical countercurrent heat transfer model of Scholander and
Krog [52] assumed that the axial temperature profiles in both the paired
artery and vein were linear, with a constant temperature difference between
the artery and vein along their axes. This is the ““perfect’’ countercurrent
heat exchange assumption, whereby all heat that leaves the warm fluid
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enters the cool fluid with no heat exchange with the surroundings. Under
these conditions, Scholander and Krog showed that the heat transfer from
the warm fluid to cool fluid per unit length tube, Q’, is simply proportional
to the product of the tube flow rate and the slope of the temperature profile.
This relationship can be written as
Q, - mcb(Tin -

a L
where m is the fluid mass flow rate, (7;, — T,,,) is the total fluid tempera-
ture change along the length of the tube with length L (the same for both the
warm and cool fluids according to the perfect countercurrent assumption),
AT is the constant temperature difference between the warm and cool fluid,
and UA’ is the overall heat transfer coefficient per unit length for the
countercurrent system.

In order to verify this simple analysis, Scholander and Krog built an
experimental apparatus which attempted to physically model the counter-
current heat exchange system. Two 1-cm-diameter thin-walled copper tubes
were used to simulate an artery-vein pair. Warm water passed through one
tube and after a 10-cm distance passed through a copper spiral which was
immersed in a cold water bath. The cooled water emerged from the spiral
and flowed through the second tube in a countercurrent direction along-
side the tube containing the flowing warm water. The two tubes were
bundled together and insulated from the surroundings. Temperature
profiles along the axes of both tubes were measured at various flow rates
and the results seemed to corroborate the theoretical analysis shown in
Eq. (7.1). Scholander and Krog subsequently used their model to evaluate
the experimental measurements of temperatures taken in the vascular
bundles in sloth extremities.

A linear temperature gradient was measured in an isolated sloth rete that
was much greater in magnitude than the temperature gradient measured by
Bazett et al. in the human brachial artery [6]. This result supported
Scholander and Krog’s hypothesis that an efficient countercurrent heat
exchange system would yield a steep temperature gradient in the blood
vessel, thus reducing heat transfer from the limb to the surroundings. This
concept was further supported by experimental measurements of the rete
temperature gradient when the venous flow was occluded. In this case,
the temperature gradient along the length of the rete was significantly
decreased, demonstrating the importance of countercurrent heat exchange
in these vascular bundles. Additional experiments by Scholander and Krog
showed that the rate of rewarming an ice-chilled sloth limb was significantly
slower than that of other animals which did not have retia in their limbs
[52]. This effect was explained by the rete countercurrent system which

T,
our) = UA' AT 7.1
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supplies arterial blood to the extremities that are substantially cooler than
the core body temperature. Other measurements revealed that the flow rate
in the rete was reduced during extremity cooling which resulted in a large
temperature gradient along the length of the limb due to the increased
efficiency of the countercurrent heat exchange mechanism under conditions
of low blood flow rate.

B. ANALYSIS OF MITCHELL AND MYERS [45]

These combined theoretical and experimental studies by Scholander and
Krog were valuable in demonstrating the importance of countercurrent heat
exchange in bioheat transfer. While their model was simple, it provided a
reasonable guide to the factors governing this heat-conserving phenom-
enon. Their theoretical model was substantially improved, however, in a
study by Mitchell and Myers [45] that appeared 10 years later in 1968.
Mitchell and Myers criticized the model of Scholander and Krog on several
grounds. First, the assumption of perfect countercurrent exchange is not the
general case for all artery-vein pairs and represents an idealization of their
heat exchange. Second, the use of copper tubes by Scholander and Krog
to physically model the artery and vein added a significant conductive
heat transfer component along the length of the tube walls that does not
exist in vivo.

1. Governing Equations

The analysis of countercurrent heat exchange in animals by Mitchell
and Myers mathematically modeled this important bioheat transfer
phenomenon in a more general manner than that presented by Scholander
and Krog. The steady state model of Mitchell and Myers, shown schemat-
ically in Fig. 6, was derived under the following conditions. First, a
one-dimensional vessel was assumed so that artery and vein temperatures
depended only upon the axial location of blood in the vessel. Radial
variations within the vessel were neglected. Second, heat conductance
between the artery and vein, as well as the individual vessels and the
environment, were considered constant with axial position in the blood
vessels. Another assumption of this model was that there was no significant
vessel branching or perfusion bleed-off from the artery or to the vein.
Thus the mass flows of blood in the artery and vein were considered equal
and independent of axial position. Finally, the effect of metabolic heat
generation in the tissue was neglected compared to the countercurrent heat
transfer terms. For convenience, all tissue and blood physical properties
were considered constant.
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Fic. 6. A schematic view of countercurrent heat exchange between vessels and the
surroundings used in the mathematical model of Mitchell and Myers. (Reproduced from [45],
the Biophysical Journal 8, 897-911, by copyright permission of the Biophysical Society.)

Separate energy balance equations are written for the differential control
volumes of both the artery and vein, The differential energy balance for a
segment of the artery of length dx is

mhy, = Mhyyran + (WWA)(T, — T) + (UA)(T, ~ T)ldx (7.2)

where h, is the enthalpy of the arterial blood, m is the mass flow rate
(assumed constant with x-location), and (UA'), and (UA'), are the overall
heat transfer coefficient-surface area per unit length products for total
heat transfer between the countercurrent artery and vein, and artery and
surroundings, respectively. Assuming that the enthalpy of the arterial blood
is the product of the blood specific heat and temperature, i.e., no pressure
variations, Eq. (7.2) can be written as

mcb% = (UAY(T, - T,) + (UA)(T.. - T,) .3

The differential energy balance for the venous fluid is similarly

—mcbdgi—; = (UA)(T, - T)) + (VAT - T)) (7.4

Note that the left-hand side of Eq. (7.4) is written with a negative sign
because flow is countercurrent and the venous flow is defined to be in the
negative x-direction. The two boundary conditions used to solve Egs. (7.3)
and (7.4) are

LLO =T, and T, (L) =T() (7.5)
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The position x = L physically represents the ‘‘turnaround’’ point for the
artery and may be viewed schematically as the region of the microcircula-
tion where the arteriole, venule, capillary, and tissue temperatures are all
completely equilibrated.

Mitchell and Myers nondimensionalize the problem using the definitions

UA' WL UA").L
Na _ ( )aL , Nv _ (UA )v , Nc - ( )c (76)
mcey, mc, mc,
7; - Tw 7:, - Tao
. L == 7.7
“Croon MTnow 7

and z = x/L. Note that the parameters N,, N,, and N, are equivalent to the
number of ‘‘heat transfer units’’ that characterize countercurrent heat
exchangers. Based upon these definitions, the governing equations and
boundary conditions for the countercurrent flow system are

dé,

:1; = Nc(av - ea) - Naea (78)
de, : B
_a = Nc(ea Hv) Nvav (79)
6.(0) = 1 and a.(1) = 6,(1) (7.10)

These two first order ordinary differential equations are easily solved
analytically by using Eq. (7.8) to write 6, as a function of 8, and its
derivative and substituting this expression into Eq. (7.9). The result is a
second order equation for #, as a function of x. The final solution is
obtained by using the boundary conditions in Eq. (7.10) to solve for the
dimensionless artery and vein temperature profiles

z CycoshCi(1 — 2) + sinh C(1 — 2)
= —_ N —
62 = exp(Ny = No) 5 C, cosh C, + sinh C,

(7.11)

z C,cosh Ci(1 — 2) — sinh Cy(1 — 2)
2 C, cosh C, + sinh C,

8, = exp(N, — N,) (7.12)

where

C, =iV(N, + N, + 4N_)(N, +N,)
and (7.13)
G = \/(Na + N, + 4N.)/(N, + N,)
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2. Model Solutions

Mitchell and Myers present the solutions to this model under two
different conditions that each resemble anatomical in vivo conditions. In
the first case, the artery and vein are considered to be paired within a tissue
cylinder such that there is symetry with respect to the cylinder axis and
therefore the thermal conductance between the artery and environment
(UA’), is equal to the thermal conductance between the vein and the
environment (UA'),. This structure resembles the major supply artery and
vein pair that are embedded in the core of an extremity (e.g., the paired
femoral artery and vein in the upper leg). This situation is also approxi-
mated by the rete structure observed in the sloth extremity by Scholander
and Krog in which a bundle of arteries and veins are grouped together in the
core of the limb. Under these conditions, the dimensionless temperature
profiles depend only upon two parameters N, and N,.

6. - Cycosh C (1 — 2) + sinh C;(1 — 2)
2 C,cosh C; + sinh C,

(7.14)

o - Cycosh Cy(1 — z) — sinh C(1 - 2)
v C, cosh C, + sinh C,

(7.15)

where

C, =N~ NT+2(N./N,) and G, =+1+2(N./(N,) (7.16)

Figure 7 shows the profiles for countercurrent systems for various ratios of
N./N, with N, equal to zero, 0.1, and unity. Note that N, = 0 represents
the limiting case of mc,/L » (UA'),, in which there is no temperature
change along the length of the artery or vein and thus no countercurrent
heat transfer between the adjacent vessels. As N, increases from zero to
0.1, temperature gradients along the length of the vessels can be seen, but
there is still relatively little heat lost to the surroundings and thus only a
small degree of blood temperature change. For large values of N, the
temperature change in the artery can be significant, which provides a large
driving force for heat transfer between the artery and countercurrent vein.
Whether or not adequate reheating of the blood occurs depends on the ratio
N,/N,. For values of N,/N, greater than 10, this rewarming is significant.
Mitchell and Myers also point out that for the cases where N_/N, is low
(i.e., less than unity), there is still some heat transfer between the artery and
vein which acts to increase the return temperature of the venous blood
relative to the case where there is no countercurrent heat transfer at all
(N, = 0). Because the total heat loss from the extremity is proportional to
the difference between inlet artery temperature T,, and the return venous
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Fig. 7. Normalized arterial and venous blood temperature profiles along the length of a
limb or rete with a symmetrical vascular arrangement of type I that implies N, = N,,
as modeled by Mitchell and Myers. The parameters N, and N, correspond to N, and N,
respectively. (Reproduced from [45]), the Biophysical Journal 8, 897-911, by copyright
permission of the Biophysical Society.)

temperature 7,(0), the Mitchell and Myers model successfully demonstrates
that any finite amount of countercurrent heat exchange will reduce heat loss
from the extremity to the surroundings [45].

The second case examined by Mitchell and Myers models the vascular
arrangement in the fins of porpoises and tails of some animals. The artery
is completely surrounded by smaller veins so that the heat transfer between
the artery and the surroundings is negligible relative to the heat exchange
between the artery and vein. Interestingly, this arrangement is similar to
that in the human digits, where cutaneous veins surround the main supply
artery. Setting the parameter N, to zero, the Mitchell and Myers model
depends again in the two parameters N, and N,:

B Z\ Cycosh Cy(1 — 2) + sinh C)(1 — 2)
ba = exp (NV 2> C, cosh C, + sinh C, (7.17)
zZ\ Cycosh Ci(1 — z) — sinh Cy(1 — 2)
— ha 7.
b exp(Nv 2> C, cosh C; + sinh C, (7.18)

where

= &\/1 + 4(N,/N,) and C, = V1 + 4(N./N,) (7.19)

C, 3
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Fic. 8. Normalized arterial and venous blood temperature profiles along the length of
a fin with the vascular arrangement of type I that implies N, = 0, as modeled by Mitchell
and Myers. The parameters N, and N, correspond to N, and N,, respectively. (Reproduced
from [45], the Biophysical Journal 8, 897-911, by copyright permission of the Biophysical
Society.)

The results for this second anatomical case are shown in Fig. 8. As in
the first anatomical case, when N, is low there is little heat lost to the
environment and therefore little change in the blood temperature with
axial position. When both N, and N, are large, there will be significant
countercurrent exchange due to large gradients in the artery and vein
temperatures. Similar to the first case, venous rewarming may or may
not occur, depending on the ratio N./N,, but countercurrent heat
exchange will always act to increase the temperature of the vein at x = 0
relative to the case of zero countercurrent heat transfer, thereby reducing
heat loss from the extremity to the surroundings. Mitchell and Myers
show that for a given set of values for N, and N,, the second anatomical
case is more effective in reducing the extremity heat loss than the first
anatomical case. This difference is caused by the lack of heat transfer
allowed between the artery and surroundings in the second anatomical
model. Again, it is interesting to note that this second configuration is
observed in the digits of humans, which presumably are most vulnerable
to heat loss due to their large surface area to volume ratio. In this manner,
the veins protect the arterial blood from excessive heat loss as blood flows
towards the tip of the extremity. In contrast, the anatomical configuration
of the main supply artery and vein in the limbs more closely resembles the
first case of Mitchell and Myers [45].
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3. Parameter Estimation

Using a resistance analysis similar to that employed by Hoimes and
Chen, Mitchell and Myers estimate the numerical values of N, and N,
for a human extremity, sloth rete, and porpoise fin. The total thermal
resistance [(UA").]~' depends on three resistances: the convective resistance
from the arterial blood to the artery wall, the conduction resistance through
the tissue, and the convective resistance from the venous wall to the venous
blood. For this geometry, the conduction resistance per unit length vessel,
Ry, , derived analytically for equal size vessels using a source-sink super-
position in a cylindrical conduction field, is

_ cosh™'[2(s/d)? - 1]

Ry = ok (1.20)

where d is the diameter of the vessels and s is the center-to-center spacing
between the paired artery and vein. The convective resistance per unit length,
R, depends on the Nusselt number and blood thermal conductivity

1

Ri=—— .
¢~ 2k, Nu (.21)

Mitchell and Myers model the human arm as a cylinder with an
8-cm diameter embedded with a 0.5-cm diameter artery and vein spaced
1 ¢cm apart, Assuming a minimum Nusselt number of 4.0 and k, =k, =
0.67 W/m-°C, the conduction and convective resistances per unit length
vessel are 0.63 and 0.06 °C-m/W, respectively. Under these conditions,
the total resistance is 0.75 °C-m/W, corresponding to a (UA’), value of
1.33 W/m-°C, Mitchell and Myers neglect the convection resistances,
essentially assuming an infinite Nusselt number. In this case (UA’), is
1.59 W/m-°C. For a blood mass flow rate of 2g/s and specific heat
3.5 1/g-°C, the value of N, for a 75-cm-long human arm according to
Mitchell and Myers is 0.17. By including the maximum resistance provided
by the convection effect, N, will be slightly reduced to 0.14.

The total resistance [(UA’),]”" between the vessel and the environment
can be estimated by treating the vessel as an isolated tube surrounded by a
tissue cylinder. This resistance is the sum of three resistances: convective
resistance between the venous blood and the vein wall, conduction resist-
ance through the tissue, and convective resistance from the cylinder surface
to the surroundings. The conduction resistance per unit length vessel in this
case is

_ In(dy/d)

@ = = (1.22)
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where d, is the cylinder diameter and d is the vessel diameter. The convec-
tive resistance inside the vessel is given by Eq. (7.21), while the convective
resistance between the cylinder surface and the environment is

1
R. =
¢ 2nk,Bi

where Bi is the combined radiation/convection Biot number. For the
geometry described above and assuming a combined Biot number of 2.0,
the values of the three resistances per unit length listed above are 0.06, 0.66,
and 0.12 °C-m/W, respectively. The total resistance per unit length vessel is
0.84 °C-m/W, corresponding to a (UA'), value of 1.19 W/m-°C. Using the
physical constants listed above for the human extremity, the value of N, in
this case is 0.13. As in the evaluation of N, Mitchell and Myers neglect all
but the conduction resistance through the tissue and calculate a slightly
higher value of 0.16 for N,.

According to these calculations, the ratio N./N, in the human extremity
is approximately unity. Considering the possible range of values for N, and
N, Mitchell and Myers show that this ratio is within the range 0.5 to 2 for
the various mass flow rates possible in the human arm. Using the same
range of mass flow rates, the range of the N, values will be 0.08 to 0.4.

With N, /N, equal to unity and N, ranging from .08 to 0.4, the model of
Mitchell and Myers predicts that there is little countercurrent effect between
the major artery and vein that supply the human arm. Under these con-
ditions, the countercurrent heat transfer reduces heat loss from the arm
only by about 5% compared to the case of zero countercurrent exchange.
According to this model, essentially all the heat loss from the limb is con-
trolled by the heat conductance between the vessels and the surroundings,
and there is little conductance between the countercurrent artery and vein.

(1.23)

4. Comparison with Experimental Data

As a corroboration of their theory, Mitchell and Myers compare the
predictions of their model to the experimental measurements of artery and
vein temperatures in the human arm collected by Bazett ef al. [6] with fair
agreement. While the omission of metabolic heating from the model of
Mitchell and Myers is not important relative to the heating effects of blood
perfusion (only about 5%), their model is clearly insufficient in accounting
for heat loss from the hand to the surroundings. Other features, such as the
tapered geometry of the arm and the local heat transfer in the separate
microcirculatory networks of the muscle and cutaneous layers of the limb,
were ignored. These important heat transfer effects would eventually be
incorporated into the much more detailed bioheat transfer model of the
human arm by Song et al. about 20 years later [56].
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Mitchell and Myers also estimate the N, and N, parameters for the sloth
rete that was studied experimentally by Scholander and Krog [52]. In this
case, NV, is quite high, on the order of 60, while N, is on the order of unity.
As with the human arm, Mitchell and Myers use these values in their first
anatomical model (N, = N,). Due to the high value of N./N,, this model
predicts significant countercurrent rewarming of venous blood in the sloth
rete, and the predictions are in fair agreement with the experimental tempera-
ture gradients measured by Scholander and Krog [52]. A third simulation of
the countercurrent heat exchange in the porpoise fin, which is modeled by the
second anatomical case (N, = 0), predicts that there is not much counter-
current rewarming of the venous blood, but demonstrates the increased
efficiency of the second anatomical configuration compared to the first
arrangement. These results were not compared to any experimental data.

Despite the absence of several important heat transfer phenomena in their
limb model, the theoretical study of Mitchell and Myers was significant as
one of the first mathematical models which quantified the effect of counter-
current heat exchange in the circulation. By identifying the dimensionless
heat transfer units N, and N_, the earlier experimental observations by
Bazett et al. [6] and Scholander and colleagues [50-52] were explained
analytically. For example, the inverse relationship between N, and mass
flow rate predicts that the countercurrent exchange mechanism will increase
with decreasing flow rate, Under conditions of cold ambient temperature,
Scholander and Krog observed this effect in their temperature measure-
ments in the sloth rete. Thus by reducing blood flow to the extremity, less
heat is lost to the environment not only due to the reduced time rate of
thermal energy carried by the blood, but also by the more efficient
rewarming of venous blood by the countercurrent exchange mechanism.
The model of Mitchell and Myers was successful in explaining and
predicting many of the earlier observations of experimental physiologists
and represented a starting point for more sophisticated mathematical
models of countercurrent heat exchange in the circulation.

C. MopEL oF KELLER AND SEILER [36]

Three years after the publication of Mitchell and Myers’s bioheat transfer
model, Keller and Seiler presented a model of peripheral heat transfer that
included the effect of countercurrent heat exchange as well as conduction,
bulk convection with perfusion bleed-off, and metabolic heat production
[36]. Keller and Seiler hypothesized that a countercurrent heat exchange
mechanism would be important in the peripheral circulation near the body
surface where the smaller arteries and veins were often positioned near each
other. By combining the various heat transfer phenomena described
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above, Keller and Seiler presented one of the earliest mathematical models
of bioheat transfer in the microcirculation that considered heat transfer
between separate tissue, artery, and vein compartments. This approach
became the standard procedure in later formulations of more geometrically
complex vascular bioheat transfer models by Weinbaum and colleagues
[34, 55, 56, 59-63, 70], as well as Wissler [66, 68], Baish and colleagues
[2, 4], and Charny and colleagues [18, 19].

Keller and Seiler [36] modeled bicheat transfer in the microcirculation of
peripheral tissue according to the idealized one-dimensional schematic view
shown in Fig. 9. The location x = 0 represents the boundary between the
peripheral tissue and the core, which Keller and Seiler assume to be iso-
thermal, while the location x = J represents the boundary between the
peripheral tissue and the ambient environment. According to the authors’
interpretation, the value of é depends on the heat transfer rate in the
peripheral region as determined mainly by the rate of blood flow in the
vessels and the thermal conductivity of the tissue. The single artery and
vein shown in Fig. 10 are used to represent the system of many terminal
arteries and veins that supply blood to and drain blood from the peripheral
tissue, while capillaries are assumed to provide a continuous connection
between the countercurrent terminal artery and vein. Using a continuity or
mass balance relationship, the flow rates in the artery and vein shown in
Fig. 10 can be determined as a function of x and the perfusion bleed-off rate
per unit volume tissue. Similarly, energy balance equations can be utilized to
compute the arterial, venous, and mean tissue temperatures as functions of
x, the distance from the isothermal core hypothesized by Keller and Seiler.
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Fi6. 9. A schematic view of the subcutaneous tissue region considered by Keller and Seiler.
(Reproduced from [36], with permission.)
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F1c. 10. A schematic diagram of an element, thickness d, in the subcutaneous tissue region
with heat flows indicated by dashed arrows and blood flow directions indicated with outlined
arrows. The one-dimensional model of Keller and Seiler is derived from an energy balance
across the vertical dashed lines. (Reproduced from [36], with permission.)

1. Governing Equations

The steady state energy balance equations are derived using a differential
element of length dx, shown in Fig. 10. Assuming that § was small relative
to the curvature of the peripheral tissue region, Keller and Seiler model
the peripheral tissue region as a one-dimensional slab, so that the cross-
sectional area normal to the direction of heat flow, A,, is considered
constant. The energy balance for the artery element consists of four terms:

(mycy L)y = (Moo T)xrax + Cowpy TaAxdx + (UAN d(T, — T)) (7.24)

where m, and T, are the arterial mass flow rate and temperature, respectively,
w is the spatially uniform perfusion bleed-off rate from the artery expressed
as volume blood leaving the artery per time per volume tissue, (UA’), is the
overall heat transfer coefficient-surface area product per unit length from
the artery to the tissue, and 7; is the mean tissue temperature at position x.
The temperature of the blood that leaves the artery as a result of bleed-off
is clearly T,, the local artery blood temperature. Note also that the Keller
and Seiler neglect the effects of axial conduction along the length of the
artery, which is reasonable for tube flow such as this with a significant
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component of bulk convection heat transfer. Rearranging and solving for
vanishing dx, Eq. (7.24) may be written as

d (me T\ _ (UA),
dx\ A, | A,

(T; - T) - cowpyT, (7.25)

Similarly for the countercurrent flowing venous blood
(mvchT\‘r)x-i-dx + cbwpr;'OAxdx = (mvcb]-\‘v)x + (UAl)v dX(Z, - 7;) (7-26)

where T, represents the temperature of the venous blood as it drains from
the capillary in Fig. 10 into the terminal vein, and all other symbols are
analogous to those that appear in Eq. (7.24). Note that for both the artery
and vein, the mass flow rate m is considered a positive number regardless of
the flow direction. The venous blood energy balance is thus

_1 mvcbr/ _(UA,)V
dx\ A, /| A,

(T = T) + cowpp Ty (7.27)

The left-hand sides of Egs. (7.25) and (7.27) both contain the derivative
with respect to x of the product of blood mass flow rate and temperature.
The relationship between the mass flow rate and x depending on the

bleed-off rate from the vessel is
X

m, = My, — S wpp A, dx (7.28)
4]

where m,, is the arterial mass flow rate at x = 0. In addition,

X

m, = my, — g wpy A, dx (7.29)
0

where m,, is the venous mass flow rate at x = 0. By essentially neglecting
the effects of lymphatic circulation on the venous blood flow rate, Keller
and Seiler also assume that

My = My (7.30)

Based upon Eqgs. (7.28)-(7.30), the magnitudes of the mass flow rates in the
artery and vein must be equal at all x-locations. From Eqs. (7.28) and (7.29)
it is also apparent that

dm, dm
= —wp A, = —
dx @Polls =

(7.31)

Keller and Seiler also simplify the convective heat transfer terms that
appear on the right-hand sides of Egs. (7.25) and (7.27) by assuming that
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the surface area of the artery and vein is the same. This is reasonable in
the peripheral region, where the paired terminal arteries and veins are
equal-sized, and their number densities are also more or less the same.
Under these conditions, the products (UA’), and (UA’), are equal to (UA’).
Implementing the above simplifications, the artery and vein energy balance
equations are reduced to

drT,
mcb'd—xa = (UAXT, - T.) (7.32)

aTz,
—mey - = (UANT = T) + cy0py AT — To) (7.33)

where m is the magnitude of the mass flow rate in the artery or vein.

Using the argument that blood in the capillaries will be in complete
thermal equilibration with the tissue due to the large surface-to-area ratio in
the capillary bed and the long residence time of blood in the capillaries,
Keller and Seiler assume that 7., is equal to 7;. This assumption, as was
later demonstrated by the work of Chen and Holmes, is reasonable in the
peripheral tissue, where the bleed-off vessels from the paired artery and vein
are relatively small and consequently have a short thermal equilibration
length relative to their own length. Therefore the energy balance equation
for the vein becomes

dT,
—mcb—xv = (UAXT - T) + cowp, ATy - T) (7.34)

For deeper tissue, the assumption 7,, = T; is no longer valid since the
bleed-off vessels are thermally significant due to their relatively large
thermal equilibration lengths. It should be noted that the complete thermal
equilibration between blood, the capillaries and the surrounding tissue that
was assumed by Keller and Seiler is similar to the Pennes assumption
(i.e., k' = 0 in the Pennes model). However, the Keller and Seiler model is
otherwise quite different as it makes no assumptions regarding the arterial
blood temperature, which varies in the x-direction. The effect of these
differences can be seen in Keller and Seiler’s derivation of the tissue energy
balance equation below.

The effect of perfusion bleed-off on tissue temperature is assumed to be
proportional to the product of w and the local artery-tissue temperature
difference. Note that Keller and Seiler use the local artery temperature
rather than a central or core artery temperature that was employed in the
Pennes formulation. This heat source is balanced by metabolic heating,
conduction, and heat transfer with the adjacent artery and vein. Across the
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differential tissue element of length dx:

dT;
<_ktAxd_x[> + (UA) dxl(T, - T) + (T, - T)] + wpyeo(T, — THA, dx

dT;
+ QA dx = |-k A,— .
Ond, dx ( As dx)ﬁdx (7.35)

where Q,, is the spatially uniform metabolic heat source per volume tissue.
For constant thermal conductivity k, and vanishing dx, Eq. (7.35) may be
written as

d’T,  (UA)

T2 UL = T) + (T, = T + 0pocy(T, = T) + O = 0
x (7.36)

k,

In the tissue equation derived by Keller and Seiler, heat conduction is
balanced by convective heat transfer with the artery and vein, a pefusion
heat source whose strength is proportional to the local artery-tissue
temperature, and the constant metabolic heat source. For the case where
convective heat exchange with the artery and vein is neglected and
(UA") = 0, Eq. (7.32) states that the arterial temperature is independent of
x, and, as a result, the tissue energy balance reduces to the Pennes equation.
For the case (UA') # 0, T, varies with x, and the perfusion source term
depends on the local artery temperature. Due to this dependence, the tissue
equation (7.36) cannot be solved alone, but must be solved simultaneously
with the artery and vein energy balances, Eqs. (7.32) and (7.34).

Keller and Seiler solve these coupled differential equations by assuming
that the arterial blood enters the peripheral region at the isothermal core
temperature

T0) = L) = T, (7.37)

and that as a result of zero mass flow across the surface at x = J, the venous
blood is completely equilibrated with the tissue at this location:

T.(6) = L) = T, (7.38)

where 7, and 7; are specified temperatures.

2. Analytical Solution

As mentioned above, the solution to Eqs. (7.32), (7.34), and (7.36)-
(7.38) are easily obtained when artery-tissue and vein-tissue interactions
are neglected. With (UA’') equal to zero, the artery temperature profile is
simply

L) =T, (7.39)
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Implementing this uniform artery temperature profile, the tissue energy
balance equation reduces to the Pennes bioheat equation. The solution to
this second order ordinary differential equation is

T, = C, cosh Ax + C,sinh Ax + On + T, (7.40)
WPy Cy
where
WPy Cy
A= [——
k.

The integration constants are evaluated using the fixed temperature bound-
ary conditions in Eqs. (7.37) and (7.38). Note that this mathematical system
is similar to that derived by Wulff in Eq. (4.9), except that Keller and Seiler
do not neglect the metabolic heating source Q,, in the tissue heat balance
equation. The boundary conditions, however, are identical. The dimen-
sionless temperature profile can be written

T -T, B 3 sinh Ax
8= -1, ®fcosh Aix — 1] + [1 + (1 — cosh A19)] Soh s
(7.41)
where
On

o=—
wpyCo(T, — T))

Note that for zero metabolic heating (® = 0) this result reduces to Wulff’s
solution to the Pennes bioheat equation for these fixed temperature bound-
ary conditions as represented by Eq. (4.11).

3. Derivation of Effective Thermal Conductivity

In order to quantify the effect of blood flow on tissue heat transfer,
Keller and Seiler introduce an effective thermal conductivity to describe the
rate of heat transfer from the surface of this peripheral layer of tissue.
According to their definition, for a thin flat slab of tissue with negligible
curvature, the steady state surface heat flux, g, is the product of the
effective thermal conductivity and the temperature gradient across the

thickness of the entire slab; i.e., fromx =0tox =9:
, = fanlfs = ) 7.42)

Based upon Fourier’s Law, the surface heat flux is also equal to the product
of the negative value of the local tissue temperature gradient at the surface
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and the tissue thermal conductivity. Therefore

ket =6 dT,

k@G- T) dx 7

x=0

For the case of no artery-tissue and vein-tissue interactions, the effective
thermal conductivity is determined from Eq. (7.41):
k. 1 + ®(1 — cosh 15)}

ff .
Kett _ )61 sinh 46 +
k. { s tanh 10

(7.44)

Keller and Seiler rewrite Eq. (7.44) in a manner that better illustrates
the importance of the metabolic heat source on the effective thermal
conductivity:

tanh A—é-
kee A . 0.0° 2
k., tanhAd (T, - T,) kAo

(7.45)

The maximum value of the parametric group that appears as a coefficient
for the second term on the right-hand side of Eq. (7.45) is estimated by
Keller and Seiler by analyzing the maximum value of &, the peripheral
region thickness, for a given value of Q,,. As Q,, increases above zero, the
temperature inside the peripheral layer increases and eventually surpasses
the isothermal core temperature 7;, in which case a maximum exists inside
the tissue layer. In this case, the heat flux from the tissue to the surround-
ings is proportional to the effective thermal conductivity and the difference
between the maximum and surface temperatures. The region of interest,
where the flow of heat is from the tissue to the surroundings, is between
positions x = x,, and x = J, where x,, is the location of the maximum
temperature 7, inside the peripheral tissue layer. Defining the thickness of
the tissue layer in which heat flows outwards towards the surroundings as
On = (0 — x,), the heat flux from the tissue to the surroundings is

d7; keff

g, = —k dx |, s Ou (Th - T) (7.46)
For a given metabolic heat source, the heat flow from the tissue to the
surroundings is equal to the heat deposited in the tissue by the metabolic
heat source under conditions of zero perfusion bleed-off. However, as the
rate of bleed-off increases from zero, i.e., w # 0, the value of g, is greater
than the heat deposited in the tissue solely by the metabolic heat source due
to the heating effect of warm blood perfusion on the tissue. Therefore

g, = Qnd,, (7.47)
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Substituting the condition in Eq. (7.47) into the definition in Eq. (7.46):

0ud
Kess = T.-T) (7.48)
By deriving the value of the minimum effective thermal conductivity, Keller
and Seiler are able to define the maximum value of the parametric group on
the right-hand side of Eq. (7.48), which also appears in Eq. (7.45). This
situation occurs for the case of zero blood perfusion. In this case, it is easily
shown that the effective conductivity is

ks (@ = 0) = 2k, (7.49)

Thus Keller and Seiler conclude that the maximum value of the parametric
group that appears in Eq. (7.45) is 2k,; i.e.,

—=m% <2k, (1.50)

Using a tissue conductivity of 0.5 W/m-°C, the estimated maximum
value of the parametric group is 1.0 W/m-°C, while the minimum value is
zero. Figure 11 shows the values of k. relative to k, as a function of (15)
for this range of values. This product, Ad, can be physically interpreted as
the ratio of perfusion bleed-off heat transfer to conduction heat transfer in
the tissue. Keller and Seiler note that metabolic heating affects the effective
conductivity most significantly at low values of (Ad), while at higher Ad
values, metabolic heating has a negligible influence on k.. Keller and Seiler
compare these predictions qualitatively to experimental measurements by
others that demonstrated a difference between the tissue effective conduc-
tivity under conditions of rest and exercise. This difference between exercise
and resting conditions was reduced significantly, however, as the peripheral
layer blood flow was increased by vasodilation, thereby reducing the
influence of metabolic heating as compared to perfusion bleed-off rate in
the tissue.

When the metabolic heating rate is negligible compared to the bleed-off
rate, the ratio k¢ /k, approaches the product (A9) for large values of 4, i.e.,
large perfusion rates. In this case, the heat flux from the tissue to the sur-
roundings from the nonisothermal peripheral layer is independent of the
value of § and the thickness of the peripheral layer approaches the length
1/A. As perfusion rates decrease, the ratio k.q/k, approaches unity.

Keller and Seiler also derive the tissue and blood temperature profiles for
the case of significant blood vessel-tissue interactions, i.e., (UA') # 0. If
the metabolic heat source term is neglected, the analytical solution to the
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Fic. 11. Tissue effective thermal conductivity relative to the solid tissue conductivity as a
function of the dimensionless product Ad, under conditions of zero blood-tissue convection
heat transfer (UA' = 0). Each curve is based on a different value for the metabolic heat
generation term Q. 6%/(7, — T). Based on the bioheat transfer model of Keller and Seiler.
(Reproduced from [36], with permission.)

tissue energy balance equation is

g J&H

T S

where the function f is defined by the integral equation

(7.51)

z
J0

¢
S = S {\/z—’ly(z/) E 27?1 _(2)dz
0

- NZ'I_,@) &0 273 (z)dz + AVZ' Iy(z’)z dz’  (1.52)
v=p+} l (7.53)
{=A6NT ¥ 2 (1 - g) (7.54)

wA) (1.55)

- wpbchx
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Fic. 12. Normalized tissue temperature profiles in the subcutaneous tissue region using
a range of (UA')/A, values. The perfusion bleed-off rate is fixed at wp, = 2.16 %
1073 g blood/s-ml tissue. (Adapted from [36], with permission.)

and A is an integration constant. Keller and Seiler use the solution above
along with Eq. (7.43) to solve for the effective conductivity in the tissue:

Eeﬁ _ —2sinvm A6V1 + 2u
ke wfllo,m) w(p+1)

Figure 12 shows the dimensionless tissue temperature profiles for the
limiting cases of zero and infinite (UA'/A,), as well as a representative
intermediate value, using a constant bleed-off perfusion rate. As the heat
transfer coefficient increases towards infinity, the enhancement of heat
transfer by the perfusion bleed-off is canceled out by the convective heat
transfer between the large vessels and the tissue. This results in an effective
thermal conductivity equal to the tissue conductivity and the resulting
temperature profile is linear, as expected for a pure conduction field. The
dimensionless parameter u represents ratio of the heat transfer between the
large vessels and tissue to the heat transfer due to perfusion bleed-off.
Figure 13 shows the relationship between the effective conductivity and u.
As u increases and the large vessel interaction becomes more significant
relative to the perfusion bleed-off, the effective conductivity approaches the
tissue conductivity, a phenomenon Keller and Seiler describe as ‘‘arterial
precooling.”” When the vessel-tissue conductance (UA') is significant

(7.56)
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mean blood temperature T, (x) is

a, , _ 2,

—= (T, - 8.4
ol NG (8.4)

Defining a dimensionless temperature 6 and axial location X:

L - T

g2 To
T,(0) - T, 2R,

8.5)

where L is the length of the blood vessel, the solution to this first order
differential equation is readily obtained in terms of the dimensionless
parameter A, defined by Chato as 4 Nu./Pe. This term depends on the
x-location as Nu, will vary with axial position in the blood vessel.

2. Solution—Effectiveness and Thermal Equilibrium Length

The solution
8 = exp(—4iXx) (8.6)

can be used to determine the dimensionless mean blood temperature at the
blood vessel exit for the two limiting cases described above by substituting
either Eq. (8.1) into Eq. (8.6) in the first case, or substituting Nu, = 0.32
for the second case. The concept of heat transfer effectiveness, g, is
implemented according to the definition

= === 8.7
A &7
where Ty ;, and Ty ,,, represent the blood temperatures at the blood vessel
inlet and outlet, respectively. The values of heat transfer effectiveness are
shown in Fig. 15 for the two limiting cases of vessel-tissue heat transfer. In
addition, Chato computes a thermal equilibration length, similar in concept
to that defined by Chen and Holmes. Chato determines the distance from
the blood vessel inlet at which the mean blood temperature is 95% thermally
equilibrated, i.e., where 8 = 0.05. For the case with R, = R, the thermal
equilibration length according to this definition and the solution above is
0.34R,, while the case with Nu, = 0.32, the thermal equilibration length is
4.36R,.

Chato uses anatomical data from a dog to relate these theoretical results
to heat transfer in the circulation. For the largest vessels, the heat transfer
effectiveness is small due to the large Graetz numbers in these vessels
(greater than 1000). Thus there is little heat transfer between these large
blood vessels and the surrounding tissue. Conversely, in the smallest vessels,
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Eqn. {7.57)

Eqn. (7.45)
Qu =0

N T | 2 YRR T T 1 1
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F1G. 14. Predictions of the Keller and Seiler model, represented by Eq. (7.45) (with Q,, = 0),
compared with experimental data from the literature as compiled by Keller and Seiler. The
dashed line indicates the predictions of a simple perfusion conductance model in Eq. (7.57).
(Reproduced from [36], with permission.)

conductivity computed by the Keller and Seiler model was in good agree-
ment with the experimental measurements [12]. A comparison between the
measured and predicted effective conductivities is shown in Fig. 14.

In addition, Keller and Seiler show that earlier attempts to quantify the
effect of perfusion on tissue conductivity as a linear addition to the thermal
conductance resulted in a significant overestimation of the enhancement of
tissue conductivity by blood perfusion. Substituting the definition of A into
Eq. (2.2):

kﬁﬂ

Ketr _ 2
k. 1+ (A9) (7.57)

This relationship was used in much of the earlier thermal physiological
modeling work by Gagge and others [5, 11, 27, 30] and is plotted in Fig. 14.

Keller and Seiler also utilize their mathematical model to demonstrate that
the effect of vasoconstriction on effective conductivity will be small at the
low perfusion rates since k¢ cannot be less than &,. At high perfusion rates,
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the effect of added vasodilation on effective conductivity is also limited, in
this case by the tissue thermal conductivity and the inlet arterial mass flow
rate. Keller and Seiler conclude that while perfusion bleed-off can vary by
two orders of magnitude, the effective conductivity, as predicted by their
model and measured in the experiments of others, will vary by less than one
order of magnitude in human peripheral tissue. The added effect of arterial
precooling, based on this model, is to decrease the effective conductivity.
An increase in the bleed-off perfusion rate, however, will tend to counteract
arterial precooling and thus increase the effective conductivity.

4. Parameter Estimation—Conductance Model

Keller and Seiler also attempted to estimate the values of (UA’) in
peripheral tissue by modeling the supply artery and vein as cylinders with
radius r, a total number density n, and a tortuosity 7 (length of vessel per
length of tissue). Assuming that the artery and vein are parallel and spaced
a distance 2R apart from each other and that there are n/2 of each vessel,
the conduction resistance between blood vessels is

ki
v= ro In(R/r) (7.58)
Note that in this formulation Keller and Seiler neglect the effect of any
convection heat transfer resistance inside the two paired blood vessels, The
total surface area of arteries or veins per unit length, A’, depends on the
number density-tissue cross-sectional area product and the surface area of
the individual vessel:

_ (n/)A2nrg 0

4 s

(7.59)
The total vessel density # can be approximated by considering four adjacent
blood vessels in a periodic square arrangement of vessels. Because the total
tissue area is (2R )2, and the total number of blood vessels in this tissue space
is 4 x %, Keller and Seiler approximate »n as %Rz. Under these conditions,
the parameter (UA’) can be written as

(4’ ntk,
A,  4R*In(R/ry)

(7.60)

where the left-hand side of Eq. (7.60) represents the conductance between
the artery or vein and adjacent tissue per unit volume of tissue. Substituting
characteristic values of R = 0.5 cm and r, = 0.05 cm, Keller and Seiler use
their model to demonstrate that under resting conditions arterial precooling
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will result in a reduction in the effective conductivity from its maximum
value (i.e., when there is no arterial precooling) by approximately 50%.
By applying separate energy balance equations to the separate artery,
vein, and tissue components of perfused tissue, Keller and Seiler were
able to analytically quantify several of the more important phenomena
that affect bioheat transfer in tissue. These features include the presence
of artery and venous supply vessels that are thermally significant, i.e.,
contain blood flowing at a significantly different temperature than the
surroundings, the countercurrent blood flow arrangement, and the bleed-
off of arterial blood at the local artery temperature (not a constant central
or core temperature) into the tissue through vessels that eventually
equilibrate with the surrounding tissue. While their model lacked detail
concerning the different tissues of the peripheral layer, i.e., skin and fat as
well as muscle tissue, this formulation was one of the first to implement a
“‘three equation’ approach to bioheat transfer modeling. This model also
neglected the effect of the vascular architecture, which is actually a network
of branching, tapered vessels, on the tissue heat transfer. The anatomical
complexity of the microvascular network in both normal tissue and cancer
tumors was known to be an important factor in bioheat transfer according
to the observations of several experimental groups [33], but due to the
computational difficulties associated with this type of geometry, only
simplified models such as that of Keller and Seiler were derived.

VIII. Chato Vascular Heat Transfer Models [20]

A study by Chato [20] in 1980 examined heat transfer between tissue
and blood vessels using the same basic approach as Keller and Seiler, i.e.,
a consideration of the governing differential energy balance equations for
the separate blood and tissue media. Chato examined heat transfer between
tissue and blood vessels for three different arrangements: a single vessel
surrounded by tissue, a countercurrent pair of vessels surrounded by tissue,
and a single vessel close to an isothermal surface such as the skin. In all
three cases, the heat transfer effectiveness of the vascular configuration was
considered.

A. ISOLATED VESSEL

The case of steady state heat transfer between a Casson fluid, e.g.,
blood, flowing in a round tube, e.g., blood vessel, with constant wall tem-
perature was examined by Victor and Shah [58]. Under these conditions,



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 85

t_he tissue-blood heat transfer, as defined by a mean Nusselt number
hD/k,, is

Nup = 4 + 0.155 exp(1.58 log Gz,) @8.1)

which is valid for Gz,, the local Graetz number, Re PrD/x < 1000. As
shown, in the region of thermally fully developed flow, the mean Nusselt
number is 4, which is close to the value of 3.66 for a Newtonian fluid.

1. Governing Equations

Chato considers the heat transfer between the blood vessel, with radius
R, and bulk temperature T, and the surface of a tissue cylinder with
radius R, that surrounds the blood vessel at temperature 7;. Under these
conditions, the effective heat transfer between the single vessel and the
cylinder surface is determined by summing the two heat transfer resistances
from the blood to the cylinder surface in a manner that was employed by
Chen and Holmes [22] as well as Keller and Seiler [36]. This results in a

relationship
1 1 ky ‘Rz
=—+ —In |== 8.2
Nue NuD kl Rl ( )

where the first and second terms on the right-hand side of Eq. (8.2)
represent the convective and conduction resistances, respectively, while the
left-hand side represents the overall resistance. Tissue metabolic heating
and the effects of perfusion bleed-off are ignored in this formulation. If the
layer of tissue around the blood vessel is thin compared to the vessel radius
then the effective Nusselt number Nu, is equivalent to the local Nusselt
number, Nup. Equation (8.1) can thus be used in this case to predict the
local heat transfer coefficient. The other limiting case for this isolated
vessel occurs when the tissue cylinder is much larger than the blood
vessel. Chato assumes that the ratio R,/R, is less than 10 and the ratio &, /k,
is between unity and 2.5. Using the thermally fully developed flow Nu,
value of 4, Chato shows that the minimum effective Nusselt number in this
region is

NUe, min = & + 2.510V10}7" = 0.32 (8.3)

Using a differential energy balance analysis, the temperature profile
along the length of the blood vessel can be determined under these limiting
conditions. Chato writes an energy balance equation for blood flowing
at a constant velocity, U, with an effective wall convection coefficient A,
based upon the effective Nusselt number Nu,. If axial conduction along
the length of the blood vessel is neglected, the governing equation for the
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mean blood temperature T, (x) is

a, , _ 2,

—= (T, - 8.4
ol NG (8.4)

Defining a dimensionless temperature 6 and axial location X:

L - T

g2 To
T,(0) - T, 2R,

8.5)

where L is the length of the blood vessel, the solution to this first order
differential equation is readily obtained in terms of the dimensionless
parameter A, defined by Chato as 4 Nu./Pe. This term depends on the
x-location as Nu, will vary with axial position in the blood vessel.

2. Solution—Effectiveness and Thermal Equilibrium Length

The solution
8 = exp(—4iXx) (8.6)

can be used to determine the dimensionless mean blood temperature at the
blood vessel exit for the two limiting cases described above by substituting
either Eq. (8.1) into Eq. (8.6) in the first case, or substituting Nu, = 0.32
for the second case. The concept of heat transfer effectiveness, g, is
implemented according to the definition

= === 8.7
A &7
where Ty ;, and Ty ,,, represent the blood temperatures at the blood vessel
inlet and outlet, respectively. The values of heat transfer effectiveness are
shown in Fig. 15 for the two limiting cases of vessel-tissue heat transfer. In
addition, Chato computes a thermal equilibration length, similar in concept
to that defined by Chen and Holmes. Chato determines the distance from
the blood vessel inlet at which the mean blood temperature is 95% thermally
equilibrated, i.e., where 8 = 0.05. For the case with R, = R, the thermal
equilibration length according to this definition and the solution above is
0.34R,, while the case with Nu, = 0.32, the thermal equilibration length is
4.36R,.

Chato uses anatomical data from a dog to relate these theoretical results
to heat transfer in the circulation. For the largest vessels, the heat transfer
effectiveness is small due to the large Graetz numbers in these vessels
(greater than 1000). Thus there is little heat transfer between these large
blood vessels and the surrounding tissue. Conversely, in the smallest vessels,
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Fic. 15. Heat exchanger effectiveness of a single blood vessel based on the model of Chato.
(Reproduced from {20], with permission from the American Society of Mechanical Engineers.)

i.e., in the microcirculation with vessels of diameter 300 um or smaller, the
Graetz numbers are small (less than 0.01) and there is complete thermal
equilibrium between the vessels and surroundings over a very short
distance, on the order of one vessel diameter. Finally, between the great
vessels and the microcirculation lies a vascular region where the heat
transfer effectiveness between the vessels and tissue varies from unity to
zero. As observed in the analysis of Chen and Holmes, these vessels contain
blood that is at a different temperature than the surroundings but becomes
increasingly thermally equilibrated as the microcirculation is approached.
Chato shows that the curve labeled ‘¢’ is more representative of in vivo
conditions since metabolic heating was neglected.

This same entrance problem was also analyzed numerically by Lagendijk
[40], who determined the heat flow from the large vessel to the surrounding
tissue during a simulation of hyperthermia. While Lagendijk neglected axial
conduction in the blood vessel and assumed a uniform temperature profile
and constant mass flow rate within the vessel, as did Chato, his results
were useful in correlating large vessel blood flow with the efficacy of
therapeutic hyperthermia treatments. As shown by Chato, blood inside
vessels with large Peclet numbers will not be significantly heated relative to
those with small Peclet numbers, thereby keeping the tissue near the vessel
wall relatively cool. This is detrimental to the success of a hyperthermia
treatment, which requires that all of the tissue is heated to a therapeutic
level. The dimensionless temperature profile along the length of the vessel,
where the tumor temperature is represented by 7Ty, is shown in Fig.16.
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F1G. 16. Blood temperature profiles along the length of a vessel as computed by Lagendijk.
The vessel characteristics are (1) #=1cm/s, R =500um; (2) #=1.5cm/s, R = 1000 um;
(3) 4 = 2cm/s, R = 1500 um. (Reproduced from [40], with permission.)

B. COUNTERCURRENT VESSEL PAIR

1. Superposition Model

The second blood vessel configuration examined by Chato was the
countercurrent artery-vein pair. Using the superposition of a paired source
and sink in an infinite tissue medium, the temperature difference between
the isothermal walls of an artery with radius R, and vein with radius R,
may be written as

T, = T =5 Il + Vo, = D, + by = 1]
t

!

= FktlnB 8.8

where Q' is the heat transfer between blood vessels per unit length, b,
and b, are vessel geometry parameters;

@) - (&) -

b, = . (8.9)
2.
s> R,\?
(ﬁv) 3 <nT * 1
b, = . (8.10)
2z
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and s is the vessel spacing (center-to-center), In this formulation, as in
the case of the isolated vessel, Chato neglects the effects of tissue heat
metabolism and perfusion bleed-off on the tissue-blood heat transfer. If the
paired artery and vein are assumed to have the same diameter, D, the
temperature difference simplifies to

o P e LR L L @.11)
YV mk, | D D '

Chato shows that because the logarithmic term in Eq. (8.11) approaches the
value In[2b] for b values greater than 2.0, the artery-vein wall temperature
difference may be written as

Ql
T,-T =
@Y 2wk,

In[4b,b,]

=—ImB 8.12)

as long as b, and b, are both greater than two.

Heat transfer between the paired artery and vein is quantified by Chato
using the known solution for a countercurrent heat exchanger and the
relationship in either Eq. (8.8) or (8.12). The overall heat transfer coeffi-
cient per unit length between the arterial and venous blood (UA’) can be
written in terms of three resistances in series: convective resistance between
the arterial blood and arterial wall, conduction resistance from the arterial
to venous wall, and convective resistance from the venous wall to the
venous blood. Thus

1 1 (2 Kk 2
LI S1nB+ 8.13
UA' ~ 27k, <Nua e Nuv) (8.13)

Chato uses the definitions of heat transfer units, N, and effectiveness, &, to
describe the heat transfer between the paired artery and vein, Defining
UA’

N = (8.14)
MpinCo

and assuming that both the artery and vein Nusselt numbers are four, the
number of heat transfer units in this case is

N = 2rks (8.15)

k
mmincb<l + Fbln B)

t
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The heat transfer effectiveness for this countercurrent arrangement is
defined as

= ma(n,in B 7.a'l,out) - mv(n,out - T;',in)

mmin(n,in - 7;/,in) mmin(T;,in - n,in)

and the relationship between N and ¢ for a countercurrent flow system has
been shown to be

(8.16)

_ 1 - exp[ -N(1 - C)]
¢S T T Cexp[-N(1 = O]

8.17)

where C = my,,/My... The total heat transfer between the artery and
vein is
Q = mmincbs(Ta,in - 7:r,in) (8.18)
As in the bioheat transfer model of Mitchell and Myers [45], these
countercurrent heat transfer equations are based on a constant mass flow
rate in the artery and vein, i.e., m is independent of axial position x. This
condition neglects the decrease in blood flow rate due to perfusion bleed-off
from the arterial blood vessel to the surrounding tissue. In addition, while
the model of Mitchell and Myers accounted for heat transfer between the
blood vessels themselves and the blood vessels and the surroundings, the
countercurrent model presented by Chato does not include the latter effect.
The paired artery and vein are assumed to be in close enough proximity that
the two vessels can be considered a ‘‘perfect’® countercurrent heat exchange
system. The differential energy balance equation for the arterial blood is

d dm

Zx(Tamacb) + (UAXT, - T)) - dza T, =0 (8.19)
while the venous blood energy balance is

d dm

a(Tvmva) + (UANT, - T) - 7;01,7; =0 (8.20)

where (UA') is defined by Eq. (8.13). Equations (8.19) and (8.20) are similar
to the energy balance equations (7.25) and (7.27) from the countercurrent
model of Keller and Seiler [36], with the simplifying assumption that
(UA"), and (UA’),, the heat transfer coefficients between the vessels and the
surrounding tissue, are both zero, and instead there is direct countercurrent
heat transfer between the two vessels. Note that the axial gradient of m,,
the mass flow rate, is directly proportional to w, the perfusion bleed-off
rate utilized in the model of Keller and Seiler, which also considered the
effects of perfusion bleed-off, while Mitchell and Myers did not. Chato’s
countercurrent model differs from that of Keller and Seiler in its neglect of
heat transfer between the blood and surrounding tissue. In this manner,
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only two energy balance equations must be solved simultaneously by the
Chato model, as opposed to three in the model of Keller and Seiler. Finally,
Chato also assumes that the overall heat transfer coefficient (UA’) is not
altered by the presence of bleed-off blood inside the solid tissue layer.

2. Effect of Variable Vessel Flow Rate

Variable mass flow rate due to perfusion bleed-off is modeled by Chato
as a simple linear relationship. The arterial mass flow rate is assumed to
decrease linearly with x-position, and all of the bleed-off fluid that leaves
the artery at position x reenters the vein at the same position x. Thus the
mass flow rates in the paired artery and vein are equal in magnitude at any
x-location and in opposite directions. For the dimensionless axial position
X = x/L, where L is the length of the blood vessel (i.e., the axial location
where T, = T, ,,,and T, = T, ;,), the expression for blood mass flow rate is

m, = m, = my(l — EX) (8.21)

where E, with a value between zero and unity, is the constant of propor-
tionality between the mass flow rate and axial position in the blood vessel.
Using the linear relationship in Eq. (8.21), the coupled equations (8.19) and
(8.20) can be written

dT, N, N,
dx I—EXT“_ 1 —ExTV (8.22)
and
dT, N, +E -N, - E
v_ 9 T,=—2 T, (8.23)

dx 1-Ex ' 1-Ex

where N, is the reference number of heat transfer units based upon the inlet
mass flow rate m, and overall heat transfer coefficient (UA’). Equations
(8.22) and (8.23) are solved together with the boundary conditions
T.(0) = T, ;, and T,(1) = T, ;,. The solutions are

L=Tint ST & (8.24)
and
So [1+ Ng% 1+ N,
=T . +20 - 8.25
v 7:""‘+N(,<1—E)? - E 8.23)
where S, is defined
dT, (T,in — 10,in)(1 = E)
=_—2 = ' 8.
So dx |seo 1/Ny + 1 (8.26)
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Frc. 17. Arterial and venous blood temperature profiles along the vessel axes according to
the countercurrent model of Chato for a physiological range of E and N, values. (Reproduced
from [20], with permission from the American Society of Mechanical Engineers.)

The total heat transfer between the paired artery and vein is

E+ N,

— T % 8.27
1+ N, 8.27)

Q = myco(T, 0 — T,,ia)
The arterial and venous temperature profiles along the length of the
vessels with various £ and N, values are shown in Fig. 17. Note that if
E = 0, the mass flow rate is constant with x-position and the arterial and
venous temperature profiles are linear and have the same slope. Using
representative in vivo values of E, N,, m,, and other parameters in the
bioheat model, Chato demonstrates that the effect of perfusion bleed-off is
to increase the heat transfer between blood vessels relative to the case where
the mass flow rates are constant on the order of 50-100%, depending on the
chosen parameter values.

C. VESSEL NEAR SKIN SURFACE

1. Superposition Model

The third vessel geometry considered by Chato involves a blood vessel
parallel to the surface of the skin. The environment, which is at a constant
temperature T, exchanges heat convectively with the skin surface. The
solution to this heat transfer problem can be found by representing the
blood vessel as a line source, located at position y = —a (where y = O is the
location of the skin surface), superimposed on a pure conduction field.
This is a form of the buried cable problem. The resulting temperature field
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inside the tissue layer is

T-T, Q1 xX+(y-a ~= exp(u) cos(yx) du
——— | t— —l ———————e————
Ok, wk AN (1o T PE) ”

-H

(8.28)

_ah( Y - _ ah\(y _ Y
=T (l a> and u= (ay + k.)(l a) (8.29)

and 4 is the convective heat transfer coefficient between the environment
and the tissue. The position x = 0 represents the inlet position of the blood
vessel. At this axial position the temperature profile is

~* exp(u) du
u

-H

where

n2 =2 | exp(H)

TO)-T 1
Q'/nk, 2 y+1

(8.30)

Chato shows that the integral term in Eq. (8.30) can be written as

—0 2
exp(H)g e—xp—(:’)—df = exp(H)(H - HT —InH - 0.57716)

-H
(8.31)

for H values smaller than 0.5. At the surface of the skin, y = 0, the
function H has a value ah/k, which is equivalent to (R,h/k)Vb* — 1,
where R, is the vessel radius and b is the ratio d,/R,. Note that d,, the
distance from the center of the vessel to the skin surface, is not the same as
a, the distance from the line source to the skin surface, due to the nature of
the line source superposition solution. The temperature of the blood at the
blood vessel entrance is

TOR —d) =T _ 1y VBT T) + exp(rly) | 094
Q'/7k, 2 w4

(8.32)

where H, is the constant (R, h/k)(b — 1 + Vb* — 1). Using Eqs. (8.30)
through (8.32), the surface and blood vessel temperatures at x = 0 depend
on the dimensionless parameters R, #/k, (the Biot number) and b (the ratio
of vessel depth from the surface to vessel radius). Typical Biot numbers
range from 107> to 107!, resulting in a range of ratios of the skin and blood
temperatures. Chato demonstrates that as either dimensionless parameter
increases, the significance of the blood vessel as a source of heat flow
towards the skin decreases and the temperature difference between the skin
and the ambient air will decrease.
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2. Solution with Metabolic Heating

Chato derives a similar model in which a uniform, constant metabolic heat
generation term is included in the superposition solution. In addition, this
model allows for a specified, uniform heat flux from the skin surface, G,
which is due to all body heat dissipation not associated with the line source
represented by the blood vessel. The governing energy balance equation is
similar to that used in the surface model described above, except for the
nonzero term on the right-hand side.

2 2
6—72: + a—f = Q (8.33)
ax ay k,
As with the other surface heat transfer model, a convective heat transfer
coefficient 4 is used to characterize heat transfer between the skin surface
and the ambient air at temperature 7. The superposition solution for this
problem is

T-T,= o <1 1n<w> + exp(H) i‘“’ exp(u) cos(yx) du)

nk,\4 \x*+ (y + a)’ “H u

G 0, G

Tz Y 3
+ 2kty k:y (8.34)

Note that Eq. (8.34) is similar to Eq. (8.28), with three additional terms due
to the surface flux and internal heat generation. Chato notes that G is not
independent of Q since at steady state the surface heat flux G must account
for all heat generated by the tissue due to Q as well as the extra heat flux
from the core of the body. While Q can be zero with a nonzero G, the
converse is not true. G, surface flux due to tissue heating, cannot be zero if
Q is nonzero. The heat flux G will be equivalent to the product QY, where
Y is the thickness of the peripheral tissue layer which contains the blood
vessel. In this manner, the parameter Q can be eliminated from the tempera-
ture profile in Eq. (8.34). Using this substitution, Chato shows that the skin
surface temperature at (x = 0,y = 0) is

0,0 -7, _G
Q'/nk, ~ h Q'/nk,

where H, is the value of H at y = 0, discussed previously. The blood
temperature at x = 0 can be shown to be

TO.R —d)-T _ GR (k _, RV
Q'/k, ~ Q'/n \IR, 2y

+ exp(H,) ro M (8.35)

—HS

~* exp(u) du

+ %ln(b +Vp2 - 1) + exp(Hb)g
(8.36)
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Chato estimates the parameter G by dividing the whole body metabolic heat
rate by the whole body surface area under conditions of rest and intense
exercise. Thus

80W
Gmin = —m = 40 VV/I'I'I2 (8.37)
1000 W
Guax = — o 500 W/m? (8.38)

The parameter Q' is estimated by assuming a value for the axial temperature
gradient in a peripheral blood vessel and using the relationship

aT,
Q' = pycyv, TR} 2 (8.39)
3z
For a capillary and main venous branch with 87;,/dz = 0.1 °C/mm, the
minimum and maximum values of Q’, respectively, are

Olin = 1.5 x 107°W/m and Ohax = 30W/m (8.40)
Using these values, Chato shows that

GR = GR _
<—‘> =133 =G,,, and (—l> =0.001 = G,;, (8.41)
Q max Q max
Chato calculates the ratio of the surface and blood temperatures at x = 0
under conditions of negligible heat flux from the line source that represents
the blood vessel in the superposition solution. In this case

1

700,0) — Ty Bi
= 8.42
TOR -d)-T, 1 _ RO (8.42)

B % 2y

Equation (8.42) is valid if the integral terms in Egs. (8.35) and (8.36), as
well as the logarithmic term in Eq. (8.36), are small compared to the
other heat transfer terms in these equations. Parametrically, this condition
implies that the ratio of G to the Biot number is much greater than unity.
The influence of the internal heat generation Q and the added heat from the
core tissues included in parameter G on the skin surface temperature is to
decrease the effect of the blood vessel line source.

Chato also demonstrates that the blood vessel has the greatest effect
on skin temperature when it is of large diameter and positioned close to
the skin surface. The influence of the blood on the skin temperature is
independent of the linear metabolic heat generation and deep tissue
heat flux terms. Evaluating Eq. (8.34) at position y = 0, the maximum
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temperature increase on the skin surface imposed by the nearby blood

vessel is
Q' S ~® exp(u) cos(yx) du

T;,max - Ts,min = ——exp(Hs)

8.43
" (8.43)

—H, U

For a capillary with an axial temperature gradient of 0.1 °C/mm, this
temperature difference is very small, on the order of 107 °C, while for a
terminal vein with an axial temperature gradient of 1073 °C/mm, the
maximum increase in skin temperature due to the presence of the vessel is
0.33°C.

The work of Chato was significant in isolating several of the important
dimensionless parameters that influence heat transfer between vessels and
tissue. The impact the Graetz, Nusselt, and Biot numbers along with
countercurrent heat transfer units, heat exchanger effectiveness, and various
dimensionless distances on tissue heat transfer was quantified for a variety
of vascular arrangements. These vascular models can be readily adapted to
model a wide range of bioheat transfer problems, especially those involved
in the analysis of bioheat transfer during therapeutic hyperthermia.

At the same time that the bioheat transfer models of Chato were
published, Weinbaum and Jiji presented a two phase mathematical model
of vascular bioheat transfer that represented a different approach to
analyzing the tissue-blood thermal interaction. A subsequent series of
papers several years later expanded upon this initial formulation in order to
model the effects of complex vascular structure on tissue heat transfer.
Their development implements several phenomena that were previously
studied by others whose work has been described above. The countercurrent
phenomena first modeled by Mitchell and Myers, and later by Keller and
Seiler and Chato; the thermal equilibration length characteristics of
microvessels first quantified by Chen and Holmes, and later by Chato; the
bulk convection term examined by Wulff and Klinger, in addition to Chen
and Holmes; the three equation modeling approach of Keller and Seiler; the
superposition solution in a conduction field between adjacent vessels
utilized by Chato; an effective thermal conductivity due to blood flow; and
finally the perfusion bleed-off originally presented by Pennes are all
employed by Weinbaum and Jiji in their development of a ‘‘new”’ bioheat
equation for perfused tissue.

IX. Weinbaum-Jiji Bioheat Transfer Models

Weinbaum and Jiji, along with several colleagues [34, 55, 56, 59-63, 70],
have developed a mathematical model of bioheat transfer as an alternative
to the Pennes bioheat equation. Their objections to the Pennes model
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include the lack of directionality in the isotropic perfusion term and the
neglect of the influence of larger blood vessels embedded in the perfused
tissue on the tissue-blood heat transfer. In addition, Weinbaum and
colleagues criticize the Pennes model for not accounting for the character-
istic geometry of the blood vessel arrangement, i.e., the branching, tapered
diameter ultrastructure of the paired, countercurrent arteries and veins as
they gradually branch into arterioles, venules, and capillary beds. An early
model of the heat transfer associated with this vascular architecture was
presented by Weinbaum and Jiji in 1979 [59].

A. EArRLY Two PHASE FORMULATION

In this study, Weinbaum and Jliji [59] used a schematic view of the
circulation, shown in Fig. 18, to analyze bioheat transfer between a paired
countercurrent terminal artery and vein. Note that each artery-vein pair is
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Fic. 18. Schematic view of the peripheral circulation used by Weinbaum and Jiji in 1979
[59]. (Reproduced from [59], with permission from the American Society of Mechanical
Engineers.)



98 CaLEB K. CHARNY

considered part of a periodic array of blood vessels in the tissue circulation.
As blood flows along the length of the terminal artery towards the skin
surface, the artery undergoes several, up to 10, generations of branching.
Along with the continuous decrease in artery diameter from the deep tissue
region to skin surface due to the tapered characteristics of the vessels, there
is also a decrease in blood velocity due to the continuous flow of blood from
the artery into capillary beds located in the plane normal to the paired
artery-vein axes. Note that the circulation of blood in this plane, which
Weinbaum and Jiji describe as ‘‘collateral’’ circulation, is not through a
countercurrent system but can be considered unidirectional, from the artery
to the paired vein in the radial direction. After the arterial blood passes
through the capillary bed, it drains into the venous system, which is
similarly tapered, and the blood velocity increases as the deep supply vein is
approached due to the continuous drainage of blood from the capillary beds
into the venous system.

1. Blood Phase

Weinbaum and Jiji argue that this vascular structure requires a
mathematical model that can account for variations in vessel number
density of roughly six orders of magnitude, velocity and vessel diameter
variations of two orders of magnitude, and vessel Reynolds numbers that
decrease by four orders of magnitude from the entrance of the flow system
to the end of the vascular tree at the skin surface. The early two phase
model of Weinbaum and Jiji considered an average artery and vein radius
a, and a,, which both vary continuously in the direction normal to the skin
surface, x. The periodicity of the vascular array yields a parameter /g,
which represents the distance between the paired countercurrent artery
and vein and is also a function of x. Weinbaum and Jiji also define a radius
of influence for each vessel pair, R, that decreases continuously from the
deep tissue towards the skin surface. As shown in Fig. 19, the value of R
depends on the amount of collateral circulation between the paired artery
and vein,

Weinbaum and Jiji use a scaling law to describe the variation of R
with x:

n(x)R(x)*> = constant ©.1)

where n is the number of arteries or veins crossing the plane normal to the
vessel axes per unit area. If the function n(x) is known from anatomical
data, the radius of influence of the artery-vein pair can be determined.
Another physical law that must be obeyed is mass conservation in the paired
arteries and veins. For a constant, uniform capillary bleed-off rate g, the
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Fic. 19. Vascular parameters in the circulation as compiled from the literature {64} by
Weinbaum and Jiji. (Reproduced from [59], with permission from the American Society of

Mechanical Engineers.)
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continuity relationship requires that

_.d 25 -

e (n()a,(x)°@,(x)) = —2na, g 9.2)
—d (n(x)a (x)zz'e (x)) = +2na,g 9.3)
dx v v Y ’

where i is the mean velocity in either the artery or vein and g is perfusion
bleed-off (or collateral circulation rate) in volume blood per time per vessel
surface area. These continuity relationships are similar to those used in the
model of Keller and Seiler (see Egs. (7.28)-(7.31)). Weinbaum and Jiji show
that the energy balance equations for the artery and vein temperatures as a
function of r, the radial distance from the vessel axis, are

2
PCy Uy (X, r)an(x’ N_%k2 <r87;(x, r)> - u<%) (9.4)

o  roar\ or or
AT, 0c,r) ky 3 [ T (x, 7 ou,\?
peyine, D T D (r%) - u( ar) ©.5)

where the second term on the right-hand sides represents the heat transfer
associated with viscous dissipation in the blood vessels. Note that the
algebraic sign of u, is positive, while u, is negative due to the countercurrent
arrangement. These velocities may be assumed to have a parabolic profile
inside the blood vessel since the Reynolds numbers in terminal arteries are
on the order of unity or less. Thus

r 2

U, (x,r) = Zﬂa(x)<l — (;—)) (9.6)
r 2

u,(x,r) = 217,,(x)<l - (a_> ) 9.7)

The mean velocities #, and &, are determined from the continuity relation-
ships. It is important to note that neglecting fluid loss in the lymphatic
system, the magnitudes of &, and i, are equal at any position x, but in
opposite directions. This argument was also used in the model of Keller and
Seiler [36]. By combining Egs. (9.2) through (9.7), the energy balance
equations for the arterial and venous blood streams are completely defined.

2. Tissue Phase

The second phase of Weinbaum and Jiji’s two phase model involves the
tissue medium that surrounds the artery-vein pair. As stated above, this
earlier model of Weinbaum and Jiji proposed that collateral blood flow in
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the plane normal to the artery-vein pair was unidirectional from the artery
to the vein in the radial direction. In addition, these vessels are of small
diameter and blood velocity so that their thermal equilibration lengths are
very short. In this manner, the heat transfer characteristics of the collateral
circulation can be modeled as fluid flow through a porous tissue medium,
as was proposed earlier by Wulff. The form of the energy balance equation
for the tissue medium is thus

pc, 0, VT = kV?T + Q 9.8)

where v, is the perfusion velocity in the porous tissue medium and Q
represents any heat sources in the solid tissue. Weinbaum and Jiji subdivide
the tissue space into two regions which are represented by two temperatures
6, and 8,, as shown in Fig. 20. The energy balance equations for these two
tissue regions are written based upon Eq. (9.8), where the perfusion velocity
is inversely proportional to r-position in order to conserve mass in the
collateral circulation:
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FiG. 20. Schematic view of a countercurrent vessel pair in the peripheral circulation and the
collateral, or transverse, perfusion bleed-off circulation, as modeled by Weinbaum and Jiji.
(Reproduced from [59], with permission from the American Society of Mechanical Engineers.)
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Note that the minus sign on the left-hand side of Eq. (9.10) is necessary to
account for the flow of venous blood in the terminal vein in the negative
x-direction. The two tissue temperatures 8, and 6, proposed by Weinbaum
and Jiji in this early model can be interpreted as the mean tissue tempera-
tures within the radius of influence R from the paired countercurrent
artery and vein, respectively.

3. Skin Layer

A model of heat transfer in the cutaneous circulation was also presented
in this study. The tissue temperature in the thin skin layer was determined
by considering the vascular architecture in this region. Based on anatomical
observations, Weinbaum and Jiji argued that blood passes directly from
arterioles to venules in the skin, as shown in Fig. 18, as part of the thermo-
regulatory control system. For example, under conditions of vasodilation,
most of the arterial blood is directed into the superficial veins, which
results in a highly perfused layer of tissue near the skin. In a later study by
Weinbaum et ai. [60], this view of the cutaneous circulation was modified
based on experimental observations in the rabbit (see Section IX.B.1.c). In
the 1979 study, however, Weinbaum and Jiji modeled the effect of blood
flow in the skin tissue layer as one-dimensional heat transfer through a
porous medium; ,

de d-e

wl,(x)c,,d—xs = k,—dT; (9.11)

where w, is the blood perfusion flux in the tissue layer beneath the

skin, defined in the region L < x < (L + ¢&). In this early study, Weinbaum

and Jiji assumed the wy(x) would decrease linearly to zero from position

x = L to the skin surface at x = L + £. Based upon continuity of flow,

the value of w, at x = L was set equal to the value of [na’nii] evaluated
atx =1L,

The coupled energy balance equations written above can be utilized to
solve for blood temperatures 7, and 7, as functions of r and x, and tissue
temperatures 4, , 8,, and 8, as functions of r and x. A symmetry boundary
condition must be enforced at » = 0, while a continuous temperature and
heat flux is required at r = a, and r = a,. In addition, the periodicity of the
vascular array implies that there is no heat flux past the tissue cylinder
surface at » = R. In tcrms of the axial x-direction, boundary values must be
specified at x = 0 and x = L + &, in addition to temperature and heat
flux matching conditions at x = L. Weinbaum and Jiji did not present the
results of these simulations, but illustrated the range of input parameters
for their two phase model, which are shown in Fig. 19.



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 103

B. THREE LAYER MODEL OF PERIPHERAL TISSUE

1. Physical Description

The 1979 model by Weinbaum and Jiji represented one of the first
attempts to model the effects of the circulation on tissue heat transfer on
a vascular, rather than continuum basis, accounting for the complex
geometry of the countercurrent artery-vein network. A more thorough
investigation of this problem was presented in two companion papers
published by Weinbaum, Jiji, and Lemons in 1984 [34, 60]. The first of
these two papers presented the anatomical foundation for the Weinbaum-
Jiji bioheat equation. In this aspect of their study, three different vascular
structures were identified in rabbit limbs. Schematic views of these three
layers are shown in Figs. 21 and 22. In the deep tissue layer the arteries and
veins are paired, countercurrent, and are oriented oblique to the skin
surface. Their number density, radii, inclination angle, center-to-center
spacing, and radius of influence all vary along the length of the counter-
current network. The vessels branch as they approach the more peripheral
tissue region and remain in a countercurrent arrangement for the first five
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FIG. 21. A schematic view of the peripheral circulation with three tissue layers as modeled
by Weinbaum ef a/. in 1984 {60]. The cutaneous layer is perfused with blood through a plexus
which receives blood from vessels that are physically separate from muscle circulation
(in contrast to that shown in Fig. 18). The intermediate layer contains thermally insignificant
countercurrent vessels with transverse perfusion in the plane normal to the countercurrent
vesse] axes, as shown in Fig. 20. The deep tissue layer contains a branching network of
thermally significant countercurrent blood vessels. (Reproduced from [60], with permission
from the American Society of Mechanical Engineers.)
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Fic. 22. A simplified view of the three layer model shown in Fig. 21.

or six branching generations. In addition to countercurrent heat transfer,
there is heat exchange between the vessel pair in this layer by conduction
into the tissue as well as by capillary bleed-off, since the arterial blood that
perfuses the tissue via the collateral microcirculation is usually warmer
than the local venous blood return temperature. As will be shown below,
perfusion bleed-off has a significant effect on the artery-vein temperature
difference (T, — T,) along the length of the countercurrent network. These
complex effects are considered by Weinbaum and colleagues in the deriva-
tion of their bioheat equation.

As described in the initial 1979 study by Weinbaum and Jiji [59], after
five or six generations of branching in the deep layer, an intermediate layer
of tissue is approached, in which the vessel pairs are no longer as closely
spaced as in the deep layer but rather are part of a periodic array of terminal
vessels separated by a transverse, or collateral, microcirculation. This
intermediate layer is discussed below after a presentation of the preliminary
analysis used by Weinbaum et al. [60] to characterize the deep tissue layer
countercurrent heat transfer.

a. Deep Tissue Layer and Thermal Equilibration Lengths. Based upon a
thermal equilibration length model by Weinbaum et a/. [60] that is similar
to those proposed earlier by Chen and Holmes [22], as well as Chato [20],
the deep tissue layer blood vessels are thermally significant; i.e., the blood
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is at a temperature different than that of the surrounding tissue. Weinbaum
et al. use a superposition technique similar to that employed by Chato [20]
to model heat transfer between the paired artery and vein in the plane
normal to their axes:

V2Ti(x,y,2) = 0 9.12)

with the boundary conditions
Ti(x,,2) = T,(x) along the artery surface 9.13)
T.(x, y,2) = T,(x) along the vein surface (9.14)

where x is the direction normal to the skin surface and the y-z plane is the
location of what Weinbaum and Jiji labeled the collateral circulation
between the paired artery and vein due to perfusion bleed-off in the
earlier 1979 paper [59]. The solution to this two-dimensional superposition
problem is discussed in Section VIII.B.1.

This two-dimensional heat transfer solution is combined with the energy
balance equations that describe heat transfer along the axes of the artery
and vein (i.e., in the x-direction):

2

drT, aT(x, a,,
Py Co AU, Tdf = j k.a, &T}’_) dy 9.15)
(1]

k.a,

. e (9.16)

. dT,
“PpCoTa Uy —— =

9T, a,, )
Y ax S — ) dy

where r is the radial position from either the center of the artery or vein.
Thus the right-hand sides of Egs. (9.15) and (9.16) represent the total heat
flow into the artery and vein by conduction from the surrounding tissue.
Note that a minus sign is needed in Eq. (9.16) to account for the counter-
current flow arrangement. This approach was also utilized by Chato [20] in
his model of the heat transfer between parallel blood vessels described
previously. In a simple preliminary formulation, Weinbaum et a/. [60]
assume that there is no net heat transfer into the tissue, and thus the system
acts as a perfect countercurrent exchange system, where all of the heat lost
from the artery to the tissue flows back into the vein. Under the conditions
of zero perfusion bleed-off, the velocity is constant and of equal magnitude
in both vessels, resulting in a constant (7, — 7,) difference along the vessel
axes and a linear arterial, venous, and mean blood temperature profile
T, = (T, + T,)/2) in the x-direction. As Weinbaum et a/. [60] point out,
these results are not to be expected in vivo, as they neglect the effects of
variable vessel geometry in the x-direction, branching, capillary bleed-off,
and heat loss to the tissue, These complicating phenomena are considered
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in the derivation of the Weinbaum-Jiji bioheat transfer model described
below. However, the predictions of the simple preliminary model in Eqgs.
(9.12)-(9.16) are convenient for defining a thermal equilibration length for
a countercurrent vessel pair in the deep tissue layer.

The thermal equilibration length of the paired vessels is defined by
Weinbaum et al. [60] as the distance required for the artery, vein, and mean
blood temperatures to decrease by [T,(0) — T,(0)], the artery-vein tempera-
ture difference at the entrance to the countercurrent network (x = 0). Using
the solution to Egs. (9.12) through (9.16), this length is

k |
Leg,cc = g 7{‘:’ Pe cosh"<;‘°‘> 9.17)

where /s represents the center-to-center spacing between the paired artery
and vein and Pe is the flow Peclet number. According to the isolated
vessel model presented by Chato [20], Chen and Holmes [22], as well as
Weinbaum et al. in their 1984 paper [60], the thermal equilibration length
of a single vessel (neglecting entrance effects) is

Legs = gpeG + %ln(R/a)) 9.18)

Using anatomical data from vascular casts in rabbit thigh muscle to
evaluate the parameters in Eqgs. (9.17) and (9.18), Weinbaum ef al. calculate
that under resting blood flow conditions all paired vessels larger than 50 ym
in diameter have thermal equilibration lengths approximately three times
shorter than the thermal equilibration length of the same single, isolated
vessel. They conclude that countercurrent heat transfer is the dominant
mechanism for blood-tissue interaction in this deep region that contains
thermally significant countercurrent vessel pairs. The deep tissue layer ends
at the x-location where the countercurrent vessels are no longer thermally
significant. Under resting blood flow conditions, this corresponds to the
50-um vessels in the fifth or sixth generation of branching.

The thermal equilibration analysis presented above is also used by
Weinbaum et al. [60] to illustrate that vessels smaller than 50 yum are com-
pletely thermally equilibrated with the surroundings and thus a single
temperature can be used to describe the blood and tissue that surrounds the
blood vessel. Weinbaum et gl. conclude that the basic assumption of the
Pennes bioheat equation perfusion heat source term is physically impossible
because arterial blood is thermally equilibrated with the surrounding tissue
before it reaches the capillary beds. The temperature difference (7; — Tp)
that appears in the Pennes perfusion heat source term is therefore zero due
to this phenomenon of arterial precooling.
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b. Intermediate Tissue Layer. In the intermediate tissue layer, the paired
arterial and venous blood temperatures are slightly different, less than
0.2 °C based upon experimental measurements [41], due to their relatively
larger spacing on the order of 0.5-1 mm. However, the vessels themselves
are small enough so that there is nearly complete thermal equilibration
between the blood and surrounding tissue near the vessel wall. As shown in
Fig. 20, the tissue temperature associated with tissue near the artery, 6,, will
be different than the tissue temperature associated with tissue near the vein,
6, . While the blood temperatures 7, and 7, will be equal to these two tissue
temperatures 6, and 6,, respectively, there will be some heat transfer in the
plane containing the transverse bleed-off vessels in the intermediate tissue
layer. The two phase porous medium model presented in the 1979 study by
Weinbaum and Jiji [59] can be applied in this region, since the unidirectional
capillary bleed-off between periodically spaced vessel pairs acts to convect
heat in the direction normal to the countercurrent vessel axes. Weinbaum
et al. [60] describe the boundary region between the deep and intermediate
tissue layers as a plane where small lateral (normal to the countercurrent
vessel axes) temperature gradients coexist with large gradients normal to the
skin surface. The intermediate tissue layer can be interpreted as a thin
region, several millimeters thick, where temperature gradients due to the
presence of thermally significant vessels in the deep and cutaneous layers
are attenuated.

c. Cutaneous Layer. The outermost cutaneous layer is dominated by
conduction heat transfer normal to the skin surface. Based upon experi-
mental observations, Weinbaum et al/. [60] report that arterial blood is
supplied to the skin via a circulatory system that is physically separate from
the muscle tissue blood supply. This is in contrast to the earlier model [59],
which presumed that arterial blood was supplied to the skin via the last
generation of branching in the muscle layer and that venous blood was
drained from the skin either through the venous network in the muscle layer
or through the superficial venous plexus. In the 1984 study, Weinbaum
et al. [60] observe that arterial blood is supplied to the skin layer from
major arteries that branch from the deep arteries and rise up to the skin
surface where they bend and run parallel to the skin surface. Only a small
fraction of the arterial feed blood is actually directed towards the cutaneous
layer cells to provide nutrients and oxygen to the cells. Most of the blood in
these thermally significant vessels flows directly from the large artery to the
large vein through 20-40 um anastomoses in the cutaneous plexus. Based
upon this vascular structure, Weinbaum et al. [60] model the effect of blood
flow in the cutaneous plexus as a distributed volumetric heat source. They
note that the arterial supply vessels are quite large (200-500 um in diameter)
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and therefore have long thermal equilibration lengths. Under these condi-
tions, the arterial blood will arrive in the cutaneous layer at a temperature
that is different than the surroundings. Weinbaum et al. [60] propose that
this effect can be mathematically modeled as a uniformly distributed heat
source, similar in form to the Pennes perfusion heat source term, in the
lower portion of the cutaneous layer. In the upper part of the cutaneous
layer there is a small blood vessel plexus which perfuses blood to the skin
cells via 20-40 um vessels. Based on the arguments presented above, blood
flow in this region is neglected, and Weinbaum ef a/. [60] model this most
superficial portion of the skin layer as a pure conduction layer.

2. Governing Equations

a. Deep Tissue Layer. A mathematical description of each of these three
tissue layers was presented by Jiji ef al. [34] in the second part of their two-
part paper. The governing equations for the deep tissue layer were derived
by considering the vessel geometry and capillary bleed-off phenomena on a
continuous basis. The continuity relationship that provides for mass
conservation in the paired blood vessels is

%(nazﬂ) = —2nag 9.19)

where s is the location along the length of the countercurrent network
(different than x in the earlier 1979 study due to the inclination angle of the
vessel pairs made with the axis normal to the skin surface), @ is the bulk
mean velocity in the blood vessel, and g is the perfusion bleed-off per unit
vessel surface area. Note that Eq. (9.19) is similar to Egs. (9.2) and (9.3). In
their 1984 formulation, Jiji ef a/l. [34] assume that the paired vessels are the
same size and that there is no fluid loss to the lymphatic circulation. Under
these conditions, the velocities #, and #, that appear in Eqgs. (9.2) and (9.3)
are identical in magnitude but opposite in direction due to the counter-
current flow arrangement.

As first applied by Keller and Seiler [36], three energy balance equations
are used to describe the arterial, venous, and tissue temperatures in the
deep tissue layer where the vessels are thermally significant. The governing
equations for the countercurrent arterial and venous blood elements in the
deep tissue layer are

d _
pbcba(nazuTa) = —q, — PyCo2mag]T, (9.20)

d _
pbcbgg(nazuTv) = —q, — pyCy[2nag]T, (9.21)
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where g, is the heat loss from the artery by conduction through its wall
per unit length and g, is the heat gained by conduction through the vein
wall into the vein per unit length. Note that the arterial blood flows in the
positive s-direction, while the venous blood flows in the negative s-direction.
The second terms on the right-hand sides of Eqs. (9.20) and (9.21) represent
heat loss from the artery and heat gained by the vein due to capillary
perfusion, respectively. The blood temperatures 7, and T, are bulk mean
temperatures inside the blood vessels. Note that Eqgs. (9.20) and (9.21) are
similar to the artery and vein energy balance equations in the models of
Chato {20] and Keller and Seiler [36]. Using the continuity equation, the
terms associated with heat loss from the arterial blood due to perfusion
bleed-off and the heat gained by the venous blood from perfusion drainage
can be eliminated, yielding the two energy balance equations

_dT,
PuCo nazuE =—q, 9.22)
_dT,
puCy A’ i (9.23)

A third equation is required to solve for the temperature of the tissue that
surrounds the countercurrent artery-vein pair. Assuming that each vessel
pair is part of a periodic array of vessels at the location s, there will be no
heat flow into the tissue cylinder of radius R(s) (the radius of influence of
the countercurrent vessel pair) that surrounds each vessel pair. In addition,
there will be some energy deposited into the tissue due to the perfusion
bleed-off as well as the conductive heat loss from the paired artery and vein.
The corresponding tissue energy balance equation is

—(ga — 4) — ppcp2nag(T, - T)) = g;(k.nRz %) 9.24)
where the first term on the left-hand side is the net heat transfer by conduc-
tion from the tissue into the paired vessels, the second term on the left-hand
side is the net heat deposited in the tissue due to perfusion bleed-off, and the
last term is the net conduction gain in a tissue element of differential length
ds. Note that g, and g, are not equal for an ‘‘imperfect’’ countercurrent
heat exchange system, and 7, and 7, are not equal in the deep tissue
layer proposed by Jili et al. [34] to describe heat transfer in the thermally
significant vessels.

Combining Eqs. (9.22)-(9.24), the tissue energy balance equation is

d aT;

_d
pccbazud—s(n - T) = 2ppcoag(T, — T)) + p <k‘R2E> (9.25)
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Equation (9.25) is a single equation with three unknown temperatures 7,
T., and T;. In order to solve this equation, some approximations must be
made. Based upon temperature measurements in the deep muscle layer of a
rabbit reported by Weinbaum et al. [60], the tissue temperature 7; can be
approximated by the mean value of the artery and vein temperatures,
(T, + T,)/2. As shown in Fig. 23, the typical temperature profile in the
vicinity of a countercurrent vessel pair is described by Jili et al. [34] as a
perturbation on a mean tissue temperature profile over the length scale /;,
which is small relative to the macroscopic temperature measurement length
scale. The tissue equation can thus be written

d
PyCpa’ u (T T) = 2ppcpag(T, — T,) + I; P (RZ—(T + T))

(9.26)
Adding Egs. (9.22) and (9.23) yields

g, + g, = —pbcbna u (T + T) 9.27)

At this point in their derivation, Jiji et a/. [34] argue that the local tissue
temperature gradient is large relative to the undisturbed temperature
gradient and thus heat conduction normal to the countercurrent vessel pair
is more significant than heat conduction in the tissue along the direction of
the vessel axes. Based on this argument, the magnitudes of g, and g, are
much larger than the difference (¢, — g,) and the value of (g, + ¢,) can be
approximated by the two-dimensional superposition of a line sink and
source in a pure conduction field. This approach to solving the conduction

f~ {

Ta T

Fic. 23. The typical tissue temperature profile measured near a countercurrent vessel pair as
measured in the rabbit thigh [60]. This observation served as a physical justification for the
original form of the closure condition of the Weinbaum-Jiji bioheat equation. (Reproduced
from [34], with permission from the American Society of Mechanical Engineers.)
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problem between parallel vessels was described earlier in the presentation of
Chato’s bioheat transfer model [20]. Using this method, Jiji et al. [34] solve
for the sum
(qa + qv) = 2(10 (9'28)
where
_ 2nk(T, - T)
o = cosh™'(12/2a°> = 1)

(9.29)

from the superposition solution. Substituting Eqs. (9.28) and (9.29) into
Eq. (9.27)

4k(T, - T))
cosh™!(12/2a* — 1)

PG d T (T, + T)) = 9.30)
ds

By applying the two-dimensional superposition solution, Jiji ef al. [34] were

able to eliminate the tissue temperature as an unknown in the system of

energy balance equations and therefore Eqgs. (9.30) and (9.26) can be used

to solve for T, and T, as a function of s-position. The first order ordinary

differential equations are solved with the two boundary conditions

T,(0) = Ty .31
T.0) = T, 9.32)

where T, is the unknown venous return temperature at the entrance of the
countercurrent network (s = 0), which is determined by a global heat
balance across the three layer tissue model, described in Section IX.B.3.
Based upon a scaling law first proposed in the 1979 study, Jiji ef al. [34]
assume that the product #nR? is constant with s-position. Since n(0) is unity,
the value of R(s) can be determined based on n(s) and R(0). Jiji ef al. [34]
nondimensionalize the two governing equations in the deep tissue layer
based on S;, the total length of the countercurrent network in the deep
layer, and Pe*(s), the flow Peclet number in the vessel at each s-location:

d - - - - d s d - -
7 Pe* — - = - @R
dPe dS"(]; 1,) = 4v(T, T,) + T (a R df(ja + IV)> (9.33)

-8(T, - 1)
cosh™'((272 — 1)

a"Pe*;%(Ta +7)= 9.34)
where the dimensionless distances 4, §, /;, and R are the parameters a, s,
Iy, and R normalized by the distance S;, respectively. The dimensionless
temperatures 7, and 7, are ratios of the difference between 7, and T,
and T, (the skin surface temperature) relative to the difference (7, — T),
respectively. The dimensionless perfusion parameter v is equal to p,c,ag/k,
and Pe* is the flow Peclet number times the ratio k,/k;. Note that Pe*
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varies with s-position along the deep layer vascular network. The dimen-
sionless boundary conditions are f;(O) = 1 and T,(0) = T;, the dimension-
less venous return temperature at the entrance of the countercurrent
network.

b. Intermediate Tissue Layer

The mathematical model in the intermediate tissue layer is based on the
schematic view of the transverse terminal vessels shown in Fig. 22. The
spacing /, between the paired artery and vein in this layer is assumed to be
constant with s-position and equal to the diameter of the tissue cylinder that
surrounds the artery-vein pair at position s = §,, the location of the
deep-intermediate tissue layer boundary. Applying the condition that the
product nR? is constant with s-position, the length /,, which is the diameter
of influence around either the artery or the paired vein in this intermediate
layer, is

2n(0)

lo= [—<=R(O 9.35
o= 7y O 9.35)

since the combined area of influence of the artery and vein, 2((n/4)/2), must
be equal to the cross-sectional area of the tissue cylinder surrounding the
deep layer vessel pair at the layer interface, nr(S,)>.

Based upon the physical intepretation of the intermediate transverse
bleed-off vessels that connect the paired artery and vein as unidirectional
conduits in a porous tissue medium, the two phase model developed in the
1979 study by Weinbaum and Jiji is applied to describe the heat transfer
in the intermediate layer. Equations (9.9) and (9.10) are nondimension-
alized using ¥ = x/x,, where x, is the thickness of the intermediate layer,
F = 2r/ly, and 6, and 0, are the dimensionless temperatures of the tissue
surrounding the paired artery and vein in this layer and are defined in
the same manner as T and T in the deep tissue layer. The radial position
r indicates the distance from the axis of either the artery or the vein,
depending on the equation. The dimensioness forms of Egs. (9.9) and
(9.10) are

]

629 325 14
2 _ 2% _ .
/3 t5mt Qa v)F = i (9.36)
8%, aze 186,
2 2 9% _
Fom+om t 1+ = =~ 9.37)

where f is the ratio /;/2x, and A is the dimensionless metabolic heat
source Qp,/3/(4k (T, — T.)). Equations (9.36) and (9.37) are subject to the
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following boundary conditions:

= =0, atF=20 {9.38)

9F  oF
6,=F(F) and 60,=GF), atx=0 9.39)
b, =8, = &, at % = 1 (9.40)
g,=9,, atF=1 (9.41)

80, b, B

o, at 7 = (9.42)

The first boundary condition accounts for symmetry inside the artery and
vein, the second and third boundary conditions describe the temperatures at
the upper and lower boundary of the intermediate layer, while the last two
boundary conditions are needed to match the temperature and heat flux at
the boundary between the two tissue cylinders that surround the artery and
vein. As with the venous return temperature 7, in the deep tissue layer, the
functions F(7), G(F), and 4;0 are unknown and are determined by matching
solutions with the other two layers of this three-layer model.

¢. Cutaneous Layer. Based on the physical description of the cutaneous
layer, this superficial region is divided into two sections, an inner layer
where the large cutaneous vessels are located, and an outer layer where the
thermally insignificant bleed-off vessels supply blood to the skin cells. In
the inner region, the effect of blood flow in the cutaneous plexus is modeled
by Jiji et al. [34] as an isotropic heat source. Arterial blood arrives in this
region at a temperature ¢, which is between 7, the temperature of arterial
blood at the entrance to the deep tissue layer countercurrent network, and
¢,(»), the local tissue temperature in the inner region of the cutaneous
layer, due to heat transfer with surrounding tissue along the route to the
surface layer. As blood flows through the small (20-40 um) anastomoses
that connect the large superficial artery and vein, there is complete thermal
equilibration between the arterial blood and the surrounding tissue, based
upon the very short thermal equilibration lengths associated with these
small vessels. In this case, blood perfusion can be modeled by a perfusion
heat source that is similar in form to the Pennes perfusion term

Qc = znpbcbacncgc(¢b - d’l) (943)

where a., n., and g are the radius, number density, and perfusion bleed-off
rate associated with the small bleed-off vessels in this region, respectively.
Jiji et al. [34) nondimensionalize the distance from the intermediate layer
interface y by the thickness of the cutaneous layer y,. As before, the
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temperatures ¢,(») and ¢, are normalized by the ratio of their difference
with temperature 7, relative to the maximum temperature difference across
the three tissue layers, T, — 7,. The dimensionless energy balance equation
in the inner region of the cutaneous layer is
d’¢,
dy*

where W is a dimensionless cutaneous perfusion parameter

+ W, —6) =0, 0<j<y (9.44)

2'”pbcbacnc gcyg/kc

and y, is the thickness of the inner region of the cutaneous tissue layer. Jiji
et al. [34] point out that the governing equation for heat transfer in this
region has exactly the same form as the Pennes bioheat equation, with the
temperature ¢, and perfusion rate W, analogous to the temperature T, and
perfusion rate w in the Pennes equation, respectively.
The outer region of the cutaneous layer is simply a one-dimensional
conduction layer so that
d*¢,
i
Note that the governing equations in both regions of the cutaneous layer

neglect any metabolic heating in the tissue. The two equations are subject to
the boundary conditions

Ji<y<l (9.45)

$,(0) = ¢ (9.46)
Y396,(7, 1) . .. ('00,(F, 1) . .. x,036,00)
So——af—rdr+go—w‘;——rdr—;07y— (9.47)
d1=6,, aty=73 (9.48)
3¢, _ 96, L
T = 5’ aty =y, (9.49)
6x(1) =0 (9.50)

The first two boundary conditions enforce a continuous temperature
and heat flux across the interface between the intermediate and cutaneous
layers, while the third and fourth boundary conditions similarly satisfy
continuity relationships at the interface between the inner and outer
cutaneous regions. The fifth boundary condition is a result of the nondimen-
sionalization of the temperatures based on the skin surface temperature 7;.

3. Analytical Solution

T_l_1e s_(_)lut~ion to tpis three~layer tissue model involves the determination
of T, T,, 6,, 6,, ¢;, and ¢, as functions of position along the vascular



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 115

network. In the deep tissue layer, the solution for the local temperature
difference is

T, - T, = (1 - Dlexpll,®) ~ LE (9.51)
where the functions /; and I, are the integral functions
§ vds§
I, = = 9.52
1 Eo 8(7R2 ( )

+ dPe*

Pe* cosh™'(/2/2 - 1)

d aR?/§, )ds"
e jr ds§ \Pe* cosh™'(I3/2 - 1) 9.5%)
2T 0 aR? a Pe* )
* —1/i2 +
Pe* cosh™'([&7/2 - 1) 8

and f‘r is the unknown venous return temperature in the deep tissue layer,
which is determined using the global energy balance requirement described
below. The function I, represents heat transfer due to capillary bleed-off
from the warm artery to the surrounding tissue. Since capillary bleed-off
increases tissue temperature near the artery and decreases tissue tempera-
ture near the vein, the net effect of function 7, is to increase the deep tissue
countercurrent artery-vein temperature difference. The I, function is
associated with the direct conduction between the vessels and surrounding
tissue and is related to the local geometry of the countercurrent pair. As
shown in Eq. (9.51), this integral term acts to decrease the local artery-vein
temperature difference. A third integral function is derived by Jiji et al. to
describe the mean blood temperature (7, + T.)/2):

¥ 8expll, — L)ds
= 9.54
kL LdPe* cosh™ (272 - 1) ©-54)
where F oy T
L=1-2" 9.55
3 1+ 7 (9.55)

The blood temperatures 9~a and év in the intermediate tissue layer are
solved by a superposition method. The solution is decomposed into homo-
geneous and particular parts. Two sets of homogeneous solutions must be
utilized for both §, and 6, in order to yield a continuous temperature and
heat flux at 7 = 1, the boundary between the two adjacent tissue cylinders:

-~ - Ax?

b= 0+ 0~ 55 (9.56)
=2

B=b, +6,- 2 9.57)

2B
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§a=$0 ev=‘£0
] I ]
0, : a,
— -t~ —
> 1
. 1 8,
R 08, 1 39, x
ar_j ar )
> - r
8, = F(P) 6, = G(f)
jo——— 1 o 1

F1G. 24. The boundary value problem for the intermediate tissue layer. (Reproduced from
[34], with permission from the American Society of Mechanical Engineers.)

where the first two terms on the right-hand sides of Eqs. (9.56) and (9.57)
are the homogeneous solutions, while the last terms are the particular
solutions associated with metabolic heating in the tissue. The superposition
problem, with all necessary temperature and heat flux boundary conditions,
is shown schematically in Fig. 24.

Jiji et al. [34] obtain the solution to this boundary value problem by
assuming that v, the perfusion term, is spatially uniform. Under these
conditions, the solution to the superposition problem is

b= T AP~ (0aP) siny—};i‘ 9.58)
n=1
6, = kz B, 2J.,,,;(au')<cosh% - cosh%sinh a—;;) + by + b, %
=1
(9.59)
- -] I ~ ~
0” — Z A"F—v/l 1 v/Z(yn) I,,/z()’nf) sin VnX (9.60)

n=1 Iiiu2(¥n) B

® ¥ T2
=7 C,-r‘”/zJ,,,z(Fif)<cosh7';f - coth%sinh 7") + o+ (9.61)
i=1

o
b
[

where the eigenvalues are
Y, = nnp, n=1273,... (9.62)
Ji_ualog) =0 (9.63)
J1na@) =0 (9.64)
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The coefficients A4,, By, C;, by, by, ¢y, and ¢, are found via matching
conditions at the boundaries. The difference between functions g(¥) and
S(X), the artery-vein temperature difference at posmon F=1, is evaluated
using the solutions above for the differences 8,, — 8,, and 8,, — 8,,.

Matching conditions at the boundary between the intermediate and deep
tissue layers are used to evaluate the functions F(7) and G(7) in Fig. 24. Jiji
et al. [34] assume that these two functions are linear and that their value at
7 = 11is equal to the mean of the arterial and venous blood temperatures at
s = 8. Thus

F(7) = T,(1) - $IT,(1) - TIF (9.65)
G() = T,() + $T,(1) - T(IF (9.66)

where the boundary values fa(l) and T,(1) are evaluated using the artery
and vein temperature solutions in the deep tissue layer shown previously.

The tissue temperature profiles in the two cutaneous layers are found by
integrating Eqs. (9.44) and (9.45) twice with respect to spatial coordinate y,
respectively, to yield

é, = C,sinh W, 7 + C,cosh W, 5 + &, .67
b= CF+ Cy (9.68)

Note that the shape of the temperature profile in the inner cutaneous layer
is a Pennes-like hyperbolic function of the blood perfusion rate-spatial
location product. Temperature and heat flux matching conditions at the
intermediate-inner cutaneous and inner-outer cutaneous tissue boundaries
are utilized to evaluate the four integration constants in Eqns. (9.67) and
(9.68).

In the determination of these integration constants, the parameter do,
the temperature at the intermediate-inner cutaneous tissue interface, is
introduced into the solution (see Eq. (9.46)). The complete solution to the
three layer model thus contains two unknown temperatures ¢, and T., the
temperature of the venous blood at the position s = ¢ in the deep tissue
layer. The flux continuity condition in Eq. (9.47) and a global energy
balance are subsequently used by Jiji et al. [34] to relate ¢o to T The
global heat balance across the entire three layer model, from s = 0 in the
deep tissue layer to the skin surface at y = 0, requires that the temperature
difference (7, — T.) at s = 0 in the deep tissue layer, which represents the
heat lost from the blood to the tissue, is equal to net heat lost from the tissue
layer to the surroundings. Jiji ef al. assume that the inner surface at s = 0
is insulated. Thus the total energy lost from the blood during its flow
through the vascular network shown in Fig. 22, proportional to the product
[Pe*(O)(T;(O) - f,(O))], is equal to the heat conduction loss from the outer
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cutaneous layer to the surroundings at y = 0. Cq_mbining the appropriate
terms, the resulting relationship between ¢, and 7, that satisfies the global
energy balance is

T.=1+

2,(1) @n(1) {k ¢ Xo

A
Pe*(0) a(0)n(0) (k, yo CiBW, + ﬂ} (9.69)

The integration constant C, is readily available from the cutaneous layer
solution:

_ 1 ‘51,(1 — cosh W, y,) — (50
W, cosh W, 7, ((1 — J,)cosh Wy, ¥, + (1/W,) sinh W 7,

~ (o — u) W, sinh Wbyn} (9.70)

Equations (9.69) and (9.70) provide the necessary relationship between the
unknowns 7, and ¢,. The three layer mathematical model presented by Jiji
et al. is now complete and can be solved without a trial-and-error guessing
procedure.

4. Parameter Evaluation

Solutions to the Weinbaum-Jiji three layer tissue model involve the
evaluation of numerous parameter values. For convenience, variations in
the vessel number density, vessel radius, and the vessel spacing with position
along the vascular network are all modeled using a continuous function,
even though the in vivo variations are discrete. In addition, the inclination
angle between the countercurrent vessels and the axis parallel to the skin
surface is chosen to be a constant 22°, which represents a simplification
since this angle should increase monotonically to 90° at the deep-inter-
mediate tissue interface. The vessel spacing function is chosen to be

n@E) =1 - k$)~° 9.71)

Using b = 2, Jiji et al. [34] compute k such that the number density is 32 at
§ = 1, corresponding to a total of six branching generations of vessels in the
deep tissue layer with a single artery-vein pair at § = 0. In this case,
k = 0.823, liji et al. [34] point out that the functional form of Eq. (9.71),
along with b = 2 and k = 0.823, yields several physiologically realistic
results: (1) the first two vessel generations penetrate over half of the deep
tissue layer, (2) the length of each vessel generation is shorter than the
previous one, and (3) the final vessel generation has a length on the same
order as the transverse vessels in the intermediate tissue layer.
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Jiji et al. [34] model the tapering size of the countercurrent vessels in a
similar manner. A function is chosen so that a fictitious velocity, which
would exist under conditions of zero perfusion bleed-off from the artery,
will decrease according to the relationship

u*(§) = u(0)(1 — c5)? 9.72)

where u*(5) is the blood velocity in the absence of perfusion bleed-off and
¢ and d are constants. Under conditions of zero bleed-off, continuity of
mass requires that
n(0)a*(0)u(0) = na*u* (9.73)
Thus
as) = a(0)1 — k5)**(1 — ¢§)™9? 9.74)

The constants ¢ and d are chosen so that u* decreases from 10 cm/s at the
entrance to the countercurrent network (§ = 0) to 5 cm/s at the exit (§ = 1).
Under these conditions, d = 3 and ¢ = 0.206.

Experimental observations reported by Weinbaum et al. [60] reveal that
the countercurrent vessel spacing is very small in the first two generations,
then increases rapidly towards the intermediate tissue layer. The counter-
current vessel spacing in the deep tissue layer, I, is therefore chosen by
Jiji et al. [34] to fit the function

Iy = 1,00y + e§/ 9.75)

where constants e and f are evaluated such that /; matches the spacing
of the transverse vessels in the intermediate tissue layer. For f = 16, the
constant e is 9.618, corresponding to a 0.47-mm separation at the deep-
intermediate tissue interface when /,(0) = 2.1 and a(0) = 160 um.

The perfusion parameter v could not be matched with any experimental
data, as none were available to Jiji et al. [34]. Consequently, a range of
values for g, the perfusion velocity, was used in the solution of the three
layer model. Values of 6.2 x 1074, 3.1 x 1073, and 4.6 x 1073 cm/s
correspond to a total perfusion bleed-off in the deep tissue layer equal to 10,
50, and 75% of the blood entering the countercurrent network at § = 0,
respectively, assuming a value of 4cm for S, and a constant inclination
angle of 22°. The blood that remains in the countercurrent vessels at § = 1
enters the transverse vessels of the intermediate tissue layer. In this manner
a bleed-off fraction G, the ratio of blood perfused into the deep tissue layer
to the total blood that enters the countercurrent network at § = 0, can be
defined as

n(Du*(1)a*(1)

G=1- 00

(9.76)
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In the other two tissue layers, several more parameters had to be
specified. Jiji et al. {34] assumed a value of 0.5 for ¢,. The thermal
conductivities k, and k. were assumed to be equal at 0.5 W/m-°C. The
metabolic heating parameter, A, was set to zero so that the effect of perfu-
sion, characterized by v in the deep and intermediate tissue layers and W in
the cutaneous layer, could be easily observed. The results of the simulations
for a range of G and W, values are shown in Figs. 25 through 27.

5. Simulation Results

Figure 25 shows the mean tissue temperature, assumed equal to
((f;l + ﬁ)/Z) in the development of this model, as a function of position in
the three tissue layers for G fixed at 0.33 and a range of W, values for the
cutaneous blood perfusion rate. As the cutaneous perfusion rate increases,
the warm blood tends to increase the tissue temperature in all three tissue
layers. As with models that utilize the Pennes bioheat equation, the
temperature gradient at the surface of the skin increases with increasing
perfusion rate due to the increased magnitude of the source term that repre-
sents perfusion heating. Figure 27 illustrates this effect at different values
of bleed-off fraction G. Note that at high skin perfusion rates, the surface
heat flux is independent of G since blood perfusion in the deep tissue layer
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has relatively little influence on surface heat transfer. According to these
results, surface heat transfer can be increased by a factor of 3 during
vasodilation, which facilitates heat removal from the body during periods
of thermal stress.

The artery-vein temperature difference as a function of spatial position
in the tissue is shown in Fig. 26 for a range of G values with W, = 5 and
W, = 0.01. These results indicate that the local artery-vein temperature
difference is fairly uniform within the first two-thirds of the deep tissue
layer, despite order of magnitude changes in vessel diameter and velocity.
While this dimensionless temperature difference is quite small, on the order
of 0.01-0.02, it is sensitive to variations in the perfusion rate g in the deep
tissue layer 0 < s < 15 mm, but not in the intermediate layer (not shown).
In terms of dimensional quantities, for a range of 5-10 °C temperature
difference between the arterial blood entering the deep tissue and the skin,
this corresponds to a local artery-vein temperature difference in the range
of only 0.1-0.2 °C between these thermally significant countercurrent
vessels. This temperature difference is almost negligible, yet its effect on the
tissue temperature is significant. This prediction agrees closely to the experi-
mental measurements made by Lemons et al. {41] in their experimental
study of blood and tissue temperatures in the rabbit thigh. It is important
to note that if the countercurrent exchange is perfect, there is no net heat
transfer between the paired vessels and the surrounding tissue, resulting in
a constant T, — T, temperature difference along the vascular network as
long as the mass flows are equal at any given spatial location inside the
vessels. This result was seen earlier in the countercurrent model of Chato
[20], as well as in the simplified thermal equilibration length studies of
Weinbaum ef al. [60] described previously in this chapter (see Egs. (9.12)
through (9.17).

Another feature of this model is its prediction of a significant change
in the slope of the temperature profile at the interface of the deep and
intermediate tissue layers. In addition, at high cutaneous perfusion rates,
there is a region with a flat temperature profile in the inner cutaneous
layer. Both of these characteristics were also observed in the experimental
measurements of Lemons et al. [41]. The three layer model therefore is
successful in characterizing several important aspects of tissue-blood heat
transfer. While blood perfusion has some effect on the local arterial-venous
blood temperature difference, arterial bleed-off does not substantially
increase the tissue temperature due to the complete thermal equilibration
that occurs between the bleed-off blood and the surrounding tissue in these
microcirculatory beds.

A follow-up paper by Dagan et al. [24] examined the tissue and blood
temperatures predicted by this three layer model using a range of values for



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 123

the Reynolds number at the inlet to the countercurrent network, the fraction
of blood supplied to the cutaneous layer, the number of countercurrent
branching generations, and the intensity of the metabolic heat source.
As before, the difference between the arterial and venous blood in the
deep tissue layer was calculated to be uniformly small under the range of
parameter values examined,

The main conclusion from these important combined experimental and
theoretical studies by Weinbaum and colleagues [34, 41, 59, 60] was that the
main component of heat transfer between tissue and blood in the deep tissue
layer is the imperfect countercurrent heat exchange between paired arteries
and veins. Temperature differences on the order of (7; — T;) used to model
the effects of blood flow on tissue heat transfer in the Pennes bioheat
formulation are essentially nonexistent. Using both a simple preliminary
model that ignored perfusion bleed-off and only examined thermal
equilibration lengths, and the complex three layer model described above,
Weinbaum and colleagues showed that heat flow between the counter-
current pairs and the tissue that surrounds these vessels will dominate the
heat transfer in vascularized tissue of the type modeled previously in this
chapter, typically skeletal muscle. The influence of countercurrent blood
flow on tissue temperature was next investigated by Weinbaum and Jiji [61]
in a paper published 1 year later that presented the derivation of a ‘‘new”’
bioheat equation.

C. NEw SiMPLIFIED BIOHEAT EQUATION

The mathematical and practical advantage of the new bioheat equation
of Weinbaum and Jiji [61] is that it includes the imperfect countercurrent
heat exchange phenomenon in a single equation, derived from the initial
three heat transfer equations for the artery, vein, and tissue, that contains
only the tissue temperature and its spatial derivatives. Predictions of local
artery and venous temperatures along the countercurrent network cannot
be determined from this one equation model. A more complicated three
equation model, such as that presented in the 1984 study [34, 60], is
necessary for this determination. Weinbaum and Jiji use what is essentially
a simplified version of their three layer model to derive their bioheat
equation, which contains an effective thermal conductivity that takes into
account the effect of imperfect countercurrent heat exchange between
arteries and veins on tissue-blood heat transfer. This effective thermal
conductivity is a function solely of the vascular geometry and blood flow
rate. The main advantage of this one-equation model is its relative ease
of implementation compared to the three layer, three equation model
presented in 1984 [34, 60].
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As shown in the 1984 study [34, 60], the imperfect countercurrent heat
transfer between paired arteries and veins yields a net energy transfer to the
tissue when there is a temperature gradient in the same direction as the
blood flow. Under these conditions, the arterial and venous blood flow
from tissue regions with different temperatures, thus delivering or removing
some energy to or from the tissue, Weinbaum and Jiji {61] argue that the
countercurrent effect acts like a source or sink of heat in the tissue, which
will subsequently appear in the new bioheat equation. In addition to the
countercurrent heat source, the effect of unidirectional capillary bleed-off
normal to the axes of the paired countercurrent vessels is also included in
the tissue energy balance equation.

1. Preliminary Calculations of Perfusion Bleed-off

As part of a preliminary study, Weinbaum and Jiji [61] show that while
the heat transfer associated with capillary blood perfusion is negligible
when modeled as a volumetric heat source, as is done in the Pennes bioheat
equation, it is important relative to conduction in the same direction when
modeled as a unidirectional convective term. Conduction and directed
capillary perfusion heat transfer normal to the countercurrent vessel axes
can be characterized by two terms, k,(d?T,/dx?) and p,cpA, u,(dT;/dx),
respectively, where A, is the area of the bleed-off vessels relative to the
total cross-sectional area normal to conductive heat flow and u, is the
velocity of blood in the perfusion bleed-off vessels. Note that the blood
temperature is equivalent to the tissue temperature in these thermally
insignificant vessels that comprise the microcirculation. Weinbaum and Jiji
{61] estimate these two heat transfer terms using a range of A, values of
0.02-0.1, and u, values from 1-2 mm/s, and a tissue thermal conductivity
value of 0.54 W/m-°C. Using these parameters, directed perfusion heat
transfer relative to conduction heat flow ranges from 0.04 to 0.60.
Weinbaum and Jiji [61] conclude that directed perfusion cannot be
neglected when considering heat transfer normal to paired countercurrent
vessels and therefore must be included in a bioheat transfer model, as was
the case in their earlier three layer, three equation model.

2. Derivation of the Weinbaum-Jiji Bioheat Equation

a. Energy Balance Equations. Starting from the three equation model
that describes the deep tissue layer of the three layer model, Weinbaum
and Jiji [61] derive the one bioheat equation that includes an effective
thermal conductivity tensor. A tissue control volume is chosen that includes
the capillary beds, which are thermally insignificant and contain blood
fully equilibrated with the surrounding tissue, while countercurrent blood
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vessels are omitted from the tissue control volume. The orientation of the
control volume relative to the vessel axes is arbitrary and characterized by
an inclination angle «. Thermally significant countercurrent vessels with
number density », radius @, center-to-center spacing /s, and blood velocity
u cross the tissue control volume. As shown in the earlier studies by
Weinbaum and colleagues [34, 59, 60], continuity requires that m,, the
mass flow rate in the artery, is equal to m,, the mass flow rate in the
countercurrent vein, when lymphatic fluid losses are neglected. The
velocities u, and u, are therefore equal in magnitude and opposite in sign,

The tissue and blood energy balances are derived by modeling the effects
of imperfect countercurrent heat exchange on tissue heat transfer as was
done in the earlier 1984 formulation [34, 60]. The artery and vein energy
balances above, Eqgs. (9.20) and (9.21), must be modified in order to
account for variations in the countercurrent vessel number density with
s-position. This modification yields

pbcb%(nazmﬂ;) = —nq, — pyCol2nang]T, 0.7

pbcb‘%(naznﬁﬁ) = —nq, — ppcyl2nang]T, (9.78)
for an equal size artery-vein pair. Subtracting Eq. (9.78) from (9.77) yields
d . d _
PuCh {% (na®*niaT)) — P (naznuTv)}

= —n(gy — @) ~ pycul2mang(T, - T.) 9.79)

Weinbaum and Jiji [61] use an integrated tissue control volume analysis to
show that the term on the left-hand side of Eq. (9.79) is the total heat
exchange between blood in the countercurrent vessels and the surrounding
tissue. It can be viewed as a heat source or sink per unit volume tissue due
to the opposite flow of two blood vessels, both with a nonzero thermal
equilibration length, along the same axis as one component of the tissue
temperature gradient. This term is balanced by conduction losses and
metabolic heating within the tissue control volume

d _ d _
PbCo {‘% (ma*naT,) — a;(naznuTv)} = Vk, VT, + O, (9.80)

where Q,, is the metabolic heat source per unit volume tissue. Combining
Eqgs. (9.79) and (9.80)

-n(g, — q,) — 2npycoang(T, — T,) = V&, VT, + O, (9.81)
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The first term on the right-hand side of Eq. (9.81) is the imperfect
countercurrent exchange heat source term, while the second term is the
perfusion bleed-off heat source term. Equation (9.81), the tissue energy
balance equation, is essentially a more general version of Eq. (9.24), where
the effect of vessel number density is included in the blood flow source
terms on the left-hand side, and a metabolic heat source term is added.
It is interesting to note that the tissue heat balance equation derived by
Weinbaum and Jiji [61] does indeed contain a perfusion bleed-off term that
superficially resembles the Pennes isotropic perfusion term. However, this
perfusion term is proportional to a (7, — T,) temperature difference, rather
than (7, — T;). In addition, of course, the countercurrent heat source term
in Eq. (9.81) is completely absent from the Pennes formulation.

Equations (9.22) and (9.23) can be used to quantify the rate of energy
entering and leaving the tissue control volume per unit length of blood
vessel-tissue control due to imperfect countercurrent exchange:

d
ds — 4y = npbcbazu% [T, - T.] (9.82)

Implementing the vessel number density parameter, the total strength of the
countercurrent heat source per unit volume tissue is

d
-n(g, — q,) = npbcbaznugs-m - T,] (9.83)

Equation (9.81) can now be written as

%[Ta - L] - 2npyonang(T, — T)) = V&, VT + Q,  (9.84)
b. Closure Condition. Equation (9.84), as written, cannot be solved for 7,
since both 7, and 7, are unknowns that vary with s-position. In the 1984
study [34, 60], the two energy balances for the artery and vein were solved
simultaneously along with the tissue energy balance in the deep tissue layer
after several simplifying assumptions were made based on physical argu-
ments. The objective of the 1985 study by Weinbaum and Jiji [61] was to
derive a simplified, single equation model to describe tissue temperature
variations with spatial position that accounted for the important heat
transfer effects associated with blood flow: perfusion bleed-off and
imperfect countercurrent exchange. Based upon physical arguments
presented in the 1984 study [34, 60}, Weinbaum and Jiji propose that the
mean tissue temperature around an artery-vein pair can be approximated as

L+T
2

npy Coa@ nu

it

(9.85)

N
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and that the magnitude of the difference (g, — ¢,) is much smaller than the
magnitude of either g, or ¢,. As discussed above, the second condition
implies that g, and g, can be obtained from the superposition of a paired
line source and line sink within a pure conduction field. By assuming that
the tissue field around the vessel pair is a pure conduction region, Weinbaum
and Jiji essentially neglected the effects of capillary bleed-off on the
temperature distribution around a countercurrent vessel pair. The validity
of this assumption was examined several years later in an experimental
study presented in Zhu ef a/. [70], which is described in Section IX.C.5.c. In
addition, a numerical study by Charny and Levin [17] indicated that the
neglect of perfusion in the two-dimensional tissue region between the paired
vessels was reasonable for a range of blood flow conditions and that the
superposition solution was a very good approximation of the two-
dimensional heat transfer between the paired vessels.

The result of the symmetric boundary value problem for heat transfer
normal to a pair of tubes with equal radii and uniform wall temperatures is

4. =4, = a-kt(Ta - 7;) (9-86)

where o is a geometrical factor
n

7= Cosh-(l./2a) ©-87)

produced from the superposition solution. The ratio /;/2a indicates the
ratio of the vessel spacing to vessel diameter. Note that Eq. (9.86) is
identical to Eq. (9.29) since

I2

cosh"(ﬁi - 1> = 2 cosh™'(ly/2a) (9.88)
Equations (9.22), (9.23), (9.85), and (9.86) are combined to yield the

needed relationship between the artery-vein temperature difference and the

tissue temperature gradient:

npycy@’u dT;

T,-T =—-
a0 ok, ds

(9.89)
Substituting Eq. (9.89) into the tissue energy balance Eq. (9.84) results
in a single equation that contains only the tissue temperature, its spatial
gradients, and vascular parameters:

222 2 2 2.2 .23
npycpanu d (a u@ _ 2n’pycya’ung dT; - _VK,VT - Q,
k, ds ok, ds

(9.90)

g ds
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Some of the constants in Eq. (9.90) can be grouped together in Pe, the flow
Peclet number, equal to 2ap,c,u/ky:

n’ank; | (d (aPedT;) 2gPedT;
RN yk, v - 91
4k, Pe ds| o ds ou ds k VT = On (D)

Equation (9.91), the new bioheat equation proposed by Weinbaum and Jiji
[61], can be rewritten in terms of an effective thermal conductivity that
symbolizes the effect of blood flow on tissue heat transfer.

¢. Effective Thermal Conductivity. Based on Fourier’s Law of Conduc-
tion, gy, the total conductive energy transport in a three-dimensional

medium is
_d dT,

where k;; is a thermal conductivity tensor with i as the direction of the heat
flux and j as the direction of the temperature gradient. Note that according
to this general expression, temperature gradients in all three principal
directions influence the heat flux in any one principal direction. For the
bioheat problem examined by Weinbaum and Jiji [61], derivatives in the
s-direction can be related to those in x;:

dl; _

& 0 — (9.93)

where 6 is the angle between coordinate axes s and x;. Similarly

d*T, d [, dT,
— =L—{l= 9.94
ds* — 'dx <’ dx,-) ©-99)
where /; is equivalent to cos f;. Rearranging Eq. (9.94) results in the
expression
d’T, dar, dl; dT,
2 dx<”’dx>_lja,-3x_j (9.95)

Equations (9.93) and (9.95) are used by Weinbaum and Jiji to rewrite the
tissue energy balance Eq. (9.91) and isolate an effective thermal conduc-
tivity tensor:

d (n% , dT) %2 d 2 dT
nl;l; Pe? = (nal. P z okl
dx; {4/« P G} T ak ot Pe\ gy, (naliPe) + JngPe J oo

il J

__d (s 4%
= dx, <kt5,-j dxj) On (9.96)
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Note that the term &, J;; is used to represent the solid tissue thermal conduc-
tivity as an isotropic medium. The first terms on the left- and right-hand
sides of Eq. (9.96) can be combined into one effective conductivity term:

nk? d 2 dr, d drT,
- = (nal. P ZngPell. —=__—
a Pe( ax, (nal; Pe) + e l; ax. dx, (ku off dx) On

4k, 0 (;
(9.97)

where

2
k,'j,cff =k <5 + 4kfb Pe2a nl,'lj> (998)
The left-hand side of Eq. (9.97) contains two convective terms that both
utilize a blood velocity-temperature gradient product. The first term
characterizes the heat transfer effect of the tapered geometry of the counter-
current network, while the second term accounts for the convective effect
of perfusion bleed-off from the countercurrent artery to its paired vein.
For convenience, the continuity relationship, Eq. (9.19), is substituted into
Eq. (9.97), resulting in the relationship

ﬂzkg 2 d/ dT d dT
— I el k )
ako’ Pe’); dx, dx,  d, \" P gy, + O (9.99)

If the inclination angle of the vessels is assumed constant with spatial
position, as was done in the earlier 1984 study of Weinbaum and colleagues
[34, 60], the left-hand side of Eq. (9.99) is zero.

The effective thermal conductivity described by Eq. (9.98) can be more
easily interpreted for the case where the vessels are in the same direction as
the temperature gradient. Under these conditions, the direction cosines /;
and /; are both unity and

B ky\* [ na Pe\?
R A R

This equation can be written in terms of the thermal equilibration length of
the blood vessel, derived above and shown in Eq. (9.17). This substitution,
along with the definition of ¢ in Eq. (9.87), yields

ket = k{1 + aLyn) (9.101)
for a thermal equilibration length defined as

na Pe ky,
= = 102
Leg 2k (9.102)
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Based on vascular geometrical data in the literature, Eqn. (9.100) indicates
that the ratio k./k, is 3.5, 1.7, 1.2, and 1.05 in blood vessels with 300-,
200-, 100-, and 50-um diameters, respectively, assuming that blood and
tissue thermal conductivities are equivalent. It is important to note that
these calculations were made by assuming resting blood flow conditions.
During intense exercise, blood velocity can increase by several orders of
magnitude, resulting in much larger values of k./k,. The importance of
this effect is discussed in Section IX.C.5.a. The resting calculations indicate
that the countercurrent heat transfer between the blood and the tissue
dominates heat transfer in vessels larger than 200 um in diameter, while for
vessels smaller than 50 um in diameter the countercurrent mechanism does
not significantly heat the tissue. In the latter case, there is a small, almost
negligible, enhancement of tissue conductivity due to the directed perfusion
of blood from the artery to the paired vein. For vessels with diameters
between 50 and 200 um, directed perfusion and countercurrent heat transfer
are of comparable, but small, importance in the enhancement of the tissue
heat conductivity.

3. Experimental Observations

Experimental measurements made in the rabbit thigh by Lemons et al.
[41] validate several features of the Weinbaum-1Jiji bioheat equation. First,
the temperature distribution in the plane normal to paired countercurrent
artery and vein is observed to be essentially a pure conduction field. The
convective effect of the thermally insignificant perfusion bleed-off vessels
on tissue temperature is not noticeable in the tissue surrounding the
thermally significant countercurrent vessels. This acts to support the imple-
mentation by Weinbaum et al. [34, 60] of the solution to the superposition
of a line source and sink in a pure conduction field to model the counter-
current heat transfer between the artery-vein pair. Lemons e al. [41] also
confirm that the tissue temperature gradient along the axes of the counter-
current vessels is essentially the same as the mean tissue temperature
gradient away from the countercurrent vessels, in the far field. Based on
these measurements, the application of the superposition theory to quantify
heat transfer near a pair of countercurrent vessels appears reasonable.

4. Implementation in the Three Layer Tissue Model

The new bioheat equation of Weinbaum and Jiji [61], Eq. (9.99), is a
mathematically simple single equation description of the effects of blood
flow on peripheral tissue heat transfer. Given a known vascular architec-
ture, the parameters n, a, /, and u can be estimated or measured in order to
evaluate the spatially varying effective thermal conductivity of the tissue.



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 131

In a study by Song et al. [55], the Weinbaum-Jiji bioheat equation was
solved in peripheral tissue. As with the three layer model developed by
Weinbaum ef al. [34, 60] and subsequently examined numerically by Dagan
et al. [24], the peripheral tissue layer was subdivided into three separate
regions: deep, intermediate, and cutaneous layers. Radial curvature was
neglected so that the expression for the one-dimensional effective thermal
conductivity shown in Eq. (9.101) could be applied. A schematic view of the
three layer, one-dimensional model is shown in Fig. 28.

The bioheat equation of Weinbaum and Jiji, Eq. (9.99), can be expressed
in a one-dimensional Cartesian coordinate system as

2.2
nkb 2 2 dl dT; d dT;
2o narper = St o & (L0 o 9.103
o P g a, T ag K gy, ) T Om ©-103)

where z, is the deep tissue layer coordinate axis measured from the
entrance to the artery-vein countercurrent network and k.g, the effective
thermal conductivity, is described by Eq. (9.101). This equation can be
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Fic. 28. A schematic view of the three layer model of Song ef a/. Note that only thermally
significant vessels are shown. All capillary beds are omitted. (Reproduced from [55], with
permission from the American Society of Mechanical Engineers,)
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nondimensionalized using the transformations

2 = T — 1T
=2 d T = ,
v, ™ 'TL-T,

Z

where Ty and 7T, are the arterial inlet and skin surface temperatures,
respectively. For tissue with a uniform capillary bleed-off rate per unit
volume tissue, the product 2nag in the continuity equation is constant with
z,-position, and the resulting dimensionless version of the one-dimensional
Weinbaum-Jiji equation is

25 = 2
ke &°T, Pe(z)(‘iA _B>ﬂ+_Qrﬁl___o 9.104)

k. dz} dz, dz, k(T,-T)
where
keff y 2 .
—k—(z) =1+ Pe A(Z) (9.105)
t

. nky\2 na®l? (nga2\? s \?

A@) = |5 — - = 9.106

@ <2k‘) ga; \ na* ! Sp ©.106)

1 [k, \? na* (nyal\? s \? di}

Y= - — | — [ ——= —_— — .107
@) 2<2k,) o \n? )\! "5;) @, ©.107)
Pe, = MM (9.108)

ky

The “‘0”’ subscripts indicate parameters evaluated at the entrance to the
countercurrent network at Z; = 0; s is the distance in the countercurrent
network relative to the entrance (not equal to z, due to variable inclination
angles along the countercurrent network), and Sy, is the combined length of
the vascular network in the three tissue layers.

a. Deep Tissue Layer. The functions A and B were evaluated by Song
et al. [55] for the deep tissue layer based on vascular anatomical data
presented in earlier experimental and theoretical studies by Weinbaum and
colleagues [34, 41, 60}. Continuous variations in vessel density # and radius
a with spatial position z; were given from functions presented in Jiji and
colleagues [34] and Dagan ef al. [24] (see Egs. (9.71) and (9.74)). The
conduction coupling factor o was evaluated based on Eq. (9.87), where the
spacing to diameter ratio /;/2a was assumed to fit the function

I,/2a = C(1 + C,25%) (9.109)

Similarly, the cosine of the inclination angle between the deep layer vessel
and the axis normal to the skin surface, /;, was assumed to vary with Z;
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according to the function
1, = cos[C,(1 — 2))] (9.110)

The values of the constants contained within these four functions are
presented in Song et al. [55]. As expected, evaluation of the function A with
these four functions indicates that the ratio k. /k, decreases towards unity
along the countercurrent network in the deep tissue layer, with the most
significant augmentation of tissue conductivity in vessels between 300-um
diameter (at the entrance) and 100-um diameter (approximately the fourth
branching generation). It is important to realize that these calculations were
made assuming a range of arterial inflow Peclet numbers at z, = 0 from 60
to 240, which represents the resting state and moderate exercise.

b. Intermediate Tissue Layer. Inthe intermediate tissue layer, the counter-
current vessels are oriented normal to the skin surface throughout, implying
that the derivative dl}/dz, is zero throughout this layer. Consequently, the
vascular geometrical function B is zero in the intermediate layer. In
addition, these countercurrent vessels are very small, with diameters on the
order of 50 um. Under these conditions the function A4 is essentially zero
throughout the layer for the range of inflow Peclet numbers considered
in this numerical study. For functions 4 and B equal to zero everywhere in
the intermediate layer, the energy balance equation is

dzfi QmZL,Z”.
= 9.111
@z k(T - T) G-11D)

¢. Cutaneous layer. The governing energy balance equation in the inner
and outer portions of the cutaneous layer of the three layer model is also
simplified. Based on the 1984 study by Jiji et al. [34], Song ef al. [55] model
the effect of blood flow in the inner cutaneous layer as a distributed heat
source whose strength is proportional to the local tissue-arterial blood
temperature difference and the perfusion rate (see Eqgs. (9.43) and (9.44)).
The outer cutaneous layer is a pure conduction layer with no thermally
significant blood vessels (see Eq. (9.45)). Assuming there is no significant
metabolic heating in the absence of muscle cells, the nondimensional heat
equations in these tissue layers are
.
‘2—;323 + Pey R

MobLsbo (7, — Fo = 0 ©.112)
t

and
— = {9.113)
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where R is the ratio of blood supplied to the inner cutaneous layer relative
to the intermediate and deep tissue layers. This parameter is physiologically
significant as it represents the degree to which blood is shunted from the
core to the cutaneous region by the body’s thermoregulatory system during
periods of thermal stress. While this vasomodulatory effect is not included
in the study by Song et al. [55], it has been examined mathematically in the
whole body thermal models of Wissler [65], Jain [33], Huckaba et al.
[31, 32], Stolwijk and Hardy [57], and Charny and Levin [16].

In the three layer model of peripheral heat transfer developed by
Weinbaum and colleagues [34, 60], blood from the core is fed to the inner
cutaneous layer through a circulatory system that is physically separate
from the countercurrent system that supplies and drains blood from the two
muscle layers. The temperature of the blood as it arrives in the cutaneous
layer is nondimensionalized as ﬁ,c. Song er al. [55] argue that this tempera-
ture depends on the volume flow rate of blood into the cutaneous layer.
When the cutaneous blood flow rate is very low, e.g., under low tempera-
ture ambient conditions, blood will be thermally equilibrated with the inner
cutaneous tissue at position z; = 0, and therefore 7;. = 7;(0). On the other
hand, if the body is under high thermal stress, the flow rate of blood in the
skin is high and there is little thermal equilibration between the vessels that
supply the cutaneous layer and the surrounding tissue. In this case f{,c =1
(i.e., T,c = Ty, the inlet arterial temperature). Based upon the linear
relationship between the integrated heat loss from a tube with constant
cross section and the Peclet number, Song et al. [55] propose that f},c can be
approximated by a linear function of the product Pey R, the cutaneous
blood flow rate.

The metabolic heating terms that appear in Eqs. (9.103) and (9.111) are
also assumed to be functions of the flow Peclet number. The metabolic rate
is proportional to the rate at which oxygen is consumed by tissue, which
Song et al. assume depends on the rate at which blood flows through the
tissue, Song et al. [55] choose a linear relationship between both Q,; and
Pe,, and Q,,, and Pe,. The constants associated with variations in T,
O, and @, with Pe, are given in Song et al. [55].

d. Three Layer Model Results. The three layer model of Song ef al. [55]
which implements the Weinbaum-Jiji bioheat equation to solve for the
mean temperature in peripheral tissue as a function of depth is solved
analytically for a range of parameter values. The boundary conditions
needed to solve are the same as those used to solve for the blood tempera-
tures in the 1984 study by Weinbaum and colleagues [34, 60], namely,
matching temperature and heat flux at each tissue layer interface. Inflow
Peclet numbers range from 60, the resting state, to 240, moderate exercise.
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The cutaneous blood flow fraction R varies from a basal, vasoconstricted
value of 0.01 to a maximum vasodilation value of 3.0. During the moderate
exercise conditions simulated in this study, an intermediate value of 1.0 is
used to account for the simultaneous increase in cutaneous and muscle
blood flow rates. Figures 29 through 31 show the effect of arterial inflow
Peclet number and blood flow fraction on the dimensionless tissue tempera-
ture profile across the three layer model and heat loss from the surface of
the peripheral tissue.

The results of these calculations by Song ef al. [55] reveal that blood flow
in the regions of the deep tissue layer that contain vessels smaller than
approximately 200 um in diameter does not significantly enhance tissue
conductivity. At low Peclet numbers the temperature profile is basically
linear in all three tissue layers. As the inflow Peclet number increases, the
heating effect of the thermally significant countercurrent vessels in the deep
tissue layer increases. At the same time, there is greater metabolic heating in
the muscle layers due to the linear relationship prescribed by Song et al. [55]

CUTANEOUS
INTERMEDIATE,
1.0 — }—
=SS DEEP ;
o ~ \\\ |
w S N | i
i
2 o8} NN P
T 240 SRS ! |
i : 180 RN\ | I
120 RN I
& Ay
- 06F Pe, = 60 \\ \\ \\ \ | I
4 N\ N l
n - N N \ |
9] x \\ N
a |
[ N NN AN |
w 04r 2 \N \
@ R=1.0-—=—" RN \N \\\\l
g L R=001— QA \\ !
7] 02 N \k\\
P-4 N\ \
fm | A\
NN RYY
= I W
a
0.0 i s o A 4o a4 L2 2 s & A s 2 2 i3 l -
0 5 10 15 20 25
DISTANCE (mm)

F1G. 29. Tissue temperature profiles across the three layer model of Song ef al. for a range
of inflow Peclet numbers Pe,. (Reproduced from [55], with permission from the American
Society of Mechanical Engineers.)
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F1c. 30. Tissue temperature profiles across the three layer model of Song et al. for a range
of values of R, the ratio of blood flow to the cutaneous to blood flow to the muscle layers.
(Reproduced from [55], with permission from the American Society of Mechanical Engineers.)
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Fi1c. 31. Surface heat flux according to the three layer model of Song et 4l. for a range of
R values and inflow Peclet numbers. (Reproduced from [55), with permission from the
American Society of Mechanical Engineers.)
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between the metabolic rate and the Peclet number. This combination yields
a heating of the tissue above the level of the linear profile. In the region of
the deep tissue layer that contains the thermally insignificant vessels, this
temperature rise is due solely to the increased metabolic heat deposition.
The effect of increased blood flow to the cutaneous layer is to increase the
amount of heat delivered to the skin due to the increase in both the blood
temperature 7,. as well as the flow fraction F. These increases act to
intensify the magnitude of the perfusion heat source in the inner cutaneous
layer, and consequently the temperatures in the cutaneous layer and the
heat flux from the surface are greater than the case of resting flow rate and
vasoconstriction.

The parametric study by Song et al. [55] was useful in demonstrating the
applicability of the Weinbaum-Jiji bioheat equation to the analysis of
peripheral tissue heat transfer and relating the predictions to several aspects
of thermal physiology. The countercurrent arrangement of blood vessels
in the deep muscle tissue layer was demonstrated to be a very efficient
mechanism for heat conservation, while the transverse orientation of the
thermally insignificant countercurrent vessels in the intermediate layer was
shown to conduct heat towards the surface during periods of heavy
metabolic activity, such as exercise. Finally, the cutaneous circulation was
capable of removing a large amount of the metabolic heat generated during
exercise from the body as long as the blood that was supplied to the
cutaneous plexus from the core did not undergo significant precooling
before it arrived in the skin layer.

5. Applicability of the Weinbaum-Jiji Bioheat equation

A very important characteristic of the Weinbaum-Jiji bioheat equation is
that it was derived to describe heat transfer in peripheral tissue only, where
its fundamental assumptions are most applicable. One of these assump-
tions, that the mean tissue temperature surrounding a countercurrent vessel
pair is approximately equal to the mean blood temperature, (7, + T,)/2,
was questioned in a series of papers by Wissler [66,67]. In response,
Weinbaum and colleagues published several studies [62, 63] that examined
the basic assumptions of the Weinbaum-Jiji bioheat equation in greater
detail.

a. First Order Analysis with €. In the first response, published in 1987,
Weinbaum and Jiji [62] used the superposition model of Baish et a/. [2] to
demonstrate the validity of their model. As shown in Fig. 32, the Baish et al.
[2] superposition problem involves the separation of imperfect counter-
current heat transfer into two separate radial conduction problems. The first
problem involves heat loss from a countercurrent vessel pair to the tissue



138 Ca1eB K. CHARNY
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Problem 1 Problem 2

Fic. 32. Superposition of two boundary value problems in the plane normal to the counter-
current vessel pair axes. Problem 1 represents heat loss to the tissue from the countercurrent
pair with no heat transfer between the vessels themselves. Problem 2 describes heat exchange
between the vessels with no heat loss to the far field. (Adapted from [20], with permission from
the American Society of Mechanical Engineers.)

with no heat exchange between the two vessels, while the second describes
so-called perfect countercurrent heat exchange between the paired vessels
with no energy transfer to the surrounding tissue. Variations in the artery and
vein blood temperatures with axial position, neglecting perfusion bleed-off
from the artery to the vein, can be modeled by the following two equations:

k.o,
2

mvcb% = —ko (T, - T) + k‘za'
where T, is the mean artery-vein temperature, (7, — 7)/2, and o, and g,
are two conduction coupling parameters, defined by Baish ef al. in their
1986 paper [2]. In this study, analytical expressions for these two factors as
functions of vessel size, spacing, and Nusselt number are derived [2].
Equations (9.114) and (9.115) are similar to those in the simple counter-
current model of Mitchell and Myers [45], where the rate at which energy
convected away by blood is balanced by the rate at which energy enters
the blood from the surrounding tissue. The first terms on the right-hand
sides of Eqgs. (9.114) and (9.115) represent heat transfer described by the
second superposition problem presented by Baish [2], where there is
perfect countercurrent exchange, while the second terms describe heat
transfer from the artery-vein pair to the surrounding tissue, Note that the
total heat flow from the vessel pair to the surrounding tissue in the first
problem is assumed to come equally from the artery and vein, resulting in
the factor of 1. This assumption is relaxed in a later study by Zhu et al. [70]
(see Section 1X.C.5.b).

dT,
MaCy = —ka (T, - T) — (Tn — T (9.114)

(T, - T) (9.115)
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Equations (9.114) and (9.115) can be manipulated into the following two
equations by first taking their difference, then their sum, and finally
substituting the differenced equation into the first derivative of the summed
equation. Similarly, the summed equation can be substituted into the first
derivative of the differenced equation to yield a second independent
equation. In this derivation, as in all others described above, the arterial
blood mass flow rate m, is assumed equal to the venous mass flow rate m,
at any position x:

2 g2
mcp\" d°T,
(—k ") 2 =0:0(Th — T) (9.116)
t
2 52
mcy\~ d mcyo, dT,
by 2 (T = T — —bTe Tt .
(kt> dxz(f’; I)=0.0(T, - T) + k, dx 9.117)

Weinbaum and Jiji [62] nondimensionalize these two energy balance
equations with the spatial coordinate # = x/L, where L is the character-
istic length of the macroscopic temperature gradient, an approach also
utilized in the model of Chen and Holmes [22]. In this manner, Eqs. (9.116)
and (9.117) are transformed to

d’T. o
2 m 1
&E——=—T,-T) (9.118)
dn® o, ‘
d? o o, dT,
2 Ly =% g, d1, 9.
€ dﬂz(ﬂ 1) UC(E T) + EUC dn (9.119)

where
mc, naPe L

& = = = -ﬂ
kLo, 2La, L

(9.120)

using the definition of thermal equilibrium length in Eq. (9.102) and
assuming the ratio k,/k, is equal to unity.

As shown by Baish et al. [2], the ratio of the two conduction coupling
factors o,/a. is of the order unity, while the values of these two parameters
are in the range 2-5. The dimensionless parameter ¢, however, is quite
different from unity in many cases. Under normal physiological conditions
of resting blood flow rate, Weinbaum e? al. [60], as well as Chato [20] and
Chen and Holmes [22], demonstrate that the thermal equilibration length of
vessels smaller than 300 um in diameter is much smaller than the length
scale of macroscopic temperature gradients. Under resting conditions &
is 0.112, 0.024, and 0.003 in a 300-, 200-, and 100-um-diameter vessel,
respectively, assuming a value of Scm for L in the arm. Therefore ¢ is
a parameter that is much smaller than unity and can be used in a perturba-
tion analysis to evaluate the solutions to Eqgs. (9.118) and (9.119). Under
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conditions of elevated blood flow, however, it is important to realize that &
will increase in proportion to the mass flow rate, which can be evaluated by
up to two orders of magnitude during intense exercise. In this case, clearly,
even the 100-um-diameter vessel may be thermally significant, and the
values of ¢ are no longer small compared to unity in these microvessels. An
analogous situation exists during local hyperthermia, where the character-
istic length L may be significantly reduced relative to the normothermic
value.

Weinbaum and Jiji [62] use an asymptotic expansion with the parameter
€ to evaluate the solution to Egs. (9.118) and (9.119). For the first order
solution, the terms on the left-hand side of both of these equations are zero,
yielding

T.=T, (9.121)

,-T =—-e— (9.122)

Equation (9.121) states that the tissue temperature, to order g, is equal to
the mean of the artery-vein temperatures, while Eq. (9.122) predicts that
the tissue temperature gradient is proportional to the local artery-vein
temperature difference and that the artery-vein temperature difference is
zero in the absence of a tissue temperature gradient. Both of these results
were used in the derivation of the Weinbaum-Jiji bioheat equation in
1985 [61]. Weinbaum and Jiji [62] point out that there will be regions
of thickness on the order &, analogous to boundary layers, where large
differences between T, and T; will exist. However, they argue, these
deviations will be eliminated over a short distance from the boundary.
Again, it should be emphasized that this normalized distance ¢ depends
not only on the size and spacing of the paired vessels but also on the blood
flow rate. During the elevated blood flow conditions associated with intense
exercise, £ can be on the order of 10 in a 300-um-diameter vessel. Under
resting conditions, this same blood vessel may have a normalized thermal
equilibration length of 0.1. Hence, both Wissler [67] and Weinbaum and
Jiji [62] have convincingly demonstrated that the Weinbaum-Jiji bioheat
equation cannot be universally applied to describe heat transfer in all
vascular networks. Originally intended for use in peripheral tissue where
the countercurrent vessels are smaller than 300 um in diameter, the
Weinbaum-Jiji formulation must be carefully applied so that its funda-
mental assumptions are not violated by the physical circumstances.

b. Countercurrent Pairs with Different Radii. The Weinbaum-Jiji bioheat
equation was extended to describe countercurrent heat transfer in a vascular
network with paired arteries and veins of different size in a 1988 paper
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by Zhu et al. [70]. Lemons et al. [41] had observed experimentally that
the countercurrent arteries, which are typically one-half to one-third the
diameter of the veins with which they are paired, produced significantly
more measurable temperature fluctuations than their paired vein. Similarly,
the countercurrent veins had to be at least 300 um in diameter in order to be
thermally significant under resting conditions, while arteries as small as
100 um in diameter caused perturbations in the tissue temperature field. In
order to account for the in vivo condition of paired arteries and veins of
unequal size, the two-dimensional superposition solution used to describe
heat transfer in the plane normal to the countercurrent vessel axes in the
original Weinbaum-Jiji formulation was modified by Zhu et al. [70). In the
same study, an asymptotic analysis of the equations used to derive the
Weinbaum-Jiji bioheat equation was performed in order to rigorously
derive a relationship between the mean temperature of the unequal size
artery-vein pair, (7, + T,)/2, and the mean tissue temperature of the tissue
surrounding the vessel pair.

The governing energy balance equations for the paired artery and vein
surrounded by tissue are shown in Egs. (9.77)-(9.79), where the net heat
flow from the paired artery and vein to the surrounding tissue per unit
length vessel, the so-called imperfect countercurrent heat transfer, is

dT, dT,
ds ds

g, — q, = mcb< (9.123)
Note that g, is the heat loss from the artery to the surrounding tissue per
unit length, and g, is the heat transfer from the surrounding tissue to the
venous blood per unit length vessel, The original version of the Weinbaum-
Jiji bioheat equation assumed, for mathematical convenience, that the
paired artery and vein were of equal size. In this case, the two-dimensional
heat transfer problem of determining the magnitudes of g, and g, (assumed
approximately equal) was solved by the superposition of two heat transfer
problems shown in Fig. 32. The resulting Eqgs. (9.86) and (9.87) were used
to describe the net heat transfer from the vessel pair to the surrounding
tissue due to imperfect countercurrent exchange.

Equations (9.114) and (9.115) can be modified in order to relate these
heat flow terms g, and g, to the tissue and blood temperatures for equal or
unequal size vessels:

dT,
ds

—ko (T, = T)) — pko (T, = T)) = =G, (9.124)

1l

mcoy

dT,
ds

mcy, ~ka (T, = T) + (1 - p)ko(T — T) = —q, (9.125)
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Note that the spatial coordinate s represents the location along the length
of the countercurrent network, while the parameter p indicates the fraction
of heat loss from the countercurrent artery to the far field in the tissue,
with the remainder lost from the countercurrent vein. As shown by Zhu
et al. [70], p is a function solely of the vessel geometry, i.e., spacing and
diameter. For countercurrent paired vessels of equal size, p is exactly one-
half, yielding Eqgs. (9.114) and (9.115). Summing and differencing these
relationships gives

d
@ = 4, = k0T = T) = ~me, (T, = T) 9.126)
dT,
@ + 0, =2k0(T; — T) + @p — Dkio(Tp ~ T) = ~2me,—
9.127)

In the derivation of the original Weinbaum-Jiji equation [61], the
imperfect heat loss from the equal size vessel pair to the surrounding tissue,
4. — q,, was assumed to be much smaller than the countercurrent exchange
between the vessels themselves, g, + g,, based upon physical arguments. It
is important to note, however, that although g, — g, is small, it is not
exactly zero. Clearly, tissue is not thermally affected by countercurrent
vessels if all of the heat conducted from the artery to the surrounding
tissue is transported from the tissue back into the vein. The first order
asymptotic analysis presented above in Section IX.C.5.a demonstrated
that for vessel pairs of equal size, the assumption that g, — g, is small is
correct to order ¢, the normalized thermal equilibration length of the
countercurrent vessel.

Equations (9.126) and (9.127) can be manipulated in the same manner
that Eqgs. (9.114) and (9.115) in the previous section were transformed into
Eqgs. (9.118) and (9.119) in order to isolate the parameter & in the governing
equations for heat transfer normal to the unequal countercurrent vessel
pairs. The final expressions are based on the normalized spatial coordinate
n=s/L:

2 dsz _ ﬂ

o d
= - P —(T, - T, 9.128
dﬂz a. (Tm Tt') + & G. dﬂ( m l) ( )

2 dr, :
82%0; ST =S hm T et G P<§> Tn =T .129)
c c ¢

where ¢, the normalized thermal equilibration length, is defined by Eq.
(9.120) and P is a vascular geometrical function that depends on the
unequal size countercurrent artery and vein radii @, and a, and their



MATHEMATICAL MODELS OF BIOHEAT TRANSFER 143

center-to-center spacing /g:

1+
p- L v (9.130)
Inb
p- it (9.131)
/2 2 2 2 _ g2 - a,) - a2
, krd-a Vil + a,)* — a2l — a,)* — a2] (9.132)
2a,ls
%, — 12— al - a = Vil + a)* = @l(s — a.)* — a2 9.133)

2a,a,

cosh™'(B,) — cosh™'(B,)
V= Cosh-(B,) + cosh (B, (©-134)

2n
%= Cosh! B, + cosh™' B, (9.135)
“(s/a,)* — (a,/a,)* + 1
B, = .
: 2(/a,) (9.136)
(s/a,)* - (a,/a,)* + 1
B, = _
! 2(ls/a,) (9.137)

The relationships in Eqs. (9.130) through (9.137) were derived by Zhu et al.
using a superposition technique to solve the asymmetric boundary value
problem described by the two-dimensional heat transfer between two
unequal size tubes with different wall temperatures. For an equal size artery-
vein pair, R, = 1/b*, p = 1/2, and y = 0. The superposition solution by
Zhu et al. utilizes the parameter y in the definition

Tn=3Q1-»T, + (1 +»T) (9.138)

Equations (9.128) and (9.129) reduce to Eqs. (9.118) and (9.119) for the
case of vessel pairs with equal radii, since P = 0. Under these conditions the
mean tissue temperature is equal to the artery-vein mean temperature to
order ¢ as long as the parameter ¢ is small. Under normal resting conditions,
¢ is less than 0.1 in vessels smaller than 300 um in diameter, but ¢ increases
significantly under conditions of heavy exercise due to order of magnitude
changes in blood flow rate. The parameter £ may also increase under con-
ditions of local hyperthermia, where the length scale of the tissue tempera-
ture gradients is significantly reduced due to intense local heating.
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For countercurrent vessels with unequal radii, P is not zero, and con-
sequently the asymptotic analysis must be modified due to the presence of
the third term on the right-hand-side of Eq. (9.129). Equation (9.128) can
be integrated to solve for the local T, — 7; temperature difference as a
function of ¢ and P:

(Tm - 7;)'1’:1" = (Tm - T;)In:()exp(_”*/gP)

. ["d*T,
— —n/eP 9.139
+80.P L dn exp(—n/eP) dn ( )

Zhu et al. [70] apply the mean value theorem in order to interpret the
integral term in Eq. (9.139):

n*exp(=én*/eP)  (9.140)

n = &n*

"™ 42T, d*T,
exp(—n/eP)dn = =
L an? P Yan dn*

where £ is a dimensionless parameter between zero and unity.

The first term on the right-hand side of Eq. (9.139) represents the
difference between the average blood and tissue temperatures due to a
temperature difference at the entrance location. Based on the form of this
exponential term, any difference between 7, and T, at the entrance to the
vessel pair will be eliminated over a distance ePL. The second term relates
differences in the average blood and tissue temperatures caused by any
gradient in the mean blood temperature along the vessel axis. Based upon
this model, for vessels of unequal radii with small ¢, Eqs. (9.128) and
(9.129) reduce to

Ta(m) = T,(n) + O(e™*"°F) (9.141)
T,(m) — T,(n) = —E% + O(e?) (9.142)

A very important result of this analysis is that Eqs. (9.141) and (9.142) are
identical to those for an equal size vessel pair with the exception that ¢, in
the definition of ¢ is based on the superposition solution for an unequal size
vessel pair as described by Eq. (9.135). Therefore the effective thermal
conductivity defined by the Weinbaum-Jiji bioheat equation (see Eq.
(9.99)) is affected by the presence of countercurrent pairs of different size
only in the evaluation of o.. A later study by Weinbaum and Jiji [63],
published in 1989, performed the same perturbation analysis to a higher
order in order to evaluate the differences between T, and 7, to greater
accuracy. The results and implications of this analysis are discussed in
Section IX.C.5.d.
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c. Experimental Verification. The 1988 paper by Zhu et al. [70] also
presents the results of a significant experiment in which the applicability
of the superposition solution to describe heat transfer normal to the axes
of an unequal size countercurrent artery-vein vessel pair was examined.
The temperature distribution around an experimental apparatus that
modeled the perfect countercurrent heat transfer between two tubes with
approximately constant, but different, wall temperatures and different
radii was compared to the predictions of the theory derived by Zhu et al.
[70] to describe this two-dimensional heat transfer. This comparison,
shown in Fig. 33, reveals that the solution to one part of the superposition
theory utilized in the derivation of the Weinbaum-Jiji equation for unequal
size vessels—the perfect countercurrent exchange boundary value problem
(see Fig. 32— second circle on right-hand side)—was in excellent agree-
ment with experimental measurements. Differences betwen the predictions
of the theory and the experimental measurements were explained by
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Fic. 33. Temperature profile for a thermocouple passed transverse through a gelatin block
in which two tubes with different size and flowing water temperature are embedded. The
centerline temperatures of the two tubes are 20.8 and 16 °C. The solid curve is experimentally
measured, while the dashed curve is theoretical and based on the solution to superposition
Problem 2 shown in Fig. 32. The outer surface of the gelatin block is insulated so that there
is little heat exchange between the vessels and the surroundings. (Reproduced from {70], with
permission from the American Society of Mechanical Engineers.)
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F1c. 34. Temperature profile for a thermocouple passed transverse to a countercurrent
artery-vein pair in vivo. (Reproduced from [70], with permission from the American Society
of Mechanical Engineers.)

Zhu et al. [70] to be due to actual nonuniformities in wall temperatures of
the tubes in the experimental apparatus. In addition, there was most likely
some heat transfer between the apparatus and the ambient surroundings,
which was not accounted for by the part of the theory examined in this
comparative study.

The predictions of the superposition theory derived by Zhu et al. [70]
were also compared to in vivo measurements of temperatures near an
artery-vein pair of unequal size in the rabbit thigh. These data, shown in
Fig. 34, are in good qualitative agreement with the theoretical predictions in
Fig. 33. Zhu er al. [70] conclude that it is valid to apply their superposition
theory to the two-dimensional heat transfer between countercurrent vessels
of different size. Consequently it is reasonable to neglect the heat transfer
effect of the small, thermally insignificant microvessels that perfuse the
tissue in this two-dimensional plane on the heat transfer normal to counter-
current artery-vein pairs.

d. Second Order Analysis with £. A recent study by Weinbaum and Jiji
[63] considers the relationship between T, and 7, to a greater accuracy than
earlier studies. The two steady state artery and vein energy balances that
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define the effect of blood flow on tissue heat transfer are

d g,
o (= T) = =21, - T) (9.143)
e oy + @V 1y (0149

dn

c

Equations (9.143) and (9.144) are simply nondimensional versions of Eqgs.
(9.126) and (9.127), the combined artery and venous blood equations for
unequal size artery-vein pairs. These two equations can be combined into
the following single equation for the temperature difference between the
tissue and the artery-vein pair by differentiating Eq. (9.144) and sub-
stituting Eq. (9.143) and its derivative:

e [(d*T, 2p—1 d*
T. — T = o T, .
— o /ac< dn’ + = dn ——= (T, - v)) (9.145)

Equation (9.145), as Weinbaum and Jiji [63] point out, is a demonstration
that the temperature difference T,, — T; is of the order &2, even when the
artery-vein temperature difference 7, — T, is significant, e.g., of order unity.

The steady state tissue energy balance, Eq. (9.81), can be written for the
case of zero perfusion bleed-off as

nmcbgs-(T; - T) =V VT + Oy (9.146)

where g, — q,, the net heat transfer from the countercurrent vessels to the
tissue, has been replaced by substitution with Eq. (9.126). Weinbaum and
Jiji [63] choose to neglect the perfusion bleed-off term that appears in
Eq. (9.81) in order to focus their analysis on the relationship between
the perturbation parameter ¢, the temperature gradients, and the counter-
current heat transfer term. Equation (9.146) is similarly nondimension-
alized in terms of the spatial coordinate s:

d Onl’
2 = V? m
no L Edn( T,) T, + =—— k.

Weinbaum and Jiji [63] write asymptotic expansions for 7;, 7,,,and T, — T,
based on the perturbation parameter ¢, the normalized vessel thermal
equilibration length:

T,=Te+ el +&T, + - (9.148)
= To + 8Ty, + 2T + --- (9.149)
— T, =(T, - T+ &T, = T), + eXT, = T,), + -+ (9.150)

(9.147)

~
|



148 CaLEB K. CHARNY

The three governing equations (9.143), (9.144), and (9.147) are next
examined for each order of the asymptotic expansion. The order unity
equations are

2
0 =V2T, + Onl (9.151)
t

0y
0=-2t1,- T (9.152)

ac

2p — 1

0= (- T+ 2=V 1 (9.153)

2 o

Thus to the lowest order of the expansion, T = T;g and (T, — T.), = 0.
Based on this solution, the next order £ equations are simplified to

0 = ¥°T, (9.154)
Oy
0=——"Tm ~ T (9.155)
ar, 2p-Do
dno — (T, - T), + _pz—a—:(T‘“‘ -T) (9.156)

The order & solution also indicates that 7, and 7; are equal. Equation
(9.156) can be combined with Eq. (9.142) to relate tissue and blood
temperature gradients:
dTmO th'O

an - (T,-Th = dn (9.157)

Equation (9.157), which states that to order ¢, the gradient of the mean
tissue temperature is equal to the gradient of the mean blood temperature,
can be viewed as the actual closure condition used in the derivation of the
Weinbaum-Jiji bioheat equation. This substitution facilitates the reduction
of the system of three coupled energy balance equations into a single energy
balance equation that contains only the mean tissue temperature and its
gradients. The resulting equation, the Weinbaum-Jiji bioheat equation
shown in Eq. (9.99), is a linear, ordinary differential equation that is easily
solved once the appropriate boundary conditions are specified.

Earlier derivations of the new bioheat equation by Weinbaum and
colleagues relied on physical arguments to justify that 7, = 7,,, and
(g. — g,) < q,, while the asymptotic analyses presented here and in
Section IX.C.5.a show rigorously that the actual closure condition for
the Weinbaum-Jiji equation is that dT;/dn = dT,,/dn. The equality between
T, and T, is essentially a result of this closure condition. It is important
to note again that these relationships are valid only for cases where ¢,
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the normalized thermal equilibration length of the blood vessels, is much
smaller than unity. Tissue regions heated by localized hyperthermia will
have a characteristic temperature gradient length that is much smaller than
the normothermic case, thereby increasing £ by orders of magnitude.
Another exceptional case is that of heavy exercise, during which the blood
flow rates in all vessels of the countercurrent network can increase by
several orders of magnitude. These two examples dramatically illustrate
that the applicability of the Weinbaum-Jiji bioheat heat equation depends
not only on the vessel size but also on the blood flow rate as well as on the
physical conditions that are being simulated.

An interesting new bioheat transfer model by Baish [4] has been devel-
oped which does not require that the mean blood temperature gradient
be oriented in the same direction as the mean tissue temperature gradient.
Baish shows that the enhancement in tissue thermal conductivity by
convection in the vasculature can be modeled using highly conductive
fibers with characteristic radii and thermal conductivities [4]. Baish also
demonstrates that the effects of blood flow on tissue heat transfer in this
composite model can be quantified with an effective conductance based
on the number density of these conductive vessel fibers only under the
condition that the mean blood temperature gradient is proportional to the
mean tissue temperature gradient. This condition is the closure condition
of the Weinbaum-Jiji bioheat equation.

The order &2 equations are

MJ%%E—RL=W% (9.158)
d 1]
%0k4m=—jmﬂ—m) (9.159)
T 2p — 1
1ﬂ=4n—mfﬁﬁ—lﬂu@—m)&wm

dn 2 o,

Equations (9.158)-(9.160) can be combined with Eqs. (9.150), (9.155),
and (9.157):

d*T
’T = —no *—5°

<h

9.161)

- 1d*T, T
(T,-T) = —aﬂ + 82<2p 1d’T, d “"> + 0@}  (9.162)

dn 2 dp? dn
d’T,
T — T, =2 22229 4 0 9.163)
g, dn
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Equations (9.151), (9.154), and (9.161), the first three tissue energy
balance equations that describe the asymptotic expansion for 7;, demon-
strate that the thermal effect of the countercurrent vascular network on
the tissue does not enter the solution until the order ¢ term. Based on
Eq. (9.161), the magnitude of tissue temperature T;, is of order nacLz,
which corresponds to a correction in the expansion for tissue temperature
of &’ne.L* or no L%,. Weinbaum and Jiji [63] note that this is exactly
the correction term that appears in their definition of effective thermal
conductivity for the case of k, = k, in a one-dimensional geometry (see
Eq. (9.102)). The authors also emphasize that depending upon the vessel
generation, this correction term may be significant. For example, under
resting conditions in muscle tissue with a characteristic length L = 5 ¢m, the
product nacLﬁq is approximately 1.25 in the 300-um vessels that are located
in the third generation of network branching, while the parameter & is on
the order of 0.01 in these same thermally insignificant vessels. For these
vessel pairs the (T, — T;) temperature difference is negligible but the net
heat transfer between the vessel pair and the tissue, the so-called imperfect
countercurrent exchange, is quite significant due to a large vessel density in
this region.

The blood temperature equation (9.162) shows that for equal size vessels,
where p = 1, the closure approximation used to derive the Weinbaum-Jiji
bioheat equation, represented by Eq. (9.157), is valid to order £2. For
unequal vessel pairs, in vivo measurements of vessel spacing and radii
indicate that the parameter p is nearly one-half when the ratio of the vein to
artery radii is less than two. Thus the closure condition appears to be
applicable to unequal size countercurrent vessel pairs as well. As noted
previously in this chapter and presented in Eq. (9.163), the (7,, — T))
temperature difference is of order 2. Note that if the vessel pair is
embedded in tissue with a linear temperature gradient, the correction term
on the right-hand side of Eq. (9.163) is zero and consequently (T, — T;) is
zero, which corresponds to a perfect countercurrent exchange system where
the artery, vein, and tissue temperature profiles are linear and parallel.

X. Concluding Remarks

Despite its inherent inconsistencies, certain characteristics of the original
Pennes theory are considered valid in the study and application of bioheat
transfer. The concept of a perfusion heat source can be a reasonable
approximation of the thermal effect of blood flow on tissue under some
conditions, e.g., where blood flow in large vessels is perpendicular to the
tissue temperature gradient, as suggested by Wissler [67]. Regions of tissue
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that contain the thermally significant blood vessels appear, in some cases,
to be well described by the traditional Pennes bicheat equation. Baish et al.
[1] measured temperatures in a laboratory model of tissue that contained
an array of thermally significant tubes with high fluid flow rates. At these
flow rates, there was little thermal equilibration between the tubes and the
tissue matrix. Under conditions of externally applied hyperthermia, the
temperatures measured in the tissue matrix were in excellent agreement
with the predictions of the Pennes equation. Baish et al. [1] suggested
that the thermally significant vessels that were examined in their laboratory
behaved like line sources or sinks in the tissue, regardless of orientation,
thereby corresponding to the isotropic Pennes perfusion heat source-sink
formulation. A theoretical study by Charny et al. [19] also reported that
in tissue regions that contained the thermally significant vessels, there was
good agreement between the predictions of the Pennes model and a
more complex vascular model that accounted for countercurrent exchange.
The effect of capillary bleed-off from the large vessels in these tissue
regions appeared to result in a heat source type of behavior that matched
the Pennes equation. The fundamental mechanisms that explain agreement
between the Pennes model and experimental measurements in these tissue
regions need to be investigated on both a theoretical and experimental
basis.

Since its first complete presentation in 1984, the Weinbaum-Jiji thermal
model has been a major topic of analysis and discussion among members
of the bioheat transfer community. Similar to the work of Wulff, Chen
and Holmes, and others presented in this review, several fundamental
inconsistencies of the Pennes formulation served as a motivation for the
derivation of this new bioheat equation. This energy balance equation has
been implemented in several peripheral tissue [24, 55] and a whole organ,
macroscopic tissue model [56] to serve as a predictor of tissue temperatures
during thermal stress. In their derivation and subsequent asymptotic
examination of the behavior of their heat transfer model, Weinbaum and
Jiji have quantified several important phenomena that have been observed
in vivo, namely countercurrent heat transfer and perfusion bleed-off from
this vascular network.

There are significant limitations to the Weinbaum-Jiji bioheat equation,
however, that must be understood in order to apply the equation to a
given bioheat transfer problem. The main condition for applicability is
that the thermal equilibrium lengths of the blood vessels in the counter-
current network are small compared to the length scale of the macroscopic
temperature gradients in the tissue. Recent comparative theoretical studies
by Charny er al. [19] indicate that under normothermic conditions the
assumptions and subsequent predictions of the Weinbaum-Jiji equation
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in the tissue regions where the parameter ¢ is much less than unity are
reasonable compared to more exact theory that solves the three blood and
tissue energy balances simultaneously. More theoretical and experimental
studies of the Weinbaum-Jiji equation, especially in relation to the clinical
applications such as therapeutic hyperthermia and surgical rewarming, are
needed to evaluate its applicability.

As suggested by Wissler [67], no single equation can be used to model
bioheat transfer with a wide range of vessel sizes, and perhaps a combina-
tion of governing equations is most appropriate. The recent study by
Charny et al. [19], which proposes a hybrid model of both the Pennes
and Weinbaum-Jiji equations to be applied in different tissue regions,
seems to support this suggestion. The effectiveness of these hybrid models
in describing bioheat transfer in tissue is another topic for future study.

Finally, the anatomical observations and measurements of temperature
fields around paired vessels by Lemons et al. [41] have been very useful in
terms of understanding the geometry of the system being modeled and
subsequently testing the predictions of the model. More of these detailed
anatomical studies are needed in a variety of tissues, for instance tumors
being treated with hyperthermia, so that the mathematical models of
bioheat transfer will represent the actual in vivo physiological situations.
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