Problem 1.1 [Difficulty: 3]

1.1 A number of common substances are

Tar sand

“Silly Purty™ Jello
Modeling clay Toothpaste
Wax Shaving cream

Some of these materials exhibit characteristics of both solid
and fluid behavior under different conditions. Explain and
give examples,

Given: Common Substances
Tar Sand
“Silly Putty” Jello
Modeling clay Toothpaste
Wax Shaving cream

Some of these substances exhibit characteristics of solids and fluids under different conditions.

Find: Explain and give examples.

Solution: Tar, Wax, and Jello behave as solids at room temperature or below at ordinary pressures. At high
pressures or over long periods, they exhibit fluid characteristics. At higher temperatures, all three

liquefy and become viscous fluids.

Modeling clay and silly putty show fluid behavior when sheared slowly. However, they fracture

under suddenly applied stress, which is a characteristic of solids.
Toothpaste behaves as a solid when at rest in the tube. When the tube is squeezed hard, toothpaste
“flows” out the spout, showing fluid behavior. Shaving cream behaves similarly.

Sand acts solid when in repose (a sand “pile”). However, it “flows” from a spout or down a steep

incline.



Problem 1.2 [Difficulty: 2]

1.2 Give a word statement of each of the five basic con-

servation laws stated in Section 1.4, as thev applv to a

system.
Given: Five basic conservation laws stated in Section 1-4.
Write: A word statement of each, as they apply to a system.

Solution: Assume that laws are to be written for a system.

a. Conservation of mass — The mass of a system is constant by definition.

b. Newton's second law of motion — The net force acting on a system is directly proportional to the product of the
system mass times its acceleration.

c. First law of thermodynamics — The change in stored energy of a system equals the net energy added to the
system as heat and work.

d. Second law of thermodynamics — The entropy of any isolated system cannot decrease during any process
between equilibrium states.

e. Principle of angular momentum — The net torque acting on a system is equal to the rate of change of angular

momentum of the system.



Problem 1.3 [Difficulty: 3]

1.3 The barrel of a bicvcle tire pump becomes quite warm
during uwse. Explain the mechanisms responsible for the
temperature increase.

Open-Ended Problem Statement: The barrel of a bicycle tire pump becomes quite warm during use.

Explain the mechanisms responsible for the temperature increase.

Discussion: Two phenomena are responsible for the temperature increase: (1) friction between the pump piston

and barrel and (2) temperature rise of the air as it is compressed in the pump barrel.

Friction between the pump piston and barrel converts mechanical energy (force on the piston moving through a
distance) into thermal energy as a result of friction. Lubricating the piston helps to provide a good seal with the
pump barrel and reduces friction (and therefore force) between the piston and barrel.

Temperature of the trapped air rises as it is compressed. The compression is not adiabatic because it occurs during a
finite time interval. Heat is transferred from the warm compressed air in the pump barrel to the cooler surroundings.

This raises the temperature of the barrel, making its outside surface warm (or even hot!) to the touch.



Problem 1.4 [Difficulty: 3]

1.4 Discuss the phvsics of skipping a stone across the water
surface of a lake. Compare these mechanisms with a stone as
it bounces after being thrown along a roadway.

Open-Ended Problem Statement: Consider the physics of “skipping” a stone across the water surface
of a lake. Compare these mechanisms with a stone as it bounces after being thrown along a roadway.
Discussion: Observation and experience suggest two behaviors when a stone is thrown along a water surface:

1. If'the angle between the path of the stone and the water surface is steep the stone may penetrate the water
surface. Some momentum of the stone will be converted to momentum of the water in the resulting splash.
After penetrating the water surface, the high drag” of the water will slow the stone quickly. Then, because the
stone is heavier than water it will sink.

2. If the angle between the path of the stone and the water surface is shallow the stone may not penetrate the water
surface. The splash will be smaller than if the stone penetrated the water surface. This will transfer less
momentum to the water, causing less reduction in speed of the stone. The only drag force on the stone will be
from friction on the water surface. The drag will be momentary, causing the stone to lose only a portion of its
kinetic energy. Instead of sinking, the stone may skip off the surface and become airborne again.

When the stone is thrown with speed and angle just right, it may skip several times across the water surface. With

each skip the stone loses some forward speed. After several skips the stone loses enough forward speed to penetrate

the surface and sink into the water.

Observation suggests that the shape of the stone significantly affects skipping. Essentially spherical stones may be

made to skip with considerable effort and skill from the thrower. Flatter, more disc-shaped stones are more likely to

skip, provided they are thrown with the flat surface(s) essentially parallel to the water surface; spin may be used to
stabilize the stone in flight.

By contrast, no stone can ever penetrate the pavement of a roadway. Each collision between stone and roadway will

be inelastic; friction between the road surface and stone will affect the motion of the stone only slightly. Regardless

of the initial angle between the path of the stone and the surface of the roadway, the stone may bounce several times,
then finally it will roll to a stop.

The shape of the stone is unlikely to affect trajectory of bouncing from a roadway significantly.



Problem 1.5

[Difficulty: 1]

1.5 Make a guess at the order of magnitude of the mass (e.g.,
0.01, 0.1, 1.0, 10, 100, or 1000 Ibm or kg) of standard air that

is in a room 10 ft by 10 ft by 8 ft, and then compute this mass
in lbm and kg to see how close your estimate was.

Given: Dimensions of a room
Find: Mass of air
Solution:
Basic e ion: __P
quation: p=
Rair'T
Given or available data p = 14.7psi T = (59 + 460)R

Then

V = 10-ft x 10-ft x 8-ft

Ib
P p=0.076—

air ft3

M = 61.21bm

ft-1bf

R,.. = 53.33
ar Ibm-R

V= 80(}ft3

I
p = 0.00238 2

f>

M = 1.90slug

kg

=123—
P 3
m

M = 27.8kg



Problem 1.6 [Difficulty: 1]

1.6 A spherical tank of inside diameter 16 ft contains com-
pressed oxveen at 1000 psia and 77°F. What is the mass of

the oxvgen?
Given: Data on oxygen tank.
Find: Mass of oxygen.

Solution:  Compute tank volume, and then use oxygen density (Table A.6) to find the mass.

The given or available D = 16-ft p = 1000-psi T = (77 + 460)-R T =537-R
data is:

ft-1bf

R(yy = 48.29: (Table A.6)

Ibm-R
For oxygen the critical temperature and pressure are: T,=279-R p. = 725.2-psi (data from NIST WebBook)
so the reduced temperature and pressure are: Tg = L =1925 pR = P 1.379

T P
c c

Using a compressiblity factor chart: 7 = 0.948  Since this number is close to 1, we can assume ideal gas behavior.

Therefore, the governing equation is the ideal gas equation p=pRoyT and p= M
v
';r~D3 T 3 3
where V is the tank volume V= —— = — x (16-ft) V =2144.7-ft
6 6
p-V

Hence M=Vp=

M = 1000225y 21ag 7P x L JomR 1 1 (12:in)
in2 48.29 ftIbf 537 R ft )

M = 11910:-1bm



Problem 1.7

[Difficulty: 3]

1.7 Very small particles moving in fluids are known to experi-
ence a drag force proportional to speed. Consider a particle of
net weight W dropped in a fluid. The particle experiences
a drag force, Fp= kV, where V is the particle speed. Deter-
mine the time reguired for the particle to accelerate from
rest to 95 percent of its terminal speed, V,, in terms of &

W.oand g.
Given: Small particle accelerating from rest in a fluid. Net weight is W, resisting force Fp = kV, where V
is speed.
Find: Time required to reach 95 percent of terminal speed, V..

Solution: Consider the particle to be a system. Apply Newton's second law.

Basic equation: 2F, = ma,
Assumptions:
1. W is net weight

2. Resisting force acts opposite to V

Then

ZF =W-kV=ma :md—V:Ed—V
7 7 dt g dt

or

Separating variables,

Integrating, noting that velocity is zero initially,

or

But V-V, as t—w, so V, =-*. Therefore

kgt

W

FDsz

Particle

S e-V)
1—dgv:gdt
.[OV%:—%IH(I—ﬁV):I;gdt=g
1—£V=ei%; V—Kl ei%

k
Vv

When ¥-=0.95,then ¢ W =0.05 and & =3, Thus t = 3W/gk



Problem 1.8 [Difficulty: 2]

1.8 Consider again the small particle of Problem 1.7. Express
the distance required to reach 95 percent of its terminal
speed in percent terms of g, &, and W,

Given: Small particle accelerating from rest in a fluid. Net weight is W,
resisting force is Fp = kV, where V is speed.

F D= kV

Find: Distance required to reach 95 percent of terminal speed, V.. .
Particle
Solution: Consider the particle to be a system. Apply Newton's second law.
y

Basic equation: XF,=ma, w
Assumptions:

1. W is net weight.

2. Resisting force acts opposite to V.

Then, » F,=W-kV=ma =mé=YVE o [-LV=YL

dt dy

- _ —V =W V _ 1y 4V
At terminal speed, a,=0 and V =V, =<~ Then l_V_g_EVW

dv

S ti iabl v g dy
eparating variables —_—=
1-+V

Vi

Integrating, noting that velocity is zero initially

gy=-0.95V? -V In(1-0.95) -V In (1)
gy =-V[0.95+1n0.05]=2.05¥
2.05 w?

Ly=2=V2=205—
g gt



Problem 1.9 [Difficulty: 2]

1.9 A cyvlindrical tank must be designed to contain 5 kg of
compressed nitrogen at a pressure of 200 atm (gage) and
20°C. The design constraints are that the length must be
twice the diameter and the wall thickness must be 0.5 cm.
What are the external dimensions?

Given: Mass of nitrogen, and design constraints on tank dimensions.
Find: External dimensions.

Solution:  Use given geometric data and nitrogen mass, with data from Table A.6.

The given or available datais: M = 5-kg p = (200 + 1)-atm p = 20.4-MPa
J
T = (20 + 273)-K T=293-K Ryp = 296.8-——  (Table A.6)
kg-K
The governing equation is the ideal gas equation p=pRyp T and p=—
\%

.D2
where V is the tank volume v=1" where L=2D

4

Combining these equations:

2 2 3
Hence M= Vp= pv __p ™D L=—P 7D 2.D= p--D
Ry T Ry T 4 Ryy T 4 2Ry T
1 1
3 2) 3
: 2-Ryp T-M) 2 N-m 1 m
Solving for D D= —) D = | — x 296.8- x 293-K x 5-kg x —————
pm n kek 204x10° N
D=0.239m L=2D L=0477m

These are internal dimensions; the external ones are 2 X 0.5 cm larger: L=0249m D = 0487-m



Problem 1.10 [Difficulty: 4]

1.10 In a combustion process, gasoline particles are to be NOTE: Drag formula is in error: It should be:
dropped in air at 200°F. The particles must drop at least 10
in in 1 5. Find the diameter d of droplets required for this, Fp=3-mVd

(The drag on these particles is given by Fp = auVd, where V
is the particle speed and p is the air viscosity. To solve this
problem, use Excel’s Croal Seek.)

Given: Data on sphere and formula for drag.
b ¢ Fp=3nVd
Find: Diameter of gasoline droplets that take 1 second to fall 10 in.
_ _ _ o _ a=dv/dt
Solution: Use given data and data in Appendices; integrate equation of
tion b ti iables.
motion by separating variables Mg
The data provided, or available in the Appendices, are:
-7 Ibf's slug slug
p=448x 10 - 5 Pw = 1.94~—3 SGgas = 0.72 Pgas = SGgaS-pW Pgas = 1.40~—3
ft ft ft
. o . dv
Newton's 2nd law for the sphere (mass M) is (ignoring buoyancy effects) M-— =M-g - 3-m-p-V-d
dt
dv
s0 T
_ .’Tr. u. 'V
M

—3mped t\ 3.7 ped ) \

Integrating twice and using limits W(t) = & l—¢ M j x(t) = Mg Jt+ M -\e M - 1)
3m-pe-d 3mp-d 3-m-ped
2 2 2
3
. Poagd g Poac-d pood
Replacing M with an expression involving diameter d M = pgas'ﬂ xX(t) = gas lts gas = o 838 _ 1}
6 181 181

This equation must be solved for d so that x(1-s) = 10-in. The answer can be obtained from manual iteration, or by using
Excel's Goal Seek.

d=430x 10 “-in

I 1o
0.75 7.5
=) =)
£ o0st E 5
> >
025 2.5
0 0.025 0.05 0.075 0.1 0 0.25 0.5 0.75 1
t(s) t(s)

Note That the particle quickly reaches terminal speed, so that a simpler approximate solution would be to solve Mg= 3nuVd for d,
with V= 0.25 m/s (allowing for the fact that M is a function of d)!



Problem 1.11

[Difficulty: 3]

1.11 For a small particle of styrofoam (1 Ibm/ft’) (spherical,
with diameter d = 0.3 mm) falling in standard air at speed V,
the drag is given by Fp =3nuVd, where pisthe air viscosity.
Find the maximum speed starting from rest, and the time it
takes to reach 95 percent of this speed. Plot the speed as a
function of time.

Given: Data on sphere and formula for drag.
Find: Maximum speed, time to reach 95% of this speed, and plot speed as a function of time.
Solution: Use given data and data in Appendices, and integrate equation of motion by separating variables.

The data provided, or available in the Appendices, are:

kg -5 N-s kg
Pair = 1.17~—3 p=18x10 = Py = 999-— SGSty = 0.016
m m m
Then the density of the sphere i ke
en the density of the sphere is PSty = SGSty'pw PSty = 16—3
m
rd K (0.0003-m)°
The sphere mass is M = PSty —— = 16:—5 x qux
6 3

m

Newton's 2nd law for the steady state motion becomes (ignoring buoyancy effects)

SO

2
- 1
x226x 10" kg x 9.81. 2 = x
5 0.0003-m

& 18x 10 N

3

T
o
W
3

Newton's 2nd law for the general motion is (ignoring buoyancy effects)

so — =dt
37T 1
_ 2 d.V
M
—3mpd \
M BV
Integrating and using limits V(t) = e 1-e M )

3ompd

d = 0.3-mm

M=226x 10 lokg

Mg = 3-m-V-d

m
Vinax = 0.0435 =

dv

Fp=3nVd

a=dV/dt



Using the given data

0.057
0.04f
g 0.03
S 00
0.0t

The time to reach 95% of maximum speed is obtained from

M 0.95-V i3 7 ped
so t=— Inf 1 -

The plot can also be done in Excel.

M-g

)

0.01

t(s)

Substituting values

0.02

t=0.0133s



Problem 1.12 [Difficulty: 3]

1.12 In a pollution control experiment, minute solid particles
{tvpical mass 1 = 107" slug) are dropped in air. The termi-
nal speed of the particles is measured to be 0.2 ft's. The drag
of these particles is given by Frp = £V, where V is the instan-
taneous particle speed. Find the value of the constant £, Find
the time required to reach 99 percent of terminal speed.

Given: Data on sphere and terminal speed.
_ KV,
Find: Drag constant k, and time to reach 99% of terminal speed.
Solution: Use given data; integrate equation of motion by separating variables.
The data provided are: M=1x10 13~slug Vi = 0.2.ﬁ mg
s
. L . dv
Newton's 2nd law for the general motion is (ignoring buoyancy effects) M-—=Mg-kV (1)
dt
Newton's 2nd law for the steady state motion becomes (ignoring buoyancy effects) M-g=kV, so k = Mg
V.
t
13 s Ibfs 11 Ibfs
k=1x10 “-slugx 32.2-— x X k=161x10 -
2 02t slug-ft ft
av d
To find the time to reach 99% of V', we need V(). From 1, separating variables Kk =dt
N V4
g M
Integrating and using limits t= —M-ln 1 - LV\
k Mg )
. ft
We must evaluate this when V =0.99-V, V=0.198-—
S
13 fi Ibf s 11 Ibfs 1 2 0198 slugh)
t=-1x10 " -slug x xS ft-lnl—l.61><10_ == el : « SU&
161 10 ipfs  SUE Uox10 Bigg 2228 Ibf-s” )

t=0.0286s



Problem 1.13 [Difficulty: 5]

1.13 For Problem 1.12, find the distance the particles travel
before reaching 99 percent of terminal speed. Plot the dis-
tance traveled as a function of time.

Given: Data on sphere and terminal speed from Problem 1.12.
Find: Distance traveled to reach 99% of terminal speed; plot of distance versus time. kv
Solution: Use given data; integrate equation of motion by separating variables.
. - 13 ft
The data provided are: M=1x10 T-slg V;=02— mg
s
. C . dav
Newton's 2nd law for the general motion is (ignoring buoyancy effects) M-—=Mg-kV (1)
dt
Newton's 2nd law for the steady state motion becomes (ignoring buoyancy effects) M-g=k-V, so0 k = Mg
V.
t
2
- ft Ibf- — 11 Ibf-
K= 1x 10 Poglug x 3224 x —— x 2 k=161x10 L2225
2 0.2-ft slug-ft ft
To find the distance to reach 99% of V;, we need V(y). From 1: M.d—V = M&d_v = M.v.d_v =M-g-kV
dt dt dy dy
V-dv. d
Separating variables k -
g-—V
M
2
Integrating and using limits y = _M g qnl 1 = LV\ _ M.V
2 M-g ) k
k
We must evaluate this when V = 0.99-V; V= 0.198-E
s
2
2 2 2 2 A
— 32.2-ft ft Ibf- — 11 Ibf- 1 0.198-ft slug-ft
y=(1~10 13~slug> : : ) { 1 Sf) [ 1- 16110 ' fs~ ~3252f- e
& 16110 pps) \Sluelt b0 Batg 228 prg?)
13 fi 0.198-ft  Ibf-s”
+1-10 "-slug x X X T
16110 ps S svedt

y=449x 10 3 f

Alternatively we could use the approach of Problem 1.12 and first find the time to reach terminal speed, and use this time in y(t) to
find the above value of y:

From 1, separating variables

Integrating and using limits t=-— ~ln(1 - LV\ 2)



We must evaluate this when V = 0.99~Vt V= 0.198-E

2 2 A
- ft Ibf- — 11 Ibf 1 0.198-ft  slug-ft
t=1x10 13-slug>< -1 Sf~1n1—1.61><10 i fsx ><3252f>< x &
161 10 Lipfes SUET bopxi0 Bgng 2 0S Ibf-s* )
t =0.02865s
k t\
From 2, after rearranging V= & = Mg 1-¢ M j
t k
K, A
Integrating and using limits y = E t+ M e M _ 1)
k k
13 3224t fi Ibf-s°
y=1x10 ~-slugx —— x g 0.0291-s
< 161x 10 prs SUET 161x10”"!
) ——13~.0291
- ft Ibf- B
+10 13-slug~ == e 110 - 1}

161 x 10~ Lip.s Sueft

y=449x 10 3

s
3750
=
S 25
(=]
N
>~
1257
0

t (ms)

This plot can also be presented in Excel.



Problem 1.14

[Difficulty: 4]

1.14 A sky diver with a mass of 70 kg jumps from an aircraft.
The acrodynamic drag force acting on the sky diver is known
o be Fp = kV?, where k=025 N.s%m". Determine the
maximum speed of free fall for the sky diver and the speed
reached after 100 m of fall. Plot the speed of the sky diver as
a function of time and as a function of distance fallen.

2
Given: Data on sky diver: M = 70-kg K = 0255
m2
Find: Maximum speed; speed after 100 m; plot speed as function of time and distance.
Solution: Use given data; integrate equation of motion by separating variables.
Treat the sky diver as a system; apply Newton's 2nd law:
. . o . dv
Newton's 2nd law for the sky diver (mass M) is (ignoring buoyancy effects): M-— =M-g - k.V2
dt
. .o 2 M-g
(a) For terminal speed V,, acceleration is zero, soM-g — k-V™ = 0 SO Vt = |[—=
k
1
2 2 \2
m m N-s m
Vi = | 70-kg x 9.81-— x 'k V,=524—
52 0.25-N-s2 B m) s
(b) For Vaty = 100 m we need to find V(). From (1) M.d—V = Md_Vﬂ = M.v.d_v =Mg- k.Vz
d dy dt dt

A%
y
Separating variables and integrating: |[< v > dv = J gdy
| kv 0
), M

)
S0 ln(l—i\:_ﬁy or V2 M.g'(l—e M J

Hence V(y) = Vt(l - M )
1

2

N-s2 1 kg-m\\
x 100- mx X
2 70kg S2-N

- 2x0.25-
Fory=100m:  V(100-m) = 52.4-—{1 - e
S

m

Fp = kI*

a =dV/dt

m
) V(100-m) = 37.4-—
S



@ 4
g
> 2

0 100 200 300 400 500
y(m)
(c) For V(¢) we need to integrate (1) with respect to ¢: M-— =M-g - k~V2
\ t
Separating variables and integrating: ( v dv = J 1 dt
M-g 2 0
—= -V
| Tk
0
M-g )
—+V
1 [M \l k (Ve VN
so t=—-|—In| |——| |=—|—In
2\ kg M-g 24\ kg |Vt—V|}
k y
k-
2. _g.t
. e VM K )
Rearranging V(t) = Vpo——% or V(t) = Vy-tanh Vi-—-t
k-g \ M )
2| —2t
e M + 1)
601
a 401
& V(@
> 20t
0 5 10 15 20
t
t(s)

The two graphs can also be plotted in Excel.



Problem 1.15

[Difficulty: 5]

1.15 For Problem 1.14, the initial horizontal speed of the sky
diver is 70 m/s. As she falls, the k value for the vertical drag
remains as before, but the value for horizontal motion is

k=006 N .s'm". Compute and plot the 2D trajectory of the
sky diver.
N-s2 N s2 m
Given: Data on sky diver: M = 70-kg kyert = 0.25-—— Kporiz = 0.05 —2 Uy = 70~;
m m
Find: Plot of trajectory.

Solution:  Use given data; integrate equation of motion by separating variables.

Treat the sky diver as a system; apply Newton's 2nd law in horizontal and vertical directions:

dv

Vertical: Newton's 2nd law for the sky diver (mass M) is (ignoring buoyancy effects): M-— =Mg-k
dt

For V(¢) we need to integrate (1) with respect to ¢:

\Y%

Separating variables and integrating:

—
<
[oN
<
I
-
=

<
0d

)

vert
0
M-
e,y
1 M kVert
so t= E . -In|
: M
vert 8 g _vy
kvert )
Kyert 8 \
2. v \
K .-
: M- -1 M '8
Rearranging V(t) = £ A8 ) N V(t) = £ tanh( ve -t
Kyert Kyert 8 ) vert )
2. -t
e M + 1 )
. . dy
For y(¢) we need to integrate again: d_ =V or y = Vdt
t
t
t ( Krorre ) Krorre )
M- t & M. t' 8
y(t) = J V(t) dt = | £ -tanh( V" ¢ dt = g -ln(cosh( AL
0 J kvert M ) kvert M ))

0

; Kyere® )
y(t) = 1S/Igln(cosh( vert’®

)

vert



After the first few seconds we reach steady state:

307 6007
. 4007
g yu
= y(9)
2001
0 20 40 ;
t t
t(s) t(s)

. . . . du UZ
Horizontal: Newton's 2nd law for the sky diver (mass M) is: M-— = Kk} i 2)
For U(¢) we need to integrate (2) with respect to ¢:

U [ t
Ky i Ki -
Separating variables and integrating: ( L dU= | - horiz dt S0 - horiz t= _i + L
| 2 M M U U
Jo O
Yo
Yo
Rearranging U(t) =
Khoriz' Yo
1+ .
M
. . dx
For x(¢) we need to integrate again: —=U or X = Udt
dt
t r !
U ki ..U
0 M h 0
x(t) = J U(t) dt = dt = -1{ o i+
0 ‘ . Khoriz' Yo ¢ Khoriz M

J 1




o
1.51
£ 4
>
0.5
0 20 40 60
t(s)
Plotting the trajectory:
0 I1 I2
—~ T
g
=
_ 2'-
_ 3"
x(km)

These plots can also be done in Excel.



Problem 1.16

[Difficulty: 3]

1.16 The English perfected the longhow as a weapon after the
Medieval period. In the hands of a skilled archer, the longhow
was reputed to be accurate at ranges to 100 m or more. If
the maximum altitede of an arrow is less than & = 10 m while
traveling to a target 1000 m away from the archer, and
neglecting air resistance, estimate the speed and angle at
which the arrow must leave the bow. Plot the required release
speed and angle as a function of height k.

Given: Long bow at range, R = 100 m. Maximum height of arrow is h = 10 m. Neglect air resistance.
Find: Estimate of (a) speed, and (b) angle, of arrow leaving the bow.
Plot: (a) release speed, and (b) angle, as a function of h

Solution:  Let V, = u,i+v,j= Vy(cos 8,1 + sin 8,])

IF, =m{ = —mg, sov=vo—gt, and t; = 2t =2vo/g

dt

2

Also, mv ~mg, vdv=-gdy,0-~" =—gh
dy 2
Thus h= vg/Zg
du
>F, = ma =0, sou=uy=const, and R =uyt; =

From Eq. 1: vﬁ =2gh 3)

2
From Eq. 2: u, :ﬁzi uﬁ :&

2vy  242gh 8h
2

Then VE=ul+v: = g812 +2gh and ¥, :(Zgh + gg’;

Vy=[2x9.81 2 x10m+ 231 M 1002 2 x
s 8 10

S

\J2gh
From Eq.3: v, =+/2gh =V, sin 8, @ =sin"" Vg
0

(M

2

“

(6))



6=sin"'|{2x9.81 2 x10m | x
s2 3

1

S 122180

7.7Tm

Plots of Vy = Vy(h) (Eq. 4) and 6, = 6 o(h) (Eq. 5) are presented below:

Vo (m/s)

80 -
70
60 -
50
40 -
30
20 -
10

Initial Speed vs Maximum Height

5 10 15 20 25
h (m)

30

6 (°)

60 -
50
40 -
30
20 -
10

Initial Angle vs Maximum Height

5 10 15 20 25
h (m)

30




Problem 1.17

[Difficulty: 2]

1.17 For each quantity listed, indicate dimensions using mass
as a primary dimension, and give tvpical 51 and English units:

(a) Power
(h) Pressure

(c) Modulus of elasticity

i(d) Angular velocity
i) Energy

(f) Moment of a force

(g} Momentum
(h) Shear stress
(i) Strain

ij) Angular momentum

Given: Basic dimensions M, L, t and T.

Find: Dimensional representation of quantities below, and typical units in SI and English systems.

Solution:

(a) Power

(b) Pressure

(c) Modulus of elasticity

(d) Angular velocity

(e) Energy

(f) Moment of a force

(g) Momentum

(h) Shear stress

(1) Strain

(j) Angular momentum

_ Energy  Force x Distance  F-L

Power - - =—
Time Time t
-L
From Newton's 2nd law Force = Mass x Acceleration $0 F=——
t2
2 2 2
Hence Power = E — M — & kg—m M
t t2- ¢ t3 S3 S3
Force F M-L M k sl
Pressure:A—:—:—:— _g Lg
rea L2 t2~L2 L-t2 m~s2 ft-s2
Force F M-L M k sl
Pressure:A—:—:—:— _g Lg
rea L2 t2~L2 L-t2 m~s2 ft-s2
. Radians 1 1 1
AngularVelocity = — =— — —
Time t S S
. M:-L-L M'L2 kg~m2 slug~ft2
Energy = Force x Distance = F-L = = — - —_—
2 2 2 2
t t S S
2 2 2
M-L-L ML kg: lug- ft
MomentOfForce = Force x Length = F-L = =— &m Sue
2 2 2 2
t t S S
L L kg-m slug-ft
Momentum = Mass x Velocity = M:-— = —— £ Sug't
t t S S
F F M-L M k |
ShearStress = % - _Kg slug
rea L2 t2-L2 L~t2 m-s ft-s2
Strain = LengthChange = L Dimensionless
Length L
. M-L M~L2 kg~m2 slugs~ft2
AngularMomentum = Momentum x Distance = ——-L = —— —_ —_—

t t S

S



Problem 1.18

[Difficulty: 2]

1.18 For each quantity listed, indicate dimensions using force
as a primary dimension, and give tvpical 51 and English units:
(a) Power
(h) Pressure
(c) Modulus of elasticity
i(d) Angular velocity
i) Energy
(f) Momentum
ig) Shear stress
(k) Specific heat
(i) Thermal expansion coefficient
(jy Angular momentum

Given: Basic dimensions F, L, t and T.

Find: Dimensional representation of quantities below, and typical units in SI and English systems.

Solution:
(a) Power Power — En.ergy _ Force x.Distance _ FL
Time Time t
(b) Pressure Pressure = Force = xr
Area 2
L
(c) Modulus of elasticity Pressure = Force = xr
Area 2
L
. Radi 1
(d) Angular velocity AngularVelocity = a. am_ -
Time t
(¢) Energy Energy = Force x Distance = F-L
. L
(f) Momentum Momentum = Mass x Velocity = M-—
t
' . L
From Newton's 2ndlaw  Force = Mass x Acceleration s0 F=M-—
2 .
F-t-L
Hence Momentum = M-— = =Ft
t L-t
(g) Shear stress ShearStress = Force _ ¥
Area 2
L
Ener F-L F-L L2
(h) Speciﬁc heat SpecificHeat = gy = = =
Mass x Temperature ~ M-T 2\\ 2
F-t T t-T
L)
LengthChange
. . . . . Length 1
(i) Thermal expansion coefficient ThermalExpansionCoefficient = ———— = —
Temperature T

(j) Angular momentum AngularMomentum = Momentum x Distance = F-t-L

5N|Z

| 5

=

Ibf-ft

1
R

Ibf-ft-s



Problem 1.19 [Difficulty: 1]

1.19 Derive the following conversion factors:
ia) Convert a viscosity of 1 m’'s to fi/s.
ib) Convert a power of 100 W to horsepower.
(c) Convert a specific energy of 1 kl'kg to Btu/lbm.

Given: Viscosity, power, and specific energy data in certain units
Find: Convert to different units
Solution:

Using data from tables (e.g. Table G.2)

2
1
2 2 —ft ) 2
m m 12 ft
(@) l—=1—x|— =10.76-—
S S 0.0254~m) s

1'h
(b) 100-W = 100-W x ——2— = 0.134-hp
746-W

k 1000- 1-B 454 -k B
(c) 1.&: 1._J>< OOOJX tu X 045 g :(),43._m
kg kg 1-kJ 1055-7 1-1bm Ibm




Problem 1.20

[Difficulty: 1]

1.20 Derive the following conversion factors:
ia) Convert a pressure of 1 psi to kPa.
(b) Convert a volume of 1 liter to gallons.
ic) Convert a viscosity of 1 Ibf - s/E to N /mrt.

Given: Pressure, volume and density data in certain units
Find: Convert to different units
Solution:

Using data from tables (e.g. Table G.2)

6895P 1-kP
(@) I-psi = l-psi x .a x 2 6.89kPa
1-psi 1000 Pa

1-quart 1-gal
X
0.9461iter  4-quart

(®) 1-liter = I-liter x = 0.264 gal

\2
Dofs b 4448N 12

X X ) =
ftz ftz 1-1bf 0.0254m

©

N-
479—2

2
m



Problem 1.21

[Difficulty: 1]

1.21 Derive the following conversion factors:
ia) Convert aspecific heat of 418 kl'kg . K to Bru/bm - "R,
(b)) Convert a speed of 30 m/s to mgh.
(c) Convert a volume of 5.0 L to in”

Given: Specific heat, speed, and volume data in certain units
Find: Convert to different units
Solution:

Using data from tables (e.g. Table G.2)

k 1-Bt 1-k 1-K Bt
@ 418 45X, = x £ = 0.998. ——
kg-K kg-K  1.055-k] 2.2046:-lbm 1.8-R Ibm-R
®) 30.2 _ 30'2 N 3.281~ft' 1-mi .3600-s _ 67.1-2
s s I'm 5280-ft hr hr

3 3
1. 100- 1.
(©) S.L=5Lx ——x ( em _Lin )7 _ 305-in°

I-m 2.54~cm)



Problem 1.22 [Difficulty: 1]

1.22 Express the following in 51 units:
(a) 5 acre. ft
(b) 150 in*/s
(c) 3 gpm
(d) 3 mphis

Given: Quantities in English Engineering (or customary) units.
Find: Quantities in SI units.

Solution:  Use Table G.2 and other sources (e.g., Machinery's Handbook, Mark's Standard Handbook)

4047-m2 N 0.3048-m

(@) 3.7-acre-ft = 3.7-acre x — 456 10°-m°
1-acre 1-ft
3 3 3 3
i i 0.0254-
() 150- 2 = 150- = x +m\ = 0.00246-
S S I-in ) S
3 3 3
1 231 0.0254- 1-mi
© 3.gpm = 3. £ 22 4m )" Lmin _ o 600189
min 1-gal 1-in ) 60-s s
) 3.mph _ 3'111116 5 1609-m N l-hr 3 m

S hr-s 1-mile 3600-s



Problem 1.23

[Difficulty: 1]

1.23 Express the following in 51 units:
(a) 10{ cfm ft’tg.-'m'm}

ib) 5 gal
() 65 mph
(d) 5.4 acres

Given:

Find:

Solution:

(@

(b)

©

(d)

Quantities in English Engineering (or customary) units.

Quantities in ST units.

Use Table G.2 and other sources (e.g., Google)

i 2 (0.0254m 12in)>  1.min m
100-— = 100-—— x X X = 0.0472-—
m min 1-in 1-ft) 60-s s
.3 3
231- 0.0254-
5.gal = 5-gal x ——— x : m)"_ 00189-m>
1-gal 1-in )
65-mph = 65'mlle 5 1852.~m N 1-hr _ 9. m
hr I-mile  3600-s s
4047-m3 4 2
5.4-acres = 5.4-acre x ——— =2.19x 10 -m

1-acre



Problem 1.24 [Difficulty: 1]

1.24 Express the following in BG units:
(a) 50 m-
(k) 250 cc
(c) 100 kW
(d) & L:g,-'m?

Given: Quantities in SI (or other) units.
Find: Quantities in BG units.

Solution: Use Table G.2.

2
1 1-ft
(@) S0m’ = S0m’ x | — o 1 Vo saen?
0.0254m  12in)
3
I- 1 1-ft _
() 250.cc = 250.cm° x | —m o 10 T V' g3 107343
100cm  0.0254m  12-in )
1000W  1h
(©) 100kW = 100-kW x x —P_ _ 134hp
LkW 746 W
. N\2
@ ske_gke (00254m  12im)" Lshg 0.0 slug
2 2 l-in 1-ft ) 14.95kg 2
m m ft



Problem 1.25

[Difficulty: 1]

1.25 Express the following in BG units:
{a) 180 cc'min
(b) 300 kW . hr
(c) 50M s/m®
i(d) 40 m® hr

Given: Quantities in SI (or other) units.
Find: Quantities in BG units.

Solution: Use Table G.2.

3
- 1 1-ft _
() 180.cc = 180cm’ x | — b x — 2, V636w 107343
100cm  0.0254m  12-in )
1000W  Ih
(b) 300kW = 300kW x x —P_ _ 402hp
kW 746 W
. N2
© so N8 _ g Nos  _LIf  (00254m 12in)"_ |, Tofs
2 2 4448N l-in 1-ft ) 2
m m ft
2
I I-ft
I Ve = 43062 b

(d) 40-m>hr = 40m” x | —— x —
0.0254m  12in)



Problem 1.26 [Difficulty: 2]

1.26 While vou're waiting for the ribs to cook, vou muse about
the propane tank of vour barbecue. You're curious about the
volume of propane versus the actual tank size. Find the liguid
propane volume when full (the weight of the propane is spec-
ified on the tank). Compare this to the tank volume (take some
measurements, and approximate the tank shape as a cylinder
with a hemisphere on each end). Explain the discrepancy.

Given: Geometry of tank, and weight of propane.
Find: Volume of propane, and tank volume; explain the discrepancy.
Solution:  Use Table G.2 and other sources (e.g., Google) as needed.

The author's tank is approximately 12 in in diameter, and the cylindrical part is about 8 in. The weight of propane specified is 17 Ib.

The tank diameter is D = 12in
The tank cylindrical height is L = 8&in
The mass of propane is Mprop = 17-1bm
The specific gravity of propane is SGprOp = 0.495
The density of water is p= 998~k—§

m

o My
_ Mprop __ ™prop

The volume of propane is given by Vv =
prop p SG P
prop prop
3 3
m 0.454-kg lin ) 3
V= 17-Ibmx x x x V. =953.in
prop 0495  998-kg  1-Ibm (0.0254-m ) prop

The volume of the tank is given by a cylinder diameter D length L, tD?L/4 and a sphere (two halves) given by nD3/6

v B 7T'D2 L+ 7r~D3
tank 4 6
2 3
((12-1 12-i
Viank = M-8~in+ ﬂ-.ﬂ Viank = 1810-in°
VPfOP
The ratio of propane to tank volumes is — =53-%
Viank

This seems low, and can be explained by a) tanks are not filled completely, b) the geometry of the tank gave an overestimate of
the volume (the ends are not really hemispheres, and we have not allowed for tank wall thickness).



Problem 1.27 [Difficulty: 1]

1.27 A farmer needs 4 cm of rain per week on his farm, with
10y hectares of crops. If there is a drought, how much water
iL/min) will have to be supplied to maintain his crops?

Given: Acreage of land, and water needs.
Find: Water flow rate (L/min) to water crops.

Solution:  Use Table G.2 and other sources (e.g., Machinery's Handbook, Mark's Standard Handbook) as needed.

4.cm

week

x 10-hectare

The volume flow rate needed is Q =

4cmx 10hectare  0.04mx 10-hectare  1x 10-m°  1000L  l-week Il.day  I-hr
= X X X X X

Performing unit conversions Q
week week 1-hectare m3 7-day 24-hr  60-min

L
Q=397—
min



Problem 1.28 [Difficulty: 1]

1.28 Derive the following conversion factors:

ia) Convert a volume flow rate in cubic inches per minute to
cubic millimeters per minute.

by Convert a volume flow rate in cubic meters per second
to gallons per minute (gpm).

(c) Convert avolume flow rate in liters per minute to gpm.

(dy Convert avolume flow rate of air in standard cubic feet
per minute (SCFM) to cubic meters per hour. A stan-
dard cubic foot of gas occupies one cubic foot at
standard temperature and presure (T=15"C and

p=1013 kPa absolute).
Given: Data in given units
Find: Convert to different units
Solution:
.3 .3 3 . 3
(@) 1_& _ I'L 5 0.02:54111 5 IOOOmm\\ N 1-min _ 273.mm
min min I-in I-m ) 60-s S
3 3
1-gal 60-
(b) 1.2 = 1.2 X £a X " s = 15850 gpm
s S 4x0.000946m> L OID
¢ pher . lier  Teal 605 o64.epm
min min 4 x 0.946-liter 1-min
3 3 . 3
ft 0.0254- 60-
(d)  1-SCFM = I.— x m)", 60min ., m
min 1 1-hr hr

—ft

12 )



Problem 1.29 [Difficulty: 1]

1.29 The density of mercury is given as 26.3 slug/ft”. Calculate
the specific gravity and the specific volume in m*/kg of the

mercury. Calculate the specific weight in Ibfft* on Earth
and on the moon. Acceleration of gravity on the moon is

547 fus™.
Given: Density of mercury.
Find: Specific gravity, volume and weight.

Solution:  Use basic definitions

. 1 26.3
SG = £ From Appendix A Py = 1,94% so SG = — SG=13.6
P N 1.94
3 3 3
1 ft 304 1-sl 11 _
S s vo N 0.30 Sm\ N slug N bm v=737% 10 5m.
p 26.3 slug 1t ) 3221bm  0.4536kg kg
Y=pg
ol fi Lbf-s® Ibf
Hence on earth Np = 2638 x 300 — x ——— Np = 847—
E E
3 2 l-slug-ft 3
ft S ft
sl fi 1.Ibfes® Ibf
On the moon M = 26.3._g X 547 — x —————— Yy = 144 —
ft3 S2 1-slug-ft ft3

Note that mass-based quantities are independent of gravity



Problem 1.30

[Difficulty: 1]

1.30 The kilogram force is commonly wed in Europe as a
unit of force. (As in the U5, customary system, where 1 Ibfis
the force exerted by a mass of 1 lbm in standard gravity, 1 kgf
is the force exerted by a mass of 1 kg in standard gravity.)
Moderate pressures, such as those for aum@or truck tires, are
conmveniently expressed in units of kgflem™, Convert 32 psig
to these units,

Given: Definition of kgf.
Find: Conversion from psig to kgf/cm?2.
Solution:  Use Table G.2.

Definekgf  kgf = 1-kgx 9.81.— kef = 9.81N
2
S

1'm \2

Then 3o bf 448N L-kef X(lZ-lnx 1-ft

x x
.2 1-1bf 9.81:N
m

X = 2.
1t~ 0.3048m  100.cm)

2.25

kgf

cm



Problem 1.31

[Difficulty: 3]

1.31 In Section L6 we learned that the Manning equation com-
putes the flow speed V' (m/s) in a canal made from unfinished
concrete, given the hydraulic radius Ry, (m), the channel slope Sq,
and a Manning resistance coefficient constant value i == (U014
For a canal with 8= 7.5 m and aslope of 110, find the fiow
speed. Compare this result with that obtained using the same »
value, but with £, first converted to ft, with the answer assumed
to be in fi's. Finally, find the value of #if we wish to correctly use
the equation for BG units (and compute V' to check!).

Given: Information on canal geometry.
Find: Flow speed using the Manning equation, correctly and incorrectly!
Solution:  Use Table G.2 and other sources (e.g., Google) as
needed.
2 1
R}, 3 'S()Z
The Manning equation is V= —— which assumes Ry, in meters and V in m/s.
n
. . 1
The given data is Ry =75m Sp = F) n = 0.014
1
2 -
- 2
1
75 H
Hence V = —O V= 86.5-2 (Note that we don't cancel units; we just write nvs
0.014 s next to the answer! Note also this is a very high
speed due to the extreme slope S;.)
. L 1-in 1-ft
Using the equation incorrectly: Ry = 7.5mx X Ry = 24.6-1t
0.0254-m  12-in
1
2 —_
- 2
1
24.6 3 (1—) .
Hence V = 0 V=191 el (Note that we again don't cancel units; we just
0.014 s write ft/s next to the answer!)
This incorrect use does not provide the correct answer V = 191 E x 12:in X 0.0234'm V=582 o which is wrong!
] 1-ft l-in ]

This demonstrates that for this "engineering" equation we must be careful in its use!

To generate a Manning equation valid for Ry, in ft and V in ft/s, we need to do the following:

2 1

3,2
)y (m)  lin 1-ft Rp(m)~-Sg 1-in 1-ft )
V —_— = V — X X = X X
s ) s) 00254m  12in n 0.0254-m  12:in)




2 1 2 2 1 1

3 2 >y 3 2 S
) Ra(®”-Sg Bin LR 1in 1) Ra®7-Sg Lin 1R
VI — | = X X X X = X X
s ) n 0.0254-m  12:in) 0.0254-m  12-in) n 0.0254-m  12:in)
1
11 \3
In using this equation, we ignore the units and just evaluate the conversion factor (——) = 1.49
0254 12

2 1

3.2
\ L49Ry (7S

) .

Hence V(E
S

Handbooks sometimes provide this form of the Manning equation for direct use with BG units. In our case
we are asked to instead define a new value for n:

2 1
3,2
n ) R~ -So
ngGg = — ngg = 0.0094 where V=l ——
1.49 s) npG
1
2 -
= 2
1
24.6° (—) ]
Using this equation with Rh = 24.6 ft: V = 10 v = 284
0.0094 s
Converting to m/s V = 284-E x 12in X 0.0234'm V= 86,62 which is the correct
s 1-ft 1-in s

answer!



Problem 1.32 [Difficulty: 2]

1.32 From thermodynamics, we know that the coefficient of
performance of an ideal air conditioner (COPjgaq) is given by
Iy

LR,
e T - Ty

where Ty and Ty are the room and outside temperatures
(absolute). If an AC is to keep a room at 200C when itis 40°C
outside, find the (0P, Convert to an FER value, and
compare this to a typical Energy Star —compliant £ ER value,

Given: Equation for COP,;,,; and temperature data.

Find: COP, 4,4» EER, and compare to a typical Energy Star compliant EER value.

Solution: Use the COP equation. Then use conversions from Table G.2 or other sources (e.g., Www.energystar.gov) to

find the EER.
The given data is Ty = (20+273)-K Tp = 293K Ty = (40+273)-K Ty = 313K
: 293
The COPyyy is CoP = ————— = 14.65
tdeal Ideal = 31393

The EER is a similar measure to COP except the cooling rate (numerator) is in BTU/hr and the electrical input (denominator) is in W:

BTU BTU
2545.——
EER COP hr EER 14.65 br _ 500219
= X — = 14.65 x = 50.0-
Ideal Ideal W Ideal 746-W he- W

This compares to Energy Star compliant values of about 15 BTU/hr/W! We have some way to go! We can define the isentropic
efficiency as

B EERActual
Hisen EER[deal

Hence the isentropic efficiency of a very good AC is about 30%.



Problem 1.33 [Difficulty: 2]

1.33 The maximum theoretical flow rate (slugs) through a
supersonic nozzle is
: oo Pl
. — 2..‘.!-?%4_":'
]

where A, (ft*) is the nozzle throat area, o (psi) is the tank
pressure, and Ty ("R) is the tank temperature. s this equa-
tion dimensionally correct? If not, find the units of the 238
term. Write the equivalent equation in 51 units.

Given: Equation for maximum flow rate.
Find: Whether it is dimensionally correct. If not, find units of 2.38 coefficient. Write a SI version of the equation
Solution: Rearrange equation to check units of 0.04 term. Then use conversions from Table G.2 or other sources (e.g., Google)

Mpaxyf 10

AgPo

"Solving" the equation for the constant 2.38: 2.38=

Substituting the units of the terms on the right, the units of the constant are

1
1 1 -
- - 2 2 2.2
1 I 1 i ) in~.
slug sz_x_.:sngsz_xg>< Ibf-s :R in"-s
S ft2 psi s ft2 Ibf  slug-ft ft3
1
R2-in2~
Hence the constant is actually c= 2,38—S
3
ft

For BG units we could start with the equation and convert each term (e.g., A;), and combine the result into a new constant, or simply
convert ¢ directly:

1 1 1
2.2 2.2 2 2
o 2.38R -in -s _ 2.38R -in -8 N ( K ) N ( 1~f.t ) 8 1-ft
ft3 ft3 1.8R 12-in 0.3048m
1
K2~s At'pO

c = 0.04-

SO my .= 0.04

with A, in m?, p;, in Pa, and T, in K.
m ,TO



Problem 1.34

[Difficulty: 1]

1.34 The mean free path A of amolecule of gas is the average
distance it travels before collision with another molecule. It
is given by

M
A=C—
ped*

where m and o are the molecules mass and diameter,

respectively, and p is the gas density. What are the dimensions

of constant O for a dimensionally consistent equation?

Given: Equation for mean free path of a molecule.

Find: Dimensions of C for a diemsionally consistent equation.

Solution:  Use the mean free path equation. Then "solve" for C and use dimensions.

The mean free path equation is A= C-i
p-d2
2
" P . . . - p- d
Solving" for C, and using dimensions C =
m
L x X L2

The constant C is dimensionless.



Problem 1.35 [Difficulty: 1]

1.35 In Chapter 9 we will study aerodynamics and learn that
the drag force Fpp on a body is given by

A R P
f‘n = E{Jb" ."1.{.-_.1-_'.

Hence the drag depends on speed V', fluid density p, and body
size (indicated by frontal area A ) and shape (indicated by drag
coefficient Cp). What are the dimensions of Cg?

Given: Equation for drag on a body.
Find: Dimensions of Cp,

Solution:  Use the drag equation. Then "solve" for Cp, and use dimensions.

The drag equation is Fp = l~p-V2-A-CD
2
2-Fp
"Solving" for Cp, and using dimensions Cp=
F
o
M (L\ 2
— X —} x L
L3 t
L
But, From Newton's 2nd law Force = Mass - Acceleration or F=M—
t2
F M-L L3 t2 1
Hence Cp= = X —x —x—=0
M (L\z » & M 22
— X —} x L
L3 t

The drag coefficient is dimensionless.



Problem 1.36

[Difficulty: 1]

1.36 A container weighs 3.5 Ibf when empty. When filled with
water at %°F, the mass of the container and its contents is
2.5 slug. Find the weight of water in the container, and its
volume in cubic feet, using data from Appendix A.

Given: Data on a container and added water.
Find: Weight and volume of water added.

Solution: Use Appendix A.

For the empty container W, = 3.5Ibf
For the filled container Miota] = 2-5slug
The weight of water is then Wy = Miota12 — We
ft
Wy, = 2.5slug x 32.2-—2 x
]
The temperature is 90°F = 32.2°C
M
Hence V= .
p
SZ
Vi = 77.01bf x —
322 ft

l-lbf-s2
1-slug-ft

- 3.51bf

and from Table A.7

or

1 .93. slug

1

N 1-slug-ft

|- Ibf-s°

W, = 77.01bf
1
p = ]'93.%
fi>
WW
Vw = —
gp
3
Vy, = 1.24ft



Problem 1.37 [Difficulty: 1]

1.37 Animportant equation in the theory of vibrations is

d*x dx
t— +c— + kx = f{i)
TaE " fi
where s (kg) is the mass and x (m) is the position at time ¢ (s).
For a dimensionally consistent equation, what are the
dimensions of ¢, &, and 7 What would be suitable units for ¢,
k, and fin the 51 and BG systems?

Given: Equation for vibrations.
Find: Dimensions of ¢, k and f for a dimensionally consistent equation. Also, suitable units in SI and BG systems.

Solution:  Use the vibration equation to find the diemsions of each quantity

2
The first term of the equation is m~ﬁ
di?
. . . L
The dimensions of this are Mx —
2
t

Each of the other terms must also have these dimensions.

dx M-L L ML M
Hence c— = —— SO CX — = —— and c=—
t 2 t 2 t
t t
k.x:—'L S0 1<><L:E and k:M
2 2 2
t t t
M-L
f=——
2
t
Suitable units for c, k, and f are c: kg slug k: kg slug f: kgm  slug-ft
S S S2 SZ S2 S2

Note that ¢ is a damping (viscous) friction term, k is a spring constant, and f is a forcing function. These are more typically expressed
using F (force) rather than M (mass). From Newton's 2nd law:

L F-t2
F=M— or M=——
2 L
t
F-t2 F-t F t2 F
Using this in the dimensions and units for c, k, and f we find c= — = — k=—=— f=F
L-t L 2 L

=
-+

N-s Ibf-s N M
m ft m ft



Problem 1.38

[Difficulty: 1]

1.38 A parameter that is often wed in describing pump
performance is the specific speed, Ny, given by
N(rpm)[Q(gpm)]"*
Ll [H I:['T ) |.':-."-1-

N,

What are the units of specific speed? A particular pump has a
specific speed of 2000, What will be the specific speed in 51
units {angular velocity in rad/s)?

Given: Specific speed in customary units
Find: Units; Specific speed in ST units
Solution:
1 3
m-gpm ft 4
The units are [P Ep or —_
3 3
ft4 s 2

Using data from tables (e.g. Table G.2)

1
rpm-gpm
Ngey = 2000 —=—
£
3
1 —_—
1 — 4
2 . 3 ) \2 L~ft \
NScu — 2000 x rpm-gpm o 2-qv-rad 9 1-min 5 4 x 0.000946-m . 1-min y 12
3 lrev  60-s 1-gal 60-s ) 0.0254-m )
£t
1
2
rad [ﬁ\
S s )
Ngey = 406 ;
N



Problem 1.39 [Difficulty: 1]

1.39 A particular pump has an “engineering” eguation form of
the performance characteristic equation given by H (ft) =
1.5 45 % 1077 [Q (gpm)[’. relating the head H and fiow rate
(). What are the units of the coefficients 1.5 and 45 = 10777
Derive an 51 version of this equation.

Given: "Engineering" equation for a pump
Find: SI version
Solution:

The dimensions of "1.5" are ft.

The dimensions of "4.5 X 10" are ft/gpm?.
Using data from tables (e.g. Table G.2), the SI versions of these coefficients can be obtained

0.0254m

—.ft
12
2
-5 _ft —5 ft 0254 1-gal lquart .
4.5x 10 5~—:4.5.1() 3, XOOS m. gal quai '60.s\
gpm’ opm’ g Faquart 600946m> 1M1

12

-5 ft
4510 ~-—— = 3450-

gpm2 [m3\2
s )

The equation is

( (mﬂ\z
H(m) = 0.457 — 3450-| Q —
s ))



Problem 1.40 [Difficulty: 2]

1.40 Calculate the density of standard air in a laboratory
from the ideal gas equation of state. Estimate the experi-
mental uncertainty in the air demsity calculated for standard
conditions (299 in. of mercury and 5%°F) if the uncertainty in
measuring the barometer height is =0.1 in. of mercury and
the uncertainty in measuring temperature is =0.5°F. (Note
that 299 in. of mercury corresponds to 14.7 psia.)

Given: Air at standard conditions — p =29.9 in Hg, T'= 59°F
Uncertainty in p is + 0.1 in Hg, in T'is + 0.5°F
Note that 29.9 in Hg corresponds to 14.7 psia

Find: Air density using ideal gas equation of state; Estimate of uncertainty in calculated value.

Solution:

o c 2
p=L gyl IR 1 g0
RT in® " 533ft-Ibf  519°R~ fi

The uncertainty in density is given by

+
pop_prt _RT _, w =200 403349
D op RT  RT 77299
+
Irop I _p __ P __ _ 205 0.0963%

Then

1 1
u, =2+ (cuy P =+[0334% + (- 0.0963%)

U = +0.348% = +2.66x10-* 0™

P ft 3



Problem 1.41

[Difficulty: 2]

1.41 Repeat the calculation of uncertainty described in Prob-
lem 1.40 for air in a hot air balloon. Assume the measured
barometer height is 759 mm of mercury with an uncertainty
of =1 mm of mercury and the temperature is 60°C with an
uncertainty of =1*C. [Note that 759 mm of mercury corre-
sponds to 101 kPa (abs).)

Given: Air in hot air balloon

p=759+1mmHg T=60+1°C

Find: (a) Air density using ideal gas equation of state
(b) Estimate of uncertainty in calculated value

Solution:  We will apply uncertainty concepts.

Governing Equations: p=
R-T
1
, 1
x, OR ?
Up =% | ——u, | +
R ox,
We can express density as: p = 101-103 X N X ke K X ! = 1.06§
2 287N-m 333K

I
2 273
0, To
So the uncertainty in the density is: u, == £_pup + __p“T
p p poT

Pop_prl
p Op RT

Solving each term separately:

Za_/’_Z(ij __p
p 0T p\RT? RT

(Ideal gas equation of state)

(Propagation of Uncertainties)

kg
=1.06—=
P 3
m
1
u, = — =0.1318%
P 759

1
up = — = 0.3003%
333

Therefore: u, = i[(up)2 + (—uT)ZF = i[(0.1318%)2 +(- 0.3003%)2F

P

u, =+0.328% (i 3.47x10° k—%j
m



Problem 1.42 [Difficulty: 2]

1.42 The mass of the standard American golf ball is 1.62 =
0.01 oz and its mean diameter is 168 = 001 in. Determine
the demsity and specific gravity of the American golf ball.
Estimate the uncertainties in the calculated values.

_ m=1.62£0.0loz (20to1)
Given: Standard American golf ball: .
D=1.68+0.0lin. (20to1)

Find: Density and specific gravity; Estimate uncertainties in calculated values.

Solution:  Density is mass per unit volume, so

pmom 3 m _6m
¥V 4R’ 4z (D)2) =D’
c .3
p=Cx1620mx 1 x0A30ke M 300
7 (1.68)in. 160z (0.0254)m’
3
and SG=—L 113058 x ™13
Pio m~ 1000kg

1
o N m 0p (D op L
The uncertainty in density is given by U, =||——% U, | + _8_Du D
yo,

L Om
+
mop_ml_V_, u, 200N 617%
pom pV V 1.62
+
25_/’:2.[_3 6”Zj=_3§ . S 201 0.595%
poD p 7D 7 pD 1.68
Thus
1 1
u, =i[u,i +(—3uD)2F :J_r[o.617%2 +(—3xo.595%)2F u, :i1.89%:i21.4%

gy =u, =%1.89%=10.0214

. p=1130+21.4kg/m*> (20to1)
Finally,
SG =1.13+0.0214 (20to1)



Problem 1.43 [Difficulty: 2]

1.43 A can of pet food has the following internal dimernsions:
102 mm height and 73 mm diameter (each =1 mm at odds of
20 to 1) The label lists the mass of the contents as 397 g
Ewvaluate the magnitude and estimated uncertainty of the
density of the pet food if the mass value is accurate ton =1 g at
the same odds.

Given: Pet food can

H=102+1mm (20 to 1)
D=73+t1mm (20tol)
m=397+t1g (20tol)

Find: Magnitude and estimated uncertainty of pet food density.

Solution:  Density is

1
2 2 27,
D H
From uncertainty analysis: u,== (ﬁ —8'0 u, j + (— _ap u Dj + (— —8'0 uy, j

L Om p 0D p OH
+
mop _m4 1 1 4m _, u, ==L~ 402529
Yo om p w D? H p 2D*H 397
+
Evaluating: Dp _D n— .
pD  p p D*H 73
+
Bop By fm _ Dl up =k = £0980%
poH p aD*H p D H 102
2 2 !
— _ 2
Substituting: u, = [(1><0 252) +(=2x1.37) +(-1x0.980) T

=12.92%

3
v="DH="x (73> mm® x 102 mm x — =427 x 10*m®
4 4 10° mm?*
_m_ 397 g kg

x =930 kg/m?>
YV 427x10%m’  1000g e/

Thus: p=930+272 kg/m* (20 to 1)



Problem 1.44 [Difficulty: 2]

1.4.4y The mass flow rate in a water flow system determined by
collecting the discharge over a timed interval is (.2 kgf/s. The
scales used can be read to the nearest (WIS Kg and the stop-
watch is accurate to (0.2 5. Estimate the precision with which
the flow rate can be calculated for time intervals of (a) 10 s
and (b) 1 min.

Given: Mass flow rate of water determine by collecting discharge over a timed interval is 0.2 kg/s.

Scales can be read to nearest 0.05 kg.

Stopwatch can be read to nearest 0.2 s.

Find: Estimate precision of flow rate calculation for time intervals of (a) 10 s, and (b) 1 min.
Solution: Apply methodology of uncertainty analysis, Appendix F:
. Am
m=—-
At
Computing equations: X 5 1
Am Om At Om :
u, == . Upw | T — Uy
m OAm m OAt
Am Om 1 At om  At* Am
Thus ——=At—=1 and — = —— =—1
m OAm At m oAt  Am At
The uncertainties are expected to be + half the least counts of the measuring instruments.
Tabulating results:
Water
Time Uncertainty Uncertainty | Uncertainty
Error in At Collected, | Errorin Am
Interval, At in At in Am in m
(s) Am (k)
(s) (%) (%) (%)
(k)
10 +0.10 +1.0 2.0 +0.025 +1.25 +1.60
60 +0.10 +0.167 12.0 +0.025 +0.208 +0.267

A time interval of about 15 seconds should be chosen to reduce the uncertainty in results to + 1 percent.




Problem 1.45 [Difficulty: 3]

1.4 5 The mass flow rate of water in a tube is measured using a
beaker to catch water during a timed interval. The nominal
mass flow rate is 100 g/s. Assume that mass is measured using

a balance with aleast count of 1 gand a maximum capacity of
1 kg, and that the timer has a least count of (1.1 5. Estimate the

time intervals and uncertainties in measured mass flow rate
that would result from using 100, 500, and 1000 mL beakers.
Would there be any advantage in using the largest beaker?
Assume the tare mass of the empty T mL beaker is 500 g,

Given: Nominal mass flow rate of water determined by collecting discharge (in a beaker) over a timed
interval is m =100 g/s ; Scales have capacity of 1 kg, with least count of 1 g; Timer has least
count of 0.1 s; Beakers with volume of 100, 500, 1000 mL are available — tare mass of 1000 mL
beaker is 500 g.

Find: Estimate (a) time intervals, and (b) uncertainties, in measuring mass flow rate from using each of
the three beakers.

Solution: To estimate time intervals assume beaker is filled to maximum volume in case of 100 and 500 mL
beakers and to maximum allowable mass of water (500 g) in case of 1000 mL beaker.

Then p = Am and Atzﬂzﬂ

At m m

Tabulating results
AV =100 mL 500 mL 1000 mL

At = 1s 5s 5s

Apply the methodology of uncertainty analysis, Appendix E. Computing equation:
1

Am it P (arom VP
u, =% B Uy, | | — Up
m OAm m OAt

The uncertainties are = half the least counts of the measuring instruments: SAm ==+0.5¢g OAt=0.05s
1
Am on 1 At om AP A 2 >
Am O\ Vg ALOR A Am sy =y, + (cuy, Vb
m OAm At m oAt Am At
Tabulating results:
Beaker Water Error in Am | Uncertainty Time Error in At | Uncertainty | Uncertainty
Volume AV | Collected (@ in Am (%) Interval At (s) in At (%) 0 1 (%
(L) Am(g) ¢ : s) D | mmeo
100 100 +0.50 +0.50 1.0 +0.05 +5.0 +5.03
500 500 +0.50 +0.10 5.0 +0.05 +1.0 +1.0
1000 500 +0.50 +0.10 5.0 +0.05 +1.0 +1.0

Since the scales have a capacity of 1 kg and the tare mass of the 1000 mL beaker is 500 g, there is no advantage in
using the larger beaker. The uncertainty in m could be reduced to + 0.50 percent by using the large beaker if a scale
with greater capacity the same least count were available



Problem 1.46

[Difficulty: 2]

1.446 The mass of the standard British golf ball is 459 = 0.3 g
and its mean diameter is £1.1 = 0.3 mm. Determine the
density and specific gravity of the British golf ball. Estimate
the uncertainties in the calculated values,

Given: Standard British golf ball:

m=459+03g (20to1)
D=411£03mm (20to1)

Find: Density and specific gravity; Estimate of uncertainties in calculated values.

Solution: Density is mass per unit volume, so

pem_m 3 m _6m
vV 4R° 4z (D2’ #D°
6 3 3
=—x00459 kg x ———m” =1260 kg/m
= 5 00811 ¢/
and
3
SG=—2 1260 € x 26
PH,0 m> 1000 kg

The uncertainty in density is given by

1
2 2707
g mop, | [Ro%,
p Om p 0D

u =+
mop _ml_V_, i, =22 10.654%
pom pV ¥V 459
DaD—D[— 6”2]—— (6"’4)——3, uy =+ 23— 10.730%
pom p 7 D D 41.1
Thus
1 1
u, =%, +(3u, P | =x[0.6547 +(-3x0.730)
— o/ _— 3
u, =+2.29%=+289kg/m
Ug =u, =£2.29% = 0.0289
Summarizing p=1260+289 kg/m3 (20to 1)

SG =126+0.0289 (20 to 1)



Problem 1.47 [Difficulty: 3]

1.47 The estimated dimensions of a soda can are £ =660 =
0.5 mm and A =110 = 0.5 mm. Measure the mass of a full
can and an empty can wsing a kitchen scale or postal scale.
Estimate the volume of soda contained in the can. From vour
measurements estimate the depth to which the can is filled
and the uncertainty in the estimate. Assume the value of
S0 = L1055, as supplied by the bottler.

Given: Soda can with estimated dimensions D = 66.0 £ 0.5 mm, H= 110 £+ 0.5 mm. Soda has SG = 1.055

Find: Volume of soda in the can (based on measured mass of full and empty can); Estimate average
depth to which the can is filled and the uncertainty in the estimate.

Solution: Measurements on a can of coke give

m; =3865+050g, m,=175+050g. . m=m;-m,=369tu, g

2 2 %

m; Om m, Om
um = 771’[”1 + 714”1
m om, "’ m om,

05g 050

u, =+ = 4000129, u, =+——=00286
{7 386.5g <175

2 2
u, == 3'86’5><1><0.00129) + 17‘5><1><0.0286 =0.0019
369 369

o=

Density is mass per unit volume and SG = p/pH,0 so

m’ 1 kg

V= X X X
1000kg 1055 1000g

=350x 107" m’

Mm__ M _369¢
p pH,O0SG

The reference value pH,O is assumed to be precise. Since SG is specified to three places beyond the decimal point,
assume ugg = £ 0.001. Then

1
(m ov T (SG ov jz 2
u,=||——u, | +| ———ug;
v Om v 0SG
1
u, = +[1x0.0019) +(=1x0.001)' | =£0.0021=£0.21%

’ 4V _4 350x10°m’ 10°mm

V:ED L or L= ) X
4 7D 7 0.066°m m

=102mm



1
Y- (vaLu ]:(ML” j 2
. Lov " LoD "
voL_ 4 ”Dz_l
Lov aD* 4
DOL_D L 4% _ ) 4% _ 0500
LoD L D DL 66

1
u, = i[(1x0.0021)2 +(-2x 0.0076)2F =+0.0153=+1.53%

Notes:

1.

Printing on the can states the content as 355 ml. This suggests that the implied accuracy of the SG value may be
over stated.

2. Results suggest that over seven percent of the can height is void of soda.



Problem 1.48

[Difficulty: 3]

1.48 From Appendix A, the viscosity u (N-s/m”) of water at
temperature T (K} can be computed from p = A108AT-O
where A =2.414 % 107" N.s/m”, B = 2478 K, and C = 140 K.
Determine the viscosity of water at 30°C, and estimate its
uncertainty if the uncertainty in temperature measurement is

*0.5°C.
Given: Data on water
Find: Viscosity; Uncertainty in viscosity
Solution:
. — 5 N-
The data is: A =2414x 10 S8 B = 247.8K C = 140-K T = 303-K
m2
o . 0.5K
The uncertainty in temperature is up = —— up = 0.171%
293K
B
— ) _3 N
Also (T = A-10(T9 Evaluating W(293K) = 1.005x 10—
m2
For the uncertainty d—u(T) = _M
dT
10 T c-1?
T 4 In(10)- | B-T-u|
Hence uM(T) = |——=uMDup| = ———— Evaluating uM(T) =1.11%
W) dT (Jc -]




Problem 1.49 [Difficulty: 4]

1.49 Using the nominal dimemsions of the soda can given
in Problem 1.47, determine the precision with which the
diameter and height must be measured to estimate the volume

of the can within an uncertainty of =0.5 percent.
Given: Dimensions of soda can: D =66 mm, H=110 mm
Find: Measurement precision needed to allow volume to be estimated with an
uncertainty of + 0.5 percent or less. H

Solution:  Use the methods of Appendix F:

Computing equations: | D |

: _ zD’H v _ zD? oV _ zDH ; — 4 Jx — 4 Jx P
Since V =% then §7 =%~ and 5 =5 Letting u, =< and u,; =£<*, and substituting,

1 1

4H 7D? 6x\ ( 4D ~DH&ox) | sxYV (26xV [
u, =% > — | + e =+ = | +] ==
7D’H 4 H ZD’H 2 D o D

2 2 2 2
S i R RE
0.0

ox==

=+ - —=+0.158 mm

[+ T () () |

Check:
u, = L Ox L OI8mm 07
H 110 mm
=+ 0% 0I8mm ) 59 107
D 66 mm

u, =+(u,)? + (2uy )’ T =+[(0.00144)* + (0.00478)°]* = +0.00499

If &x represents half the least count, a minimum resolution of about 2 dx =~ 0.32 mm is needed.



Problem 1.50 [Difficulty: 3]

1.50 Anenthusiast magazine publishes data from its road tests
onthe lateral acceleration capabilityofcars. The measurements
are made using a 150-ft-diameter skid pad. Assume the vehicle
path deviates from the circle by =2 ft and that the vehicle speed
is read from afifth-wheel speed-measuring svstem to =05 mph.
Estimate the experimental uncertainty in a reported lateral
acceleration of 0.7 g. How would vouimprove the experimental
procedure to reduce the uncertainty?

Given: Lateral acceleration, a = 0.70 g, measured on 150-ft diameter skid pad; Uncertainties in Path
deviation +2 ft; vehicle speed +0.5 mph

Find: Estimate uncertainty in lateral acceleration; ow could experimental procedure be improved?
Solution:  Lateral acceleration is given by a = V¥/R.

From Appendix F, u, = #[(2u,)? + (ug)*]"?

ft ft
Fromthe givendata, V> =aR; V =+aR = \/0.70 x32.2—xT75ft =41.1—
S S
Then u, =+ N sl S sgo L T o178
\% hr 41.1ft mi  3600s
and g =+ R0 i = 400267
R 75 ft
S0

) ) 1/2
u, = i[(2 x 0.0178)% + (0.0267) ] = 100445

u, = +4.45 percent

Experimental procedure could be improved by using a larger circle, assuming the absolute errors in measurement are
constant.

For

D =400 ft; R =200 ft

V:=aR; V=+aR = \/0.70>< 32.2iz>< 200 ft = 671 = 45.8 mph
S S
Uy =02 2 40,0100, w1, =+ =£0.0100
45.8 200
u, = i[(2 x0.0109)" + 0.01002]= +0.0240 = +2.4%



Problem 1.51

[Dafficulty: 4]

1.51 The heightof abuilding may be estimated by measuring the
horizontal distance to a point on the ground and the angle from
this point to the top of the building, Assuming these measure-
ments are L= 100 = 0.5 ftand # = 30 = 0.2°, estimate the height
H of the building and the uncertainty in the estimate. For the
same building height and measurement uncertainties, use
Excel's Solver to determine the angle (and the corresponding
distance from the building) at which measurements should be
made to minimize the uncertainty in estimated height. Evaluate
and plot the optimum measurement angle as a function of
building height for 50 = & = 1000 ft.

Given: Drata on length and angle measurements
Find: Height: Angle for minimum uncertainty in height; Plot

Solution:

La
= ]
=]
Il
s
=1
(=1
o
i}
=
o
Il
=]
S8
=
I
it}

The data is: L = 100-ft &L = 0.3

Uncertainties: u = — up = 0.5-% uy = ? up = 0.667-%

The heightis: H = L-tan(8) H=37714 with uncertainty upp =

Hence with i

gL fals]
Evaluating ugg = 0.548-% and 8H = uprH 8H = 0348 ft
The height is then H = 57.7-ft +- 8H = 0.348-ft

To plot ug versus B for a given H we need to replace L, up and ug with functions of 8. Doing this and simplifying

- N s 2712
ugg(#) = J: tan{f) — | + |:—-' 1+ tan(l':\]_=:|

S

. ) tan{f)

Given data:

H= 577 ft
oL = 0.5 ft
50 = 0.2 deg

For this building height, we are to vary0 (and therefore L ) to minimize the uncertainty u ;.

- , 4 'L = L@
H = tan{d) —H=LI1+tan{@)"/ up = j: —-tan{8)-u; | —|:—-



Plotting u 1 vs 0

Uncertainty in Height (H = 57.7 ft) vs 0

0 (deg) uy

5 4.02%

10 2.05% 12% -
15 1.42% 10% |
20 1.13%

25 1.00% 8% 1
30 0.95% 6%
35 0.96%

40 1.02% 4% -
45 1.11% 2% |
50 1.25%

55 1.44% 0%
60 1.70% 0
65 2.07%

70 2.62%

75 3.52%

80 5.32%

85 10.69%

Optimizing using Solver

0 (deg) uy
31.4 0.947%

To find the optimum 0 as a function of building height H we need a more complexSolver

H () [ 6 (deg) uy
50 29.9 0.992%
75 34.3 0.877%
100 37.1 0.818%
125 39.0 0.784%
175 413 0.747%

200 42.0 0.737%
250 43.0 0.724%
300 43.5 0.717%
400 44.1 0.709%
500 44.4 0.705%
600 44.6 0.703%
700 44.7 0.702%
800 44.8 0.701%
900 44.8 0.700%
1000 44.9 0.700%

0 (deg)

Optimum Angle vs Building Height

50 q |

40/7 ********************** e
30 A

|
|
I |
| | | |
| | | |
: : : :
| | | |
20 - | | | |
| | | |
| | | |
10+---—-——-—-—-—- [ [ A
: : : :
O T } } T T T } } T 1
0 100 200 300 400 500 600 700 800 900 1000
H (ft)

Use Solver to vary ALL 0's to minimize the total u !

Total uy's: 11.3%




Problem 1.52 [Difficulty: 4]

1.52 An American golf ball is described in Problem 1.42
Assuming the measured mass and its uncertainty as given,
determine the precision to which the diameter of the ball
must be measured so the density of the ball may be estimated

within an uncertainty of =1 percent.
Given: American golf ball, m = 1.62 = 0.01 oz, D = 1.68 in.
Find: Precision to which D must be measured to estimate density within uncertainty of = 1percent.

Solution:  Apply uncertainty concepts

s . —m _4 3 ”_D3
Definition: Density, p =< V =57R” =
2
Computing equation: u, ==+ (__qu] 4o

From the definition,

Thus%g'i:land %3—523,50
2 213
up:i[(lum) +Q@Buy) ]
2 2 2
u,=u "+9u;
Solving,

From the data given,

u, =+0.0100
+

u =200z _ 6 00617
1.62 oz

up = i%[(O.OlOO)2 — (0.00617)2]% =+0.00262 or £0.262%
Since up = i%, then

0D =1D u, ==£1.681in. 0.00262 =+0.004411n.

The ball diameter must be measured to a precision of £ 0.00441 in.( £ 0.112 mm) or better to estimate density
within + 1percent. A micrometer or caliper could be used.



Problem 1.53 [Difficulty: 5]

1.53 A syringe pump is to dispense liguid at a flow rate of
100 mL/min. The design for the piston drive is such that the
uncertainty of the piston speed is L01 in/min, and the
cylinder bore diameter has a maximum uncertainty of 00005
in. Plot the uncertainty in the flow rate as a function of
cylinder bore. Find the combination of piston speed and bore
that minimizes the uncertainty in the flow rate.

Given: Syringe pump to deliver 100 mL/min 8V = 0,()01.L 8D = 0.0005-in
min

Find: (a) Plot uncertainty in flow rate as a function of bore.
(b) Find combination of piston speed and bore resulting in minimum uncertainty in flow rate.

Solution:  We will apply uncertainty concepts.

Governing Equations: Q=Z.p’v (Flow rate in syringe pump)
4
1
, 1
x, OR (Propagation of Uncertainties)
R = i ——ux + ce
R ox,
. . ) 4Q
Now solving for the piston speed in terms of the bore: V(D) = ——
7D

1 1
2 273 2 2732
So the uncertainty in the flow rate is: u, =+ (Qa_QuDJ +(K6_Q”Vj =+ (Bgu[) + KQMV
0D

¢ "loap 0oV ov
+[ 2 2 F where _% _ v The uncertainty is minimized when auQ
ug =£2u, ) +(u,) ‘DT WY Y D
1
5 6
Substituting expressions in terms of bore we get: Dyt = 2 (SD—Q\
p 2\ 8V )
11
Substituting all known values yields Dopt = 1.76-in
Plugging this into the expression for the piston speed yields Vopt = 2,50.1—1.l and the uncertainty is Uopt = 0.0694-%
min

Graphs of the piston speed and the uncertainty in the flowrate as a function of the bore are shown on the following page.
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Problem 2.1

[Difficulty: 1]

2.1 For the velocity fields given below, determine:

a. whether the flow field is one-, two-, or three-dimensional ,

and why,

b. whether the flow is steady or unsteady, and why.
('The guantities a and b are constants.)
(1) V= [[ax+ t)e®]i Vo= (ax — by)i )
i3) E axi + [¢™]f E axi+bx’j + axk
(5) V = axi+ [M]] Vo=axi+ba'j+ ayk
(7} Vo= axi + [%]] + ayk V o= axi+[e)f + azk

2)
(4)
(6)
(8)

Given: Velocity fields

Find: Whether flows are 1, 2 or 3D, steady or unsteady.
Solution:
> >
) V=V(,y) 2D
> >
2) V=V(,y) 2D
> >
A3) V=V (x) 1D
> >
“4) V=V (x) 1D
> >
5) V=V (x) 1D
> >
(6) V=V(x,y) 2D
> >
(7 V=V(x,y) 2D
> >
®) V=V(,y,z) 3D

~
—
~

W

~
—
~

W

~
—
~

W

~
—
~

Il
<y <l ¥ <V o<y o<v o<y <Y

W

~
—
~

<v <Y <Y< <Y < <Y <Y

W

~
—
~

Unsteady
Steady
Steady
Steady
Unsteady
Steady
Unsteady

Steady



Problem 2.2

[Difficulty: 1]

2.2 For the velocity fields given below, determine:
a. whether the flow field is one-, two-, or three-dimensional ,
and wihy,

b. whether the flow is steady or unsteady, and why.
(" The guantities a and b are constants.)
(1) V= [aPe )i (2) V =axdi+ hxj+ ck
(3) V = axyi — byt (4) V =axi —byj+ ctk )
(5) V = [ae™)i +br (6) V =a(x®+ )" {1/ %k
(7} Vo= [ax+ )i — B2 (B) V = ax?i+ bxzj+ cvk

Given: Velocity fields

Find: Whether flows are 1, 2 or 3D, steady or unsteady.
Solution:
> >
) V=V(y) 1D
> >
2) V=V (x) 1D
> >
A3) V=V(x,y) 2D
> >
“) V=V(x,y) 2D
> >
4) V=V (x) 1D
> >
(6) V=V(,y,z) 3D
> >
(7 V=V(x,y) 2D
> >
®) V=V(,y,z) 3D

> >
V=Vt
> >
V=V (1)
> >
V=Vt
> >
V=Vt
> >
V=Vt
> >
V=V (1)
> >
V=Vt
> >
V=V (1)

Unsteady
Steady

Unsteady
Unsteady
Unsteady
Steady

Unsteady

Steady



Problem 2.3

[Difficulty: 2]

2.3 A viscous liquid is sheared between two parallel disks; the
upper disk rotates and the lower one is fixed. The velocity
field between the disks is given by V = grwz/h. (The origin
of coordinates is located at the center of the lower disk; the
upper disk is located at z = k) What are the dimensions of
this velocity field? Does this velocity field satisfy appropriate
physical boundary conditions? What are they?

Given: Viscous liquid sheared between parallel disks.

Upper disk rotates, lower fixed.
Velocity field is: V=e,—

Find:
a. Dimensions of velocity field.

b. Satisfy physical boundary conditions.

Solution: To find dimensions, compare to V= ﬁ(x,y, Z) form.

The given field is V= 17(1”,2). Two space coordinates are included, so the field is 2-D.

Flow must satisfy the no-slip condition:

1. Atlower disk, V =0 since stationary.

. rw0 ,
z=0,s0 V' =e,——=0, so satisfied.

h

2. Atupperdisk, V = égra) since it rotates as a solid body.

wh

= AT ~ .
z=h,so V =e,——=¢e,ra, so satisfied.
h



Problem 2.4 [Difficulty: 1]

2.4 I-'nf:nr_“’ttlfi velocity field _ljr-" Ax?yi + Bxy?j, where
A=2m "5 and =1 m "5 °, and the coordinates are
measured in meters, obtain an equation for the flow
streamlines. Plot several sireamlines in the first guadrant.

Given: Velocity field
Find: Equation for streamlines
i Streamline Plots
Solution:
dy B B c-1
For streamlines y_o_=xy 2y eeee C=12
u dx A-xz-y A-x e gii
So, separating variables Y = EE el
y A x ; ~
. B 1 .. Seeo -
Integrating In(y) = X~1n(x) +c= —E~1n(x) +c Seee... -
The solution is C t t t t 1
y=—
\/; 0 1 2 3 4 5

The plot can be easily done in Excel.



Problem 2.5 [Difficulty: 2]

2.5 The velocity field V = Axi — Ayj, where A= 25", can be
interpreted to represent flow in a corner. Find an equation
for the flow streamlines. Explain the relevance of A. Plot
several streamlines in the first quadrant, including the one
that passes through the point (x, v)= {0, 0L

Given: Velocity field
Find: Equation for streamlines; Plot several in the first quadrant, including one that passes through point (0,0)
Solution:
Governing equation: For streamlines Y_ dy

u  dx
Assumption: 2D flow

v_dy Ay 'y .
Hence s s T Streamline Plots

u  dx A-x X
So, separating variables Y = _&

y X
Integrating In(y) = —In(x) + ¢ ,g

=
The solution is In(x-y) =c
C
or y=—
X Il Il Il Il |
0 1 2 3 4 5
The plot can be easily done in Excel.
X (m)

The streamline passing through (0,0) is given by the vertical axis, then the horizontal axis.
The value of A is irrelevant to streamline shapes but IS relevant for computing the velocity at each point.



Problem 2.6 [Difficulty: 1]

2.6 A velocity field is specified as V = axu + by, where
ga=2m s, b=-6m s, and the coordinates are mea-
sured in meters. s the flow field one-, two-, or three-
dimensional? Why? Calculate the velocity components at the
point (2, %). Develop an eguation for the streamline passing
through this point. Plot several streamlines in the first quad-
rant including the one that passes through the point (2, %).

Given: Velocity field
Find: Whether field is 1D, 2D or 3D; Velocity components at (2,1/2); Equation for streamlines; Plot
Solution:

The velocity field is a function of x and y. It is therefore 2D.

At point (2,1/2), the velocity components are u=axy= 2.L x 2-m X l-m u= 2-E
m-s s
2
1 1 3
v = b-y2 =—6-— x —~m\ v=-=2
m-s 2 } 2 s
dy by’ b
For streamlines y_ o_2y 2y
dx axy ax
So, separating variables Y = EE
y a Xx
b
. b a
Integrating In(y) = —-In(x) + ¢ y=Cx
a
The solution is y=0Cx 3
. . . o 1 -3 3 4
The streamline passing through point (2,1/2) is given by - =C2 C=-2 C=4 y=—
2 2 X3
201
=== Streamline for C
16/s == * Streamline for 2C
See == Streamline for 3C
DL P - == = Streamline for 4C
~ Y
8». o~ - - = =, -
...... - - .‘.‘.~.
A — ......."'.0..-o:.-.T--.--.:._~_.:'-.o-.-.-.-.-
1 13 1.7 2

This can be plotted in Excel.



Problem 2.7 [Difficulty: 2]

2.7 Avelocity field is given by Vo= axi f;r}j. wherea=1s5""
4 =3 - . . .

and b=1 5 ", Find the equation of the streamlines at anv

time r. Plot several streamlines in the first quadrant at r= (0 5,

r=1s and r=20s

Given: Velocity field
Find: Equation for streamlines; Plot streamlines
Solution:
For streamlines . E = bty
u dx a-x
So, separating variables gy = bt &
b a x

. —b-t

Integrating n(v) = -In{x)
a
—b
—
The solution is V=cx &
Fori=0s ¥==c Forr=1s -_i,=E Fori=20s -_=,-=.:-x_::
X
t=0 t=1s t=20s
(### means too large to view)
c=1 ¢=2 ¢=3 c=1 c¢=2 ¢=3 c=1 c¢=2 ¢=3
X y y y X y y y X

0.05 1.00 2.00 3.00 0.05 | 20.00 | 40.00 | 60.00 0.05 | HiHHHH | tHHEHE | i
0.10 1.00 2.00 3.00 0.10 | 10.00 | 20.00 | 30.00 0.10 | HHHHH | tHHEHT | i
0.20 1.00 2.00 3.00 0.20 5.00 | 10.00 | 15.00 0.20 | HHHHH | tHHEH | 1
0.30 1.00 2.00 3.00 0.30 3.33 6.67 | 10.00 0.30 | HHHHH | tHHEH | 1
0.40 1.00 2.00 3.00 0.40 2.50 5.00 7.50 0.40 | HHHHH | tHHEHE | 1
0.50 1.00 2.00 3.00 0.50 2.00 4.00 6.00 0.50 | HiHHHH | tHHEH | 1
0.60 1.00 2.00 3.00 0.60 1.67 3.33 5.00 0.60 | #HiHHHH | tHHEHH | i
0.70 1.00 2.00 3.00 0.70 1.43 2.86 4.29 0.70 | HHHIHH | tHHEH | 1
0.80 1.00 2.00 3.00 0.80 1.25 2.50 3.75 0.80 | 86.74 | 173.47]260.21
0.90 1.00 2.00 3.00 0.90 1.11 2.22 3.33 0.90 8.23 | 1645 | 24.68
1.00 1.00 2.00 3.00 1.00 1.00 2.00 3.00 1.00 1.00 2.00 3.00
1.10 1.00 2.00 3.00 1.10 0.91 1.82 2.73 1.10 0.15 0.30 0.45
1.20 1.00 2.00 3.00 1.20 0.83 1.67 2.50 1.20 0.03 0.05 0.08
1.30 1.00 2.00 3.00 1.30 0.77 1.54 231 1.30 0.01 0.01 0.02
1.40 1.00 2.00 3.00 1.40 0.71 1.43 2.14 1.40 0.00 0.00 0.00
1.50 1.00 2.00 3.00 1.50 0.67 1.33 2.00 1.50 0.00 0.00 0.00
1.60 1.00 2.00 3.00 1.60 0.63 1.25 1.88 1.60 0.00 0.00 0.00
1.70 1.00 2.00 3.00 1.70 0.59 1.18 1.76 1.70 0.00 0.00 0.00
1.80 1.00 2.00 3.00 1.80 0.56 1.11 1.67 1.80 0.00 0.00 0.00
1.90 1.00 2.00 3.00 1.90 0.53 1.05 1.58 1.90 0.00 0.00 0.00
2.00 1.00 2.00 3.00 2.00 0.50 1.00 1.50 2.00 0.00 0.00 0.00




Streamline Plot (t = 0)
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Problem 2.8

[Difficulty: 2]

2.8 A wvelocity field is given by WV = ax® + hxy?j, where
a=1m s " and b=1 m s~ ' Find the equation of the
streamlines. Plot several streamlines in the first guadrant.

Given: Velocity field
Find: Equation for streamlines; Plot streamlines
Solution:
3
Streamlines are iven by r_ E = bxy
u dx 3
a-x
S0, separating variables dy = b-dx
}-‘J a-x
T 10
Integrating - L =E-:——1:+C
247 a 'l x)
. 1
The solution is v=
a 1
b= 1
C= 0 2 4 6
X y y y y

0.05 | 0.16 0.15 0.14 0.14

0.10 | 0.22 0.20 0.19 0.18

MNote: For convenience the sign of C is

0.20 | 0.32 0.27 0.24 0.21

0.30 | 0.39 0.31 0.26 0.23

0.40 | 0.45 0.33 0.28 0.24 12 -

0.50 | 0.50 0.35 0.29 0.25

0.60 | 0.55 0.37 0.30 0.26

Streamline Plot

070 | 059 | 038 | 030 | 026 Ho
080 | 063 | 039 | 031 | 026 0s |
090 | 067 | 040 | 031 | 027

100 | 071 | 041 | 032 | 027

110 | 0.74 | 041 | 032 | 027 y0.61
120 | 077 | 042 | 032 | 027 04l
130 | 0.81 | 042 | 032 | 027 '
140 | 0.84 | 043 | 033 | 027

150 | 087 | 043 | 033 | 027 02 1
160 | 0.89 | 044 | 033 | 027

170 | 092 | 044 | 033 028 0.0

1.80 | 0.95 0.44 0.33 0.28

1.90 | 0.97 0.44 0.33 0.28

2.00 | 1.00 0.45 0.33 0.28

0.0

1.5 2.0




Problem 2.9 [Difficulty: 2]
2.9 Aflowisdescribed by the velocity field V = (Ax + B)i +
i Ay:j. where A =10 ft/s'ft and & =20 fi's. Plot a few
streamlines in the xy plane, including the one that passes
through the point (x, ¥v)= (1, 2).
Given: Velocity field
Find: Plot streamlines
Solution:
Streambnes are given by Yoy _ Ay
u d« A=x+B
So, separating variables dy = &
—A-y Ax+ B
. " B
Integrating ——In(vl=—-Inx+ — |
¥, 4 . A
The solution is v C
- i+ —
. . i ! 207 6
For the streamline that passes through point (x7) = (1.2} C=vix+—1i=2 — =5 v =
\ A 10/ - 20
i+ —
G 10
o=
- X+ 2
A= 10
B= 20
1 2 4 6
X y y y y
0.00 | 0.50 1.00 2.00 3.00
0.10 | 0.48 0.95 1.90 2.86
0.20 | 0.45 0.91 1.82 2.73 Streamline Plot
0.30 | 043 0.87 1.74 2.61 35
040 | 0.42 0.83 1.67 2.50 — |
050 [ 040 | 080 | 160 | 240 30 —_—
0.60 | 0.38 0.77 1.54 231 —
0.70 [ 037 | 0.74 1.48 2.22 25 ] —_——6 ()= (12)
0.80 | 0.36 0.71 1.43 2.14
0.90 | 0.34 0.69 1.38 2.07 2.0 A
1.00 | 0.33 0.67 1.33 2.00 >
1.10 | 0.32 0.65 1.29 1.94 1.5 4
1.20 | 0.31 0.63 1.25 1.88
1.30 | 0.30 0.61 1.21 1.82 1.0 —\
140 | 0.29 0.59 1.18 1.76
150 [ 029 | 057 | 1.14 | 171 0.5 +—
1.60 | 0.28 0.56 1.11 1.67
170 | 027 | 054 | 1.08 | 162 00 ‘ ‘ ‘ ‘
180 | 026 | 053 | 105 | 1.8 00 0 1o = 0
1.90 | 0.26 0.51 1.03 1.54 X
2.00 [ 0.25 0.50 1.00 1.50




Problem 2.10

[Difficulty: 2]

2.10 The velocity for a steady, incompressible flow in the xy
plane is given by Vo= id/x+ j-Ay.-".l:. where A =2 m?s, and
the coordinates are measured in meters. Obtain an equation
for the streamline that passes through the point (x, y) =
(1, 3). Calculate the time required for a fluid particle to move

from x =1 m to x =2 min this low field.
Given: Velocity field
Find: Equation for streamline through (1,3)
Solution: y
AL

d 2

For streamlines y.g__x 3
u  dx A X
X
So, separating variables Y = &
X

Integrating In(y) = In(x) + ¢
The solution is y=Cx which is the equation of a straight line.
For the streamline through point (1,3) 3=_C-1 C=3 and y =3x

dx A x2 c
For a particle U, =—=— or x-dx = A-dt X = \/2~A-t +¢c t=— - —

Pdt x 2A 2A
Hence the time for a particle to gofromx =1tox =2 mis
2 2 2 2
2. — 1- — 4.-m- - 1.
At=t(x=2) - t(x=1) AW —e (m —c 4m - lm At= 0755
2-A 2-A m2
2x2—

S



Problem 2.11 [Difficulty: 3]

2.11 The flow field for an atmospheric flow is given by
My . Mx:
e —
2 2 /

where M =1 3_1: and the x and y coordinates are the parallel
to the local latitude and longitude. Plot the velocity
magnitude along the x axis, along the y axis, and along the
line ¥ = x, and discuss the velocity direction with respect to
these three axes. For each plot use a range x or ¥ = 0 km
to 1 km. Find the eguation for the streamlines and sketch
several of them. What does this flow field model?

Vv

Given: Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equation for streamlines
Solution:
On the x axis, y = 0, so u:—w:() V:&
2.7 2.
Plottin
& 2001
1501
&
E 1007
>
501
0 02 0.4 0.6 0.8 1
x (km)

The velocity is perpendicular to the axis and increases linearly with distance x.

This can also be plotted in Excel.

On the y axis, x = 0, so u:_w V:&ZO
2.1t 2.7t
Plotting . . . . .
0 0.2 0.4 0.6 0.8 1
- 501
0
E — 1007
=
— 1501
- 200"
y (km)

The velocity is perpendicular to the axis and increases linearly with distance y.

This can also be plotted in Excel.



Onthey=x = —2 - 2% y= —2
axis 2. 2. 2.7
The flow is perpendicular to line y = x: Slope of line y = 1

X:

Slope of trajectory of
motion:

If we define the radial position: r= 1, x2 + y2 then along y = r= \, x2 + x2 = \/E-x

X
Then the magnitude of the velocity alongy =x isV = \’u2 + V2 = i.wlxz + x2 = My2x Mt
2.7 T

= -1

< |=

2m 2w
Plottin
s 2001
1501
&
g 1001
>
501
0 02 0.4 0.6 0.8 1
r (km)
This can also be plotted in
Excel. M-x
For X — ﬂ — 2—“’ — _i
streamlines u dx My y
2.
So, separating y-dy = —x-dx
variables
2 2
Integrati y _x c
ng 2 2
: 2 2 C o .
The solution x +y =C which is the equation of a
circle.

i . ..
”[She streamlines form a set of concentric circles.

This flow models a rigid body vortex flow. See Example 5.6 for streamline plots. Streamlines are circular, and the velocity
approaches zero as we approach the center. In Problem 2.10, we see that the streamlines are also circular. In areal tornado, at
large distances from the center, the velocities behave as in Problem 2.10; close to the center, they behave as in this problem.



Problem 2.12 [Difficulty: 3]

2.12 The flow field for an atmospheric flow is given by
- Ky : Kx -
v

2m(xk 4 }‘2_:-1 I 2m(x 4 }‘2_:'1

where K = 10° m%s, and the x and yooordinates are parallel to
the local latitude and longitude. Plot the velocity magnitude
along the x axis, along the y axis, and along the line y = x, and
discuss the velocity direction with respect to these three axes.
Foreachplotuse arange xor y = = L kmto 1 km, excluding lx|
or |yl = 100 m. Find the equation for the streamlines and
sketch several of them. What does this fiow field model?

Given:  Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equation of streamlines
Solution:
On the x axis, y =0, so u=— Ky —0 v = K-x _ K
( 2 2) ( 2 2) 2-0-x
2-mr-\x +y 2-7t-\ X +y
Plottin
¢ 1601
801
g
ES = 03 0 05 1
— 801
—160-
x (km)

The velocity is perpendicular to the axis, is very high close to the origin, and falls off to zero.

This can also be plotted in Excel.

On the y axis, x =0, so u=— Ky ___K v K-x 0
2-m (X + yz) 2y 2"7T-(X + y2)
Plotting 160
801
d
4 -1 ~05 0 s 3
— 80T
- 160~

y (km)



The velocity is perpendicular to the axis, is very high close to the origin, and falls off to zero.
This can also be plotted in Excel.

On the y = x axis u=— Kex =— K v = Kx = K
2 4.-m-x 2 4.t-x
2-m\X + X 2.m\x + X
The flow is perpendicular to line y = x: Slope of line y = x: 1
Slope of trajectory of motion: o
v

If we define the radial position: r= \, x2 + y2 then along y = x r= \, x2 + x2 = \/E-x
Then the magnitude of the velocity alongy = x is V= \’ u2 + V2 = i 1 + 1 = K = K
4.1t X2 X2 2.mAl2.x 2T

Plotting 1607
801
@
S/ —I T Iﬂ 5 0 0=.5 Il
— 801
=160~
x (km)

This can also be plotted in Excel.

K-x
2
For streamlines Y_ dy = M =X
u  dx K-y y
2 7r~(x2 +y )
So, separating variables y-dy = =x-dx
2 2
Integrating X .
2 2
Lo 2 2 C o .
The solution is x +y =C which is the equation of a
circle.

Streamlines form a set of concentric circles.

This flow models a vortex flow. See Example 5.6 for streamline plots. Streamlines are circular, and the velocity approaches infinity
as we approach the center. In Problem 2.11, we see that the streamlines are also circular. In a real tornado, at large distances from
the center, the velocities behave as in this problem; close to the center, they behave as in Problem 2.11.



Problem 2.13

[Difficulty: 3]

2.13 A flow field is given by
¥, g : qy

V — ]
2m{x*4 }-“:I 2a(x* 4 Jr“:J

where g =35 * 10° m*/s. Plot the velocity magnitude along
the x axis, along the y axis, and along the line y =x, and
discuss the velocity direction with respect to these three axes.
For each plot use a range x or ¥y = — 1 km to 1 km, excluding
|| cr |¥| < 100 m. Find the equation for the streamlines and
sketch several of them. What does this flow field model?

Given: Flow field
Find: Plot of velocity magnitude along axes, and y = x; Equations of streamlines
Solution:
On the x axis, y =0, so u=— X 4 - ay -0
2 2--X 2 2
2.mA\X" +y 2.m\Xx " +y
Plottin
¢ 1007
501
d
= -1 ~05 0 o 1
- 501
- 100~
x (km)
The velocity is very high close to the origin, and falls off to zero. It is also along the axis. This can be plotted in Excel.
On the y axis, x =0, so u=— ax =0 v=— qy -
( 2 2) ( 2 2)
2-m\X +y 2-m\X +y
Plottin
¢ 1007
601
%\ — ! 20- ! |
g -1 -0.5 _0t0 m) 1
— 601
- 100~
y (km)

The velocity is again very high close to the origin, and falls off to zero. It is also along the axis.

This can also be plotted in Excel.



On the y = x axis

The flow is parallel to line y = x:

If we define the radial position:

Then the magnitude of the velocity alongy = x is V= w’uQ + V2 . L + 1 = 9
2 2

Plotting

q-x q q-x

u=-— = - V = —

2-7T-(X2 + xz) X 2-7r-(x2 + X )
Slope of line y = x: 1
Slope of trajectory of motion: Yo
u

2 2 _ 2 2
r:\’x +y then along y = x I’:w’X + X

1001
601

207

=0 — 2010 0.5

This can also be plotted in Excel.

For streamlines

So, separating variables

Integrating

The solution is

—100-

r (km)

_ 9y
v_oay axldes) y
U odx q-x T
27r~(x2+y)
dy _ dx
y_x

In(y) = In(x) + ¢

y = Cx which is the equation of a straight line.

This flow field corresponds to a sink (discussed in Chapter 6).



Problem 2.14 [Difficulty: 2]

2.14 Beginning with the velocity field of Problem 2.5, show
that the parametric equations for particle motion are given
by % = ce' and y, = cze” . Obtain the equation for the
pathline of the particle located at the point (x, ¥) =(2, 2) at
the instant ¢ = 0. Compare this pathline with the streamline
through the same point.

Given: Velocity field
Find: Proof that the parametri ations for particle motion ar =cq- A'tand —cye T athline that was at
: 00 ep etric equations for particle motion are x, = cy-e Yp =o€ ) e was
(2,2) at t = 0; compare to streamline through same point, and explain why they are similar or not.
Solution:
Governing equations: For pathlines u. = & v, = dy For streamlines Y_ dy
Pdt Pdt u o dx
Assumption: 2D flow
Hence for pathlines u. = 2 = A-X V. = ﬂ =-Ay
Pdt Pdt

So, separating variables & = A-dt dy = —A.dt

X y
Integrating In(x) = At+ Cy In(y) = -At+ Cy

AC G ay At “AEC G Ay ~ At
X=¢ =e ¢ =cq¢ y=¢e =ec e =cCHe
1 2

The pathlines are x=c AN y=cye At

Eliminating t

For streamlines

So, separating variables

Integrating

The solution is

SO

In(y) = —In(x) + ¢

In(x-y) =c or X-y = const

1 1)
In xA-yA) = const Or

A A
X -y = const Or xy=4

xy =4 for given data

The streamline passing through (2,2) and the pathline that started at (2,2) coincide because the flow is steady!

A A
ln(x 'y ): const

for given data



Problem 2.15 [Difficulty: 2]

2.15 A fiow field is given by V = Axi + 24y, where A =251,
Verify that the parametric equations for particle motion are
given by x, = c;e™and y, = ce™. Obtain the equation for the
pathline of the particle located at the point (x, y) = (2,2) atthe
imstant £=10. Compare this pathline with the streamline
through the same point.

Given: Velocity field
Find: Proofthat the parametri ations for particle motion ar =cq- A'tand = cpee AL athline that was at
: 00 ep etric equations for particle motion are x, = cy-e Yp =o€ ) e was
(2,2) at t = 0; compare to streamline through same point, and explain why they are similar or not.
Solution:
Governing equations: For pathlines u. = & v, = dy For Y_ dy
Pdt Pdt streamlines u o dx
Assumption: 2D flow
Hence for pathlines u. = 2 = A-X V. = ﬂ =2-Ay
Pdt Pdt
So, separating variables & = A-dt dy =2-A-dt
X y
Integrating In(x) = At+ Cy In(y) = 2-At+ Cy
AHCp G Ay At ZAHC) G gat 2.At
Xx=e =e e =cye y=¢e =ec e =cye
The pathlines are X =c¢; AN y= cz.ez’A't
I 2-At x ) 2 1 2 .
Eliminating t y =cye =cy| — SO y =X or y = —-x_ forgiven data
01) 2
For streamlines Y_ dy = 2Ay = 2y
dx A-x X
So, separating variables (4 . 2-dx Integrating In(y) = 2-In(x) + ¢
y X
The solution is ln(l\ =c
2
x")
1 2 .
or y = Cx or y = E.X for given data

The streamline passing through (2,2) and the pathline that started at (2,2) coincide because the flow is steady!



Problem 2.16

[Difficulty: 2]

2.16 Avelocity fieldis givenby V' = awi — bxj, wherea = 15~
andh = 457, Findthe equation of the streamlines at any time f.
Plotseveral streamlines atf =03, t=1s, and =2 s,

Given: Velocity field
Find: Equation of streamlines; Plot streamlines
Solution:

Streamlines are given by — =

S0, separating vanables a-t-y-dy = —b-x-dx
. 1 2 1 2
Integrating Saty =— bx +C
The solution is ¥v= [C— bx
a-t
Fort=0s = Forr=1s W= C—-l-x:
t=0 t=1s
C=1 C=2 C=3 C=1 C=2 C=3
X y y y X y y y
0.00 | 1.00 2.00 3.00 0.000 [ 1.00 1.41 1.73
0.10 | 1.00 2.00 3.00 0.025 | 1.00 1.41 1.73
0.20 | 1.00 2.00 3.00 0.050 [ 0.99 1.41 1.73
0.30 | 1.00 2.00 3.00 0.075 [ 0.99 1.41 1.73
0.40 | 1.00 2.00 3.00 0.100 [ 0.98 1.40 1.72
0.50 | 1.00 2.00 3.00 0.125 [ 0.97 1.39 1.71
0.60 | 1.00 2.00 3.00 0.150 [ 0.95 1.38 1.71
0.70 | 1.00 2.00 3.00 0.175 | 0.94 1.37 1.70
0.80 | 1.00 2.00 3.00 0.200 [ 0.92 1.36 1.69
0.90 | 1.00 2.00 3.00 0.225 | 0.89 1.34 1.67
1.00 | 1.00 2.00 3.00 0.250 | 0.87 1.32 1.66
1.10 | 1.00 2.00 3.00 0.275 | 0.84 1.30 1.64
1.20 | 1.00 2.00 3.00 0.300 [ 0.80 1.28 1.62
1.30 | 1.00 2.00 3.00 0.325 | 0.76 1.26 1.61
1.40 | 1.00 2.00 3.00 0.350 [ 0.71 1.23 1.58
1.50 | 1.00 2.00 3.00 0.375 | 0.66 1.20 1.56
1.60 | 1.00 2.00 3.00 0.400 [ 0.60 1.17 1.54
1.70 | 1.00 2.00 3.00 0.425 | 0.53 1.13 1.51
1.80 | 1.00 2.00 3.00 0.450 | 0.44 1.09 1.48
1.90 | 1.00 2.00 3.00 0.475 | 0.31 1.05 1.45
2.00 | 1.00 2.00 3.00 0.500 [ 0.00 1.00 1.41

Fort=20s v= [C— —

3
t=20s

C=1 C=2 C=3

X y y y
0.00 1.00 1.41 1.73
0.10 1.00 1.41 1.73
0.20 1.00 1.41 1.73
0.30 0.99 1.41 1.73
0.40 0.98 1.40 1.72
0.50 0.97 1.40 1.72
0.60 0.96 1.39 1.71
0.70 0.95 1.38 1.70
0.80 0.93 1.37 1.69
0.90 0.92 1.36 1.68
1.00 0.89 1.34 1.67
1.10 0.87 1.33 1.66
1.20 0.84 1.31 1.65
1.30 0.81 1.29 1.63
1.40 0.78 1.27 1.61
1.50 0.74 1.24 1.60
1.60 0.70 1.22 1.58
1.70 0.65 1.19 1.56
1.80 0.59 1.16 1.53
1.90 0.53 1.13 1.51
2.00 0.45 1.10 1.48
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Problem 2.17 [Difficulty: 4]

2.17 Verify that x, = —asin{uf), v, = acos(wr) is the equation
for the pathlines of particles for the flow field of Problem
2.12. Find the frequency of motion w as a function of the
amplitude of motion, a, and K. Verify that x, = —asin(us),
Vp = acos(wi) is also the equation for the pathlines of parti-
cles for the flow field of Problem 2.11, except that w is now a
function of M. Plot typical pathlines for both flow fields and

discuss the difference.

Given: Pathlines of particles

Find: Conditions that make them satisfy Problem 2.10 flow field; Also Problem 2.11 flow field; Plot pathlines
Solution:
The given pathlines are Xp= —a-sin(w-t) Yp = a-cos(w-t)
The velocity field of Problem 2.12 is e — K¥v o KX
2 2 2 2
2-7T-(X +y ) 2-7T-(X +y )

If the pathlines are correct we should be able to substitute x, and y, into the velocity field to find the velocity as a function of time:

Ky K.a.cos(w.t) K'COS(w't)
. __ - == M
2-n-(x2 n yz) 2~7T-(3.2'Si1’1(0.)'t)2 + az'COS(W't)z) e
K-x K-(-a-sin(w-t)) K-sin(w-t)
o - - @
2-Tt-a

2-7r-(x2 + y2) 2-11'-(212-sin(u)-t)2 + az-cos(w-t)z)

We should also be able to find the velocity field as a function of time from the pathline equations (Eq. 2.9):

dxp dxp 29)

=u =V
dt dt

u= — = _a.w.cos(w.t) V=——= —a'W'Sin(UJ't) (3)

dt t
. K- -t K-sin(w-t
Comparing Egs. 1,2and3  u = —a-w-cos(w-t) = _Kecos(wt) v = —a-w-sin(w-t) = _Kesin(wt)
2.7t-a 2-m-a
K or W= K for the pathlines to be correct.

Hence we see that aw=



The pathlines are

= a3 =300 m

To plot this in Excel, compute x and y,,
= a =400 m

for t ranging from 0 to 60 s, with © given

a=>500m by the above formula. Plot y, versus x,.

Note that outer particles travel much
2007 slower!

t } } This is the free vortex flow discussed in

koo | 200 0 200 400 Example 5.6
- 2001
—400"
The velocity field of Problem 2.11 is u= _w v = &
2.1t 2.1

If the pathlines are correct we should be able to substitute x, and y, into the velocity field to find the velocity as a function of time:

My _ _M-(a-cos(w-t)) _ ~M-a-cos(wt)

u= 4)
2.1t 2.7t 2.7
~ Mx  M-(-asin(wt))  M-asin(wt) )
2.1t 2. 2.
Recall that u=—=-aw-cos(wt) v=——=—awsin(wt) G)
dt dt
] M-a- -t M-a-sin(w-t
Comparing Egs. 1,4and 5  u = —a-w-cos(w-t) = _Mea-cos(wt) v = —a-w-sin(w-t) = _Measin(wt)
2.7t 2.7
M .
Hence we see that w=— for the pathlines to be correct.



The pathlines

20

<

- 600

200 0

= a3 =300 m
e 3 =400 m
=== a =500 m

To plot this in Excel, compute x and y,,

for t ranging from 0 to 75 s, with @ given

by the above formula. Plot y, versus x,,.

Note that outer particles travel faster!

This is the forced vortex flow discussed in
Example 5.6

Note that this is rigid
body rotation!



Problem 2.18 [Difficulty: 2]

2.18 Air flows downward toward an infinitely wide horizontal
flat plate. The velocity field is given by V = (axi — ayj)(2 +
cosut), where a=5s ', w=2r s ', x and y (measured in
meters) are horizontal and verticall v upward, respectively, and
is in & Obtain an algebraic equation for a streamline at =1\
Plot the streamline that passes through point (x, v) = (3, 3) at
this instant. Will the sreamline change with time? Explain
briefiv. Show the velocity vector on vour plot at the same point
and time. 1s the velocity vector tangent to the streamline?

Explain.
Given: Time-varying velocity field
Find: Streamlines at t = 0 s; Streamline through (3,3); velocity vector; will streamlines change with time
Solution:
For streamlines Y_ dy = _a~y~(2 + cos(wt)) 4
u dx a-x-(2 + cos(w-t)) X
At t= 0 (actually all times!) dy__y
dx X
So, separating variables Y = _&
y X
Integrating In(y) = —In(x) + ¢
. C L .
The solution is y=— which is the equation of a hyperbola.
X
. . 3 1
For the streamline through point (3,3) C == C=1 and y=—
3 X
The streamlines will not change with time since dy/dx does not change with time.
1
Att=0 u=ax(2+cos(wt)) =5—x3mx3
5T S
m
41 u=45—
]
3r 1
v=-ay(2+cos(wt))=5—x3mx3
> ]
T m
v =-45.—
n ]
. . , . , The velocity vector is tangent to the curve;
o 1 2 3 4 5
X Tangent of curve at (3,3) is Yy - Yo
dx X
Direction of velocity at (3,3) is Y_
u

This curve can be plotted in Excel.



Problem 2.19

[Difficulty: 3]

2.19 Comsider the flow described by the velocity field
Vo= Al + Bt)i + Ctyj, with A=1més, B=1s5"", and C=1
572 Coordinates are measured in meters. Plot the pathline
traced out by the particle that passes through the point (1, 1) at
time t= 0. Compare with the streamlines plotted through the
same point at the instants ¢t =0, 1, and 2 5,

Given:

Find:

Velocity field

point at the instants t = 0, 1 and 2s

Solution:

Governing equations:

Assumption: 2D flow

Hence for pathlines

So, separating variables

Integrating

The pathlines are

Using given data

For streamlines

So, separating variables

Integrating

The solution is

For pathlines up = — V. = —=

I
v |3

w=Z_AQ+BY A
dt

p

dx = A(1 + B-t)-dt

2)
t
x=A|lt+B— +Cy

2)

2)
t
x=A|lt+B— +Cy

2)

2)
x=A|t+B— +1

2)

v_ & Cyt
u dx A(l+ Bt

dyy ¢
(1 +B-t)—= = =.tdx
y A

C
(1 + B-t)-In(y) = X-t-x +c

1+Bt C C
y = —-t-X + const y =| —-t-X + const
A )

For streamlines

2
—Ct+Cy C
y = =
1
—~C-t2
2
y= Cz'e
1
—~C-t2
2
y=e¢

1
\ (1+Bt)

c | <

Plot of pathline traced out by particle that passes through point (1,1) at t = 0; compare to streamlines through same

dy
dx
1
C=1—
2
S
1
—-C~t2
_ 2
= Cz.e

which we can integrate for any given t (t is treated as a constant)



For particles at (1,1) att=0, 1, and 2s, using A, B, and C data:

y (m)

y=1 y =X y:(2-x—l)3
Streamline and Pathline Plots
B [
Streamline (t=0) /
° * = Streamline (t=1) /
= = Streamline (t=2) /
- [=< = Pathline g
/
/
/
L /
/
/
, co®® . ._.
[ .’ a-'&’—"—'-.-."—_
2ot
‘ﬂ ®
PRt
L P
0 1 2 3 4 5

X (m)



Problem 2.20

[Difficulty: 3]

2.20 Consider the flow described by the velocity field
V = Bx(l1+Af)i+ Cyj,with A=05s"and B=C=15"1
Coordinates are measured in meters. Plot the pathline traced
out by the particle that passes through the point (1, 1) at time
t=1. Compare with the streamlines plotted through the
same point at the instants ¢=10, 1, and 2 5,

Given: Velocity field
Find: Plot of pathline traced out by particle that passes through point (1,1) at t = 0; compare to streamlines through
same point at the instants t =0, 1 and 2s
Solution:
. . . dx dy . v dy
Governing equations: For pathlines u,.=— v, = — For streamlines - ==
Pdt Pdt u o dx
Assumption: 2D flow
. d 1 1 d
Hence for pathlines w, === B-x-(1+At) A=05— B=l- v, =-—= Cy C=1-
Pt s s Pt s
. . dx dy
So, separating variables — =B-(1 + A-t)-dt — — C.dt
X y
&)
Integrating In(x) = B[ t + A?) +Cy In(y) = C-t+ Cy
( tZ\ C { A tz\ ( tZ\ C-t+C C
B-| ttA-— + B-| t+A— B-| trA— -
1 C _ 2_ 2 Gt Gt
e 2) el 2)_01'e 2) y=e =e e =cye
B tHA-—
The pathlines are X =cqe 2) y = cz-ec't
B tHA-—
Using given data X=¢ 2) y = eC~t
For streamlines Y_ b _ Cy

U dx Bx(l+At)

& _C &

So, separating variables (1 + A-t):
y B x

Integrating (1 + At)In(y) = %-ln(x) +c

which we can integrate for any given t (t is treated as a constant)



w|a

1+A-t

The solution is y = const-x or y = const-x
C C C
Forparticles at (1,1) att=0, 1,and2s  y = x P y = X(HA)B y = x(1+2'A)B
Streamline and Pathline Plots
5T .
== = Streamline (t=0) X4
°* > Streamline (t=1) K4
| [~ = Streamline (t=2) K4
4l | Pathline R 4
3t
E
>
o
i
0 1 2 3 4 5



Problem 2.21

[Difficulty: 3]

2.21 Consider the fow field given in Eulerian description mr
the expression Vo= Ai HI_J‘ where A=2 mjs, B =2 mis,
and the coordinates are measured in meters. Derive the
Lagrangian position functions for the fluid particle that was
located at the point (x, v) = (1, 1) at the instant ¢ =0, Obtain
an algebraic expression for the pathline followed by this

particle. Plot the pathline and compare with the stream-
lines plotted through the same point at the instants =10, 1,
and 2 s
Given: Eulerian Velocity field
Find: Lagrangian position function that was at point (1,1) at t = 0; expression for pathline; plot pathline and compare to
streamlines through same point at the instants t =0, 1 and 2s
Solution:
. . . . i dx dy . v dy
Governing equations: For pathlines (Lagrangian description) u.=— v, = — For streamlines — ==
Pdt Pdt u o dx
Assumption: 2D flow
. dx m dy m
Hence for pathlines Uu.=—=A A=2 — v.=—=_-Bt B=2 —
Pdt s Pdt 2
So, separating variables dx = A-dt dy = -B-t-dt
t2
Integrating x = At+ X Xg=1m y= —B'; + Y0 yo =1 m
t2
The Lagrangian description is x(t) = At + x y() = -B-—+y
Using given data x(t) = 2:t+ 1 y(t) =1- t2
X - xg 2 (x - xo)°
The pathlines are given by combining the equations t = y=-B—+yj=-B——+y,
A 2 2
2-A
2
(x = x0) o (x - 1)°
Hence y(x) = yg—- B———— or, using given data y(x) = 1 - ———
2 4
2-A
For streamlines v_4dy Bt
u  dx A
So, separating variables dy = _E.dx which we can integrate for any given t (t is treated as a constant)
A



The solution is y = _B—.x +c and for the one through (1,1) 1 = _E.l +c c=1+ —

Bt
y:—x-(x—l)+l y=1-tx-1)

x=1,1.1..20

Streamline Plots

y (m)
/

-52r

— 76 === Streamline (t=0)
° * e Streamline (t=1)
= = Streamline (t=2)
= Pathline

- 100~

X (m)



Problem 2.22 [Difficulty: 3]

2.22 Consider the velocity field V = axi + by(1 + ct)j, where
a=bh=23"" and ¢=04 s~ Coordinates are measured in
meters. For the particle that passes through the point
(x, ¥)= (1, 1} at the instant £ =0, plot the pathline during the
interval from f=0 to 1.5 5. Compare this pathline with
the streamlines plotted through the same point at the
instants =0, 1, and 1.5 =.

Given: Velocity field

Find: Plot of pathline of particle fort =0 to 1.5 s that was at point (1,1) at t = 0; compare to streamlines through same
point at the instantst=0, 1 and 1.5 s

Solution:
. . . dx dy . v dy
Governing equations: For pathlines u,.=— v, = — For streamlines - ==
Pdt Podt u o dx
Assumption: 2D flow
. d 1 d 1 1
Hence for pathlines u. = &= ax a=2 — v, = A by(l+ct) b=2— c¢c=04—
Pt ] Pt S2 ]
. . dx dy
So, separating variables — =a-dt dy = b-y-(1 + c-t)-dt — =b-(1 + ct)-dt
X y
. 1
Integrating In i\\ =at Xxg=1m In l\\ = b~(t+ —-c-tz\\ yo=1 m
X0 ) Yo ) 2 )
1
b- H—~C-t2\
at 2 )
Hence x(t) = xqe y(t) = ¢
2.t 2t+0.4-
Using given data x(t) = e y(t) = e '

For streamlines = _

So, separating variables b = M.dx which we can integrate for any given t (t is treated as a constant)

y a-x
Hence ln(i\ = E-(1 + c-t)~1n(i\
Yo) @ Ny
b
—(14c-t)
\ a
The solution is y=vy O'(i
Xoj



y (m)

a a
i\ = X t — 1 y = y 0 i\ —
XO ) XO )
Streamline and Pathline Plots
107 v o
== = Streamline (t=0) ,’ ..°

* ==+ Streamline (t=1) ! °
== Streamline (t=1.5) l’ .

| === Pathline .




Problem 2.23

[Difficulty: 3]

2.23 Consider the flow field given in Eulerian des-

criptionby the expression V

axi + byij, where a=0.25""

b =004 5" and the coordinates are measured in meters.
Derive the Lagrangian position functions for the fluid par-
ticle that was located at the point (x, yy=(1, 1) at
the instant f=0. Obtain an algebraic expression for the
pathline followed by this particle. Plot the pathline and
compare with the streamlines plotted through the same
point at the instants £ = 0, 10, and 20 s.

Given:

Find:

Velocity field

point at the instantst=0, 1 and 1.5 s

Solution:

Governing equations:

Assumption: 2D flow

Hence for pathlines

So, separating variables

Integrating

Hence

Using given data

For streamlines

So, separating variables

Hence

The solution is

For pathlines

>
~
-
~
I
kel
(o)
o

>
~
—
~

I

[¢]

dx
u,=—
P gt

11
a=——

5 s
onlm

= ﬂ For streamlines Y
dt u
dy 1 1
v,=—=byt b=— —
Pat Y 25 2
S
d
dy = b-y-t-dt = petedt
y
1
lnl\\:b t2 yo=1m
Yo ) 2
1
E.b.tz
y() =ype
&
50
y(t) = e

which we can integrate for any given t (t is treated as a constant)

® | o

Plot of pathline of particle fort =0 to 1.5 s that was at point(1,1) at t = 0; compare to streamlines through same



For

t=0
t=35
t=10
10y
8]
6
E
>
4
2

a
oz
b
—t
a
b
y = YO'(XLO) =X ;-t =1
b
—t
a
2 b
y = YO'(XLO) =X ;-t =2

Streamline and Pathline Plots

== Streamline (t=0)

* ** Streamline (t=1)
= = Streamline (t=1.5)
=== Pathline

X (m)

8



Problem 2.24

[Difficulty- 3]

2.24 A velocity field s given by V = axti — byj, where
a=0.15%and b=1s5"1 Forthe particle that passes through
the point (x, ¥} =(1, 1) at instant ¢ =10 s, plot the pathline
during the interval from =10 to r=23 s. Compare with the
streamlines plotted through the same point at the instants
r=0,1, and 2 5.

Given: Velacity field
Find: Plot pathlines and streamlines
Solution:
Pathlines are given by o u=axt
dt
So, separating vanables = atdt
X
. 1 2
Integrating n{x) = ;-a-t + ¢
a2
2"
For initial position (xg.50) x=xye

Using the given data, and IC (ap.yvp) = (1.1} att=10

0.05.t%
i=e

Streamlines are given by

So, separating vatriables E = _l E
¥ at x
b
L a-t
The solution is v==Cx
For streamline at {1, 1) at t=0s i=cC
For streamline at {1, 1) at¢=1s ¥ =x 1o
For streamline at {1,1) at =2 s ¥ -

—b-t
¥=TX¥p¢©
— I
¥y=e
. b
Integrating In{v) = —-In{x) + C
a-t



Pathline Streamlines
t=0 t=1s t=2s
t X y X y X y X y
0.00 [ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.25 | 1.00 0.78 1.00 0.78 1.00 0.97 1.00 | 0.98
0.50 [ 1.01 0.61 1.00 0.61 1.01 0.88 1.01 0.94
0.75 | 1.03 0.47 1.00 0.47 1.03 0.75 1.03 0.87
1.00 [ 1.05 0.37 1.00 0.37 1.05 0.61 1.05 0.78
1.25 | 1.08 0.29 1.00 0.29 1.08 0.46 1.08 0.68
1.50 | 1.12 0.22 1.00 0.22 1.12 0.32 1.12 0.57
1.75 1.17 0.17 1.00 0.17 1.17 0.22 1.17 0.47
2.00 | 1.22 0.14 1.00 0.14 1.22 0.14 1.22 0.37
225 | 1.29 0.11 1.00 0.11 1.29 0.08 1.29 0.28
2.50 | 1.37 0.08 1.00 0.08 1.37 0.04 1.37 0.21
275 | 1.46 0.06 1.00 0.06 1.46 0.02 1.46 | 0.15
3.00 1.57 0.05 1.00 0.05 1.57 0.01 1.57 0.11
3251 1.70 0.04 1.00 0.04 1.70 0.01 1.70 | 0.07
350 | 1.85 0.03 1.00 0.03 1.85 0.00 1.85 0.05
3.75 | 2.02 0.02 1.00 0.02 2.02 0.00 2.02 0.03
4.00 | 2.23 0.02 1.00 0.02 2.23 0.00 2.23 0.02
425 | 2.47 0.01 1.00 0.01 2.47 0.00 2.47 0.01
450 | 2.75 0.01 1.00 0.01 2.75 0.00 2.75 0.01
475 | 3.09 0.01 1.00 0.01 3.09 0.00 3.09 0.00
5.00 | 3.49 0.01 1.00 0.01 3.49 0.00 3.49 0.00
Pathline and Streamline Plots
1.0 -
o Pathline
0.8 - .
Streamline (t = 0)
0.6 X Streamline (t=1 s)
- Streamline (t =2 s)

0.4

0.2 |

0.0 T O e Q

0.0

0.5

3.0

3.5




Problem 2.25 [Difficulty: 3]

2.25 Consider the flow field Vo= axti + bj. wherea=10.15""
and b = £ m/s. Coordinates are measured in meters. For the
particle that passes through the point (x, ¥) =(3, 1) at the
instant £ =, plot the pathline during the interval from t=10
to 3 5. Compare this pathline with the streamlines plotted

through the same point at the instants f=1, 2, and 3 s,
Given: Flow field
Find: Pathline for particle starting at (3,1); Streamlines through same pointatt=1,2,and 3 s
Solution:
. dx d
For particle paths — —u=axt an —~/ —v=b
dt d dt
. . . . dx | )
Separating variables and integrating — = a-t-dt or In(x) = —-a-t” + ¢
X 2
dy = b-dt or y=bt+cy

Using initial condition (x,y) =(3,1) and the given values for a and b

¢y = In(3-m) an ¢y =1m
0.05-
The pathline is then x=3e and y=4t+1
For streamlines (at any time t) Y_ dy = b
u dx axt
So, separating variables dy = L%
at x
. b
Integrating y=—":In(x) + ¢
a-t

We are interested in instantaneous streamlines at various times that always pass through point (3,1). Usinga and b values:

4
coy- 2= 1 - —2n3)
a-t 0.1-t

The streamline equation is y=1+ @-ln(f)
t 3

30r

= Pathline

®=e* Streamline (t=1)
= = Streamline (t=2)
= = Streamline (t=3)

201

- 101

- 20" These curves can be plotted in
Excel.



Problem 2.26

[Difficulty: 4]

2.26 Consider the garden hose of Fig. 2.5. Suppose the
velocity field is given by V = wugl + vpsin[w(t — x/1ig)]j, where
the x direction is horizontal and the origin is at the mean
position of the hose, ug= 10 m/s, vy = 2m/s, and w =5 cycless.
Find and plot on one graph the instantanecus streamlines
that pass through the origin at =035, 0005, 0.1 5, and 0.15 5.
Alzo find and plot on one graph the pathlines of particles that
left the origin at the same four times,

Given: Velocity field

Find: Plot streamlines that are at origin at various times and pathlines that left origin at these times

Solution:

o]

For streamlines Y_ d— =
u dx ug
VO'Si w|t— i\
o %0
So, separating variables (t=const) dy = .dx
v
vo'co{w-[t - i\}
v
Integrating y = +c
w
vo{co{w(t - i\} - cos(w-t)}
u
Using condition y = 0 when x=0 y = 0
w
. dx
For particle paths, first find x(t) — =u=uy
dt
Separating variables and integrating dx = uo.dt 0
r
Using initial conditionx =0 att=1 ¢y = -UuyT

For y(t) we have Yy =v= Vo-sin|:w~(t _ i\i| SO

dt u0)
dy .
and — =v = vp-sin(wT
” 0-sin(w-7)
Separating variables and integrating dy = vq-sin(w-T)-dt
Using initial conditiony =0 att=1 Cy = —vqsin(w-T)-T

The pathline is then

This gives streamlines y(x) at each time t

X = uo-t+ Cl

X = uo-(t - T)

dy . ug(t— 1)
—— = V=yvqsl Wt — —mm
dt uO

y = vgsin(w )t + ¢y

y = vg-sin(w-T)-(t — T)

x(t,T) = up(t—7) y(t,T) = v(-sin(w-T)-(t - T) These terms give the path of a particle (x(t),y(t)) that started at t = 1.



0.251

-0.257

= Streamline t = 0s

eeee Streamline t = 0.05s

== Streamline t =0.1s

=< = Streamline t = 0.15s
Pathline starting t = 0s

===« Pathline starting t = 0.05s

== Pathline starting t = 0.1s

=« = Pathline starting t =0.15s

The streamlines are sinusoids; the pathlines are straight (once a water particle is fired it travels in a straight line).

These curves can be plotted in Excel.



Problem 2.27 [Difficulty: 5]

2.27 Using the data of Problem 2.26, find and plot the
streakline shape produced after the first second of fiow.

Given: Velocity field
Find: Plot streakline for first second of flow
Solution:

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

where X, yg is the position of the particle at t = t(,, and re-interprete the results as streaklines
xg(to) = X(t-x0:¥0-tg)  and vst(to) = ¥(t-x0:¥0: o)

which gives the streakline at t, where X, y is the point at which dye is released (t, is varied from 0 to t)

For particle paths, first find x(t) & =u=u,
dt
Separating variables and integrating dx = ug-dt 0 X =Xq+ uo-(t - tO)

T

Xn+ upg(t—t
FOI‘y(t) we have ﬂ =v = Vo-si Wl t—= X SO ﬂ =v = Vo-si Wt = L(O)
dt u dt u
0) 0
d X0
and —y =v = Vo.si w- tO _
dt uO)

. . . . , X0 ) , X0 )
Separating variables and integrating dy = v-sinf w{ tg — — |-dt y =yg+ vosin w| tg - — ~(t — tO)
Y ) Y )
X
The streakline is then XSt(tO) =X+ uo(t - tO) yst(tO) =yg+ V0~siv{w~[t0 -0 }(t - to)
u
0

xg(to) = o (t — o) ¥st(to) = vorsinf w(to)]]-(t - to)

Streakline for First Second

D
D
B
>

X (m)

This curve can be plotted in Excel. Fort=1, tyranges from 0 tot.



Problem 2.28 [Difficulty: 4]

2.28 Consider the velocity field of Problem 2.20. Plot the
streakline formed by particles that passed through the point
(1, 1) during the interval from ¢ = 0 to t =3 s. Compare with
the streamlines plotted through the same point at the
instants =1, 1, and 2 5.

Given: Velocity field
Find: Plot of streakline for t = 0 to 3 s at point (1,1); compare to streamlines through same point at the instants t =0, 1
and 2 s
Solution:
Governing equations: For pathlines u. = & v, = dy For streamlines Y_ dy
Pdt Podt u o dx

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

Xsi(to) = X(t:x0-¥0:tg)  and ¥si(to) = ¥(t:x0-¥0-to)

which gives the streakline at t, where X, y is the point at which dye is released (t, is varied from 0 to t)

Assumption: 2D flow

. d 1 1 1

For pathlines U= — = Bx-(1+At) A=05 — B=1 — v, = & =Cy C=1 —
Pt ] s P oat ]
. . dx dy
So, separating variables — =B-(1 + A-t)-dt — =C.dt
X y
2)
t —t
. 0
Integrating In| i\\ =B|t—ty + A—— In| l\\ =C(t—-t
0 2 ) 0
X0 ) Yo )
tz—toz\
B-| t—ty+A- C-(t—to)
) y=yge
X = Xo'e 0
B [t th+A tz_toz\
10 : =
The pathlines are x.(t) = xq-€ 2 ) Yp() =y 'ec t
p 0 p 0

where X, yg is the position of the particle at t = t,. Re-interpreting the results as streaklines:

2 2
t—to\

)

B-| t-ty+A-
The streaklines are then Xst(tO) =Xqe

C (t—to)

yst(tO) =Yo©

where X, yg is the point at which dye is released (t is varied from 0 to t)



For streamlines v_dy _ Cy
u  dx  Bx(l1+At)

So, separating variables (1+ A-t)-ﬂ = EE which we can integrate for any given t (t is treated as a constant)
B x
. C
Integrating (1 + At)n(y) = E-ln(x) + const
C
The solution is y1+A't = const-x
2 1
. _ 3 2
For particles at (1,1) att=0, 1, and 2s y=xX y=X y=X
Streamline and Pathline Plots
101 LT
== = Streamline (t=0) 7
° * < Streamline (t=1) K4
== Streamline (t=2) L/
of [~ Streakline K4
7/
/7
./
. V4
o K4
— K4
g s
> /s’ vee®




Problem 2.29

[Difficulty: 4]

2.29 Streaklines are traced out by neutrally buovant marker
fiuid injected into a flow field from a fixed point in space. A
particle of the marker fiuid that is at point (x, ¥) at time f
must have passed through the injection point (xg, vg) at some

earlier instant ¢ = 7. The time history of a marker particle
may be found by solving the pathline equations for the initial
conditions that x = x,, ¥ =y, when = . The present loca-

tions of particles on the streakline are obtained by setting +
equal to values in the range 0 = + = . Consider the fiow field
Vo= ax(1 + bt)i + cyj, where a=c=1 351 and b=02 571,
Coordinates are measured in meters. Plot the streakline that
passes through the initial point (xg yg) = (1, 1), during the
interval from =10 to t=3 5. Compare with the streamline

plotted through the same point at the instants =0, 1, and
2s

Given: Velocity field

Find:

and 2 s
Solution:

Governing equations:

Assumption: 2D flow

For pathlines

So, separating variables

Integrating

Plot of streakline for t = 0 to 3 s at point (1,1); compare to streamlines through same point at the instants t =0, 1

d

dx

For pathlines up = — Vp = dy For streamlines

dt

c | <

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

Xsi(to) = X(t:x0-¥0:tg)  and vsi(to) = ¥(t-X0-Y0-to)

which gives the streakline at t, where X, y is the point at which dye is released (t, is varied from 0 to t)

dx 1 1 1 dy 1
u,=—=ax(l+bt a=1 — b=— — v,=—=c¢ c=1 -
P gt ( ) s 5 s P gt Y s
dx d
2 a1+ bo)dt = cdt
X

2 . 2)
t —t
h{i\ ~af oy b

XO} 2 )

2,2
t—to\\

) K (t—to)

a- t_t0+b
X = Xo'e



t2—t02\
a-| t=tn+b-
0 c(t=t
. 2 ) ( 0)
The pathlines are xp(t) =X Yp(t) =Yp°

where X, yg is the position of the particle at t = t,. Re-interpreting the results as streaklines:

2,2
t_tO\

a-| t—t,+b-
The streaklines are then Xst(tO) =xge 0 2 ) yst(tO) _ yO-eC'(HO)

where X, yg is the point at which dye is released (t is varied from 0 to t)

For streamlines y_ ﬂ = ¢y

u dx ax(l+bt)

So, separating variables (1+ b-t)~ﬂ = 3.2 which we can integrate for any given t (t is treated as a constant)
y a x
Integrating (1 +b-t)In(y) = E~1n(x) + const
a
c
The solution is y1+b't = const-x
2 1
. _ 3 2
For particles at (1,1) att=0, 1, and 2s y=xX y=X y=X
Streamline and Pathline Plots
5T y °
== = Streamline (t=0) .
* * > Streamline (t=1) ,° 7
Streamline (t=2) ,
4t = Streakline .

y (m)




Problem 2.30 [Difficulty: 4]

>

2.30 Comsider the fiow field ¥V = axei 4 bf, where a=1/4 5~

and b = 1/3m/s. Coordinates are measured in meters. For the
particle that passes through the point (x, y)=(L, 2) at
the instant ¢ = (), plot the pathline during the time interval
from ¢ =0 to 3 5. Compare this pathline with the streakline

through the same point at the instant § =3 s,

Given: Velocity field
Find: Plot of pathline for t = 0 to 3 s for particle that started at point (1,2) at t = 0; compare to streakline through same
point at the instant t = 3
Solution:
Governing equations: For pathlines u. = & v, = dy
Pdt Pdt

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

xg(to) = X(t-x0:¥0-tg)  and vst(to) = ¥(t-x0:¥0- o)

which gives the streakline at t, where X, y is the point at which dye is released (t, is varied from 0 to t)

Assumption: 2D flow

For pathlines u:gza-x.t a:l 1 b:l o V:ﬂ:b
P gt 4 2 3 s Pt
. . dx
So, separating variables — = a-t-dt dy = b-dt
X
. X \\ a2 2
Integrating Inf —'=—{t" -t y-yo= b-(t - tO)
Xoj 2
(%)
— [t
0 - [t =
x:xo-e2 y—y0+b(t to)
(%4
. 2
The pathlines are xp(t) =x(-e yp(t) =yo+ b~(t - tO)

where X, yg is the position of the particle at t = t,. Re-interpreting the results as streaklines:

+(#0)
— (=t
5 0

The pathlines are then Xst(tO) =x¢e yst(tO) =yo + b~(t - tO)

where X, yg is the point at which dye is released (t is varied from 0 to t)



y (m)

1.51

0.51

= Streakline
° e Pathline

Streakline and Pathline Plots

X (m)



Problem 2.31

[Difficulty: 4]

2.31 A flow is described by velocity field V = ay?i + by,
where a=1 m 's™' and h =2 m/s. Coordinates are mea-
sured in meters. Obtain the equation for the streamline
passing through point (6, ). At =1 s, what are the coor-
dinates of the particle that passed through point (1, 4) at
t= 07 Atr =335 what are the coordinates of the particle that
passed through point (—3,0) 2 s earlier? Show that pathlines,
streamlines, and streaklines for this flow coincide,

Given: 2D velocity field
Find: Streamlines passing through (6,6); Coordinates of particle starting at (1,4); that pathlines, streamlines and
streaklines coincide
Solution:
For streamlines Y_ ﬂ = L or a~y2 dy = b dx
u  dx 2 _J
ay
a 3
Integrating 2y bx+c
3
For the streamline through point (6,6) c=60 and y3 =6-x+ 180
. _ dx 2 2
For particle that passed through (1,4) att=10 u=—=ay ldx = x - x( = _J ay dt  Weneed y(t)
t
dy
v=—=>D ldy = bdt y=yg+bt=yg+2:t
t
t 2 3)
bt
Then X = Xq = J a-(yo + b~t)2 dt  x=xqp+ a-(y02~t + b~y0-t2 + 3 )
0
. 2 43 _
Hence, with x5 =1 y, =4 x=1+16t+ 8t + ?t At t=1s X =263-m
y=4+ 21 y=6-m
For particle that passed through (-3,0) att =1 J ldy = b dt y=Yyo+ b-(t - to)
rt 2 [ 2 2 2\ b (3 3
X —X( = J a~(y0 + b-t) dt x =x0 +ay ~(t - to) + b-yo-(t -t ) + ?-(t ~ 1, )
t -
. _ _ _ 4 (3 1 3
Hence, withxy=-3,yp=0atty=1 x:—3+g~t -1 :§~ 4t - 13 y=2(t-1)
Evaluating att =3 X =31.7m y =4-m

This is a steady flow, so pathlines, streamlines and streaklines always coincide



Problem 2.32 [Difficulty: 3]

2.32 Tiny hydrogen bubbles are being used as tracers to
visualize a flow. All the bubbles are generated at the origin

{x =0, y=0). The velocity field is unsteady and obeys the
equations:

uw=1m/s v=2m/s D=r<12s

w=1 v = =1m/s l=¢ =45

Plot the pathlines of bubbles that leave the origin atr=0, 1,
2,3, and 4 5. Mark the locations of these five bubbles at r=4
s Use a dashed line to indicate the position of a streakline at

f=45,
Solution The particle starting at t = 3 s follows the particle starting at t =2 s;
The particle starting at t = 4 s doesn't move!

Pathlines: Starting at t=0 Starting att=1s Starting att=2s Streakline att=4s
t X y X y X y X y
0.00 0.00 | 0.00 2.00 | 2.00
0.20 0.20 [ 0.40 1.80 [ 1.60
0.40 0.40 | 0.80 1.60 | 1.20
0.60 0.60 [ 1.20 1.40 | 0.80
0.80 0.80 | 1.60 1.20 | 0.40
1.00 1.00 | 2.00 0.00 | 0.00 1.00 [ 0.00
1.20 1.20 | 2.40 0.20 | 0.40 0.80 | -0.40
1.40 1.40 | 2.80 0.40 | 0.80 0.60 | -0.80
1.60 1.60 | 3.20 0.60 | 1.20 0.40 | -1.20
1.80 1.80 | 3.60 0.80 | 1.60 0.20 | -1.60
2.00 2.00 | 4.00 1.00 | 2.00 0.00 | 0.00 0.00 | -2.00
2.20 2.00 | 3.80 1.00 [ 1.80 0.00 [ -0.20 0.00 | -1.80
2.40 2.00 | 3.60 1.00 | 1.60 0.00 | -0.40 0.00 | -1.60
2.60 2.00 | 3.40 1.00 [ 1.40 0.00 [ -0.60 0.00 | -1.40
2.80 2.00 | 3.20 1.00 | 1.20 0.00 | -0.80 0.00 | -1.20
3.00 2.00 | 3.00 1.00 [ 1.00 0.00 [ -1.00 0.00 | -1.00
3.20 2.00 | 2.80 1.00 | 0.80 0.00 | -1.20 0.00 | -0.80
3.40 2.00 | 2.60 1.00 [ 0.60 0.00 | -1.40 0.00 | -0.60
3.60 2.00 | 2.40 1.00 | 0.40 0.00 | -1.60 0.00 | -0.40
3.80 2.00 | 2.20 1.00 [ 0.20 0.00 | -1.80 0.00 | -0.20
4.00 2.00 | 2.00 1.00 | 0.00 0.00 | -2.00 0.00 | 0.00
Pathline and Streakline Plots

45 [}
o
o o
o
o o
34 0
[o] o
o
o o
o
27 = ~
-] = /
1 " = ~
-] o Ve
y = E ~
‘ 8 : = : : :
0.5 0.5 ~ 10 L5 2.0 2.5
~ - ;
-1 ~ o Pathline starting at t =0
~ B Pathline startingatt=1s
2 ~ ¢ Pathline startingatt=2s
=== =Streakline att=4s
-3
X




Problem 2.33 [Difficulty: 3]

2.33 A flowis described by velocity field V = axi + bf, where
a=1/5 57" and b=1 m/s. Coordinates are measured in
meters. Obtain the equation for the streamline passing
through point (1, 1). At =25 s, what are the coordinates of
the particle that initially (at ¢=0) passed through point
(1, 13" What are its coordinates at =10 57 Plot the
streamline and the initial, 5 5, and 10 5 positions of the par-
ticle. What conclusions can vou draw about the pathline,
streamline, and streakline for this fow?

Given: Velocity field

Find: Equation for streamline through point (1.1); coordinates of particle at t = 5 s and t = 10 s that was at (1,1) at t = 0;
compare pathline, streamline, streakline

Solution:
Governing equations: For streamlines Y_ dy For pathlines u. = & V.. = dy
u o dx Pdt Pdt
Assumption: 2D flow
. 11 m
leendata a=—— bzl_ Xo—l yO—l to—o
5s s
For streamlines Y_ dy = b
u dx ax
. . a dx
So, separating variables —dy=—
b X
. a x )
Integrating —-(y _ YO) — Inl =
b Xoj
The solution is then y=yp+ E-ln i\ = 5:In(x) + 1
a XOJ
Hence for pathlines u. = 2 = ax V. = ﬂ =b
P gt Pt
dx
Hence — =a-dt dy = b-dt
X
. x )
Integrating In —'= a~(t - tO) Y- yo= b-(t - tO)
Xoj
*(+1o)

. ’ b
The pathlines are X = X(e y=yg+ b-(t - to) or y=yg+ —~1n(i\
a



Fora particle that wasat xj =1 m, yj=1 m att;=0 s,attimet = 1swe find the position is
1

X = xO-ea.(t_tO) = e€ m y=Yo+ b-(t - to) =2 m

Fora particle that wasat xj =1 m, yj=1 matty;=0 s,attimet = 5swe find the position is

a- (t—to)

X = Xo'e

[
[¢]
8

y:y0+b-(t—t0) =6 m

Fora particle that wasat xj =1 m, yj=1 atty;=0 s,attimet = 10swe find the position is

a-(t—to) 5

[
[¢]
8

X = Xq€ y:y0+b-(t—t0):ll m

For this steady flow streamlines, streaklines and pathlines coincide

Streamline and Position Plots

Streamline
@@ Positionatt=1s
@@ Positionatt=35s
@@ Positionatt=10s
12r
of
g
>
o
3t
0 2 4 6 3 10

X (m)



Problem 2.34

[Difficulty: 3]

2.34 A fiow is described by velocity field V = ai + bxj, where
a=2mfsand b =15"", Coordinates are measured in meters,
btain the equation for the streamline passing through point
(2, 5) At e =25 what are the coordinates of the particle that
passed through point (0, 4) at =07 At =3 5, what are the
coordinates of the particle that passed through point (1, £.25)
2 s earlier” What conclusions can vou draw about the path-
line, streamline, and streakline for this flow?

Given: Velocity field
Find: Equation for streamline through point (2.5); coordinates of particle at t = 2 s that was at (0,4) at t = 0; coordinates of
particle at t = 3 s that was at (1,4.25) att=1s; compare pathline, streamline, streakline
Solution:
Governing equations: For streamlines Y_ dy For pathlines u. = & V.. = dy
u o dx Pdt Pdt
Assumption: 2D flow
. m 1

Given data a:z? b:lg xg =2 yo =5 x =1 X =X
For streamlines Y_ dy = bx

u  dx a
So, separating variables —-dy = x-dx
Integrating 2 (y -y ) = l(x - X )

b 0/~ 0

b 2 2 x2

The solution is then =y + —-(x - x ) =—+4

Y0 55 0 4
Hence for pathlines u. = 2 =2 V. = d— =b-x

P gt Pt

Hence dx = a-dt dy = b-x-dt
Integrating X = Xq = a-(t - tO) dy = b-[xo + a~(t - tO) -dt

The pathlines are X =Xq+ a-(t - to)

XO-(t - to) + %-((tz - toz)) - a-to-(t - to)

y-yog="b

XO-(t - to) + %-((tz - toz)) - a-to-(t - to)

y=ygp+b




For a particle that was at Xg = 0Om, Yo = 4 m at ty = 0Os, at time t = 2 s we find the position is

X =X+ a-(t - to) = 4m y=yg+ b-[xo-(t - to) + %-((tz - tozD - a-to-(t - to)} = m

For a particle that was at Xg = 1m, Yo = 4.25m at ty = Is,attime t = 3 s we find the position is

X =X+ a-(t - to) =5m y =yg+ b-[xo-(t - to) + %-((tz - tozD - a-to-(t - to)} = 10.m

For this steady flow streamlines, streaklines and pathlines coincide; the particles refered to are the same particle!

Streamline and Position Plots

Streamline

@@ Positionatt=1s
@@ Positionatt=35s
@@ Positionatt=10s

y (m)

X (m)



Problem 2.35

[Difficulty: 4]

2.35 A flow is described by welocity field V = ayi + by,
where a=10.25s"" and b=04 m/s®> Att=2 s, what are the
coordinates of the particle that passed through point (1, 2) at
t=07 Att=73 s what are the coordinates of the particle that
passed through point (1, 2) at £= 2 37 Plat the pathline and
streakline through point (1, 2), and plot the streamlines

through the same point at the instants t=10, 1, 2, and 3 5.
Given: Velocity field
Find: Coordinates of particle at t = 2 s that was at (1,2) att = 0; coordinates of particle at t = 3 s that was at (1,2) att=2's;

plot pathline and streakline through point (1,2) and compare with streamlines through same pointatt=0, 1 and 2 s

Solution

Governing equations: For pathlines Uy = —

d

dx

= For
dt streamlines

c | <

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and

xst(to) = x(t,xo,yo,to) and

Yp(t) = Y(tsx() 7yost0)

yst(tO) = Y(taXOaYoﬂo)

which gives the streakline at t, where x, y is the point at which dye is released (t, is varied from 0 to t)

Assumption: 2D flow

3

Given data a=02 1 b=04 m
S 2
s
. dx
Hence for pathlines u,=—=ay
Pdt
Hence dx = a-y-dt
b
For x dx = [ayo + az(tz _ toz)}dt
. b|t
Integrating X — X = a.yo.(t - tO) + a.z. - _

The pathlines are

3

x(t) = x + a~y0-(t - to) + a-% t? - % - t02~(t - to)

dy
v,=—=Dbt
Pt
b
dy = b-t-dt Yy-Yo= E (tz - t02)
3

% - toz-(t - to)

3
t

b (2 2
Y(t)=Y0+E' t -t

These give the position (x,y) at any time t of a particle that was at (x,y,) at time t,

Note that streaklines are obtained using the logic of the Governing equations, above



3 3

The streaklines are x(to) =x( + a-y0~(t - to) + a-g- t? - t% - t02~(t - to) y(to) =y + %-(tz - toz)

These gives the streakline at t, where x, y is the point at which dye is released (t, is varied from 0 to t)

For a particle that was at x = 1m, y, = 2malty = 0s, at time t = 2s we find the position is (from pathline equations)

3
300t
B bt o 2 B B b (2 2) _
x-x0+a-y0-(t—t0)+a-2~ 3 — 3 —tO '(t—to) =19m y—yO+2't —tO =28m
For a particle that was at Xg = 1m, Yo = 2 m at ty = 2s,attime t = 3 s we find the position is
3 t3
B bt o 2 B B b (2 2) _
x—x0+a-y0-(t—t0)+a-2~ 3 — 3 —tO '(t—to) =14m y—yO+2't —tO =30 m
For streamlines y_ ﬂ = E

. . b
So, separating variables y-dy = —-t-dx where we treat t as a constant
a

y -Y .
Integrating 0 = b t-(x - XO) andwehave  xg=1m y;=2 m

The streamlines are then ~ y = jy02 T 2'b~t'(X - XO) =Jdt(x-1)+4
a
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e = == Pathline (t0=0)
== Pathline (t0=2)

e Streakline /

y (m)
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Streamline Plots

Streamline (t=0)
==+ Streamline (t=1)
== Streamline (t=2)
=e = Streamline (t=3)




Problem 2.36 [Difficulty: 4]

2.36 A flow is described by velocity field V = ari + by,
where a =04 m/s” and b=2 m/s. At t =2 s, what are the
coordinates of the particle that passed through point (2, 1)
at =07 At t=3 5, what are the coordinates of the particle
that passed through point (2, 1) at £=2 37 Plot the pathline

and streakline through point (2, 1) and compare with the
streamlines through the same point at the instants £ =10, 1,

and 2 s
Given: Velocity field
Find: Coordinates of particle at t = 2 s that was at (2,1) at t = 0; coordinates of particle at t = 3 s that was at (2,1) att=2's;
plot pathline and streakline through point (2,1) and compare with streamlines through same pointatt=0, 1 and 2 s
Solution:
Governing equations: For pathlines u. = & Vp = dy For Y_ dy
dt dt streamlines u dx

Following the discussion leading up to Eq. 2.10, we first find equations for the pathlines in form

Xp(t) = X(t,Xo,yO,to) and yp(t) = y(t,Xo,yO,to)

xg(to) = X(t-x0:¥0-tg)  and vst(to) = ¥(t-x0:¥0- o)
which gives the streakline at t, where x, y is the point at which dye is released (t, is varied from 0 to t)

Assumption: 2D flow

Given data a=04 o b=2 =
2 2
s s
Hence for pathlines u. = 2 =at V. = ﬂ =b
P gt Pt
Hence dx = a-t-dt dy = b-dt
Integrating X —X( = %(tz N t02> Y= vo= b-(t — tO)
. a2 2
The pathlines are x(t) = xq + E(t - to ) y(t) = yo + b~(t — tO)

These give the position (x,y) at any time t of a particle that was at (x,,y,) at time t,

Note that streaklines are obtained using the logic of the Governing equations, above

The streaklines are x(to) =X+ %-(tz - toz) y(to) =yo+ b~(t - tO)



These gives the streakline at t, where x, y is the point at which dye is released (t, is varied from 0 to t)

For a particle that was at x) = 2m, y, = I malty = 0s, at time t = 2s we find the position is (from pathline equations)

x:x0+%-(t2—t02):2.8m y:y0+b-(t—t0)=5m
For a particle that was at X = 2m, Yo = 1 m at ty = 2s,attime t = 3 s we find the position is

X:X0+%'(t2—t02):3 m y:y0+b(t—t0)=3m

. \
For streamlines - =" - =

So, separating variables dy = L.dx where we treat t as a constant
a-t
. b
Integrating y-Yyo= —-(x - XO) andwehave x5 =2m yjg=1 m
a-t

The streamlines are then y =yp+ l(X - XO) = >(x-2) +1
a-t t
Pathline Plots Streamline Plots
8 g -
e === Pathline (t0=0) == Streamline (t=0) |
== Pathline (t0=2) .’ e« <= Streamline (t=1) | «
6t = Streakline . 6 [==_Streamline (t=2) | /
. /
N /
~ ~ .0 ,
E 4 E 4 S
>~ > . /
N 4
.. ,
L N 4
2] 2] Y
7
¢
1 1 1 1 ] 1 ,. 1 1 1
0 1 2 3 4 5 0 1 2 3 4



Problem 2.37 [Difficulty: 2]

2.37 The variation with temperature of the viscosity of air is
represented well by the empirical Sutherland correlation
bTE
P TEST

Best-fit values of b and & are given in Appendix A, Develop
an equation in 51 units for kinematic viscosity versus tem-
perature for air at atmospheric pressure. Assume ideal gas
behavior. Check by using the equation to compute the
kinematic viscosity of air at 0°C and at 10°C and comparing
to the data in Appendix 10 (Table A10); plot the kinematic
viscosity for a temperature range of 0°C to 100°C, using the
equation and the data in Table AL 10,

Given: Sutherland equation
Find: Corresponding equation for kinematic viscosity
Solution: 1
bT?
Governing equation: p= Sutherland equation p=pRT Ideal gas equation
S
1+ =
T

Assumptions: Sutherland equation is valid; air is an ideal gas

. . - k J
The given data is b =1458x 10 6, £ S =1104-K R = 286.9-—— p = 101.3-kPa
1 kg-K
m-s-K
1 3 3
2 2 L2
The kinematic viscosity is V= B wRT = EL = R—bT— = bT
S S N
P P L Prps2 142
T T
2
R- _
where p o R b= 4120 x 10 -2
p K1.5
2 2
N _ k _
b = 2869 B 1458 x 10 0.8 ik —4129% 10 2
gk Lo 1013x 108N 3
m~s~K2 s~K2
3
v 2 2
Hence v= b-T with b'=4.129x 10 9 m S=1104K

S
1+ =

—
\S]



At T = 100 °Cwe find

Kinematic Viscosity (m2/s)

2

Check with Appendix A, Table A.10. At T = 0°Cwefind T=273.1K  v=133x10 >
S
3
2 —
-9 2
4,129 x 10 x (273.1-K)
3
2 2
- K v=133x 10 -2 Check!
110.4 ]
1+ —
273.1
2
—5m
T=373.1K v=229%x10 -—
S
3
2 —
-9 2
4,129 x 10 x (373.1-:K)
3
2 2
- K v=230x 10 -2 Check!
110.4 ]
1+ —
373.1
Viscosity as a Function of Temperature
-5
2.5x10
Calculated
O O Table A.10
21077
1.5x10°
20 40 60 80 100

Temperature (C)



Problem 2.38 [Difficulty: 2]

2.38 The variation with temperature of the viscosity of air is
correlated well by the empirical Sutherland equation
hTUZ
1+85/T

M=

Best-fit values of b and § are given in Appendix A for use
with 51 units. Use these values to develop an equation for
calculating air viscosity in British Gravitational units as a
function of absolute temperature in degrees Rankine. Check
vour result using data from Appendix A

Given: Sutherland equation with ST units
Find: Corresponding equation in BG units
Solution: 1
bT?
Governing equation: p= Sutherland equation
S
1+ =
T

Assumption: Sutherland equation is valid

6 kg

The given data is b=1458x10 - S =1104-K
1
m-s-K
1
2
Converting constants b =1458x10 6, ke X lbm X slug X 0.3048'm X 2\ b=227x 10 8. slug
1 0454kg  322:bm ft 9-R ) 1
m~s~K2 ft~s-R2
g sl Ibf-s” g Ibf-s
Alternatively b=227x10 0248 OIS b=227x10 °
1 slug-ft 1
fs R 2R 2
R
Also S =1104-Kx 9— S=198.7-R
5-K
1
and b~T2 Ibf-s
B= with T in Rankine, p in

1+ >

H | »



Check with Appendix A, Table A.9. At T = 68 °Fwe find T=527.7-R w=379x 10 7,@

i
!
g Ibf-
227x 10 % s1 « (527.7-R) >
2 2
b= L w=379x 107 2LS Check!
[, los7 2
527.7
_ 1bf-
At T = 200 °Fwe find T—6597R =448 10 2208
>
!
g Ibf-
227x 10 % s1 x (659.7-R)>
2 2
b= i w448 107 20 Check!
198.7 2
1+ —— ft

659.7



Problem 2.39

[Difficulty: 3]

2.39 Some experimental data fo
I atm are

T, °C ] 1
N osimT(x 107 186 2

Using the approach described i

r the viscosity of helium at

0 200 Sy Eall)
31 272 3l 346

n Appendix A3, correlate

these data to the empirical Sutherland egquation

bt

po=

1+ 5T

(where Tisin kelvin) and obtain values for constants » and 5.

Given: Viscosity data
Find: Oetain values for coefficients in Sutherland equation
Solution:
Data: Using procedure of Appendix A.3:
T (°C) T (K) p(x10°) T (K) Tl
0 273 1.86E-05 273 2.43E+08
100 373 2.31E-05 373 3.12E+08
200 473 2.72E-05 473 3.78E+08
300 573 3.11E-05 573 4.41E+08
400 673 3.46E-05 673 5.05E+08
The equation to solve for coefficients
S and b is
T°"? 1 S
=|—|r +=
y7] b b
From the built-in Excel Hence:

Linear Regression functions:
Slope = 6.534E+05

12

b =1.531E-06 kg/msK

Intercept = 6.660E+07 §=101.9 K
R’ = 0.9996
Plot of Basic Data and Trend Line
6.E+08 -
X Data Plot
5.E+08 - =——Least Squares Fit
4.E+08 -

T2/ 3.E+08 |
2.E+08 |

1.E+08 -

0.E+00 T

0 100 200 300 400 500 600 700

800




Problem 2.40 [Difficulty: 2]

2.40 The velocity distribution for laminar flow between
parallel plates is given by

i ; (2_}:~ :
lmax \ h J
where h is the distance separating the plates and the origin is
placed midway between the plates. Consider a flow of water
at 15°C, with e = 0,10 m/s and A= 0.1 mm. Calculate the

shear stress on the upper plate and give its direction. Sketch
the variation of shear stress across the channel.

Given: Velocity distribution between flat plates
Find: Shear stress on upper plate; Sketch stress distribution
Solution:
2 8-u .
. . du du d 2:y) 4 max'Y
Basic equation Tow =W — — —— 1= 0 | — ey =
Wy ay  dy ma"[ (h)} ma| 2T
h") h
S.H.umax.y
T = —
yxX
hZ
At the upper surface y = h and h = 0.-mm Uax = 0.1.E = 1.14x 10 3-E (Table A.8)
2 s m2
2
Hence o= 8x Lidx 10 NS 2 B, Im f L 1000-mim ) T = 4561
y 2 s 2 1000-mm ~ \ 0.1-mm I'm ) y 2

The upper plate is a minus y surface. Since 1, < 0, the shear stress on the upper plate must act in the plus x direction.

y
8'u'umax\\
W)

0.051

The shear stress varies linearly with y Tyx(y) = — y

0.041
0.031
0.021

01T

y (mm)

- 0.011

-0.021

- 0.031

- 0.041

-0.05-

Shear Stress (Pa)



Problem 2.41

[Difficulty: 2]

2.41 The velocity distribution for laminar flow between

parallel plates is given by

()

where h isthe distance separating the plates and the origin is
placed midway between the plates. Consider a flow of water
at 15°C with maximum speed of 0.05 m/s and A = 0.1 mm.
Calculate the force on a 1 m” section of the lower plate and

give its direction.

Given:
Find:
Solution:

Basic equations

SO

At the lower surface

Hence

Velocity distribution between parallel plates

Force on lower plate

du
F= TyX'A Tyx = [Ld_y
du 2 y\z ) 8- Umaxy
= Umax| LT[ T [T Umax| T 2V =
dy dy ) 2 2
h") h
8 . H.umax.y 8 A H.umax.y
Tyx = _—2 and F=- 5
h h
h
y = _E and h = 0.1-mm A = l-m2
_3 N-
Uy = 0052 = 114x 10 >—= (Table
S 2 AS)
-3 N -0.1 1- 1 1
Fo—8x lm>x LI4x 10 0m x 0,052 x = mm x — o x [ —.—
S 2 1000-mm 0.1 mm

m

F=228N (to the right)

1000~mm\2

I-m )



Problem 2.42 [Difficulty: 2]

2.42 Explain how an ice skate interacts with the ice surface.
What mechanism acts to reduce sliding friction between
skate and ice?

Open-Ended Problem Statement: Explain how an ice skate interacts with the ice surface.
What mechanism acts to reduce sliding friction between skate and ice?

Discussion: The normal freezing and melting temperature of ice is 0°C (32°F) at atmospheric
pressure. The melting temperature of ice decreases as pressure is increased. Therefore ice can be caused to
melt at a temperature below the normal melting temperature when the ice is subjected to increased pressure.
A skater is supported by relatively narrow blades with a short contact against the ice. The blade of a typical
skate is less than 3 mm wide. The length of blade in contact with the ice may be just ten or so millimeters.
With a 3 mm by 10 mm contact patch, a 75 kg skater is supported by a pressure between skate blade and
ice on the order of tens of megaPascals (hundreds of atmospheres). Such a pressure is enough to cause ice
to melt rapidly.

When pressure is applied to the ice surface by the skater, a thin surface layer of ice melts to become liquid
water and the skate glides on this thin liquid film. Viscous friction is quite small, so the effective friction
coefficient is much smaller than for sliding friction.

The magnitude of the viscous drag force acting on each skate blade depends on the speed of the skater, the
area of contact, and the thickness of the water layer on top of the ice.

The phenomenon of static friction giving way to viscous friction is similar to the hydroplaning of a
pneumatic tire caused by a layer of water on the road surface.



Problem 2.43 [Difficulty: 2]

2.43 Crude oil, with specific gravity S0 =085 and viscosity
p=215 = 107% Ibf. &/ft°, flows steadily down a surface
inclined §=45 degrees below the horizontal in a film of
thickness & = 0.1 in. The velocity profile is given by

ﬂg( ¥y
o= — [ hy — — |sin &
: w 2)

i Coordinate x is along the surface and y is normal to the
surface.) Plot the welocity profile. Determine the magnitude
and direction of the shear stress that acts on the surface.

Given: Velocity profile

Find:  Plot of velocity profile; shear stress on surface

Solution:
, 2) g h°
The velocity profile is u= PE, hy - yFj-sin(e) so the maximum velocity is aty =h Upax = %-—sin(e)
M B2
2
Hence we can plot L 2.{1 _ l(l\ :|
Upax LR 2 \h)
-
0.751
S 05
0.251
0 0.25 05 0.75 1
u/umax
This graph can be plotted in Excel
. . -3 Ibf-
The given data is h = 0.1-in p=215x 10 3 > 0 = 45-deg
e \
2
. . du du d pg y . .
Basic equation T .= W— Ty = b— = po— —=-| h-y — — -sin(0) = p-g-(h — y)-sin(0
yx udy yx udy udyu(yzj (6) = p-g-(h — y)-sin(6)
At the surface y =0 Tyx = p-g-h-sin(0)
slu fi t Ibf-s” Ibf
Hence Ty = 0.85 % 1.94- 0% 5 32.2.— x 0.1-in x —— x sin(43-deg) x Ty = 0313
y ft3 S2 12-in slug-ft y ft2

The surface is a positive y surface. Since 1y, > 0, the shear stress on the surface must act in the plus x direction.



Problem 2.44

[Difficulty: 2]

2.44 Afemale freestyle ice skater, weighing 100 Ibf, glides on
one skate at speed V= 20 fr's. Her weight is supported by a
thin film of liguid water melted from the ice by the pressure
of the skate blade. Assume the blade is L = 11.5 in. long and
w = 1{0L125in. wide, and that the water film is & = 00000575 in.
thick. Estimate the deceleration of the skater that results
from viscous shear in the water film, if end effects are
neglected.

Given: Ice skater and skate geometry du
Tyx = H—=
Find: Deceleration of skater V=20 ft/s
Solution: Y
G . tion: du |
overning equation: Tyx = wd_ YFy, =May
Y x
Assumptions: Laminar flow L
. . ft
The given data is W = 100-1bf V = 20— L=115in w =0.125-in  h = 0.0000575-in
s
W= 3.68x 10 208 Table A7 @320F
2
ft
Then T qu,ﬂzu.xz3.6gx lO_S@XZ EX 1 — x 12-in
y dy h 2 s 0.0000575-in ft
Ibf
Tyy = 154-—
yX
e
Equation of moti W
quation of motion YF, = M-a, or Tyx A= ?'ax
TyX.A.g Tnywg
aX = — = —
W W
2
1bf . ) ft ft
a, = -154 —2 x 11.5-inx 0.125-in x 32.2~—2 X 00Tt x >
ft s ) (12-in)
0.495 ft
a, = —0.495-—
X 2

S



Problem 2.45

[Difficulty: 2]

2.45 A block weighing 10 Ibf and having dimensions 10in. on
each edge is pulled up an inclined surface on which there isa
film of SAE 10W oil at 10°F. 1f the speed of the block is 2 ft's
and the oil film is 0.001 in. thick, find the foree required to pull
the block. Assume the velocity distribution in the oil film is
linear. The surface is inclined at an angle of 25° from the
horizontal.

Given: Block pulled up incline on oil layer
Find: Force required to pull the block
Solution:
-
. . du
Governing equations: Tyx = M=
Y dy r N
w
SF, = M-a,
Assumptions: Laminar flow
. . ft
The given data is W = 10-1bf U=2—= w = 10-in d = 0.001-in 0 = 25-deg
s
-2 N-s .
p=37x10 ~-— Fig. A.2 @1000°F (38°C)
m2
Equation of motion YFy =Ma, =0 ] F-f - W-sin(0) =0
0
The friction force is f=1 x'A = M'@'A = u~E~w2
y dy d
. U 2 .
Hence F=1f+ W-sin(0) = u-z-w + W-sin(0)
2 Nis bfs m* _f 2
F=37x10 ~~— x 0.0209- — x 2:— x ———— x (10-in)” x — + 10-1bf-sin(25-deg)
m2 ftz N-s s 0.001-in 12-in

F=17.1-1bf



Problem 2.46 [Difficulty: 2]

2.45 A block of mass 10 kg and measuring 250 mm on each
edge is pulled up an inclined surface on which there is a film
of SAE 10W-30 oil at 30°F (the oil film is (0,025 mm thick).
Find the steady speed of the block if it is released. If a force
of 75 N is applied to pull the block up the incline, find the
steady speed of the block. If the force is now applied to push
the block down the incline, find the steady speed of the
block. Assume the velocity distribution in the oil film is
lingar. The surface is inclined at an angle of 307 from the

horizontal.
Given: Block moving on incline on oil layer
Find: Speed of block when free, pulled, and pushed
Solution:
A7
. . du
Governing equations: Tyx = wd_
y 7 N
w
3F, =M-ay
Assumptions: Laminar flow
The given data is M = 10-kg W =M-yg W = 98.066 N w = 250-mm
d = 0.025-mm 0 = 30-deg F = 75N
— 1 N-s .
p=10 -— Fig. A.2 SAE 10-39 @30°C
m2

Equation of motion YF =M-a, =0 S0 F-f - W-sin(0) =0
The friction force is f=1 A= M'E'A = u-E~w2

yx dy d
Hence for uphill motion ~ F = f + W-sin(0) = M-E-wz + W-sin(0) U= 4 (F =~ W-sin(8)) (For downpush change

d u-wz sign of W)
Forno force: U = d-Wsin(6) U= 0.196gl
H‘Wz S

Pushingup: ~ y = SEZWsin®) -y 5,m Pushing down: y = LAE+ Wosin(9)) U = 0.496—

2 S 2 S

how oW



Problem 2.47

[Difficulty: 2]

2.47 Tape is to be coated on both sides with glue by drawing
it through a narrow gap. The tape is (LO15 in. thick and 100
in. wide. It is centered in the gap with a clearance of 0.012 in.
on each side. The plue, of viscosity p =002 slug/ft. s),
completely fills the space between the tape and pap. If the
tape can withstand a maximum tensile force of 25 Ibf,
determine the maximum gap region through which it can be
pulled at a speed of 3 fus.

Given: Data on tape mechanism
Find: Maximum gap region that can be pulled without breaking tape
Solution:
. . du
Basic equation Tog = W— and
yx dy

Here F is the force on each side of the tape; the total force is then

»

5 12-in " slug-ft

The velocity gradient is linear as shown du = v-0 =—
dy c
The area of contact is A=wL
- \Y%
Combining these results Fr=2-p—wL
c
FT'C
Solving for L =
2 Vew
The given data is Fp = 25.1bf ¢ = 0.012-in
) 1
Hence L = 25:1bf x 0.012-in x — X — X
12:in = 2

v

L=251ft

s Ibf



Problem 2.48

[Difficulty: 2]

2.48 A73-mm-diameter aluminum (SG = 2.64) piston of 10(-

. . . . 3 1 Cut to set
mm length resides in a stationary 73-mm-1nner-diameter steel in motion
tube lined with SAE 10W-30 oil at 25°C. A mass m =2 kg T T
is suspended from the free end of the piston. The piston is -r
set into motion by cutting a support cord What is the Fiston
terminal velocity of mass m? Assume a linear velocity Ty
profile within the oil. | I l=——0il film
[ [
: : — Tube
[ [
| |
" J,'I"'
Given: Flow data on apparatus
Find: The terminal velocity of mass m
Solution:
Given data: Dpiston = 73-mm Diype = 75-mm Mass = 2-kg = 100-mm SGy| = 2.64
Reference data: = 1000~§ (maximum density of water)
’ Pwater = 3
m

From Fig. A.2:, the dynamic viscosity of SAE 10W-30 oil at 25°C is:

N.
0.13—>
2

m

The terminal velocity of the mass m is equivalent to the terminal velocity of the piston. At that terminal speed, the acceleration of
the piston is zero. Therefore, all forces acting on the piston must be balanced. This means that the force driving the motion
(i.e. the weight of mass m and the piston) balances the viscous forces acting on the surface of the piston. Thus, at r = Rp;on.

2.
Tr'Dpiston ‘L
Mass + SG Al Pwater| ——

The velocity profile within the oil film is linear ...

Therefore iV = v

Z
dr [Dtube - Dpiston\

2 ) Tuba

(Gtatic

Thus, the terminal velocity of the piston, V, is:

2
g'(SGAI'pwater""'Dpiston 'L+ 4'Mass)'(Dtube - Dpiston)
8-wmD . L

piston’

m
or V=102—

d
e=1 A=|plv
4 ) €=Try (“dr z

(ﬂ'Dpiston'L)




Problem 2.49 [Difficulty: 3]

2.9 The piston in Problem 248 is traveling at terminal — cut to sat
speed. The mass m now disconnects from the piston, Plot the T inmation
piston speed vs. time. How long does it take the piston to T T
come within 1 percent of its new terminal speed? >r

Fiston
Xy
| I l=——0il film
i i a— Tubs
[ [
| |

Given: Flow data on apparatus

Find: Sketch of piston speed vs time; the time needed for the piston to reach 99% of its new terminal speed.

Solution:

Given data: Dpiston = 73-mm Dygpe = 75mm L = 100-mm SGa =264 Vg = 10.2-?
Reference data: Pwater = 1000.k—g3 (maximum density of water) (From Problem 2.48)

m .
Wiscous force due

From Fig. A.2, the dynamic viscosity of SAE 10W-30 oil at 25°C is: n= ().13.& to shear stress

" ]

The free body diagram of the piston after the cord is cutis:
: ; '"'Dpiston2\
Piston weight: Wpiston = SGA| Pwater & T} a
Viscous force: Ficcous(V) = Trp A l
Piston
= Al ight
or Fiiscous(V) = W '(W'Dpiston'L) wel

E'(Dtube - Dpiston)

. . ) dv
Applying Newton's second law: mpiston'g = Wpiston - Fuiscous(V)
Therefore (A =g-aV where a = 8-
dt SGAl'pwater'Dpiston'(Dtube - Dpiston)

If V=g-aV then g = _a.d_V
dt dt

The differential equation becomes — =-aX where X(0)=g-aV
dt

The solution to this differential equation is: X(t) = Xo-e_ ’ or g—aV(t) = (g - a~V0)-e_ at



Therefore V(t) = (VO _ E)-e(_ at) &
a a

Plotting piston speed vs. time (which can be done in Excel)

Piston speed vs. time

10]

V(1) 61

The terminal speed of the piston, V7, is evaluated as ¢ approaches infinity

m
or Vi =3.63—

Vi =
S

o |oq

The time needed for the piston to slow down to within 1% ofits terminal velocity is:

1
= —.lpn —mm8 —— | or t=193s



Problem 2.50 [Difficulty: 3]

2.50 A block of mass M slides on a thin film of oil. The film
thickness is & and the area of the block is A. When released, Block
mass #t exerts tension on the cord, causing the block to i
accelerate. Meglect friction in the pulley and air resistance. M
Develop an algebraic expression for the viscous force that acts
on the block when it moves at speed V. Derive a differential
equation for the block speed as a function of time. Obtain an il film J
expression for the block speed as a function of time. The mass (viscosity, )
M=5kp m=1kpg A=123 cm? and b = 0.5 mm. If it takes 1 s
for the speed to reach 1 m/s, find the oil viscosity . Plot the
curve for Vir).

Cord

= —

Mass —

Given:  Block on oil layer pulled by hanging weight
Find: Expression for viscous force at speed V; differential equation for motion; block speed as function of time; oil viscosity
M,
g X
; ! "

F Y
e

< Fy

Solution:

Governing equations: Toy = W— 3F, =M-ay

N me

Assumptions: Laminar flow; linear velocity profile in oil layer

The given data is M = 5-kg W=mg=981N A= 25~cm2 h = 0.05-mm
Equation of motion (block) YF, = M-ay so F,-F, =M— ()

Equation of motion (block) YF_=m-a S0 mg - F =m— (2)
Adding Egs. (1) and (2) m-g — F, = (M + m)-
The friction force is F.=717..-A= M.—u.A = M'%'A
Hence mg-—V=M+ m)-(ii—\t]

To solve separate variables  dt = ———.dV

Hence taking antilogarithms 1 - ——



Finally

In Excel:

The data is

t(s)

m_gh The maximum velocity is V =
H-A
5.00 kg To find the viscosity for which the speed is 1 m/s after 1 s
1.00 kg use Goal Seek with the velocity targeted to be 1 m/s by varying
9.81 m/s> the viscosity in the set of cell below:
130 N.s/m?
25 cm? t (s) V (m/s)
0.5 mm 1.00 1.000
Speed V of Block vs Time t
1.6
1.4
1.2 4
1.0 4
V (m/s) 0.8
0.6
0.4
0.2 -
0.0 T T T T T 1
0.0 0.5 1.0 15 2.0 25 3.0

t(s) V (m/s)
0.00 0.000
0.10 0.155
0.20 0.294
0.30 0.419
0.40 0.531
0.50 0.632
0.60 0.722
0.70 0.803
0.80 0.876
0.90 0.941
1.00 1.00
1.10 1.05
1.20 1.10
1.30 1.14
1.40 1.18
1.50 1.21
1.60 1.25
1.70 1.27
1.80 1.30
1.90 1.32
2.00 1.34
2.10 1.36
2.20 1.37
2.30 1.39
2.40 1.40
2.50 1.41
2.60 1.42
2.70 1.43
2.80 1.44
2.90 1.45
3.00 1.46




Problem 2.51

[Difficulty: 4]

2.51 A block (01 m square, with 5 kg mass, slides down a
smooth incline, 307 below the horizontal, on a film of SAE 30
oil at 200C that is 0.20'mm thick. If the block is released from
rest at f=10, what is its initial acceleration? Derive an
expression for the speed of the block as a function of time.
Plat the curve for Vi), Find the speed after 0.1 5. 1f we want
the mass to instead reach a speed of 0.3 m's at this time,
find the viscosity p of the oil we would have to use.

Given:  Data on the block and incline
Find:
0.1s
Solution:
Given data M = 5kg A = (0,1.m)2
From Fig. A2 w= 04—
m2

Applying Newton's 2nd law to initial instant (no friction)

so
Applying Newton's 2nd law at any instant
so
Separating variables
Integrating and using limits
or

Att=0.1s

S

m
V(0.1-5) = 0.404-—
S

V= 5-kg x 9.81~22 x 0.0002-m-sin(30-deg) x

Initial acceleration; formula for speed of block; plot; find speed after 0.1 s. Find oil viscosity if speed is 0.3 m/s after

d = 0.2.-mm 0 = 30-deg

M-a = M-g-sin(0) — F¢ = M-g-sin(0)

o am
Ajpi¢ = 49—

a; = g-sin(0) = 9.81-= x sin(30-deg)
52 s2
M-a = Mgsln(e) - Ff and Ff — T'A — IJ:EA _ MXA
dy d
dv A
M-a=M-— = M-g-sin(6) - 1=V
dt d
dv
. dt
-sin(0) — ——-V
g-sin(0) Vd
M- .
Md o wA )
—wA )
M-g-d-sin(0 ,
V(1) _ Meg-dssin(®) || Md )
BA
04001 )
2 2 - | ————0.1
= N's 5.0.0002 )
X X 1 —e
kg-m

0.4-N~s-(0.1-m)2



The plot looks like

1.51
~ I
2]
&
>
0.5
0 0.2 0.4 0.6 0.8
t(s)
To find the viscosity for which V(0.1 s) = 0.3 m/s, we must solve
— WA
N P2 o1s)
V(t=0.1-s) = M-g-dsin(®) |~ Md

pA

The viscosity p is implicit in this equation, so solution must be found by manual iteration, or by any of a number of classic
root-finding numerical methods, or by using Excel's Goal Seek

Using Excel: p= 1.O8~E
m2



Problem 2.52

[Difficulty: 3]

2.52 A block that is a mm sguare slides across a flat plate on
a thin film of oil. The oil has viscosity u and the film is & mm
thick. The block of mass M moves at steady speed U under
the influence of constant force F. Indicate the magnitude and
direction of the shear stresses on the bottom of the block
and the plate. If the force s removed suddenly and the block
begins to slow, sketch the resulting speed versus time curve
for the block. Obtain an expression for the time required for
the block to lose 95 percent of its initial speed.

Given: Block sliding on oil layer

Find: Direction of friction on bottom of block and on plate; expression for speed U versus time; time required to lose 95%
of initial speed

Solution:

Governing equations:

SF, = M-a,

Assumptions: Laminar flow; linear velocity profile in oil layer

The bottom of the block is a -y surface, so 1y, acts to the left; The plate

is a +y surface, so 1,y acts to the right

Equation of motion

The friction force is

Hence

To solve separate variables

Hence taking antilogarithms

Solving fort

Hence for E = 0.05
Yo

EFX = M-aX SO

FV = Tyx~A =p—-A=

dy
2
Ha o M.d_U
h dt

Ja
uh




Problem 2.53 [Difficulty: 2]

2.53 Magnet wire is to be coated with varnish for insulation
by drawing it through a circular die of L0 mm diameter. The
wire diameter is 0.9 mm and it is centered in the die.

The wvarnish (p=20 centipoise) completely fills the
space between the wire and the die for a length of 50 mm.
The wire is drawn through the die at a speed of 50 m/s.
Determine the force required to pull the wire.

Given: Varnish-coated wire drawn through die —

Find: Force required to pull wire 7 7
L)x — d D
Solution:
N @ o
overning equations: Tyx = p-d— 3F, =M-ay € >
y L

Assumptions: Laminar flow; linear velocity profile in varnish layer

The given data is D = 1-mm d = 0.9-mm L = 50-mm V = 50~2 w=20x 10 2poise
s
Equation of motion YF, = M-a, S0 F-F,=0 for steady speed
- . du \%
The friction force is F, = Tyx'A =p—A=p——0mdL

dr M(D—d\

Hence F- Fv =0
s P 2-m-p-V-d-L
D-d

1-kg m 1 m
— x 50-— x 0.9-mm x 50-mm x X
m-s-poise s (1 -0.9)-mm 1000-mm

sy
Il

2.t x 20x 10 2poise x

F=283N



Problem 2.54

[Difficulty: 3]

2.54 In a food-processing plant, honey is pumped through an
annular tube. The tube is L = 2 m long, with inner and outer
radii of £;=5 mm and K, =25 mm, respectively. The
applied pressure difference is Ap = 125 kPa, and the honey
viscosity is u= 5N .s/m”. The theoretical velocity profile for
laminar flow through an annulus is:

Show that the no-slip condition is satisfied by this expression.
Find the location at which the shear stress is zero. Find the
viscous forces acting on the inmer and outer surfaces, and
compare these to the force Apn(RE — RY). Explain.

Given: Data on annular tube
Find: Whether no-slip is satisfied; location of zeroshear stress; viscous forces
Solution:
The velocity profile is u,(r) = Lﬂ 2_2_
4.-n L
Check the no-slip condition. When r=R, uz(Ro) =
1 Ap 2 2 2 2
uy(Ry) = TH-T-[RI -R,+ (RO - R ﬂ =0
1 A
When r= Rl uZ(RI) = 4_Tp R12 — R12 _—
‘B
ln(
The no-slip condition is satisfied.
The given data is R; = 5-mm o = 25-mm

The viscosity of the honey is

Ap = 125-kPa



The plot looks like

25
= 20
G
i
o
& ot
e
o
<
m J

For each, shear stress is given by

Hence

For zero stress

On the outer surface

o
N
()
oS4
(9]

0.75

Velocity (m/s)

d dr|4p L | 0 [Rl )|
In| —
Ro) )
2 2
T —lﬁ 2.1 — fo — \
XUy R |
Inf — -r
Ro) )
R02_ Ri2
D ———— =0 or r=13.7-mm
[Ri\
Inf — r
Ro}
2 2
F =T A—lﬁ -2.R RO _RI \ZﬂR .L
0T T o (R} T
In| — ‘R,
Ro) )
Roz—Riz\\



On the inner surface

Hence

Note that

2 2 1-m
25- - (5- _—
3 N \2 [( )~ ( mm)JX(looo-mm,
F,=125%x 107-— x 7t x |- 25-mm x -
° 2 1000-mm ) (5\
m 2:In| —
25)
F,=-172N
2 2
F. =T .A_l.ﬁ. J.R. — Ro R \~2-7T~R-~L
I Y 1 Ri\\ | 1
111 — Rl
Ro) )
R02 - Riz\
F.- = Ap-7t-| =R
T (R
2:In| —
Ro))

2 [(25~mm)2 - (5~mm)2] x (

1-m \2
1000-mm )

Fi = 125 x 10" —— x 70 x || 5:mm x — 1
2 1000-mm )
m
F; = 63.4N
d A 2 r%) =2
F, - F; = -236N an pm|R,” - R ) =236N

2.1{2%)

The net pressure force just balances the net

viscous force!



Problem 2.55

[Difficulty: 3]

2.55 SAE 10W-30 il at 1007 C is pumped through atube [ =
10 m long, diameter £2 = 20 mm. The applied pressure differ-
ence is Ap =5 kPa. On the centerline of the tube is a metal
filament of diameter 4 = 1 pm. The theoretical velocity profile
for laminar flow through the tube is:

F, ¥ 2
Vir) = —— (2 |~ a2 - 28 (2
’ lap \ L In i d
D

Show that the no-slip condition is satisfied by this expression.
Find the location at which the shear stress is zero, and the
stress on the tube and on the filament. Plot the velocity
distribution and the stress distribution. (For the stress curve,
set an upper limit on stress of 5 Pa) Discuss the results,

Given: Data on flow through a tube with a filament
Find: Whether no-slip is satisfied; location of zero stress;stress on tube and filament
Solution:
2 2
The velocity profile is V(1) = Lﬂ d2 - 4-r2 — u nl
l6p L d)
In| —
D)
Check the no-slip condition. r= D \V/ 2\ = _L Ap
When 2 2) 16p L
I A
vy = —— 22 2 (p? g
16-p L
2 2
d 1 A D" -d
When r:E V(d):_._p. dz_dz_—.
P

The no-slip condition is satisfied.

The given data is d =1-pm D = 20-mm

The viscosity of SAE 10-30 oil at 100°C is (Fig. A.2) p=1x10

Ap = 5-kPa

L=10m



The plot looks like

107
’g 8]
g
R
2
o
~ 4
<
=
<
= 2
0 0.25 0.5 0.75 1
Velocity (m/s)
L du
For each, shear stress is given by Tix = M'?
I
2 2 A
Ve d 1 Aplo 2 —d” (2)
Trx = u.— = M. —_— . —_ .r —_ . n |
dr dr | 16-p L ln(g\ D; |
D) J
T (1r)—Lﬂ 8 —Dz_dZ\
™ 16 L (d\ |
In| — -1
D))
D’ - ¢’
For the zero-stress point 8r—-——— =0 or r=2.25-mm
d)
In| — v
D)
107
£ I
é 7.5]
=
2
= M
o
a9
=
3
< L
-3 —2 -1 0 1 2 3 4
Stress (Pa)

._]

Using the stress formula rx(_\ = -2.374Pa

2)

2)

Trx(g\\ = 2.524-kPa



Problem 2.56

[Difficulty: 2]

2.55 Fluids of viscosities ug = (L1 M ‘s/m>and pa=015M sm>
are contained between two plates (each plate is 1 m” in area).
The thicknesses are by = (05 mm and fs = 0.3 mm, respectivelv.
Find the force F to make the upper plate move at a speed of
1 mfs. What isthe fluid velocity at the interface betweenthe two
fiids?

|IJ|

Given: Flow between two plates
Find: Force to move upper plate; Interface velocity
Solution:

The shear stress is the same throughout (the velocity gradients are linear, and the stresses in the fluid at the interface must be

equal and opposite).

Hence T= = Py —— or By = My where V; is the interface velocity
-
Solving for the interface Vi = v . S Vi = 07142
velocity V; 1 By hy 0.1 03 s
+ ——
Y 0.15 0.5
Vi N-s 1 1000-mm 2

Then the force F=17A= u1~—~A =0.1"— x 0.714-— x X x 1-m F=143N
required is hy s 0.5mm I-m



Problem 2.57

[Difficulty: 2]

2.57 Fluids of viscosities pq =015 N-sim?, pa =05 N s'm’,
and puy =02 M. s/m® are contained between two plates
{each plate is 1 m° in area). The thicknesses are fy = 0.5 mm,
f =025 mm, and fs =0.2 mm, respectively. Find the steady
speed Voof the upper plate and the velocities at the two inter-
faces due toa force F= 100 M. Plot the velocity distribution.

Given: Flow of three fluids between two plates

Find: Upper plate velocity; Interface velocities; plot velocity distribution

Solution:

The shear stress is the same throughout (the velocity gradients are linear, and the stresses in the fluids at the interfaces must be

equal and opposite).

Given data F = 100-N h; = 0.5-mm hy, = 0.25-mm hy = 0.2:-mm
N- N- N-
A=lm’ by = 015 My = 05— My = 02—
2 2 2
m m m
The (constant) stress is T = E T=100Pa
A
For each fluid T= M'ﬂ or AV = TAY where AV is the overall change in velocity over distance Ay
Ay M
Thl m
Hence Vip = — Vip=0333— where V1, is the velocity at the 1 - 2 interface
H1 S
Th2 m
Hence Vor = —— 4+ V V52 = 0.383 — where V5 is the velocity at the 2 - 3 interface
23 ™ 12 23 s
Th3 m
Hence V=—=4+Vy V =0.483 — where V is the velocity at the upper plate
K3 s
-
0.751
El
)
§ 0.57
2
[
0.257
0.1 02 0.3 0.4 0.5

Velocity (m/s)



Problem 2.58 ' [Difficulty: 2]

R . Pulley\ ’—’" /Cord
2.58 A concentric cvlinder viscometer may be formed by Y

rotating the inner member of a pair of closely fitting cvlin- P
ders. The annular gap is small so that a linear velocity profile
will exist in the liguid sample. Consider a viscometer with an
inner cylinder of 4 in. diameter and 8 in. height, and a #

clearance gap width of (0L001 in., filled with castor ail at %W°F. \

Determine the torque required to turn the inner cylinder at ~— \
400 rpm. ——

Sa\s\en:
Ne T&%wac&. J\ORUM. il sobance We vaéxi\.\?\cx Notgue of Ve dvear Lot

L
<
T&e sgwm_(ocm, is %\\&s\ \zé ¥ = W Lhere W = X R\

?c.v o ‘\\Wy\.g\"\\o.ﬁ ‘Q\\:\(& ~{ = )J» d‘}%

For gimal %% (\eas gc&( \\*e\\ = )—L é‘_
whese N = \%\g@x\a& \;e_XcQ(\_L\ of \"mer c#iht’mﬁ‘ = Ruo

N
e T =lw = )u.%}_,:) PR Q.\‘\ = al( &Q\tﬁ:\
A A
. 3
s A}\‘ﬁ, \c:;(c-\y&n_;—-‘ = Y = o R w\'\

e

A&
Frow ;‘\%?\\'&.)(m coslor o\ A ase Q?)fc._\ S )-u:» 3.9 ,.\L;\ wWg lewn

5@5\;&\;\\&: Aoresicol “alses .
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3 — -\ - 3
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A T FAL - ) DNGN VLI §

% 2¥ tod * \‘P\;r\ - '(‘L's
Temd oS g

= N (e N . Tz’"’i;‘“‘
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Problem 2.59

2.59 A concentric cylinder viscometer may be formed by
rotating the inner member of a pair of closely fitting cylin- o "’@ I

ders. For small clearances, a linear velocity profile may
be assumed in the hgud filling the annular clearance gap.

!

|

A viscometer has an mmner cylinder of 75 mm diameter and !

[500 mm height, with a clearance gap width of (.02 mm. b

A torque of 0.021 N -m 15 required to turn the inner cylinder l
at 100 rpm. Determine the wviscosity of the hgud in the /l;,”

clearance gap of the viscometer. w

\Kv. ‘\V\?ose,& '\chv.\.n. t'\u.s_\. \M S&‘ (t;\s\,\g'\evc\r‘. OC \Rv& Sg\w CQRL R

\gt &m (c;vcg \s g,qﬂ\\i =W \”9\‘,‘ W = 2_‘({\'\\

. du
Yor o Neudenen Qood X = ),\ ﬁ

: N
Swvva We \n&eu\ﬁ Evccx\v. o assuvmed \a ‘o \(veas , < =M a

Where N\ ';s 3&\& '\m\gﬁ\.\c\ \sm\o'gt..i of Re wheS ta\\'hé.ns . \‘%k;w

_&\A—‘: , 2
’ F=~m=}.\“& 2N = 2«;:}\»“\_

[Difficulty: 2]

3
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2.60 A concentric cylinder viscometer is driven by a falling

Cord

Problem 2.60 [Difficulty: 2]

mass M connected by a cord and pulley to the inner cylinder,
as shown. The liquid to be tested fills the annular gap of width
a and height H. After a brief starting transient, the mass falls
at constant speed V,,. Develop an algebraic expression for
the viscosity of the liguid in the device in terms of M, g, V., r,
R, a, and H. Evaluate the viscosity of the liquid using:

M=010kg r =215 mm
R = 30 mm a = 020 mm
H = 80 mm Ve = 30 mm/s

S0 lution: Apply Newtons laco of viscosihy,
. ‘ + - d == =
Basic ¢guatons: T = 57{:{; ZM =0 T =7TAR
AsStermptions: (1) Newo Fon 120 Zi9uk<{ . '
(2) Nacrrow gap, $o lintcer vebcity, profile
(8) Steady angilar Speed
Summing dorgues sn the rotor
=0(3)

Z_MzM?r—fAK‘-’-I/xz =5 A=2mRH a
> (L T '—L
Because a <R, +reat +he gap as plone. Then | =

U-o

=g du o b4 U0 U N P L—*Uz\/ R

Substituting,

3
M - - MV K ey R “-‘Mgr‘ — 2 Vm R7H
ar ar

20 _ Mgrta

AT Yo Z3H

|

<]

=

Eva/uaﬁég vy The 5,pm cata.

{ z
/LL = 5—7-7-”)( 0- IO kgx q.gi _"22_ X(UIDZ-S) mi' D«OOOZ m)( 5
= 0.030 M
N / L Ns®
b.050)2m23"0.030 m kg -m

e = 0065 M [ mt (650 mRas)




Problem 2.61 [Difficulty: 3]

2.61 Theviscometer of Problem 2.60 is being used toverify that
the viscosity of a particular fiuid is u = 0.1 N-s/m” Unfortu-
nately the cord snaps during the experiment. How long will it
take the cylinder to lose 999% of its speed? The moment of
inertia of the cylinder/pulley system is 0,0273 kg m®

Given: Data on the viscometer
Find: Time for viscometer to lose 99% of speed
Solution:
. . 2 N-s
The given data is R =50mm H = 80-mm a = 0.20-mm I =0.0273-kg'm p=01—
m2
The equation of motion for the slowing viscometer is I-.oo = Torque = —T-A-R
where o is the angular acceleration and 1 is the viscous stress, and A is the surface area of the viscometer
The stress is given by T= M'ﬂ = M'u _ vV _ pRw
d a a
where V" and o are the instantaneous linear and angular velocities.
dw ‘R-w ~R2~A
Hence la=1— = K AR = ad .
dt a a
dw ~R2~A
Separating variables R -dt
w a-l
Integrating and using IC o = o w(t) = wy-e al
V0 R2~A
The time to slow down by 99% is obtained from solving 0.01-wy = wy-e al S0 t=— al In(0.01)
u-RZ-A
al
Note that A=2-mRH N t= —— - In(0.01)
2w RH
0.0002:m:0.0273 kgm®  m° 1 I Ns
- = : gm : : . In(0.01) t=4.00s
2.7 0.1‘N-s 3 0.08-m kg-m

(0.05-m)
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Problem 2.62
|

2.62 A shaft with outside diameter of 18 mm turns at
20 revolutions per second inside a stationary journal bearing
60 mm long. A thin film of oil 0.2 mm thick fills the con-
centric annulus between the shaft and journal. The torque
needed to turn the shaft is 0.0036 N-m. Estimate the vis- #©
cosity of the oil that fills the gap.

Solution: Basic equa—hdn Tyx 2t &=
Assumiphrons : (1) Newtonian flerd

I, .

Then U=wpr =wdb/2
%“T’TT’,:
t

=0.2 rrm

Shear $tress 15

Nﬁg/ec{:/hg end effects, z‘arquc /s
T =FK = ij AR

Solving For viscosity

Y4ET
 Tw D3 L

/LL,-..

_‘f_KO.mex 0,w-%N'm S /
La

H

Difficulty: [2]

= Ty (TDLYD . T W DL
z %

/

@) Gap s nacrow, 30 ve locii pmﬁx}c 1S Jincar,

3
rev_ |, (toog) mm

|

AL = 0.0208 Nos [ 2

. x
* Zorev (18 mm 3 o mm 2 rad

rd

;
)

rm

3

-

O.55wuming The oil is at reom R perature.

{ From Fig A.z, ths oil agpears Somewhat less Viscows than A€ oW,

}
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Problem 2.63
2.63 The thin outer cylinder (mass m- and radius R) of a
small portable concentric cylinder viscometer is driven by
a falling mass, m,, attached to a cord. The inner cylinder is
stationary. The clearance between the cylinders 1s a. Neglect
bearing friction, air resistance, and the mass of liquid in the
viscometer. Obtain an algebraic expression for the torque due
to viscous shear that acts on the cylinder at angular speed w
Derive and solve a differential equation for the angular speed
of the outer cylinder as a function of time. Obtain an expres-
sion for the maximum angular speed of the cylinder.
5.0\\,\ \d\‘,

l>.
i

‘ . S _ € —
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ZTV¥= v
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Problem 2.64

[Difficulty: 3]

2.64 A shock-free coupling for a low-power mechanical driveis
to be made from a pair of concentric cylinders. The annular
space between the cylinders is to be filled with oil. The drive
must transmit power, @ = 10 W. Other dimensions and prop-
erties are asshown. Neglect any bearing friction and end effects.
Assume the minimum practical papclearance & forthe device is
= 1025 mm. Dow manufactures silicone fluids with viscosities
as highas 10f centipoise. Determine the viscosity that should be
specified to satisfy the requirement for this device.

-

R =10 mm wp = 9,000 rpm

wy = 10,000 rpm {outer cylinder)

\— & = Gap clearance

P=10W

Given: Shock-free coupling assembly

Find:  Required viscosity

Solution:
Basic equation To= M'% Shear force F=T1-A Torque T = F-R Power P=Tw
r
Asst}};npﬁons: Newtonian fluid, linear velocity du AV [“’1' R - wy (R + 5)]
ororue Tre: p— = p— = W
dr Ar )
Va=an(R+ 0) R
o T.a= (wl _ wZ). Because § << R
> 0 6
ﬁ nood
u~(w1 - wz)-R
Then P=Twy =FRw)=TAyRw)=—————2-mRLRwWw
2-7T-|L~w2-(w1 - wz)-R3-L
- 5
Hence b= P-5
-4 . . 2 2
_10Wx25x 10 ‘m 5 1 min min 1 N 1 N N-m 5 rev \ 5 60~s\
2.7 9000 rev 1000 rev 3 002m sW 2-m-rad min
(.01-m)
w=0202. 38 W= 2.02-poise which corresponds to SAE 30 oil at 300C.
2

m



Problem 2.65 [Difficulty: 4] Part 1/2

2.65 A circular aluminum shaft mounted in a journal is
shown. The symmetric clearance gap between lhz—;.- shaft and e
~  journal is filled with SAE 10W-30 oil at 7'=30°C. The shaft

" is caused to turn by the auached mass and cord. Dt.”vt‘lt')}‘) and
solve a differential equation for the angular speed of the
shaft as a function of time. Calculate the maximum angular
speed of the shaft and the time required to reach 95 percent

of this speed.

agg ZLolution: Apply swummaton of forgues and Nevutonl second Jaces.
) Basic eguav‘-/oh.s.' IT =1 da".‘{’_ SF = m:/,_\t/_ vV~ W
gy v m?_
— For the shafr: 3T = tR— Ty sious 1I-<étc_o (2}
w Tuiscous = TKA =/‘-4.\_/_ R2mRL = ZM"
t @ X

Assume ; (I)Newfon/éu) /fq:,u'd, (L) Smamt 4P, (z) Linear Profrte
- Then &g.2 becomes tZ—Z'Q“‘Z_.'@Lw ==I<c{_z£:t__~’ . ;;‘;)I"%M,C‘ =

Mutt ipliiig €. 1 by R a.nd dombinig with 8.3 gives

2dw £3L,, = rd - SLy = Y
Mg R - mRAE - MLy = 1dd or  gR-TRRIL < (T VY G

77'“:) mdu& b.‘ w,—/:/{u, A"'Bw ZC% wwc ﬁxm?k)s-;m/‘-"_j_fst‘) d= I+rn/

N

% 9 vor ‘Ie.s o __ dt
¢pasrating 126 Bl T ¢

Jm‘cgra‘/?ﬂ9 f -Bw = —J-Q,w[A-Bw)] = - ’ﬂw[l— =) =fd'<f =

O et

Co _ 8t
Simph g ing ,_B«) =g~k wsg[,_e-s"/c] 5| lw@)

The moximeem angulos speed (+0) s w=A/8. a

, Nig® -3
A=maR = 0.010 kgxq.slé_ﬂi_ x 0.0 mxk__é.:‘;.n = 2.45x)0"° Nim
! Nis&

-4
x = 4,33x/00" " NimiS
*0.0008 m K9 '

3
B = ZZMRL 27,0095 k3 (0.orSf 2 0,050 m
AL ms -
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Problem 2.65 [Difficulty: 4] Part 2/2

- !
. "wn -
Eva/ua.v‘vﬂg) max = 2 - 2SN xq.zsx/o"w.m‘xc 2.3 md/.s

Thas

2.63rad v bo.i_ 25.1 r
Woax = _s___. x"‘”_radx S = ,Omj

maoo

=149
B

O

From €9.S, W= 0.95 Whax when €~ /€ = 005,00 Befe 235t~
C=T+mRR"= E'M,e"‘-f—m@t‘ ?—(z'/~4+m)£1
M= TRY1.SL+LYp= ZSTR' L % fur

M = Z.S‘Wx(b,ozs)"m‘x p.ose m, @.t¥)joco kg, 0.b48 kg
m —

¢ ~(4x0-6% kg | Dioro kg X0 .0tsYm* = 2,09 x lo~ ¥ kg .m*

Thus

- 2
- 3x 2.09Xx10 q/(j/m" ! - xN"s' - = a.L7) <
qu x 9.233x0 " "Nim.s. . K9 m 0.671 5

-

The terminal goeed cowld howe bt Compared from &. 4% by
s&ttmg ded Jdt —> 0, Wwithows 5aIW/>5 the differentias 24 ceatfzon .
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Problem 2.66 [Difficulty: 4]

2.66 A proposal has been made to use a pair of parallel disks
to measure the viscosity of a liquid sample. The upper disk .
rotates at height & above the lower disk. The viscosity of the N
liquid in the gap is to be calculated from measurements of |

the torque needed to turn the upper disk steadily. Obtain an i| | |

2
algebraic expression for the torque needed to turn the disk. | L., | I
Could we use this device to measure the viscosity of a non-
Newtonian fluid? Explain. |

: ‘ . [
Solution: Use r6,3 Coord inatts at right: Jt s 5——’-\/(9=wr‘

B ' a7‘70;z.s C Tan = ds _jA //|77 777
asic equ * Tye ../uag B
dT =rdF = /’“fég dA

: Assumpﬁén.s o) N(,w‘/‘[)(lrb.n f/ut‘d
3 (z2) Mo-slip Cond ihon .
3, 3 ~ *
241 @) Lintar velcity protik (m na.rmw gep)
The vcloc:;‘y ar any recdice ] locotion on the mfcd:u;ig ol sk 15 Vo =wr.

Since the Vejocify profile 1S lincar, thea

Tag =98 = AV _ lwr-0) _ _wwr T

¥ NG ey T ho éﬁ

and
dr = rigeda = r a5 zrrde = oW Py,

- Iate ‘

| ntegrating < R

[ ‘a 0 A 21’7 )
7= MR 7

2h

-
=

TNe dovve counld ot e vsed So e s R u\sc,,c:,s.\\.é)
c5€ O o -\ke.xéf\ovxgcx,(\ <\uu~&. \mgmm \Q««;, &QQ\'\%& s\\\m\? é&(‘m
o ol unCorm, SN wacwes Sron o N Ve walac &

Ve dude Vo pustiN oS Ko waae
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Problem 2.67 [Difficulty: 4] —

2.67 The cone and plate viscometer shown is an instrument — —-—-
used frequently to characterize non-Newtonian fluids. It '
consists of a flat plate and a rotating cone with a very obtuse

angle (typically # is less than (0.5 degrees). The apex of the . |
cone just touches the plate surface and the liquid to be tested [—r—]
. \ C H —T
fills the narrow gap formed by the cone and plate. Derive an = | ———]

|

! Sample
terms of the geometry of the system. Evaluate the torque on ~ |

the driven cone in terms of the shear stress and geometry of
the system.

%o\\x .\D‘\‘.

Swea Re m'i\\g e % Nerw .sv'\(3§~s Re QQ&VQ.%Q QSR wxd.\o\ S

\ M . .
Q%.ﬁaﬁi‘;i&\g Yo assuwne o \Neas \xg\cc.t% chfx\e.
QqALCOSS ‘Q\Q_ 3&? and Yo ‘\Q_G&\QE&.— X2 &'CQi\.b :

Re shear (Adbmnalon) tale NS

S \fi du _ b g
N

WL ang cadws (T,

N = oo

Ne o 3 = v SUCN
\ ALY - 2
Soo%F TR T e

S © & \WSA av~o\ \ Non© x~ & ol

-
K"e‘

: ; . . . C—————— 1T — % /1]
expression for the shear rate in the liquid that fills the gap in

K‘

: eor " do\ of v. Ve eure
N _R\;Q&,f:\f_ '\scc;s& Ai\:.:'iﬁ?-&%“‘@w tore Sheos ToNR.

ANy '\on\)w, o~ e Acwaen cone & 83\“'& \bi
~ = (caF Aese &% = T am

ond. - Q\_&;= \‘.\QX\&A = ‘(‘i\&ic 2T AT

Q

At -

<= ¥ X
>




Problem 2.68 [Difficulty: 4]

2.68 The viscometer of Problem 2.67 is used to measure the |

apparent viscosity of a fiuid. The data below are obtained.
What kind of non-Mewtonian fluid is this? Find the values of ~ .

Kk and r used in Egs. 2.16 and 2.17 in defining the apparent ‘-_i =

viscosity of a fluid. (Assume & is (0.5 degrees) Predict :

the viscosity at % and 1({ rpm. . "

L 1 "__I-_.]
Speed (rpm) 20 30 40 50 60 T 8D —— | =7 |
pN-s'm®) 0121 0139 0153 0159 0172 0172 0183 0185 N -
i Samplz —

Given: Data on the viscometer
Find: The values of coefficients k and #»; determine the land of non-Newtomal fluid 1t 1s; estimate viscosity at 80 and 100 rpm
Solution:

The velocity gradient at any radius »1is

where @ (rad/s) is the angular velocity

For small &, tan{&) can be replace with 8, so

FromEq 2.11.

where 1 is the apparent viscosity. Hence

The data is

N (rpm) |1 (N s/m®)
10 0.121
20 0.139
30 0.153
40 0.159
50 0.172
60 0.172
70 0.183
80 0.185

du  rw
dv  r-tan{d)
2-c-N
p= =% N where IV is the speedin
60 pm

du  w
dv i}

(lauy™ ! du du
k| — —— =M

L dy | ) dy dy




The computed data is

o (rad/s)| /8 (1/s) | n (N s/im“x10%)
1.047 120 121
2.094 240 139
3.142 360 153
4.189 480 159
5.236 600 172
6.283 720 172
7.330 840 183
8.378 960 185
From the Trendline analysis
k = 0.0449
n -1=0.2068
n =121 The fluid is dilatant

The apparent viscosities at 90 and 100 rpm can now be computed

N (rpm)| @ (rad/s) /9 (1/s) 1 (N s/m“x10°)
90 9.42 1080 191
100 10.47 1200 195
Viscosity vs Shear Rate
1000 —— - — -
== X Dat === FE == ==E
o [ ] - - - - - - —— —— — —— 7
N§ —— —— 1 ====Power Trendline | — — — —— ‘— —_ P i— :F -
E — | DA v a—— T S o o N
2w X — T AN
= - — ﬁ e = 44.94(0/0) % T — T .
R*=0.9925
-
10 1 1 1 1 1
100 1000

Shear Rate /0 (1/s)




Problem 2.69

[Difficulty: 4]

2.69 An insulation company is examining a new material for
extruding into cavities. The experimental data is given below
for the speed U of the upper plate, which is separated from a
fixed lower plate bv a I-mm-thick sample of the material,
when a given shear stress is applied. Determine the type of
material. If a replacement material with a minimum yield
stress of 250 Pa is needed, what viscosity will the material
need to have the same behavior as the current material at a
shear stress of 450 Pa?

T (Pa) 50 100 150 163 171 170 202 Z46 349 444
Ufmfs) 0 0O 0 0005 001 0025 005 01 02 03

Given: Data on insulation material
Find: Type of material; replacement material
Solution:

The velocity gradient is

du/dy = U/ 6 where 6 = 0.00l m
Data and 7 (Pa) U (mis) du/dy (s™)
computations 50 0.000 0
100 0.000 0
150 0.000 0
163 0.005 5
171 0.01 10
170 0.03 25
202 0.05 50
246 0.1 100
349 0.2 200
444 0.3 300
Hence we have a Bingham plastic, with T, = 154
uy = 0.963
At 7 =450 Pa, based on the linear fit du/dy = 307
For a fluid with 7, = 250

Pa
N s/m’

Pa

we can use the Bingham plastic formula to solve for ,, given 7, 7, and du/dy from above

Uy = 0.652

N s/m’

Shear Stress vs Shear Strain

500 -
450 -
400 -
350 A
300 -

t (Pa)

250 -
200 -
150 X
100 >
50

R?=0.9977

Linear data fit:
©=0.9632(du/dy) + 154.34

0 T T T T T
0 50 100 150 200 250

du/dy (1/s)

300 350




Problem 2.70

[Difficulty: 3]

2.70 A viscometer is wsed to measure the viscosity of a |
patient’s blood. The deformation rate (shear rate)-—shear
stress data is shown below. Plot the apparent viscosity versus
deformation rate. Find the value of k and n in Eq. 2.17, and
from this examine the aphorism “Blood is thicker than !

water.” 1
T T ¥
duldy ¢ 5 10 25 50 100 200 300 400 T S campla T

T (Pa) LWST 0119 0241 0375 0634 106 146 LT8R |

Given: Viscometer data

Find: Value of k and nin Eq. 2.17

Solution:
The data is 7 (Pa) | du/dy (s”) Shear Stress vs Shear Strain
0.0457 5 -
0.119 10 % Data
0.241 25
0.375 50 —Power Trendline
0.634 100 XX
=T |1 ‘
1.06 200 é 1000
1.46 300 e
1.78 400
0.14 = 0.0162(dw/dy)"™**
R*=0.9902
X
0.01 -
du/dy (1/s)
Hence we have k =0.0162
n = 0.7934 Blood is pseudoplastic (shear thinning)
The apparent viscosity from n= k (du/dy)"™!
du/dy (s™)| n (Ns/m?) L aier = 0:001 N s/m” at 20°C
5 0.0116
10 0.0101 Hence, blood is "thicker" than water!
25 0.0083
50 0.0072
100 0.0063
200 0.0054
300 0.0050
400 0.0047
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Problem 2.71 [Difficulty: 5] ———
| - ‘.
2.71 A viscous clutch i1s to be made from a pair of closely

spaced parallel disks enclosing a thin layer of viscous liquid. R
Develop algebraic expressions for the torque and the power
transmitted by the disk pair, in terms of liquid viscosity, g,
disk radius, R, disk spacing, a. and the angular speeds: w; of
the input disk and w, of the output disk. Also develop
expressions for the slip ratio, s = Aw/w;, in terms of w; and
the torque transmitted. Determine the efficiency, 7, in terms
of the slip ratio.

T

(D

;;; Solution: Apply Newtorns law of viseo sty
? Ba.ste e,qua#zc;nx: T =——/u.d‘*L dF = TdA dT =rdF
~ ?
&
P Asstemphens: (1) Newstonian |1quad o
() Marro o gap $0 velaa-/y prm‘z/e 1S lineanr
lonsider o .ségmcm‘ of plates: {J\&‘i Y l Ly
} rw; ‘wn) ~2 r —— =
/'" Ay T de "y ") r s
do ‘
dA = rdrds End Views Botorn View
< LD r3dr
dF < TdA = AL20 g rgs B 13 s 3 dTreE 20 s
Ifﬁegmﬁﬁg
2wk R 2 Bts (R L bw R
a.a 5 a () Zao
0 e
T AL Wy HLy k.y' ‘fft¥
BT, = Pad Z;.. (po wer fransmitfed) P
R = A_L_‘_) = ZQT____ /a
W TwR* W
- . g PWO(A—* Two wo BLL«t ch.,w. _,Aw %0
(= S = - = B o 4 )
N Effhuency ’)7 ot 1 T o |
- 77:%:[—4—@ .-_':/—(4‘ /}7
Ly ) B




Problem 2.72

[Difficulty: 5]

2.72 A concentric-cylinder viscometer is shown. Viscous -

torque 1s produced by the annular gap around the inner (LJ;L

— cylinder. Additional viscous torque is produced by the flat
- bottom of the inner cylinder as it rotates above the flat}

bottom of the stationary outer cylinder. Obtain an algebraic

expression for the viscous torque due to flow in the annular y

gap of width a. Obtain an algebraic expression for the viscous R

torque due to flow in the bottom clearance gap of height b.

Prepare a plot showing the ratio, b/a, required to hold the b
gzy bottom torque to 1 percent or less of the annulus torque, |
38 versus the other geometric variables. What are the design ]
t implications? What modifications to the design can you
e recommend?

. . S - 'l
; <A . Row Ao \ua = éu—é .
J \x\\of\. ‘ \ Uiyuos ‘ v/;&\ N m‘\@\ N
(; “$wh~?\\°“$ AU \\Heos um\o&%—? e (= P~
z *
@ " 0.5\"\\>\05 %L? A b %) \D_?:
[ . — = Y = o o= O
b 0=k el ﬁt)& 2R
C_}“_NZ’ T Narqpe = W= A= = R})\ (&vt‘%\" —’&E— - o)
e Q%\ N \b&.c:'\ G:? dn - t__“; - o - \Q’E
< é}r.v\o ‘(“_})\ &—é~),k 56—/-&& }L \
— (Noswes wQ
Q\ a ' ‘( “
—_— S ’
\ovc\)m.= Z‘S—ﬁ‘é\-&—) KO V& = “2’_‘__ \_:\L "%él (:D\
AN Q
@ For  “odbowm lTo.N\\&.»s - UL v&_\‘\%
\ wof K
Ty . TP s corae
= AR 0 e oo TS
W
SUNEIPY AY S
ol OO * Lok
A R °
ov = [
Q& e ?\o\_ Souos \S\Q_ AN ‘“&Q‘ } |
Ly ] i
&ué;c &.v.‘aa\ Would &&@J& on o§ 2 ‘o 2.0
(¥e RTN OJJ\ Y _ Llw
Yoo Q= \ne w\\& \\\* 2. %\N_h ¥ LS
- @ Tk o gewn W o< ?\\\é: K dxsﬂve:\s\d\ ¢m&d~\“ﬁﬁ.
LA weseosed Nolow \“é |
v dlas Sowon \Q\% Ve dasd \ves W
TG &\Do\&,




Problem 2.73 [Difficulty: 4]

2.73 A viscometer is built from a conical pointed shaft that a=0.2 mm
turns in a conical bearing, as shown. The gap between shaft w= 75 rawls
and bearing is filled with a sample of the test oil. Obtain an /\

alpebraic expression for the viscosity p of the oil as a func-
tion of viscometer peometry (H, a, and &), turning speed w,
and applied torgue 7. For the data given, find by referring to
Figure A2 in Appendix A, the type of oil for which the
applied torgue is 0.325 N m. The oil is at 20°C. Hinr First
obtain an expression for the shear stress on the surface of the
conical shaft as a function of 2.

#=30"
H=25mm

Given:  Conical bearing geometry

Find: Expression for shear stress; Viscous torque on shaft
\ 2/
) \ 7
Solution: ds
Basic equation T= M'ﬂ dT = r1-dA Infinitesimal shear torque \ / A4
dy s
Assumptions: Newtonian fluid, linear velocity profile (in narrow clearance gap), no slip condition
Section A4
T U= ar
tan(0) = — S0 r = z-tan(0)
Z |
Then . M'ﬂ _ M'g _ LL.(u.>-1r— 0) _ - w-z-tan(0)
dy Ay (a—0) a
As we move up the device, shear stress increases linearly (because rate of shear strain does)
dz
But from the sketch dz = ds-cos(0) dA = 2-mw-rds = 2.1
cos(0)
-w-z-tan(6) d 270 w7 tan(6)°
The viscous torque on the element of area is dT = r7dA = r- Hrw-z DT z dT = Wz .dz
a cos(0) a-cos(0)
. 'w~tan(6)3'H4
Integrating and using limitsz=Hand z=0 T= TR
2-a-cos(0)
__2-acos(6) T
Solving for p B 3 4
T-w-tan(0) " -H
Using given data H = 25-mm 6 = 30-deg a = 0.2.-mm w = 75.re_v T = 0.325-N'm
S
2-a 0)-T N-
W= _2acos(0) T w=1.012-—2
ﬁ-w-tan(6)3-H4 m2

From Fig. A2, at 200C, CASTOR OIL has this viscosity!
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Problem 2.74 [Difficulty: 5]

2.74 Design a concentric-cylinder viscometer to measure the
viscosity of a liquid similar to water. The goal is to achieve a,
measurement accuracy of +1 percent. Specify the config-
uration and dimensions of the viscometer. Indicate what
measured parameter will be used to infer the viscosity of the,,

w
liquid sample. | | )
Solution! Apply Jefinidron of Newtoniar Flued 1

' ' l | |
Lomputing equaten: T '-/u%' bl |
. .
Hons: (1) Steady l BRLE
AsSL&mP (2 Newstornian | ;7u;d v l\ ) )
(3 Narcow gap, s “uaroll * 1t %

() Liotar Velotity profile in gap 2

(5) Neglect end effects

¥ 2—>\/ =2wR Yy Y ., du _ wr

Val+ c Y sy = wﬁ I e w2

Flow del: = " u=V= X3 Tz
o

' = RPTA, where A =2MRH
Thus ’r;=/u.d(j -/u,d’ and forgue on rofor 1S T , w

Gonsequently T = K/“wﬁ 2R H = 2-7r£:w,€ B o
Ta

- i
M 2T R3AH
From +his equa hon the ancdrtar};fy /?)/“- 5 (see Appendix F),
z 3
o z =t 3,
Ly = i‘[urz-i— Ua + Uy + (Bie)t + ta ] =+ 13u ] 3.6 w
IF e wnce /‘ta.//‘)/y of tasLh pacameter equals . Thus
w=t 2 =t Lpexent | 4 o197 percent 2
3,61 <A —<
Typical diinensions for a benth -top unit nght bt
H= 280 mm, R =5 rmm, o, = 0.02 mm, and W= ,/O,Sl‘adls (IOOFPM)
From Appendix A, Table A8, watr b/-s/wt 1.8ox10"2 N3 [Im*» af T=20%.
The wwpaﬂdlf;q -Ayr4u<, woukd be
) | L - . T
T = 2, l,ooxio 3%1%” /_-_Z;S'X(a,or)gmi 0'meW = 0,278 Nwm -

-

I+ showld be possible o measwse +his forque guite accuratedy.

Many details weuld reed +o be cons dered (.4, bearings, tempmcm rise, '}

ete.) o produce a workasle deyice.
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Problem 2.75 [Difficulty: 5]

2.75 A spherical thrust bearing is shown. The gap between
the spherical member and the housing is of constant width 4.
Obtain and plot an algebraic expression for the nondimen-
sional torque on the spherical member, as a function of
angle .

40 It 107 APPIY definitols Oil film (viscosity, j1)  fo—"

Co mpLtmg eqaaﬁc;ﬂ.(: T v/z,n%:‘; 7“}; rTda

Assumptions: (1) New s nioa Flees, (2) Naroow gap ) (3) Larminar Low

From +he ﬁ'gumej 5= /2.5)/‘349»  u=tor =t B0

T /A.dtg, /Ll{a,;;...j /(A/q = L wf;.sm&
dA = 2T r Bd& = ZTR% 517(% d&>

Thus

o ~ o
T 7-Jo /Z.Smc?(éﬁ..ﬂ%f.’.@) 2T REsNG S = ZTﬁhwﬂ'QJ.ﬁms&d&
A .

' _ 2T Ad BY 3 « ¢ 2
0 h 3

il

o plot, nawma//;;e, 72 [T/ ZW@“w,e‘*] 1[00534 — (oS +~§j
A 3
4.8 I I ] l

Flo 7‘1"1/79 !

0.6

MNorma hgé;c(
TO/Z/u(e/

T/Z?T,;)AM/Q‘* 0,7 b

(=== 9

0.% -

| |
/D 30 5o 0 90
Spherical Mémber Angle, & (deg)

{Chea«. dimensions | [/aa; E"‘] - fﬁﬂzf_ x U‘xzz, = FL ,¢}




Problem 2.76 [Difficulty: 5]

2.76 A cross section of a rotating bearing s shown. The +

spherical member rotates with angular speed w, a small dis-
tance, a, above the plane surface. The narrow gap is filled
with wviscous oil, having p= 1250 ¢p. Obtain an algebraic B
expression for the shear stress acting on the spherical
member. Evaluate the maximum shear stress that acts on the = 70 o R=T&%mm
spherical member for the conditions shown. (Is the max- v=
imum necessarily located at the maximum radius?) Develop a=0.5mm
an algebraic expression (in the form of an integral) for the | —— _-Oilin gap
total viscous shear torgue that acts on the spherical member.
Calculate the torgue using the dimensions shown. T Ry =20 mm
Given: Geometry of rotating bearing
Find: Expression for shear stress; Maximum shear stress; Expression for total torque; Total torque
Solution:
. . du
Basic equation T=p— dT = r7-dA
dy
Assumptions: Newtonian fluid, narrow clearance gap, laminar motion
d -0
From the figure r = R-sin(0) U= wr= wR-sin(6) a_s- " _ 4
dy h h
h=a+ R-(1 — cos(0)) dA = 2-m-r-dr = 2-7tR-sin(0)-R-cos(0)-d6
dy a+ R:(1 - cos(9))
To find the maximum 7 set d_|: p-w-R-sin(6) } =0 SO R-prw-(R-cos(®) — R + a-cos(6)) =0
dé| a + R-(1 — cos(0)) (R+a- R~cos(6))2
R 75
R-cos(6) — R + a-cos(0) = 0 0= acos( \ = acos(—\ 0 = 6.6-deg
R+a) 75+ 0.5)
kg
ms 70 rad 1 N s2
T = 12.5-poise x 0.1:—— x 2.7w-—-—— x 0.075-m x sin(6.6-deg) x X
poise 60 s [0.0005 + 0.075-(1 — cos(6.6-deg))]'m  m-kg
N
T=792—
m2
[emax 4 5 R \
. -w-R "-sin(0) -cos(O 0
The torque is T= rT-AdO = b ©) (©) do wher @ .. = asin| — Omax = 15.5-deg
J a+ R-(1 — cos(0)) e R )

0

This integral is best evaluated numerically using Excel, Mathcad, ora good calculator T =1.02x 10 3-N~m
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Problem 2.77 [Difficulty: 2]

2.77 Small gas bubbles form in soda when a bottle or can is
opened. The average bubble diameter is about (.1 mm.
Estimate the pressure difference between the inside and
outside of such a bubble. |
Soluttons COﬁ.S/cllef o free- body diagram of half o bubble:
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Problem 2.78 [Difficulty: 2]

2.?3 You intend to gently place several steel needles on the
free surface of the water in a large tank. The needles come in
two lengths: Some are 5 cm long, and some are 1 cm long.
Meedles of each length are available with diameters of 1 mm,
2.5 mm, and 5 mm. Make a prediction as to which needles, if
any, will float.

Given: Data on size of various needles
Find: Which needles, if any, will float
Solution:

For a steel needle of length L, diameter D, density pg, to floatin water with surface tension ¢ and contact angle 6, the vertical

force due to surface tension must equal or exceed the weight

2
.D .o 0
2.L.O-.Cos(e) >W-= mg = Tr_pSLg or D< M
4 Trpsg

From Table A 4 o=728x%x10 3-E 0 = 0-deg and for water p= 1000.1(—g
m m3
From Table A.1, for steel SG = 7.83
8-0-cos(0) 8 3 N m3 s2 kg-m 3
Hence = x 72.8x 10 ~-— x x x 20 _155% 10 *-m = 1.55-mm
7-SG-p-g 7-7.83 m 999-kg 9.81'm N-52

Hence D < 1.55mm. Only the 1 mm needles float (needle length is irrelevant)



Problem 2.79

[Difficulty: 3]

2.79 According to Folsom [§], the capillary rise &k (in) of a
water-air interface in a tube is correlated by the following
empirical expression:

Ah o= Ae 7D

where £ (in.) is the tube diameter, A = 0400, and b = 437,
You do an experiment to measure Ad versus D oand obtain:

Dfim) @1 02 03 04 05 06 07 082 09 1 11
ARin) 0232 0183 009 0UDSY LOE2 (U033 0U0NT D] (UG LD (U005

What are the values of A and b that best fit this data using
Excel's Trendline feature? Do they agree with Folsom's
values? How good is the data?

Given: Caplillary rise data
Find: Values of 4 and b

Solution:
D (in.) | AR (in.)
0.1 0.232
0.2 0.183
0.3 0.090
0.4 0.059
0.5 0.052
0.6 0.033 A =0.403
0.7 0.017 b = 4,530
0.8 0.010
0.9 0.006 The fit is a good one (R2 =0.9919)
1.0 0.004
1.1 0.003
Capillary Rise vs. Tube Diameter
0.3 -
Ah =0.403¢™*°%%%P
R =0.9919
__02-
£
S
0.1
N\ / Y N
0.0 T T T 7 ﬁF—L\/ ]
0.0 0.2 04 0.6 0.8 1.0



Problem 2.80 [Difficulty: 2]

2.80 Slowly fill a glass with water to the maximum possible
level. Observe the water level closely. Explain how it can be
higher than the rim of the plass.

Open-Ended Problem Statement: Slowly fill a glass with water to the maximum possible
level before it overflows. Observe the water level closely. Explain how it can be higher than the rim of the
glass.

Discussion: Surface tension can cause the maximum water level in a glass to be higher than the rim of
the glass. The same phenomenon causes an isolated drop of water to “bead up” on a smooth surface.
Surface tension between the water/air interface and the glass acts as an invisible membrane that allows
trapped water to rise above the level of the rim of the glass. The mechanism can be envisioned as forces
that act in the surface of the liquid above the rim of the glass. Thus the water appears to defy gravity by
attaining a level higher than the rim of the glass.

To experimentally demonstrate that this phenomenon is the result of surface tension, set the liquid level
nearly as far above the glass rim as you can get it, using plain water. Add a drop of liquid detergent (the
detergent contains additives that reduce the surface tension of water). Watch as the excess water runs over
the side of the glass.



Problem 2.81 [Difficulty: 5]

2.81 Plan an experiment to measure the surface tension of a
liguid similar to water. If necessarv, review the NCFMF
video Surface Tension for ideas. Which method would be
most suitable for use in an undergraduate laboratory? What
experimental precision could be expected?

Open-Ended Problem Statement: Plan an experiment to measure the surface tension of a
liquid similar to water. If necessary, review the NCFMF video Surface Tension for ideas. Which method
would be most suitable for use in an undergraduate laboratory? What experimental precision could be
expected?

Discussion: Two basic kinds of experiment are possible for an undergraduate laboratory:

1.

Using a clear small-diameter tube, compare the capillary rise of the unknown liquid with that of a
known liquid (compare with water, because it is similar to the unknown liquid).

This method would be simple to set up and should give fairly accurate results. A vertical
traversing optical microscope could be used to increase the precision of measuring the liquid
height in each tube.

A drawback to this method is that the specific gravity and co ntact angle of the two liquids must be
the same to allow the capillary rises to be compared.

The capillary rise would be largest and therefore easiest to measure accurately in a tube with the
smallest practical diameter. Tubes of several diameters could be used if desired.

Dip an object into a pool of test liquid and measure the vertical force required to pull the object
from the liquid surface.

The object might be made rectangular (e.g., a sheet of plastic material) or circular (e.g., a metal
ring). The net force needed to pull the same object from each liquid should be proportional to the

surface tension of each liquid.

This method would be simple to set up. However, the force magnitudes to be measured would be
quite small.

A drawback to this method is that the contact angles of the two liquids must be the same.

The first method is probably best for undergraduate laboratory use. A quantitative estimate of experimental
measurement uncertainty is impossible without knowing details of the test setup. It might be reasonable to
expect results accurate to within + 10% of the true surface tension.

*Net force is the total vertical force minus the weight of the object. A buoyancy correction would be
necessary if part of the object were submerged in the test liquid.



e Problem 2.82 [Difficulty: 2] ————
: ‘ |

2.82 Water usually is assumed to be incompressible when centage change in water density as a function of P/Pamm up to
evaluating static pressure variations. Actually it is 100 times a pressure of 50,000 psi, which is the approximate pressure
more compressible than steel. Assuming the bulk modulus of used for high-speed cutting jets of water to cut concrete and
water is constant, compute the percentage change in density other composite materials. Would constant density be a rea-
for water raised to a gage pressure of 100 atm. Plot the pef— sonable assumption for engineering calculations for cutting

jets?

Solutjon 59 A Fiot # cln, EL’ = f‘ff:i . Asswme Gy =Constant, Ther

1
it | Iy

;o &v
In%ﬁgr“afv/'*g, Frn v fb #5 / 9/&65 x//wf ;b //Lb - A/) . 50 ﬁ - QA'&)/EU'
| | er &5
The relative chadge 1 densdy s
H
i‘; Z_ﬁf = 61{0 - f.. -] = é AP/E'U‘——[
§ FD }ﬁU I‘Oo
.,
Z* From Takle AT, G = 2.2 GEa tor water at Z0°C
For- S = Joo abw (gage), L = /00 cfrr, o
f 100 aten, [y 01.325xm7
e 6}(’[’.’7( 2 Z%X/Od/‘gﬁ.x 25 %/m 5???11) =/ = 0,00 4/5.: o 0,“‘7’:-_::‘303

For dp = £0,700 el

Ap (e:a : ‘ /
= X 100 Pty — —x /0], 325 x10% |7 _ . o
,ﬂa a Z, Z%y/oﬁpa_. 4,676 psi -/ = 0,166 ©1 [ o 4

Thus tonstant c/ﬁ/u/ﬁ/ 5 ret A reasonodble Q_g_g(//,;/gyl-;@/a o
O H’/f;f Jet operating ar 50,000 psc. lonsrant deas ity (5% Chevige)
Wotled be reasortable wo 70 Al = |6, 000 /95¢.

10 |

Percent Change
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Problem 2.83

[Difficulty: 2]

2.83 The viscows boundary laver velocity profile shown in
Fig. 2.15 can be approximated by a parabolic equation,

wly) = a+ f;-{%j] t qr{?f

The boundary condition is & = U (the free stream velocity) at
the boundary edge & (where the viscous friction becomes
zero). Find the values of a, b, and ¢

Given: Boundary layer velocity profile in terms of constants a, b and ¢
Find: Constants a, b and ¢
Solution:

Basic equation

u=a+ b-(%} + c.g)z

Assumptions: No slip, at outer edgeu=U andt =0

Aty=0 0=a
Aty =9 U=a+b+c
Aty =35 S
dy
d y\ y\z b y b c
0=—a+b|= +c|=| =—+2cc—=—+2-—
dy 5 ) 5) 8 2 8 8
From 1 and 2 c=-U b=2U

el O I GG

b+2c=0

(1)

@)

- T
=

.20

T 075
w2

w2

(]

= 05t
.8

wn

5 oot
= '
A

0 0.25 0.5 0.75 '

Dimensionless Velocity



Problem 2.84

[Difficulty: 2]

2.34 The viscous boundary laver velocity profile shown in
Fig. 2.15 can be approximated by a cubic equation,

”':J-": = g4 .|’J|::J—|;jl } 1.‘[%?]3

The boundary condition is & = U (the free stream velocity)
at the boundary edge & (where the viscous friction becomes
zero). Find the values of a, b, and ¢.

Given: Boundary layer velocity profile in terms of constants a, b and ¢
Find: Constants a, b and ¢
Solution:

Basic equation

u=a+ b-(%} + c.gf

Assumptions: No slip, at outer edgeu=U andt =0

Aty=0 0=a
Aty=9 U=a+b+c
Aty=3 o
dy
3 2
Ozia+b Z\+c- 1\ :E+3CY_:E+3,E
dy 5 ) 5) 8 R §
From 1 and 2 c= v b= i.U
2 2
3
Hence u:3_U X\_H ) uw_3 Z\_l
2 \8) 21\s) u 2\38) 2

b+3c¢c=0

(1)

@)

- T
=

.20

T 075
w2

w2

(]

= 05
.8

wn

5 oot
= '
A

0 0.25 0.5 0.75 '

Dimensionless Velocity



Problem 2.85 [Difficulty: 1]

2.85 At what minimum speed (in mph) would an automaobhile
have to travel for compressibility effects to be important?
Assume the local air temperature is 60°F.

Given: Local temperature

Find: Minimum speed for compressibility effects
Solution:
Basic equation V= M- and M = 0.3 forcompressibility effects
c=vkRT Forairat STP, k = 1.40 and R = 286.9J/kg.K (53.33 ft.Ibf/Ibm°R).
Hence V=M-c=M+kRT

1

ft-1bf N 32.2-1bm-ft 2 60-mph

Ibm-R

V = 229-mph

V = 03x {l.4x 53.33 x (60 + 460)-R}

ft
88.—
s

Ibf-s>



Problem 2.86 [Difficulty: 3]

2.86 Inafood industry process, carbon tetrachloride at 200C
flows through a tapered nozzle from an inlet diameter [,
= 50 mm to an outlet diameter of D, The area varies lin-
early with distance along the nozzle, and the exit area is one-
fifth of the inlet area, the nozzle length is 250 mm. The
flow rate is =2 Limin It is important for the process
that the flow exits the nozzle as a turbulent flow. Does it? If
s, at what point along the nozzle does the flow become
turbulent?

Given: Geometry of and flow rate through tapered nozzle

Find: At which point becomes turbulent
Solution:
. . . . p-V-D .-
Basic equation For pipe flow (Section 2-6) Re= —— =2300 fortransition to turbulence
1!
7T'D2
Also flow rate Q is given by Q=——V
4

We can combine these equations and eliminate V to obtain an expression for Re in terms of D and Q

.V-D D 4. 4.0 4.0-
Reo PVD _pD 4Q _4Qp . 4Qp

) - 2 T-wD WD
For a given flow rate Q, as the diameter is reduced the Reynolds number increases (due to the velocity increasing with A-1 or D-2).

Hence for turbulence (Re = 2300), solving for D = _4Qp
23007

The nozzle is tapered: D;.. = 50-mm D =

in out = E

Dyt = 22.4-mm

Carbon tetrachloride: Mo = 10 3.E (Fig A.2) For water p = 1000.1(—g
m2 m3
kg
SG = 1.595 (Table A.2) pcT = SG-p poT = 1595—=
m3
. L 4QpcT 4+Qpcr
For the given flow rate Q=2— —  -1354 LAMINAR — —  —-13027 TURBULENT
min ™ HCT Pin ™ HeT Pout
. . 4QpcT
For the diameter at which we reach turbulence = D =294-mm
. . . . Lturb D - Din
But L = 250-mm and linear ratios leads to the distance from D, at which D = 29.4-mm =
L Dout - Din
D - D;,
L =L L = 186-mm
turb turb
Dout - Din



Problem 2.87 [Difficulty: 2]

2.3? What is the Reynolds number of water at 200C flowing
at (.25 m/s through a S-mm-diameter tube? If the pipe is now
heated, at what mean water temperature will the fiow tran-
sition to turbulence? Assume the velocity of the flow remains
constant.

Given: Dataon water tube

Find: Reynolds number of flow; Temperature at which flow becomes turbulent
Solution:
Basic equation For pipe flow (Section 2-6) Re = VD = Vb
V! 1%
7 m2 m 1 S
At200C, fromFig. A3 v =9x 10 - — and so Re = 0.25-— x 0.005-m x ——— — Re = 1389
S S -7
9%x 10 " m
. V-D ..
For the heated pipe Re= — = 2300 for transition to turbulence
v
V-D 1 m 7 m2
Hence v=——=——x 0.25— x 0.005-m v=>5435x10 ' —
2300 2300 s s

From Fig. A3, the temperature of water at this viscosity is approximately T = 52.C



Problem 2.88 [Difficulty: 3]

2.8B8 A supersonic aircraft travels at 2700 km/hr at an alti-
tude of 27 km. What is the Mach number of the aircrafi? At
what approximate distance measured from the leading edge
of the aircraft’s wing does the boundary layer change from
laminar to turbulent?

Given:  Data on supersonic aircraft

Find: Mach number; Point at which boundary layer becomes turbulent
Solution:
Basic equation V = M-c and c=vkRT Forairat STP, k= 1.40and R = 286.9J/kg.K (53.33 ft.Ibf/Ibm°R).
Hence M= v = v
Y Vk-R-T

At 27 km the temperature is approximately (from Table A.3) T = 223.5-K
1

2.5

2
3m Lhr \[ L1 kgK LN 1 1)
_— X . X

M =]2700x 10"-— x | — X — =
( hr = 3600-s)\ 14 2869 Nm  kgm 2235 K/

For boundary layer transition, from Section 2-6 Re(ang = 500000

P V-Xtrans % H-Regang

Re = X =
trans trans
P p-V

Then

We need to find the viscosity and density at this altitude and pressure. The viscosity depends on temperature only, but at 223.5
K =-500C, itis off scale of Fig. A.3. Instead we need to use formulas as in Appendix A

At this altitude the density is (Table A.3) p = 0.02422x 1.225E p= 0.0297§
1 m3 m3
b-T? 6 k
For b= where b = 1458x 10 *—=—  §=1104K
1+ ?
ms-K
sk _5 N
b= 1.459% 10 0 —2 b= 1.459% 107
ms 2
m
5 ke I m 1 1 hr  3600s
Hence X = 1.459x 10 ~-—= x 500000x ———— — x X ——— X =0.327m
trans ms 0.0297 kg 2700 .3 m  lhr trans

10



Problem 2.89

[Difficulty: 2]

2.89 SAE 30 oil at 100°C flows through a 12-mm-diameter
stainless-steel tube. What is the specific gravity and specific

weight of the oil? If the oil discharged from the tube fills a
1-mL graduated cylinder in 9 seconds, is the flow laminar
or turbulent?

Given: Type of oil, flow rate, and tube geometry
Find: Whether flow is laminar or turbulent
Solution:

Data on SAE 30 oil SG or density is limited in the Appendix. We can Google it or use the following

2
At 100°C, from Figs. A2and A3 p=9x 10 3-E v=1x10 sm
m2 S
p=9x10 3.EX ! ixkg-m
m2 1 x 10_5 m2 s2~N
P kg
Hence SG = Pwater = 1000~—3
Pwater m
The specific weight is N=pg _900.-X8 g g0 NS
3 2 kgm
';r~D2 4
For pipe flow (Section 2-6) Q=——V S0 V=—
4 2
T-D
6~m3 11
Q = 100-mL x X —.—
mL 9 s
4 sm> (1 1 1000-mm)’
Then V=—x1llx10 ~—x|——x ———
™ S 12 mm I'm )
Hence Re = w
V!
2
kg m m N-s
Re = 900-— x 0.0981-— x 0.012-m x — X "
m3 S 9 x 10—3 N-s g-m

Flow is laminar

]j:E SO p:E
P 1%
kg
=900 —
P 3
m
SG = 0.9

3 N
N =8.829x 10°-—
3

—5m3
Q=1111x10 ~—
S
m
V = 0.0981 —
S
Re= 118



Problem 2.90

[Difficulty: 2]

2.90 A seaplane is fiving at 100 mph through air at 45°F. At
what distance from the leading edge of the underside of the
fuselage does the boundary laver transition to turbulence?
How does this boundary laver transition change as the
underside of the fuselage touches the water during landing?
Assume the water temperature is also £5°F.

Given: Data on seaplane
Find: Transition point of boundary layer

Solution:

For boundary layer transition, from Section 2-6 Re(ang = 500000

PV-Xtrans  V-Xtrans V-Reyang
Then Reyans = " = y Xtrans = v
2
fit
) 10.8— 2
At 450F = 7.20C (Fig A.3) v=08x10 22— % v=864x 10 L
S 2 S
L
S
5 60-mph
Xirans = 8:64 % 10 °-—-500000 x x f‘t’ Xirans = 0-295-ft
s 88.—
S
As the seaplane touches down:
2
fit
) 10.8— 2
At 450F = 7.20C (Fig A.3) v=l1s5x10 S v=1ex 10t
S 2 S
1. —
S
4 ft2 60-mph
Xirans = 1.62 % 107 "-——-500000 x x f‘t’ Xirans = 0-352-ft
S

S



Problem 2.91

[Difficulty: 3]

2.91 An airliner is cruising at an altitude of 5.5 km with a
speed of 700 km/hr. As the airliner increases its altitude, it
adjusts its speed so that the Mach number remains constant.
Provide a sketch of speed vs. altitude. What is the speed of
the airliner at an altitude of 8 km?

Given: Data on airliner
Find: Sketch of speed versus altitude (M = const)
Solution:

Data on temperature versus height can be obtained from Table A.3

At 5.5 km the temperature is approximately 252 K
The speed of sound is obtained from c=Ak-R-T
where k=14

R =289  JkgK (Table A.6)

c =318 m/s
We also have

V =100 km/hr
or V =194 m/s

Hence M = V/c or

M =0.611
To compute V' for constant M, we use V=M-:w=0.611c
At a height of 8 km: V=677 km/hr

NOTE: Realistically, the aiplane will fly to a maximum height of about 10 km!

z (km) T (K) ¢ (m/s) |V (km/hr
4 262 325 713 Speed vs. Altitude
5 259 322 709
5 256 320 704 750
6 249 316 695
7 243 312 686
8 236 308 677 X
9 230 304 668 X
10 223 299 658 X x
I 217 295 649 e I X
12 217 295 649 x
13 217 295 649 x
14 217 295 649 - %
chw e ted 1% &
> 650 +
17 217 295 649 3
18 217 295 649 8
19 217 295 649
20 217 295 649
2 219 296 651
24 221 298 654 600 -
26 223 299 657 X X
28 225 300 660
30 227 302 663
40 250 317 697
50 271 330 725
60 256 321 705 550 ‘ ‘ ‘ ‘
70 220 297 653 0 20 40 60 80
0 181 269 592 Altitude z (km)
90 181 269 592

100




Problem 2.92 [Difficulty: 4]

2.92 How does an airplane wing develop lift?

Open-Ended Problem Statement: How does an airplane wing develop lift?

Discussion: The sketch shows the cross-section of a typical airplane wing. The airfoil section is
rounded at the front, curved across the top, reaches maximum thickness about a third of the way back, and
then tapers slowly to a fine trailing edge. The bottom of the airfoil section is relatively flat. (The discussion
below also applies to a symmetric airfoil at an angle of incidence that produces lift.)

2
e —]
20
=2 '
o 2 4 ¥ .8 1.0
x/c
NACA 2412 Wing Section

It is both a popular expectation and an experimental fact that air flows more rapidly over the curved top
surface of the airfoil section than along the relatively flat bottom. In the NCFMF video Flow Visualization,
timelines placed in front of the airfoil indicate that fluid flows more rapidly along the top of the section
than along the bottom.

In the absence of viscous effects (this is a valid assumption outside the boundary layers on the airfoil)
pressure falls when flow speed increases. Thus the pressures on the top surface of the airfoil where flow
speed is higher are lower than the pressures on the bottom surface where flow speed does not increase.
(Actual pressure profiles measured for a lifting section are shown in the NCFMF video Boundary Layer
Control.) The unbalanced pressures on the top and bottom surfaces of the airfoil section create a net force
that tends to develop lift on the profile.



Problem 3.1 [Difficulty: 2]

3.1 Compressed nitrogen (140 1bm) isstored in a spherical tank of
diameter =25 ft at atemperature of 77°F. What is the pressure
inside the tank? If the maximum allowable stress in the tank is
30 ksi, find the minimum theoretical wall thickness of the tank.

Given: Data on nitrogen tank

Find: Pressure of nitrogen; minimum required wall thickness

Assumption: Ideal gas behavior

Solution:
Ideal gas equation of state: p-V=M-R-T
where, from Table A.6, for nitrogen R = 55.16- t];t'lbf
m.
Then the pressure of nitrogen is p = MRT = M~R~T~[Lj
v 3
7D
fi-Ibf 6 i)’
p = 140-lbmx 55.16- x (77 +460)-R x 3 x ( - j
Ibm:R 7% (2.5-ft) 12-in
Ibf
p= 3520~.—2
in

To determine wall thickness, consider a free body diagram for one hemisphere:

2
D
F=0=p- 2 -0, m-D-t pﬂD2/4
where o is the circumferential stress in the container
2
ST : oDt
Then t= p-mD =P D ¢
4-m-D-o, 4 -0,
Ibf 2.5 ft in”
t= 3520-—2 X — x 3
in~ 4 30x10%1bf

t=0.0733-1t t = 0.880-in



Problem 3.2

[Difficulty: 2]

3.2 Because the pressure falls, water boils at a lower tem-
perature with increasing altitude. Consequently, cake mixes
and boiled eggs, among other foods, must be cooked dif-
ferent lengths of time. Determine the boiling temperature of
water at 1000 and 2000 m elevation on a standard day, and
compare with the sea-level value.

Given:
Find:

Solution:

Pure water on a standard day

Boiling temperature at (a) 1000 m and (b) 2000 m, and compare with sea level value.

We can determine the atmospheric pressure at the given altitudes from table A.3, Appendix A

The data are

We can also consult steam tables for

We can interpolate the

E'ez':l;m" P |p (kPa)
0 T000 | 1013
1000 0887 | 899
2000 0785 | 795

the variation of saturation temperature with pressure:

p (kPa) | Tsa (°C)
70 90.0
30 93.5
90 96.7

101.3 100.0

data from the

steam tables to correlate saturation temperature with altitude:

The data are plotted here. They

show that the saturation temperature
drops approximately 3.4°C/1000 m.

Elevation o
(m) PPo |p (kPa)| Tsa (°C)
0 1.000 101.3 100.0
1000 0.887 89.9 96.7
2000 0.785 79.5 93.3
Variation of Saturation Temperature with
Pressure Sea Level
_ 100
o
e 98 1000 m
c
L=
5 g 94
S g o2
2 90
88

70 75 80 85 90 95

Absolute Pressure (kPa)

100

105




Problem 3.3

[Difficulty: 2]

3.3 Ear “popping” is an unpleasant phenomenon sometimes
experienced when a change in pressure occurs, for example
in a fast-moving elevator or in an airplane. If you are in a
two-seater airplane at 3000 m and a descent of 100 m causes
your ears to “pop.” what is the pressure change that your ears
“pop™ at, in milimeters of mercury? If the airplane now rises
to 8000 m and again begins descending, how far will the air-
plane descend before your ears “pop” again? Assume a US.
Standard Aunosphere.

Given: Data on flight of airplane
Find: Pressure change in mm Hg for ears to "pop"; descent distance from 8000 m to cause ears to "pop."
Solution:

Assume the air density is approximately constant constant from 3000 m to 2900 m.
From table A.3

kg
Pair = 0:909—

kg
m

We also have from the manometer equation, Eq. 3.7

Ap = —p,i- g Az and also Ap = ~PHg & AhHg

.. Pair Pair
Combining AhHg =— Az=—— Az SGHg = 13.55 from Table A.2
PHg SGHg " PH20
0.909
Ahyy, = ——— x 100- m Ahyy, = 6.72-mm
Hg = 1355999 He
For the ear popping descending from 8000 m, again assume the air density is approximately constant constant, this time at 8000 m.
From table A.3
kg
Pair = 04292 pgp. Pair = 0.526—3
m

We also have from the manometer equation

Pairg000 " & 28000 = Pair3000 " & AZ3000
where the numerical subscripts refer to conditions at 3000m and 8000m.
Hence

Pair3000 " & Pair3000 0.909
Az =— Az =— Az Az = x 100 - m
8000 3000 3000 8000
P4ir8000 " 8 P2ir8000 0.526



Problem 3.4

[Difficulty: 3]

3.4 When you are on a mountain face and boil water, you
notice that the water temperature is 195°F. What is your
approximate altitude? The next day, you are at a location
where it boils at 185°F. How high did you climb between the
two days? Assume a US. Standard Ammosphere.

Given: Boiling points of water at different elevations

Find: Change in elevation

Solution:

From the steam tables, we have the following data for the boiling point (saturation temperature) of water

Teat (°F) p (psia)
195 10.39
185 8.39

The sea level pressure, from Table A.3, is

PsL = 14.696
Hence
Tsat (OF) pIpSL
195 0.707
185 0.571
From Table A.3
p/ps. | Altitude (m) Altitude (ft)
0.7372 2500 8203
0.6920 3000 9843
0.6492 3500 11484
0.6085 4000 13124
0.5700 4500 14765

psia

Altitude vs Atmospheric Pressure

15000 -
12500
=
% 10000 - X Data
-c . .
] ——Linear Trendline
£ 7500
< z =-39217(plpsL) + 37029
5000 R? = 0.999
2500 ‘ ‘
0.55 0.60 0.65 0.70 0.75
P/psL

Then, any one of a number of Excel functions can be used to interpolate
(Here we use Excel's Trendline analysis)

p/psL Altitude (ft)
0.707 9303
0.571 14640

The change in altitude is then 5337 ft

Current altitude is approximately

Alternatively, we can interpolate for each altitude by using a linear regression between adjacent data points

9303 ft

P/ps. | Altitude (m)|  Altitude (ft) P/pst Altitude (m) | Altitude (ft)
For 0.7372 2500 8203 0.6085 4000 13124

0.6920 3000 9843 0.5700 4500 14765
Then | 07070 [ 2834 | 9299 | [ 05730 | 4461 | 14637 |

The change in altitude is then 5338 ft




Problem 3.5 [Difficulty: 2]

3.5 A 125-mL cube of solid oak is held submerged by a tether

as shown. Calculate the actual force of the water on the Fatm
bottom surface of the cube and the tension in the tether. [ oil
0'15 MsG=0.8
D.{S I_I_I'Ill'ill'ater
] T
Given: Data on system
Find: Force on bottom of cube; tension in tether
Solution:
. . dp .
Basic equation . = —p-g or forconstantp Ap = p-g-h where h is measured downwards
y
The absolute pressure at the interface is Pinterface = Patm T SGoil P & hyi

Then the pressure on the lower surface is PL = Pinterface * P &ML = Patm * p'g'(SGoil'hoil + hL)

For the cube V = 125-mL V =125x% 10_4~m3
1
Then the size of the cube is d=V 3 d =0.05m and the depth in water to the upper surface is hy; = 0.3-m
Hence hy =hy+d hy =0.35m  where hy is the depth in water to the lower surface
The force on the lower surface is Fp =pL-A where A = d2 A = 0.0025 m2

Fp = lrpatm + p'g'(SGoil'hoil + hL)—"A

N k .
Fp = |101x 10°— +1000-~% x 9.81- 2 x (0.8 x 0.5-m + 0.35-m) x % 0.0025-m”
2 3 2 kg-m
m m s
Fp, =270.894N Note: Extra decimals needed for computing T later!
For the tension in the tether, an FBD gives EFy =0 Fp -Fy-W-T=0 or T=F -Fy-W

where Fiy = [pyqn + P& (SGoil hoit + hy)-A



Note that we could instead compute

Using Fy

For the oak block (Table A.1)

AF = Fp - Fy = p-2:SGyj (b ~hy)-A and T=AF-W

2

X 0.0025~m2

N k
Fu = | 101x 10"~ 1 1000-~& x 9.81- 2 x (0.8 x 0.5:m + 0.3-m) x
2 3 2

m m s kg'm

Fy = 269.668N Note: Extra decimals needed for computing T later!
SGyk = 0.77 SO W = SGgapgV

k _ N-
W = 0.77 x 1000~—ix9.81-92x 125% 10 Fom® x

m S

W = 0.944N
kg-m

T=F -Fy-W T = 0.282N



Problem 3.6

[Difficulty: 2]

3.6 The tube shown is filled with mercury at 20°C. Calculate
the force applied to the piston.

Diameter, D = 50 mm

d= ll:lrnm—-| |-—

H =200 mm

Given: Data on system before and after applied force

Find: Applied force
Solution:

. . dp
Basic equation d_ = —p-g or, for constant p

y
For initial state Pl = Patm T P'&h and
For the initial FBD EFy =0 Fi-w=0
For final state P2 = Patm * P& H and
For the final FBD EFy =0 Frp-W-F=0
2
7D
F = szo-SGg-T-(H -h)

From Fig. A.1 SG = 13.54

k
F = 1000~—g3 x 13.54 x 9.8122 x ; % (0.05-m)> x (0.2 — 0.025)-m x

m S

F =456N

P=Pam~—P(Yy-Yo)  With D(Yo) = Pam

Fi =p;-A=p-ghA (Gage; F; is hydrostatic upwards force)

Fy =pyA=p-gHA (Gage; F,is hydrostatic upwards force)

F=F,-W=pgHA-pghA =pgA(H-h)

2

kg-m



Problem 3.7

[Difficulty: 1]

3.7 The following pressure and temperature measurements
were taken by a meteorological balloon rising through the
lower atmosphere:

p (psia) 1471 1462 1453 1445 1436 1427 1418 141 1401 1392 1384
T(°F) 536 52 509 504 502 50 505 514 529 54 538

The initial values (top of table) correspond to ground level.
Using the ideal gas law (p = pRT with R = 53.3 ft-Ibf/
Ibm-“R), compute and plot the variation of air density (in
Ibm/ft’) with height.

Given: Pressure and temperature data from balloon
Find: Plot density change as a function of elevation

Assumption: Ideal gas behavior

Density Distribution

Solution:
Using the ideal gas equation,p = p/RT 0.078 7
0]
0.077 | ©
<
3 S 0.076
p (psia) T (°F) p (Ibm/ft’) E :
14.71 53.6 0.07736 S
14.62 52.0 0.07715 ?
14.53 50.9 0.07685 E 0.074 4
14.45 50.4 0.07647 a
14.36 50.2 0.07604 0.073 4
14.27 50.0 0.07560
0.072 T
14.18 50.5 0.07506 0 )
14.10 51.4 0.07447
14.01 52.9 0.07380
13.92 54.0 0.07319
13.84 53.8 0.07276

Elevation Point




Problem 3.8 [Difficulty: 2]

3.8 A hollow metal cube with sides 100 mm floats at the
interface between a layer of water and a layer of SAE 10W
oil such that 10% of the cube is exposed to the oil. What is
the pressure difference between the upper and lower hor-
izontal surfaces? What s the average density of the cube?

Given: Properties of a cube floating at an interface
Find: The pressures difference between the upper and lower surfaces; average cube density
Solution:

The pressure difference is obtained from two applications of Eq. 3.7

Py = Po*+ PsAE10 & (H - 0.1-d) PL = Po+ PSAE10°2H + PR g0.9-d

where pyyand p; are the upper and lower pressures, pg is the oil free surface pressure, H is the depth of the interface, and d
is the cube size

Hence the pressure difference is

From Table A.2 SGSAEIO =0.92

2
k N-
Ap = 999-~8  9.81- 2 % 0.1-mx (0.9 + 0.92 x 0.1) x —— Ap = 972Pa
3 2 kg-m
m S
For the cube density, set up a free body force balance for the cube
SF=0=Ap-A-W
Hence W= Ap-A = Ap-d2
0 m w Ap- d2 Ap
cube = 3 T T3~ -
d3 d3-g d3-g d-g
N 1 52 kg-m kg
=972 — =991 —
Peube 2" 00m  98Im 2 Peube 3
m N-s m



Problem 3.9 [Difficulty: 2]

3.9 Your pressure gage indicates that the pressure in vour cold
tiresis0.25MPa(gage ) on a mountain at anelevation of 3500m.
What is the absolute pressure? After vou drive down to sea
level, your tires have warmed to 25°C. What pressure does your
gage now indicate? Assume a 1.8, Standard Atmosphere.

Given: Data on tire at 3500 m and at sea level
Find: Absolute pressure at 3500 m; pressure at sea level
Solution:

At an elevation of 3500 m, from Table A.3:

pgr, = 101-kPa Patm = 0.6492- pgy. Patm = 605.6-kPa
and we have Py = 0.25-MPa Pg = 250-kPa P = Pg+Patm p = 316-kPa
At sea level Patm = 101-kPa

Meanwhile, the tire has warmed up, from the ambient temperature at 3500 m, to 25°C.

At an elevation of 3500 m, from Table A3 T, 4 = 2654 -K and Thot = (25+273)-K Thot = 298K

col

Hence, assuming ideal gas behavior, pV = mRT, and that the tire is approximately a rigid container, the absolute pressure of the
hot tire is

T
hot
Phot = 7P Phot = 354-kPa
Tcold

Then the gage pressure is

Pg = Phot ~ Patm Pg = 253-kPa



Problem 3.10 [Difficulty: 2]

3.10 An air bubble, 0.3 in. in diameter, is released from the
regulator of a scuba diver swimming 100 ft below the sea
surface. (The water temperature is 86°F.) Estimate the diam-
eter of the bubble just before it reaches the water surface.

Given: Data on air bubble

Find: Bubble diameter as it reaches surface
Solution:
. . dp . . M
Basic equation . = —pgeq'g  and the ideal gas equation p=pRT= V-R-T
y

We assume the temperature is constant, and the density of sea water is constant

For constant sea water density P = Patm + SGgeq P gh where p is the pressure at any depth h

Then the pressure at the initial depth is P| = Patm + SGgea P 20y

The pressure as it reaches the surface is P2 = Patm

For the bubble p= M~\I/{~T but M and T are constant M:R-T = const = p-V
Py 3 3P
Hence p1-'Vi =pVy or Vy=V— or Dy =Dy -—
P2 P2
1 1 1
3 3 3
p Patm * Psea & Psea'&h
Then the size of the bubble at the surface is Dy =Dy s =Dy ( atm _ 7sea l> =Dy 1+ Dsea® 1
P2 Patm Patm
From Table A.2 SGgey = 1.025 (This is at 68°F)
1
3
2 2 2
1 ft i 1-ft 1bf:
Dy = 0.3:inx| 1 +1.025x 1.94225x 322 x — x 100-ft x ——— x| —— | x ——
ft3 52 14.7-1bf \ 12-in slugft

D, = 0.477-in



Problem 3.11 [Difficulty: 2]

3.11 A cube with 6 in. sides is suspended in a fluid by a wire.
The top of the cube is horizontal and 8 in. below the free
surface. If the cube has a mass of 2 slugs and the tension in
the wire i1s T =350.7 Ibf, compute the fluid specific gravity,
and from this determine the fluid. What are the gage pres-
sures on the upper and lower surfaces?

Given: Properties of a cube suspended by a wire in a fluid
Find: The fluid specific gravity; the gage pressures on the upper and lower surfaces

Solution:
From a free body analysis of the cube: XF =0=T+ (pL - pU)~d2 -M-g
where M and d are the cube mass and size and p;y and py; are the pressures on the lower and upper surfaces

For each pressure we can use Eq. 3.7 p=py+p-gh

Hence pL—Py = lrpO +p-g(H+ d)—l - (po + p-g~H) = p-g-d = SG-pppo-d
where H is the depth of the upper surface ft Ibf- s2
2 - slugx 32.2-— x —-50.7 - Ibf
M-o—T s2 slug- ft
Hence the force balance gives SG = ;3 SG = : SG = 1.75
PH20" & d 1o4. S8 5y I TOBS 05 m)]
e s2 slug- ft

From Table A.1, the fluid is Meriam blue.

The individual pressures are computed from Eq 3.7

slu o2 st (1)
For the upper surface pPo = 1.754 % 1.94-—g x 32.2-— x —-ftx X - Po = 0.507-psi
g e s2 3 slug-ft  \ 12-in g
slu (2 1), Ibfs (1)
For the lower surface pPo = 1.754 % 1.94-—g x32.2-— x| —+— |-ftx X - pPo = 0.888-psi
g e s2 3 2 slug-ft \ 12-in g

Note that the SG calculation can also be performed using a buoyancy approach (discussed later in the chapter):

Consider a free body diagram of the cube: F=0=T+Fg-M-g
where M is the cube mass and F'g is the buoyancy force Fg = SG: pippo- L3 g
M-g-T
Hence T+SG: pmo- L3 -g-M-g=0 or SG=—— 87" as before SG = 1.75

PH20 & L



Problem 3.12

[Difficulty: 4]

3.12 Assuming the bulk modulus is constant for seawater,
derive an expression for the density variation with depth, &,
below the surface. Show that the result may be written

p = po+ bh

where py is the density at the surface. Evaluate the constant
b. Then, using the approximation, obtain an equation for the
variation of pressure with depth below the surface. Deter-
ming the depth in feet at which the error in pressure pre-
dicted by the approximate solution is 0.01 percent.

Given: Model behavior of seawater by assuming constant bulk modulus

Find: (a) Expression for density as a function of depth h.
(b) Show that result may be written as
p=po+bh
(c) Evaluate the constant b
(d) Use results of (b) to obtain equation for p(h)

(e) Determine depth at which error in predicted pressure is 0.01%

Solution:  From Table A.2, App. A:  SG, = 1.025 E,, = 2.42-GPa = 3.51 x 105~psi

(Binomial expansion may
be found in a host of
sources, e.g. CRC
Handbook of
Mathematics)

Governing Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
E - dp (Definition of Bulk Modulus)
\' dp
p h
Then dp =p-g-dh = Ev'% or do = £4n Now if we integrate: L dp = £ dn
p 2 E 2 E
p v p v
Po 0
p-p . E.p
After integrating: °_ g_h Therefore: p = VO ad P ;
PPy EV EV - gh Po Po | pogh
Ey
Now for <<1, the binomial expansion may be used to approximate the density: — =1+
v Po E,
2
Po "8
In other words, p = p,+b-h where b = E
v

Since dp = p-g-dh then an approximate expression for the pressure as a function of depth is:

h g~h~(2~p0 + b-h)
Papprox ~ Patm = (po + b-h)~gdh > Papprox ~ Patm = 5
0

Solving for Papprox W€ get:



g.h.(z.po + b~h) b-g~h2 b-h2
Papprox = Patm ™5 T Patm* Pogh+ —5  ~Pam* Poh+ )

Now if we subsitiute in the expression for b and simplify, we get:

2, .2
Papprox = Patm * | Po'h + E, "> |8 = Patm ™ po-gh| 1+ 2E, Papprox = Patm * Po'&h| 1+ 2E,
The exact soution for p(h) is obtained by utilizing the exact solution for p(h). Thus:
h -1
Ey p L p Po &
Pexact ~ Patm = —dp = EInj — Subsitiuting for —  we get: Pexact = Patm + Ev'In| 1 -
p Po Po E,
Po
Py gh| 1+ X 142
g.h Ap _ Ap O.g. . p— x. p—
Ifwelet x = 3 For the error to be 0.01%: exa;t apPIOX. _ 1- 21 =1- 2 0= 0.0001
v Pexact EV~1n[(1 ) } ln[(l ) }

This equation requires an iterative solution, e.g. Excel's Goal Seek. The resultis:  x = 0.01728 Solving x for h:

h = 1.364 x 104-ft

x-Ey 5 1bf ft3 s2 (12~injz slug-ft
—x x
.2
in

h = 0.01728 x 3.51 x 10 X X
1.025 x 1.94-slug  32.2-ft ft 1bf~52

This depth is over 2.5 miles, so the
incompressible fluid approximation is a
reasonable one at all but the lowest depths
of the ocean.



Problem 3.13

[Difficulty: 3]

3.13 Oceanographic research wvessels have descended to
6.5 mi below sea level. At these extreme depths, the com-
pressibility of seawater can be significant. One may model
the behavior of seawater by assuming that its bulk modulus
remains constant. Using this assumption, evaluate the
deviations in density and pressure compared with values
computed using the incompressible assumption at a depth, h,
of 6.5 mi in seawater. Express your answers as a percentage.
Plot the results over the range 0 = i =7 mi.

Given: Model behavior of seawater by assuming constant bulk modulus

Find: The percent deviations in (a) density and (b) pressure at depth h = 6.5

mi, as compared to values assuming constant density.
Plot results over the range of 0 mi - 7 mi.

Solution:  From Table A.2, App. A:  SG, = 1.025 E,, = 2.42-GPa = 3.51 x 105~psi

Governing Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
E - dp (Definition of Bulk Modulus)
\' dp
p h
Then dp =p-g-dh = Ev'@ or do = £4dn Now if we integrate: L dp = £
p 2 E 2 E
p A \
Po 0
p-p . E.p
After integrating: °_ g_h Therefore: p = VO  ad 2 !
PPy EV EV - pogh Po | pogh
Ey
[ Pogh Poeh
Ap PP p B 1 - E, B Ey
Po Po Po | Po gh Po'8 h | Po g h
Ey Ey Ey

To determine an expression for the percent deviation in pressure, we find

For variable density and constant bulk modulus:

E,
P~ Patm = r dp = Ev'ln[

Po

h

For constant density: Peonstp ~ Patm = J Pogdh = p,-gh
0

3

pogh
Ap Ey
o o pyeh
EV

P~ Patm for variable p, and then for constant p.



Pconstp Pconstp Pogh

E 5 Ibf

Ifwelet x =

po'g in

X =351x10"—x
2

E, Inf—|-p,gh
v 0
Ap P~ Pconstp (poJ B E, w2y
pogh

1

1.025

1 ft3 1 52 12-in
X —— —— X — X
1.94 slug 322 ft

Substituting into the expressions for the deviations we get:

h

A h h
devp e = -

Po | _E x—h 149.5mi—-h

X
Ap  x n)~!

dev, = P = —-In (1——] -1

Pconstp I X

For h = 6.5 mi we get:

h -1
In||1- - -1
149.5-mi

E hY)

A Po'8
PV 1-22 ~1
Peonstp  Po'&h Ey

2
lug. ft i
j « U8 o m x = 149.5-mi
ft i 5280-ft
dev,, = 4.55-% dev, = 2.24-%

The plot below shows the deviations in density and pressure as a function of depth from 0 mi to 7 mi:

Errors in Density and Pressure Assuming Constant Density

8._
Density
===~ Pressure
~ 6"
X
N
[0
—
=3
w
2]
0]
St
[=9}
o
8
> 4
B2
v
=
&)
@]
R=
w
=
o -
= ——
S e=
i
——————— | il Il
T T T
0 2 4 6

Depth (mi)



Problem 3.14 [Difficulty: 3]

3.14 An inverted cylindrical container is lowered slowly
beneath the surface of a pool of water. Air trapped in the
container is compressed isothermally as the hydrostatic
pressure increases. Develop an expression for the water
height, y, inside the container in terms of the container
height, H, and depth of submersion, h. Plot w/H versus WH.

Given: Cylindrical cup lowered slowly beneath pool surface
Air H
Find: Expression for y in terms of h and H.
Plot y/H vs. h/H. |<—)|
D y Air TH -y
lution: ==
Solutio v * y
Governing Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
p'V=MRT (Ideal Gas Equation)

Assumptions: (1) Constant temperature compression of air inside cup

(2) Static liquid

(3) Incompressible liquid
First we apply the ideal gas equation (at constant temperature) for the pressure of the air in the cup: p-V = constant

2

Therefore: p'V = pa~§~D ‘H = p~§~D2~(H —y) andupon simplification:  p,-H = p-(H -y)

Now we look at the hydrostatic pressure equation for the pressure exerted by the water. Since p is constant, we integrate:
p—py = p-g(h—y) atthe water-air interface in the cup.

Since the cup is submerged to a depth of h, these pressures must be equal:
paH =[Pyt pgh-y)|(H-y) = pyH-pyy+pgh-y)H-y)
Explanding out the right hand side of this expression:

2
0=-pyy+pgth-y)H-y)=pghH-pghy-pgHy+pgy —p,y

2 2 | Pa
p-gy —[pa+ p-g~(h+H)—|~y+p-g~h-H=O y - E+(h+H) y+hH=0

2
[ﬁ + (h+H)} - {E + (h+H)} -4-h-H

We now use the quadratic equation: y = 5 we only use the minus sign because y
can never be larger than H.




Now if we divide both sides by H, we get an expression for y/H:

2
pa h pa h h
+—+1(- +—+1| —4—
y pogH H pogH H H

H 2

The exact shape of this curve will depend upon the height of the cup. The plot below was generated assuming:

p, = 101.3-kPa
H=1m
0.81
Eﬁ» 0.61
.2
5
24
5
s 041
jan)
0.21
0 2IO 210 6IO éO IIOO

Depth Ratio, h/H



Problem 3.15 [Difficulty: 1]

3.15 Youclosethe top of your straw with your thumband lift the
straw out of your glass containing Coke. Holding it vertically,
the total length of the straw is 45 cm, but the Coke held in the
straw is in the bottom 15 cm. What is the pressure in the straw
just below your thumb? Ignore any surface tension effects.

Given: Geometry of straw
Find: Pressure just below the thumb

Assumptions: (1) Coke is incompressible
(2) Pressure variation within the air column is negligible
(3) Coke has density of water

Solution:

dp_

Basic equation
dy

—p-g or forconstantp Ap = p-gh  where h is measured downwards
This equation only applies in the 15 cm of coke in the straw - in the other 30 cm of air the pressure is essentially constant.
The gage pressure at the coke surface is  p. e = P&h oke

Hence, with h = —15-cm because h is measured downwards

coke

m N- s2 kPa-m2
X X
100-cm  kg-m 1000-N

kg m
Peoke = —1000~—3 X 9.81~—2 x 15-cmx
m s

Peoke = —1.471-kPa gage

Peoke = 99-9-kPa



Problem 3.16 [Difficulty: 2]

3.16 A water tank filled with water to a depth of 16 ft has in
inspection cover (1 in. X 1 in.) at its base, held in place by a
plastic bracket. The bracket can hold a load of 9 Ibf. Is the
bracket strong enough? If it is, what would the water depth
have to be to cause the bracket to break?

Given: Data on water tank and inspection cover
Find: If the support bracket is strong enough; at what water depth would it fail
. l pbaseA
Assumptions:  Water is incompressible and static
Cover
Solution:
T path
Basic equation ? = —p-g or forconstantp Ap = p-g-h where h is measured downwards
y
The absolute pressure at the base is Pbase = Patm T P-&h where h = 16-ft
The gage pressure at the base is Ppase = P-g’h  This is the pressure to use as we have pym on the outside of the cover.
The force on the inspection cover is F = ppaseA where A = liinx l-in A= 1~in2
2 2
| ft ft Ibf-
F = 1943580300 2 0 16 1oind o [ —— | x —23
f3 2 12-in slug-ft
t S
F = 6.94-1bf The bracket is strong enough (it can take 9 1bf).

To find the maximum depth we start with F = 9.00-1bf

F
h=—

prgA

3 2 12
h= Olbfx ot 18 12 y (IZ-mJ . slug~1;t
1.94 slug 322 ft . ft b-s

h = 20.7-t



Problem 3.17 [Difficulty: 4]

3.17 A container with two circular vertical tubes of diameters
dy =395 mm and dy= 127 mm is partally filled with mer-
cury. The equilibrium level of the liquid is shown in the left
diagram. A cylindrical object made from solid brass is placed
in the larger tube so that it floats, as shown in the right dia-
gram. The object is D =375 mm in diameter and H =76.2
mm high. Calculate the pressure at the lower surface needed \
to float the object. Determine the new equilibrium level, &, of \
the mercury with the brass cylinder in place. Mercury —

. / Brass

— | —

Given: Container of mercury with vertical tubes of known diameter, brass
cylinder of known dimensions introduced into larger tube, where it floats.

dl = 39.5-mm d2 =127mm D =375mm H = 76.2-mm SGHg = 13.55 SGb = 8.55

Find: (a) Pressureon the bottom of the cylinder
(b) New equlibrium level, h, of the mercury

Solution: We will analyze a free body diagram of the cylinder, and apply the hydrostatics equation.

Governing equations: YF, =0 (Vertical Equilibrium)
? =—p-g (Hydrostatic Pressure - z is positive upwards)
z
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid
(2) Incompressible liquid
If we take a free body diagram of the cylinder:
z
m
™ _2 ™ _2 hus: g 1
3F, = p~Z~D - pb~g-Z-D ‘H=0 thus: p = pyrg-H = SGy-pyater &H
\/
k
p = 8.55x 10002 x 9.81-= x 76.2-mm x ——— p = 6.39-kPa (gage)
3 2 3
m S 10"-mm A
pA
This pressure must be generated by a column of mercury h+x in height. Thus:
SGy,
p= pHg-g~(h +X) = SGHg'pwater'g'(h +Xx) = SGp Pyyater &H  Thus:  h+x=——H
SGHg

The value of x can be found by realizing that the volume of mercury in the system remains constant. Therefore:

d ) d)
3~D2~x=3-(d12—D2>-h+3~d22.h Now ifwesolve forx:  x=|| — | —14+|-2] |
4 4 4 D D

SG, D’
These expressions now allow us to solve for h: h=————H  Substituting in values:
SG 2 2

8.55 (37.5-mm)°
13.55

x 76.2-mm h = 39.3-mm

(39.5-mm)° + (12.7-mm)



Problem 3.18 [Difficulty: 2]

3.18 A partitioned tank as shown contains water and mercury.
What isthe gage pressure inthe air trapped inthe left chamber? 0.75 m —| 3.75 m
What pressure would the air on the left need to be pumped toin
order to bring the water and mercury free surfaces level? Water

Im| ~ Y
29m | Mercury 3m
X R,
Given: Data on partitioned tank
Find: Gage pressure of trapped air; pressure to make water and mercury levels equal
Solution:

The pressure difference is obtained from repeated application of Eq. 3.7, or in other words, from Eq. 3.8. Starting
from the right air chamber

pgage: SGHgX szong(3m—29m)—pH20XgX1m

Pgage = PH20 % &% (SGpg x 0.1+ m - 1.o-m)

2
kg m N-s
Poage = 999-—3 X 9.81-—2 x (13.55x0.1-m—-1.0- m) x em Poage = 3.48-kPa
m s
If the left air pressure is now increased until the water and mercury levels are now equal, Eq. 3.8 leads to
pgage = SGHgX pHZOX gx 1.0-m-— pHZOX gx 1.0-m
Pgage = PH20 X &% (SGng 1-m- l.O-m)
kg m N- s2
Poage = 999-—3 X 9.81-—2 x (13.55x1-m—-1.0- m) x ke m Poage = 123-kPa

m S



Problem 3.19 [Difficulty: 2]

3.19 In the tank of Problem 3.18, if the opening to atmo-

i
sphere on the right chamber is first sealed, what pressure 075 m—= =—3.75m —>
would the air on the left now need to be pumped to n order Water im
to bring the water and mercury free surfaces level? (Assume N
the air trapped in the right chamber behaves isothermally.) Im| ™ Y
X
2.9m Msreory; 3m
Y ¥
Given: Data on partitioned tank
Find: Pressure of trapped air required to bring water and mercury levels equal if right air opening is sealed
pp q g ry q g p g
Solution:

First we need to determine how far each free surface moves.

In the tank of Problem 3.18, the ratio of cross section areas of the partitions is 0.75/3.75 or 1:5. Suppose the water surface (and
therefore the mercury on the left) must move down distance x to bring the water and mercury levels equal. Then by mercury volume
conservation, the mercury free surface (on the right) moves up (0.75/3.75)x = x/5. These two changes in level must cancel the original
discrepancy in free surface levels, of (Im +2.9m) - 3 m=0.9 m. Hencex + x/5 = 0.9 m, or x = 0.75 m. The mercury level thus moves
up x/5=0.15 m.

Assuming the air (an ideal gas, p/=RT) in the right behaves isothermally, the new pressure there will be

Vrightold Aright' Lrightold Lrightold

Patm = A

Patm = L “Patm

Pright = )
rightnew

Vrightnew right’ Lrightnew

where V, A and L represent volume, cross-section area, and vertical length
Hence

3
Pright = 3—g 75 * 101 kP2 Pright = 106-kPa

When the water and mercury levels are equal application of Eq. 3.8 gives:

pleft = prlght+ SGHgX pH20X gX 1.0-m— pH20X gXx 1.0-m

pleft = pright+ pH20>< gXx (SGHgX 1.0-om-1.0- 1’11)

N~s2

kg m
Pleft = 106 - kPa + 999~—3 x 9.81-—2 x (13.55:1.0 -m — 1.0 - m) x

= 229-kPa
m S

Pgage = Pleft ~ Patm Pgage = 229 - kPa — 101 - kPa Pgage = 128-kPa



Problem 3.20 [Difficulty: 2]

3.20 Consider the two-fluid manometer shown. Calculate the Pl P2
applied pressure difference.
+ -
J—Water—|
i‘:
10.2 mm Carbon
l tetrachloride
S
R

Given: Two-fluid manometer as shown

I =10.2:mm SG; = 1.595 (From Table A.1, App. A)
Find: Pressure difference

Solution: We will apply the hydrostatics equation.

Govermng equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid Py P2
(2) Incompressible liquid
Starting at point 1 and progressing to point 2 we have:
gatp progressing to p d [ Water—]
P+ Pwater 8 (d+ D = per gl = Pyaer&d = P2 T
[ =
Simplifying and solving for p, —p; we have: 10.2 mm Carbon
l tetrachloride
Ap =Py —P1 = Pet &1~ Pyater &1 = (SGct_ 1)'pwalter'g'l
e
- @

Substituting the known data:

k
Ap = (1.591 - 1) x 1000~—g3 x 9.8122 x 10.2-mm x
m S 10”"-mm

Ap = 59.1Pa



Problem 3.21 [Difficulty: 2]

3.21 A manometer is formed from glass tubing with uniform l

inside diameter, D= 635 mm, as shown. The U-tube is bz

partially filled with water, Then ¥ =3.25 ecm® of Meriam red 0il H

oil is added to the left side. Calculate the equilibrium height, - i T

H,when both legs of the U-tube are open to the atmosphere.

Water—
— q—D
—_
\S——
Given: U-tube manometer, partiall filled with water, then a given volume of
Meriam red oil is added to the left side
D = 6.35-mm Vil = 3.25~cm3 SG,; = 0.827 (From Table A.1, App. A)
Find: Equilibrium height, H, when both legs are open to atmosphere.
Solution: We will apply the basic pressure-height relation.
Governlng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid
(2) Incompressible liquid
Integration of the pressure equation gives: pr—pp =P g-(h2 - hl) A l
. H
0il C-4
Thus: pg —pp = PoirgL and  pp —pe = Pyater e (L~ H) L ! IL - H
— D
Since  pp = pc = Payy @04 pg = ppy since they are at the same height: Water—| .
.
Poil' &L = Pyater & (L —H) or SGy;rL =L-H —
Solving for H: H= L~(1 - SGoil)
. ™ _2
The value of L comes from the volume of the oil: V3 = ZD -L
4Voil 4x3250m°  (10-mm)’
Solving forL: L = 0; p o 4x325cm S x ( 0 mmj L = 102.62-mm
7D T x (6.35-mm) cm

We can now calculate H: H = 102.62-mm-(1 — 0.827) H = 17.75-mm



Problem 3.22 [Difficulty: 2]

3.22 The manometer shown contains water and kerosene.
With both tubes open to the atmosphere, the free-surface
elevations differ by Hg= 20.0 mm. Determine the elevation
difference when a pressure of 98.0 Pa (gage) is applied to the

right tube. Kerosene
£ 2ne — |

Given: Two fluid manometer contains water and kerosene. With both tubes
open to atmosphere, the difference in free surface elevations is known

H, = 20omm SGj = 0.82 (From Table A.1, App. A)

Find: The elevation difference, H, between the free surfaces of the fluids
when a gage pressure of 98.0 Pa is applied to the right tube.

Solution: We will apply the hydrostatics equation.

Governing Equations: dp _

o p-g (Hydrostatic Pressure - h is positive downwards)
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid

When the gage pressure Ap is applied to the right tube, the water in the
right tube is displaced downward by a distance, 1. The kerosene in the i Ap

left tube is displaced upward by the same distance, 1.
Under the applied gage pressure Ap, the elevation difference, H, is: H — T i !
i Hy h H
H=Hj,+21 n ] I /
Since points A and B are at the same elevation in the same fluid, their H,
pressures are the same. Initially: ||
PA = pk-g~(H0 + Hl) PB = Pwater &'H1 A B A B

Setting these pressures equal: \\_j \_/

pk'g'(Ho + Hl) = Pwater 8 H]
Solving for H;

pk'Ho SGk'HO q 0.82 x 20-mm
= | =—
Pwater — Pk 1 — SGy 1-0.82

Hl =91.11-mm

Now under the applied gage pressure:

PA = pk-g~(H0 + Hl) *+ Pwater &1 pp = Ap+ pwater'g'(Hl - 1)



Setting these pressures equal:

A
SGk-(H0 + Hl) =P
Pwater &
Substituting in known values we get:
1 N 1 m3 1 s kgm
= —x|980—x—2 5,28
2 999 kg 9.81 m N-s2

Now we solve for H:

H = 20-mm + 2 x 5.000-mm

(H1 —1) 1= %[i

Pwater &

+[91.11-mm — 0.82 x (20-mm + 91.11-mm)] x

+Hy = SGy (M, + Hl)}

10"-mm

1 = 5.000-mm

H = 30.0-mm



Problem 3.23 [Difficulty: 2]

3.23 The manometer shown contains two liquids. Liquid A has r P2

SG= 0.88 andliquid B has SG = 2,95, Calculate the deflection,

h, when the applied pressure difference is p; — p, = 18 Ibf/ft". + +

[-Liquid A
h
Liquid B
5 p— P i
R |
R
Given: Data on manometer
Find: Deflection due to pressure difference
Solution:
Basic equation ? = —p-g or forconstantp Ap = p-gAh  where h is measured downwards
y
Starting at p; pA =P +SGxpg(h+]) where 1 is the (unknown) distance from the level of the right
interface
Next, from A to B P = PA — SGg'p-gh
Finally, from A to the location of p,  py = pg —SGp-p-gl
Combining the three equations py = (pA - SGB~p~g-h) -8Gp-prgl= [pl +8Gp-prg(h+]) - SGB~p~g-h—| - SGy-pgl
Py—pj = (SGA - SGB)-p-gh
P1—P2
(SGp —SGp)p-g
3 2
h:lS-%x 1 N 1 _ft N 1 s 51211g~ft
ft (295-0.88) 1.94 slug 322 ft . Ibf

h = 0.139-ft h = 1.67-in



Problem 3.24 [Difficulty: 2]

3.24 Determine the gage pressure in kPa at point a, if liquid v
A has SG = 120 and liquid B has 5G = 0.75. The liquid =
surrounding point « is water, and the tank on the left s open

to the atmosphere.

Liquid A

Given: Data on manometer

Find:
Assumption:
Solution:

Basic equation

Starting at point a

Next, in liquid A

Finally, in liquid B

Combining the three equations

Gage pressure at point a

Water, liquids A and B are static and incompressible

@
||||<1

Liquid A

or, for constantp  Ap = p-g-Ah

where Ah is height difference

where h 1

0.125m +0.25m  h; = 0.375m

Pl = Pa ~ PH20'Eh]

Patm = P2 — SGR P ghy  Where hy = 09-m-04m hy = 0.5m

Patm = (P1 + SGA'PH20'€h2) ~ SGB-PH20"&h3 = Py~ PH20 €M1 + SGA PH20 €M) ~ SO P20 2 3

Pa = Patm * PH20"% (11 ~ SGphy + SGp-h3)

or in gage pressures

Pa
m

py = 441 x 103Pa

k
- 1000~—g3 x 9.8122 x [0.375 — (1.20 x 0.25) + (0.75 x 0.5)]-m x

Pa = PH20°2 (1] — SGA"hy + SGp-hy)

2

s kg-m

py = 441-kPa  (gage)



Problem 3.25 [Difficulty: 2]

3.25 An engineering research company is evaluating using
a sophisticated $80,000 laser system between two large O — R —
waler storage tanks. You suggest that the job can be done with Meriam red ol
a $200 manometer arrangement. Oil less dense than water
can be used to give a significant amplification of meniscus
movement; a small difference in level between the tanks

will cause a much larger deflection in the oil levels in the ma- Water WBtEI'

nometer. If you set up a rig using Meriam red oil as (Tank 1) (Tank 2)

the manometer fluid, determine the amplification factor that

will be seen in the rig. — -

Equilibrium
level
Given: Two fluid manometer, Meriam red oil is the second fluid SG; = 0.827 from Table A.1
Find: The amplification factor which will be seen in this demonstrator
Solution: We will apply the hydrostatics equations to this system.
Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SGPyater (Definition of Specific Gravity)

Assumptions: (1) Static liquid

(2) Incompressible liquid

Integrating the hydrostatic pressure equation we get:

p=pytpegh
hs

For the left leg of the manometer: p, = p,; + Pyater &hA

Pb = Pa ~ Pwater &' = Patm * pwater'g'(hA - l)
For the right leg: Py = Patm * Pwater £ 1B

Pb = Py~ Poil &' = Patm + pwater'g'(hB - SGoil'l)
Combining the right hand sides of these two equations: Patm + Pwater g-(h A 1) = Patm * Pwater g'(hB - SGoil'l)

Upon simplification: hp —1=hg -SG

oil’l Ah =hy —hg = l-( 1- SGoil) so the amplification factor would be:

AF = L ! For Meriam red AF = ; =
1-0.827

= 5.78 AF = 5.78
Ah  1-SGy



Problem 3.26 [Difficulty: 2]

3.26 Water flows downward along a pipe that is inclined at 30°
below the horizontal, as shown. Pressure difference py —pgis
due partly to gravity and partly to friction. Derive an algebraic
expression for the pressure difference. Evaluate the pressure
difference if L =25 ft and h =6 in.

Given: Water flow in an inclined pipe as shown. The pressure difference is
measured with a two-fluid manometer

L = 5-ft h = 6-in SGHg = 13.55 (From Table A.1, App. A)
Find: Pressure difference between A and B

Solution: We will apply the hydrostatics equations to this system.

Governlng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SGPyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid
(3) Gravity is constant

Integrating the hydrostatic pressure equation we get:
Ap = p-gAh
Progressing through the manometer from A to B:

PA T Pyater &L-SIn(30-deg) + pyater &2 + Pyyater 80 — PHg &N — Pyyater &2 = PB

Simplifying terms and solving for the pressure difference:

Ap =P —PB = Pwater g-[h~(SGHg— 1) - L~sin(30-deg)—‘

Substituting in values:

ft
12-in

slug ft

ft

Ap = 1.94—x322— x {6~in><

3 2
ft S

-in

1bf~s2 2
x (13.55-1) = 5-ftx sin(SO-deg)} X X ( j Ap = 1.638-psi

slugft



Problem 3.27 [Difficulty: 2]

3‘-2?I$ttll‘sldcr .H l;.ljlk c-.ml‘u.xl.un.;_z mcrcur‘_\.'. \mlcll', 11t:11.:‘.l:l.lt.‘. B=025m
and air as shown. Find the air pressure (gage). If an opening - |
is made in the top of the tank. find the equilibrium level of
the mercury in the manometer. ) 5 e d=0.025m
Air
- E
0.1m Benzene
_}
0.1m Water 0.3m
*
0.1m Mercury
% ;
Given: Data on fluid levels in a tank
Find: Air pressure; new equilibrium level if opening appears
Solution:
Using Eq. 3.8, starting from the open side and working in gage pressure
Pair = PH20 X €% [ SGpgx (03 = 0.1) 'm — 0.1 - m = SGpep enex 0.1 - m]
k m N- 2
Using data from Table A.2 Pair = 999~—g x9.81-— x (13.55x0.2-m—-0.1-m —-0.879x 0.1 - m) x Pajr = 24.7-kPa
3 2 kg -m

m S

To compute the new level of mercury in the manometer, assume the change in level from 0.3 m is an increase of x. Then, because the

volume of mercury is constant, the tank mercury level will fall by distance (0.025/0.25)%x. Hence, the gage pressure at the bottom of the ta
can be computed from the left and the right, providing a formula for x

0.025
SGng PH2O % 8% (0.3 m+Xx) = SGng PH2O X & X |:0.1~m—x~( 025 j } -m

+PH20 X &% 0.1 m+ SGBCI]ZCHCX PH2O X &% 0.1-m

Hence o _ [0.1:m+0879x0.1m + 13.55x (0.1 - 0.3)-m] - 0.184m

| 0.025 2 13.55
+ 0.25 XA (The negative sign indicates the
manometer level actually fell)

The new manometer height is h =03m+x h=0.116m



Problem 3.28 [Difficulty: 2]

3.28 A reservoir manometer has vertical tubes of diameter
D =18 mm and d = 6 mm. The manometer liquid is Meriam __, d=6mm
red oil. Develop an algebraic expression for liquid deflection
L in the small tube when gage pressure Ap is applied to the
reservoir. Evaluate the hiquid deflection when the apphied
pressure is equivalent to 25 mm of water (gage).

Given: Reservoir manometer with vertical tubes of knowm diameter. Gage liquid is Meriam red oil
D = 18&mm d = 6-mm SGy; = 0.827 (From Table A.1, App. A)
Find: The manometer deflection, L when a gage pressure equal to 25 mm of

water is applied to the reservoir.

Solution: We will apply the hydrostatics equations to this system.

Governlng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SGPyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid
Integrating the hydrostatic pressure equation we get:
Ap = p-g-Ah

Beginning at the free surface of the reservoir, and accounting for the changes in pressure with elevation:

Patm * AP + Poil & (X + L) = Payy
. . Ap .
Upon simplification: x+L = The gage pressure is defined as: ~ Ap = py 4o -g'Ah where  Ah = 25-mm
Poil &
Pwater &0
Combining these two expressions: x+L = water = Ah
Poil'8  SGoj
T™ 2 T 2 d 2
x and L are related through the manometer dimensions: ZD X = Z-d -L X = (Bj L
Ah o . . 25.

Therefore: L= Substituting values into the expression: L = >-mm

2 2
SGOil-[l + (E) } 0.827-[1 + ( 6'“‘“’) }
D 18-mm

(Note: s = ﬁ which yields s = 1.088  for this manometer.) L =27.2-mm



Problem 3.29 [Difficulty: 2]

3.29 A rectangular tank, open to the atmosphere. is filled with
water to a depth of 2.5 m as shown. A U-tube manometer is
connected to the tank at a location 0.7 m above the tank bot-
tom. If the zero level of the Meriam blue manometer fluid is
(.2 m below the connection, determine the deflection [ after Zero
the manometer is connected and all air has been removed level
from the connecting leg. 3m

o 25m

L]

o.7m[ ki

Given: A U-tube manometer is connected to the open tank filled with water as
shown (manometer fluid is Meriam blue)
Dy =25m Dy =0.7m d = 02-m SG;; = 1.75 (From Table A.1, App. A)

Find: The manometer deflection, 1

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SGPyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid

Integrating the hydrostatic pressure equation we get:

<
Ap = p-g:Ah Zero
. . o L level
When the tank is filled with water, the oil in the left leg of the manometer is displaced I'm
downward by 1/2. The oil in the right leg is displaced upward by the same distance, 1/2. D,

Beginning at the free surface of the tank, and accounting for the changes in pressure with
elevation:

1
Patm *+ pwater'g'(Dl —Dy+d+ Ej = Poir&! = Patm

Upon simplification:

1 I D, -Dy+d
Pwater & D1~ Do+ d+— | = pojrel Dy=Dy+d+= =SGyrl I = 1
SG . — —
oil 5
2.5m-0.7- 2
- 5m—-0.7m+0.2.m I = 1.600m

1
1.75 — =
2



Problem 3.30 [Difficulty: 2]

3.30 A reservoir manometer is calibrated for use with a
liquid of specific gravity (L.827. The reservoir diameter is
5/8 in. and the (vertical) tube diameter is 3/16 in. Cakulate
the required distance between marks on the vertical scale for

1 in. of water pressure difference.
Given: Reservoir manometer with dimensions shown. The manometer fluid
specific gravity is given.
5. 3.
D = g-ln d= 1—6-1n SG,; = 0.827
Find: The required distance between vertical marks on the scale

corresponding to Ap of 1 in water.

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: ? =—p-g (Hydrostatic Pressure - z is positive upwards)
z
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid

Integrating the hydrostatic pressure equation we get:
Ap = —p-g-Az RN
h

Beginning at the free surface of the tank, and accounting for the changes in pressure with \l,
elevation: %_ ________________ T

Patm * AP ~ Poil'& (X +h) = Py X
Upon simplification: ~ Ap = pi-g-(x+h)  The applied pressure is defined as: Ap = pyater&l  where l=1in

1
Therefore: Pwater &1 = Poir & (x+h) x+h=
8Gojt
T™ 2 T 2 d 2
x and h are related through the manometer dimensions: ZD X = Z-d -h X = (Bj h
. 1 o . . 1-in

Solving forh: h = Substituting values into the expression: h =

2 . \2
1875
SGyy |1+ 2 08271+ L1873m
D 0.625-in

h = 1.109-in



Problem 3.31 [Difficulty: 2]

3.31 The manometer fluid of Problem 329 is replaced with o

mercury (same zero level), The tank is sealed and the air v

pressure is increased to a gage pressure of 0.5 atm. Deter- =

mine the deflection [. Zero

level
3m
2.5m
0.7 m[

Given: A U-tube manometer is connected to the open tank filled with water as

shown (manometer fluid is mercury). The tank is sealed and pressurized.
D; =25m Dy =07m d = 02m p, = 0.5-atm SGHg = 13.55 (From Table A.1, App. A)
Find: The manometer deflection, 1

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid

(2) Incompressible liquid

Integrating the hydrostatic pressure equation we get:

Ap = p-g-Ah Zero

When the tank is filled with water and pressurized, the mercury in the left leg of the am D
manometer is displaced downward by 1/2. The mercury in the right leg is displaced
upward by the same distance, 1/2.

Beginning at the free surface of the tank, and accounting for the changes in pressure with
elevation:

1
Patm T Po * pwater'g'(Dl Dy +d+ 5] ~ PHg ¢! = Patm

Upon simplification: Po
—+ Dl — D2 +d
Pwater &

1
Po* pwater'g'(Dl _D2+d+5) = PHg & b= 1
SGig -5

Substituting values into the expression:

1.013 x 105-N 1 m3 2
X

S
._X — —
o atm 1000 kg = 9.8 m
| = I=0.549m

1
13.55 - —
2

0.5-atm x +25m—-0.7m+0.2-m




Problem 3.32

[Difficulty: 3]

3.32 The inclined-ube manometer shown has D =9 mm
and d = § mm. Determine the angle, #, required to provide a
5:1 increase in liquid deflection, L, compared with the total
deflection in a regular U-tube manometer. Evaluate the
sensitivity of this inclined-tube manometer.

Given: Inclined manometer as shown.
D =96:mm d = 8&mm

Angle 0 is such that the liquid deflection L is five times that of a regular

U-tube manometer.

Find: Angle 6 and manometer sensitivity.
Solution:

Governing Equation: dp _

dz e

Assumptions: (1) Static liquid

(2) Incompressible liquid

Integrating the hydrostatic pressure equation we get:
Ap = —p-g-Az

Applying this equation from point 1 to point 2:

Py — p-g(x+L-sin(0)) = py

We will apply the hydrostatics equations to this system.

(Hydrostatic Pressure - z is positive upwards)

Upon simplification:

. . . T T
Since the volume of the fluid must remain constant: ZD X = Z-d -L

2
Therefore: py —p, = p~g-L~{(g) + sin(e)}

Now for a U-tube manometer:

For equal applied pressures:

Py — Py = prg(x+L-sin(0))

d 2
-g-Le|| — | +sin(0
P1incl ~ P2incl pe (Dj ©)
Hence: =

py—py=pgh
P1u~—P2u

d 2
L- (Bj +sin(B)| =h Since L/h = 5:

L L

The sensitivity of the manometer: s = ——

Ah,  SGh

p-gh
. h d 2 1 8-mm 2
sin(@) =——-|—| =—=—-
L D 5 96-mm
6 = 11.13-deg
5
S = —
SG



Problem 3.33

[Difficulty: 3]

3.33 The inclined-tube manometer shown has D =76 mm
and d =8 mm, and is filled with Meriam red oil. Compute
the angle, #, that will give a 15-cm oil deflection along the
inclined tube for an applied pressure of 25 mm of water
(gage). Determine the sensitivity of this manometer.

Given: Data on inclined manometer
Find: Angle 0 for given data; find sensitivity
Solution:
. . dp L .
Basic equation . = —p-g orforconstantp Ap = p-g-Ah where Ah is height difference
y
Under applied pressure Ap = SGpfer P& (L-sin(0) +x) (1)
From Table A.1 SGpfer = 0.827
and Ap = 1 in. of water, or Ap = p-gh where h = 25-mm h = 0.025m
k m N-s2
Ap = 10002 % 9.81- 2% x 0.025-m x Ap = 245Pa
3 2 kg-m
m
.o . Atube d 2
The volume of liquid must remain constant, so  x-A s = L'Ape x =L =L 5 )
res

Combining Eqs 1 and 2

2
Ap = SGMer-p-g{L-sin(O) + L(Bj }

2
Solving for 6 sin(0) = —Ap _ E)
3
N 1
Sin(0) = 245 — x —— x — . %
2 0.827 1000 kg
m
0 = 11-deg

The sensitivity is the ratio of manometer deflection to a vertical water manometer

B 0.15-m
©0.025-m

L
s=—
h

s=6

2 2

1 .

x .S_X 1 _ixkgm_ i =0.186
981 m 0.15 m s2~N 76



Problem 3.34 [Difficulty: 4]

3.34 A barometer accidentally contains 6.5 inches of water
on top of the mercury column (so there is also water vapor
instead of a vacuum at the top of the barometer). On a day
when the temperawre is 70°F, the mercury column height is
28.35 inches (corrected for thermal expansion). Determine
the barometric pressure in psia. If the ambient temperature
increased to 85°F and the barometric pressure did not
change, would the mercury column be longer, be shorter, or
remain the same length? Justify your answer,

Given: Barometer with water on top of the mercury column, Temperature is
known:
hy = 6.5-in h; = 28.35-in SGHg = 13.55 (From Table A.2, App. A) T = 70°F

py = 0.363-psi (From Table A.7, App. A)

Find: (a) Barometric pressure in psia
(b) Effect of increase in ambient temperature on length of mercury
column for the same barometric pressure: Ty = 85°F

Solution: We will apply the hydrostatics equations to this system.

Governlng Equations: % =-p-g (Hydrostatic Pressure - h is positive downwards)
P = SGPyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid
(2) Incompressible liquid Water vapor
Integrating the hydrostatic pressure equation we get: Water I hy
Ap = p-g-Ah
Start at the free surface of the mercury and progress through the barometer to the vapor Mercury G | A
pressure of the water: \_/ !

Patm ~ PHg & N1 ~ Pwater &h2 = Py

Patm = Py * pwater'g'(SGHg'hl + h2)

2 3
Ibf slug ft  Ibfs . . t Ibf
=0.363— +1.93. —= x 32.2.—x x (13.55 x 28.35-in + 6.5-in) x = 1441-—
Patm in2 ft3 s2 slug-ft ( ) ( 12- inj Patm in2

At the higher temperature, the vapor pressure of water increases to 0.60 psi. Therefore, if the atmospheric pressure
were to remain constant, the length of the mercury column would have to decrease - the increased water vapor would
push the mercury out of the tube!



Problem 3.35 [Difficulty: 3]

3.35 A student wishes to design a manometer with better  Pam Patm Patm + AP Patm
sensitivity than a water-filled U-tube of constant diameter. The l l 1 l
student’s concept involves using tubes with different diameters g
and two liquids as shown. Evaluate the deflection s of this
manometer, if the applied pressure difference is Ap =250 N/m”®, I —
Determine the sensitivity of this manometer. Plot the mano- Jﬂ
meter sensitivity as a function of the diameter ratio d./d,. ] oil
. ™~ (sG = 0.85)
dy= | l— —| |=—d;=15mm
— 10 mm

- 7 ﬁ_/
Water.

Given: U-tube manometer with tubes of different diameter and two liquids, as shown.

dl = 10-mm d2 = 15-mm SGoil = 0.85

Find: (a) the deflection, h, corresponding to Ap = 250-i
(b) the sensitivity of the manometer m2

Solution: We will apply the hydrostatics equations to this system.

Governlng Equations: ? =—p-g (Hydrostatic Pressure - z is positive upwards)
z
P = SG Pyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid Pam Pam Punm + Ap Pam
(2) Incompressible liquid l‘ l‘ l‘ l«

Integrating the hydrostatic pressure equation we get:

PPy = —prg (2= 7%) = P& (7~ 7) 0§k
From the left diagram:

| I
PA ~ Patm = Pwater &11 = Poirgly (D _f - M

From the right diagram: \\_—/ M
P~ (patm + Ap) = Pwater &3 2)

PB ~ Patm = Pwater €14+ Poirgly (3

Combining these three equations: ~ Ap = pwater'g'(14 - 13) +Poirgh = pwater'g'(l4 +1 - 13)

From the diagram we can see Iy =1-1 and h=1ly Therefore:
Ap = pwater'g'(h + lw) (4)
2
) ) dy
We can relate lw to h since the volume of water in the manometer is constant: —~d1 1 = —-d2 -h l,=|—1"h
4 W4 Vool



2
dy Ap
Substituting this into (4) yields: Ap = pyater &h| 1+ — Solving forh: h = 3
dq d,
Pwater &1 +| —
dj
3 2 3
Substituting values into the equation: h = 250-l X LE X ! 3« ! X kg'm X 10 -mm h = 7.85-mm
2 999 kg 9.81m 2 2 m
m 1+ 15-mm N-s
10-mm
o . h
The sensitivity for the manometer is defined as: s = AL where Ap = pyyater & Ahg
e
1 1
Therefore: s=——— § = —— s =0.308

dy 2 15-mm 2
1+ = 1+

d 10-mm
The design is a poor one. The sensitivity could be improved by interchanging dy and d;,ie,having d, smallerthan d,

A plot of the manometer sensitivity is shown below:

Sensitivity
(=}
.

Diameter Ratio, d2/d1



Problem 3.36 [Difficulty: 3]

3.36 A water column stands 50 mm high in a 25-mm diam-
eter glass mbe. What would be the column height if the
surface tension were zero? What would be the column height

in 2 1.0-mm diameter tube?

Given: Water column standin in glass tube

N
Ah = 50mm D = 2.5mmao = 72.8x 10 Sl (From Table A.4, App. A)
m

Find: (a) Column height if surface tension were zero.
(b) Column height in 1 mm diameter tube

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
3F,=0 (Static Equilibrium)
Assumptions: (1) Static, incompressible liquid O R
(2) Neglect volume under meniscus A $ Ah
(3) Applied pressure remains constant ] ¢
(4) Column height is sum of capillary rise and pressure
difference Ah
Ah,
Assumption #4 can be written as: ~ Ah = Ah + Ahp
\
Choose a free-body diagram of the capillary rise portion of the column for analysis:
™ _2 -0
3F, = m-D-o-cos(0) — Z-D prg:Ah, =0 Therefore:  Ah, = D~cos(9)
p-g
Do
Substituting values: 2] M
2 P
3 2 3
A = ax72gxig N Lo L 11 kgm [107mm | an
m 999 kg 98l m 25 mm 2 m v
‘S
Mg = pg¥
Ah, = 11.89-mm
Therefore: Ahp = Ah - Ahc Ahp = 50-mm — 11.89-mm Ahp = 38.1-mm (result for 6 = 0)

For the 1 mm diameter tube:

Ahy = 4x72.8%x 10 ~-— x —— x ——— X
m 999 kg 981 m

2
3N 1 m3 1 s2 1 1 kg-m (103-mmj
1

mm N~52 m Ahc =29.71-mm

Ah = 29.7-mm + 38.1-mm Ah = 67.8-mm



Problem 3.37 [Difficulty: 4]

3.37 If the tank of Problem 3.29 is sealed tightly and water —
drains slowly from the bottom of the tank, determine the
deflection, I, after the system has attained equilibrium. A
Zero
level
3m
2.5m
0.7 m [
Given: Sealed tank is partially filled with water. Water drains slowly from the

tank until the system attains equilibrium. U-tube manometer is connected
to the tank as shown. (Meriam blue in manometer)

L =3m D; =25m Dy = 0.7m d =02m SGy; = 1.75 (From Table A.2, App. A)
Find: The manometer deflection, 1, under equilibrium conditions

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
pV=MRT (Ideal gas equation of state)
P = SGPyater (Definition of Specific Gravity)
Assumptions: (1) Static liquid
(2) Incompressible liquid ES Dam
(3) Air in tank behaves ideally A Po
Integrating the hydrostatic pressure equation we get:
L
Ap = p-g'Ah D, d
H 0 !
To determine the surface pressure p | DZI @ I
under equilibrium conditions ~ = —_ I
we assume that the air expands at constant temperature: — 7 ®
pyV, MRT, v, (L - D1>~A
= ThUS, pO = —~pa = —.pa
PoVo MRT, Vo (L-H)-A
(L -D 1)

Simplifying: p, = ﬁ-pa Now under equilibrium conditions: Po * Pwater & H = p,  Combining these expressions:
(L-DP1) - 2

- ‘Pat Pwater &H = Py Upon rearranging: Pwater &H — (pa + pwater'g'L)'H +D1py = 0

Now we apply the quadratic formula to solve for H:



K p
a= 999~—g3 X 9.8122 a=98x10°-2

a= g
Pwater m

m S

5 N kg m 5
b= —(Pa+ Pwater&L) b = —(1.013 X 107— +999-— x 9.81-— x 3~mJ b=-1.307x 10" Pa

m m s
N
¢ =Djp ¢ = 25mx 1.013x 10°— ¢ = 2.532x 10°-Pam
1Pa 2
m
5 5 2 3 Pa 5
P —(—1.307 x 10 ~Pa) + (—1.307 x 10 ~Pa) —4%x98x%x 107-— x 2.532x 10"-Pa-m
q _ —b+yb —4ac q 3 m
upper — 2a upper — 3 Pa
2x98x%x 107-—
m
Hupper = 10.985m
5 5 2 3 Pa 5
P —(—1.307 x 10 ~Pa) - (—1.307 x 10 ~Pa) —4%x98x%x 107-— x 2.532x 10"-Pa-m
-b—yb —4ac m
Higwer = 2a Hiower = 3 Pa
2x98x%x 107-—
m
Higwer = 2352m
Since H can not be greater than 3 m (otherwise the tank would overflow!), we must select the lower value for H: H =2352m
Solving for the pressure inside the tank:  pj = M x 1.013 x 105-Pa po = 7.816 x 104Pa
(3:m—-2.352-m)
Applying the hyd i i h : !
pplying the hydrostatic pressure equation to the manometer: Po + Pwater & H- D2 +d- E + Poil’ gl= Pa
. . Pa = Po 1
Solving for the manometer deflection: 1=| ———-H+Dy-d —
Pwater &
water SGOil _
5 N 4 N 1 m3 1 52 kg-m 1
I=1[1.013x10°— - 7816x 10" — | x — 2 x — .2 « M 535 m+07m-02-m}——
2 2] 999 kg 9.81 m 2 1 1=0.407m
m m N-s 175 - =
2



Problem 3.38 [Difficulty :2]

3.38 Consider a small-diameter open-ended tube inserted at Tube
the nterface between two immiscible fluids of different den- e
sities. Derive an expression for the height difference Ah
between the mterface level inside and outside the tube in
terms of tube diameter D, the two fluid densities py and po.and Fluid 1
the surface tension o and angle # for the two fluids’ interface. If
the two fluids are water and mercury, find the height differ-
ence if the tube diameter is 40 mils (1 mil = 0.001 in.). — Al

T Fluid 2

-

Given: Two fluids inside and outside a tube
s Tube
Find: (a) An expression for height A4 p1gAh D*/4
(b) Height difference when D =0.040 in for water/mercury ¥
Assumptions: (1) Static, incompressible fluids l,

(2) Neglect meniscus curvature for column height and

volume calculations = /—L
Solution: AN M{
(2}

A free-body vertical force analysis for the section of fluid 1 height A% in the tube below -
the "free surface" of fluid 2 leads to onDcos 6
2 2
-D -D
ZF =0 = Ap~ﬂT - p1~g~Ah-7T4 + 1-D-7-cos(0)
where Ap is the pressure difference generated by fluid 2 over height A#, Ap = py-gAh
2 2 2 2
-D -D -D -D
Hence Apﬂ_ — plgAhL = ngAhTr_ — plgAhL = _TT'D'O"COS(Q)
4 4 4 4
Solving for A Ah = ——+9c05®)
g-D~(p2 - Pl)

For fluids 1 and 2 being water and mercury (for mercury ¢ = 375 mN/m and 6 = 1409, from Table A.4), solving for Ah when
D =0.040 in

2 3 3
N Ibf 0.0254 1 ft 12-i 1 lug ft
Ah = -4 x0.375-— x X - 2 cos(140-deg) x x — X X i x 28
m  4.448-N in 32.2-ft  0.040-in  1.94-slug ft (13.6 — 1) 1bf~52

Ah = 0.360-in



Problem 3.39 [Difficulty: 2]

3.39 You have a manometer consisting of a tube that is
0.5 in. inner diameter (ID). On one side, the manometer leg
contains mercury, 0.6 in* of an oil (SG = 14), and 0.2in.? of
air as a bubble in the oil. The other leg contains only mer-
cury. Both legs are open to the atmosphere and are in a static I

condition. An accident occurs in which 0.2 in? of the oil and Oil

the air bubble are removed from one leg. How much do the i
mercury height levels change? .
Air 3
N 4
hy TN T N o
Hg I /’l3 — i)C
Given: Data on manometer before and after an "accident"
Find: Change in mercury level
Assumptions: (1) Liquids are incompressible and static
(2) Pressure change across air in bubble is negligible
(3) Any curvature of air bubble surface can be neglected in volume calculations
Solution:
Basic equation ? = —p-g orforconstantp Ap = p-gAh where Ah is height difference
y

For the initial state, working from right to left  p,, = pa, + SGHg' p-ghs — SGi; p-g—(hl + h2)

SGpg p-gh3 = SGjyp: g~(h1 + h2) (1)
Note that the air pocket has no effect!
For the final state, working from right to left Patm = Patm SGHg' p-g~(h3 - x) - SGoil'p'g'h4

SGpyg p-g:(h3 — ) = SGyj-p-g-hy )
The two unknowns here are the mercury levels before and after (i.e., h3 and x)

- 8Gojl
Combining Egs. 1 and 2 SGHg-p-g~x = SGoil'p'g'(hl +hy - h4) X = Gy ~(h1 +hy - h4) 3)
g
From Table A.1 SGHg = 13.55
The term hy+hy—hy is the difference between the total height of oil before and after the
accident
AV 4 1 2 3
hy+hy—hy = 7N = =X (—j x 0.2-in” = 1.019-in
md 7 \0.5:in
4
1.4 . .

Then from Eq. 3 X = x 1.019-in x = 0.1053-in

13.55



Problem 3.40 [Difficulty: 2]

3.40 Compare the height due to capillary action of water
exposed to air in a circular tube of diameter D =05 mm,
and between two infinite vertical parallel plates of gap
a=1.5 mm.

Water

Given: Water in a tube or between parallel plates
Find: Height Ak for each system
Solution:

a) Tube: A free-body vertical force analysis for the section of water height A/ above the "free surface" in the tube, as
shown in the figure, leads to

7T~D2
ZF =0 = m-D-o-cos(6) — p-g—Ah~T

Assumption: Neglect meniscus curvature for column height and volume calculations

_ 4-0-cos(6)

Solving for Ak Ah
p-g:D

b) Parallel Plates: A free-body vertical force analysis for the section of water height Ak above the "free surface" between
plates arbitrary width w (similar to the figure above), leads to

ZF =0=2-w-0-cos(0) — p-g-Ah-w-a

_ 2:0-cos(0)
p-ga

Solving for Ak Ah

For water 6 = 72.8 mN/m and 0 = 0° (Table A.4), so

4% 00728 X
a) Tube Ah = m y kg"; Ah =594x10 °m Ah = 5.94-mm
999.k—g3 x 9.81-92 x 0.005m N-s
m S
2% 00728
b) Parallel Plates Ah = o . kg'm Ah=297x10 °m Ah = 2.97-mm

k 2
999._*‘53 x 9.81-92 x0.005:m N-s
m S



Problem 3.41 [Difficulty: 3]

3.41 Two vertical glass plates 12 in. X 12in. are placed in an

open tank containing water. At one end the gap between the - Plates

plates is 0.004 in., and at the other it is 0.080 in. Plot the curve

of water height between the plates from one end of the pair

to the other. ?\___,_ v

b \/ Ah
v A h
= r
Water a
Given: Geometry of vertical plates
Find: Curve of water height due to capillary action
Assumption: Water is static and incompressible
Solution:
Parallel Plates: A free-body vertical force analysis for the section of water height A/ above the "free surface” between
plates arbitrarv width w (similar to the figure above), leads to
ZP = 0= 2w-o-cos(8) — p-g-Ah-w-a
2o
Solving for A Ah = 2ocos(®)
p-g-a
For water 0= 72.8 mN/m = 0.00337 Ibf'ft and &= 00 (Table A 4). so
o= 0.005 Ibf/ft
p= 194 shgft

Using the formula above

a (in) | Ah (in)

0.004 | 0.0400 Capillary Height Between Vertical Plates

0.008 | 0.0200

0.012 | 0.0133 0.045

0.016 | 0.0100 _0.040 -

0.020 | 0.0080 c

0.024 | 0.0067 = 0.035 7

0.028 | 0.0057 = 0.030 -

0.032 | 0.0050 = 0.025

0.036 | 0.0044 2

0.040 | 0.0040 £ 0.020

0.044 | 0.0036 0.015 ~

0.048 | 0.0033 0.010 4

0.052 [ 0.0031

0.056 | 0.0029 0.005 7

0.060 | 0.0027 0.000 \ \ \ \ \ \ \ \

0.064 | 0.0025 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

0.068 | 0.0024 Gap a (in)

0.072 | 0.0022 P

0.080 | 0.0020




Problem 3.42 [Difficulty: 3]

3.42 Based on the atmospheric temperature data of the
U.S. Standard Atmosphere of Fig. 3.3, compute and plot
the pressure variation with altitude, and compare with the
pressure data of Table A3

Given: Atmospheric temperature data
90
. I
Find: Pressure variation; compare to Table A3 o
L ol
Solution: 80 il
From Section 3-3: d_p = —pz 70 —
dz
z
- m 60 —
. - dT T
For a linear temperature variation m = —— = const P=py|
d& To ~
E sl
g{zz) §
T RT 3 a0
For isothermal conditions (Example 3 4) p=ppe o 40
30—
In these equations py. Ty, and zj are reference conditions
20—
PsL= 101 kPa 1oL B
R = 286.9 J/kgK £
3 )
p= 999 kg/m 0 | | | | | =
-120 -100 -80 -60 —40 -20 0 20
The temperature can be computed from the data in the figure. Temperature (°C)
The pressures are then computed from the appropriate equation. From Table A.3
Atmospheric Pressure vs Elevation
1.00000 \ \ \ \
70 80 90 100

0.10000

0.01000

0.00100

Computed
X Table A.3

0.00010

0.00001

Pressure Ratio p/pg_

0.00000

Elevation (km)

Agreement between calculated and tabulated data is very good (as it should be, considering the table data are also computed!)




z (km) plps
0.0 1.000
0.5 0.942
1.0 0.887
15 0.835
2.0 0.785
25 0.737
3.0 0.692
3.5 0.649
4.0 0.609
45 0.570
5.0 0.533
6.0 0.466
7.0 0.406
8.0 0.352
9.0 0.304
10.0 0.262
11.0 0.224
12.0 0.192
13.0 0.164
14.0 0.140
15.0 0.120
16.0 0.102
17.0 0.0873
18.0 0.0747
19.0 0.0638

20.0 0.0546
22.0 0.0400
24.0 0.0293
26.0 0.0216
28.0 0.0160
30.0 0.0118
40.0 0.00283
50.0 0.000787
60.0 0.000222
70.0 0.0000545
80.0 0.0000102
90.0 0.00000162

Z (km) T (C) T (K) oI o
0.0 15.0 288.0 m = 1.000
2.0 2.0 275.00 0.0065 0.784
4.0 -11.0 262.0 (K/m) 0.608
6.0 24.0 249.0 0.465
8.0 -37.0 236.0 0.351
11.0 756.5 216.5 0.223
12.0 -56.5 216.5 T = const 0.190
14.0 756.5 216.5 0.139
16.0 -56.5 216.5 0.101
18.0 756.5 216.5 0.0738
20.1 -56.5 216.5 0.0530
22.0 54.6 218.4 m = 0.0393
24.0 -52.6 220.4 -0.000991736 0.0288
26.0 50.6 222.4 (K/m) 0.0211
28.0 487 2243 0.0155
30.0 46.7 226.3 0.0115
32.2 -44.5 228.5 0.00824
34.0 395 2335 m = 0.00632
36.0 339 239.1 -0.002781457 0.00473
38.0 284 244.6 (K/m) 0.00356
40.0 228 2502 0.00270
42.0 172 255.8 0.00206
44.0 117 2613 0.00158
46.0 6.1 266.9 0.00122
473 25 270.5 0.00104
50.0 25 270.5 T = const 0.000736
52.4 -2.5 270.5 0.000544
54.0 5.6 267.4 m = 0.000444
56.0 -9.5 263.5 0.001956522 0.000343
58.0 135 2595 (K/m) 0.000264
60.0 -17.4 255.6 0.000202
61.6 205 2525 0.000163
64.0 -29.9 243.1 m = 0.000117
66.0 377 2353 0.003913043 0.0000880
68.0 -45.5 227.5 (K/m) 0.0000655
70.0 534 219.6 0.0000482
72.0 -61.2 211.8 0.0000351
74.0 269.0 204.0 0.0000253
76.0 76.8 196.2 0.0000180
78.0 84.7 188.3 0.0000126
80.0 -92.5 180.5 T = const 0.00000861
82.0 925 180.5 0.00000590
84.0 -92.5 180.5 0.00000404
86.0 925 180.5 0.00000276
88.0 -92.5 180.5 0.00000189
90.0 925 180.5 0.00000130




Problem 3.43

[Difficulty: 3]

3.43 On a certain calm day, a mild inversion causes the

atmospheric temperature to remain constant at

30°C

between sea level and 5000-m altitude. Under these condi-
tions, (a) calculate the elevation change for which a 3 percent
reduction in air pressure occurs, (b) determine the change of
elevation necessary to effect a 5 percent reduction in density,
and (c) plot p,/p, and py/p, as a function of Az,

Given:
Find:
Solution:
Assumptions:

Basic equations

Then

Integrating

For an ideal gas with T constant

From Table A.6

Evaluating

For a 3% reduction in pressure

For a 5% reduction in density

2 2
To plot — and — we rearrange Eq. 1
P1 P1

Data on isothermal atmosphere

Elevation changes for 3% pressure change and 5% density change; plot of pressure and density versus elevation

Static, isothermal fluid,; g = constant; ideal gas behavior

dp_

-p-g and p=pRT
dz
@:—pg:— P'g and @:— g -dz
dZ Rair'T p Rair'T
R, T p
Az = - ar O-ln —2 where T=T,
g P1
Py PRy T p Rair T P P
2_2ar R Az= - 022 2 o 22 (1)
P PRy T g g P Pl
N-
Ry = 287-&
g.
T 2
0 N- ke-
=" 7 287 M (30 +273) K x —. > x & C = 8865-m
g kg-K Im 2
S

P2

— =0.97 so from Eq. 1 Az = —8865-m-In(0.97) Az = 270-m

P1

P2

— =095 so from Eq. 1 Az = —8865-m-In(0.95) Az = 455-m

P1

Az
P2 P2 C
—_ = — =2

P11 P



50001
40001
\E/ 30001
=
8=
g
2 20001
[Sa]
10001
0.5 0. 0.7 0.8 0.

This plot can be plotted in Excel

Pressure or Density Ratio



Problem 3.44 [Difficulty: 3]

3.44 At ground level in Denver, Colorado, the atmospheric
pressure and temperature are 83.2 kPa and 25°C. Calculate
the pressure on Pike's Peak at an elevaton of 2690 m
above the city assuming (a) an incompressible and (b) an
adiabatic atmosphere. Plot the ratio of pressure to ground
level pressure in Denver as a function of elevation for both

cases.
Given: Atmospheric conditions at ground level (z = 0) in Denver, Colorado are pg = 83.2 kPa, Ty = 25°C.
Pike's peak is at elevation z = 2690 m.

Find: P/po vs z for both cases.
Solution:
Governing Equations: % =—pg p=pRT

z
Assumptions: (1) Static fluid

(2) Ideal gas behavior

(a) For an incompressible atmosphere:

z
dp J gz
— = —p- becomes - =— -gdz or =pn—Pn'gZ=pn|1- 1
o e P - Py Opg P=py— P8 po[ R T, (1
m kg-K 1 N~52
At z = 2690-m p = 83.2-kPa x| 1 —9.81-— x 2690-m x g x x p = 57.5-kPa
s2 287-N-m 298K kgm
1
k
(b) For an adiabatic atmosphere: Lk = const p=0p 0.(1
p Po
1
k
d 1 Po'&
L -p-g becomes dp = —pg P -gdz or —dp = - -dz
dz Po 1 !
k k
p Po
p k-1 [ k-1 k—l]
1 k K k |k k P08
But —dp=—(p- h _— - =g
u i P =1 (p po) ence P P T gz
k k
p Po
Po
x k
k-1 1
k-1
_1 P — .
Solving for the pressure ratio P 1- u~—0~g-z or P 1- u £z )
Po k  pg Po k  RT,
1.4
5 1.4-1
14-1 kg-K 1 N-
Atz = 2690-m p = 83.2-kPax|1— £ > p = 60.2-kPa

«9.81- 2 % 2690-m x % «
52 287-N-m 298K kgm



Equations 1 and 2 can be plotted:

Temperature Variation with Elevation

5%10° — | |

4x10°F N

3L N
3x10 \

<107~ N\

Elevation above Denver (m)
/

Ix10°F

—— Incompressible
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0
0.4 0.6 0.8

Pressure Ratio (-)



Problem 3.45 [Difficulty: 3]

3.45 The Martian atmosphere behaves as an ideal gas with
mean molecular mass of 32.0 and constant temperature of
200 K. The atmospheric density at the planet surface is
p=0015 kg/m* and Martian gravity is 3.92 m&% Calculate
the density of the Martian atmosphere at height z =20 km
above the surface. Plot the ratio of density to surface density
as a function of elevation. Compare with that for data on the
Earth’s atmosphere.

Given: Martian atmosphere behaves as an idel gas, constant temperature
m kg
M, =320 T =200-K g = 3.92-—2 Po = 0.015~—3
S m
Find: Density at z=20 km
Plot the ratio of density to sea level density versus altitude, compare to
that of earth.

Solution: We will apply the hydrostatics equations to this system.

Governlng Equations: ? =—pg (Hydrostatic Pressure - z is positive upwards)
z
p=pRT (Ideal Gas Equation of State)
Ry
R=— (Definition of Gas Constant)
Mn
Assumptions: (1) Static fluid
(2) Constant gravitational acceleration
(3) Ideal gas behavior
Taking the differential of the equation of state (constant temperature): dp =R-T-dp
Substituting into the hydrostatic pressure equation: R~T-@ =-—pg Therefore: % = —i~dz
dz p R-T
p z _&z
Integrating this expression: l dp = - £ dz In L8 & P e RT (D
p R-T Po R-T Po
Po 0
Evaluating: R = 83143 —~ @, 1 kgmol R = 259.820. N1
kg-molK 320 kg kg-K
m 3 1 kgK 1 1 N
| e Nem 200 Kk
k . ‘m g-m 3k
= 0.015.—ixe s p=332x10 3—g3
m m
m 1 kg-K 1 1 N~s2 1
For the Martian atmosphere, let x = £ x = 3.92.— x BB 2 x = 0.07544.- —
R-T s2 259.822 N-m 200 K kgm km



Therefore: - = ¢ F These data are plotted along with the data for Earth's atmosphere from Table A.3.
Po

Density Ratios of Earth and Mars versus Elevation
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Problem 3.46 [Difficulty: 3]

3.46 A door 1 m wide and 1.5 m high is located in a plane
vertical wall of a water tank. The door is hinged along its upper
edge, which is 1 m below the water surface. Atmospheric
pressure acts on the outer surface of the door and at the water
surface. (a) Determine the magnitude and line of action of
the total resultant force from all fluids acting on the door.
(b) If the water surface gage pressure is raised to 0.3 atm,
what is the resultant force and where is its line of action?
(c) Plot the ratios FIFy and vy, for different values of the sur-
face pressure ratio pJpam (Fo 8 the resultant force when
ar}.\' =1"a|u1:|'j

Given: Door located in plane vertical wall of water tank as shown
a=15m b=1m c¢c=1m Ds
Atmospheric pressure acts on outer surface of door.
Find: Resultant force and line of action: c Ty
(@) for  pg = Py )
a Y
(b) for Pgg = 0.3-atm O
Plot F/Fo and y'/yc over range of ps/patm (Fo is force
determined in (a), yc is y-ccordinate of door centroid).
. <>
Solution: We will apply the hydrostatics equations to this system. b
Govermng Equations: ? =pg (Hydrostatic Pressure - y is positive downwards)
y
Fr = ( pdA (Hydrostatic Force on door)
y"Fr = J y-pdA (First moment of force)
Assumptions: (1) Static fluid

(2) Incompressible fluid

We will obtain a general expression for the force and line of action, and then simplify for parts (a) and (b).

Since  dp = p-g-dh it follows that p = p +p-gy

Now because p,.., acts on the outside of the door,  pg g is the surface gage pressure: p = Psg + P&y
c+a c+a ’
p-g
FR = J pdA = J p-bdy = J' (psg+ p-g~y)-b dy = b~|:psg-a+ 7~(a + 2~a~c>} (1)
¢ c

c+a
1 1
Y“FR =J y-pdA  Therefore: y' = F—J' ypdA = F—J' y-(psg+p~g-y)~bdy
R R J,

p .
Evaluating the integral:  y' = Fi{%lr(c +a 2_ cz—l + %-[(c + a)3 - 03—@
R



o b [P :
Simplifying: y' = —- ﬁ(212 + 2-a-c) + E{a} +3-a-c-(a+c¢) 2)
FR L 2 3
o ) p-gb (2
For part (a) we know Psg = 0 sosubstituting into (1) we get: F = 5 a +2-ac
1 k m 2 N-s2
Fy=—x 999~—g x9.81-— x 1-mx |7(1.5-m) +2x1.5mx 1-m|x F,=257kN
2 3 2 kg-m
m s
Substituting into (2) for the line of action we get: y' = g.—ib{a} +3-a-c-(a+ c)—l
o
1 k m o 3 N-s®
y = —x 999~—g3 x9.81- 2 x I.m. S [(15:m)> + 3% 1.5:mx 1-mx (1.5:m+ 1-:m) | x
3 s 25.7% 10 kg'm
y'=19m
For part (b) we know Psg = 0.3-atm . Substituting into (1) we get:
1.013 x 105~N 1 k m 2 N-s2
FR = I'mx|0.3-atm x S 15 mt = x 999~ x 9.81. 1% « |7(1.5-m) +2x1.5mx l-m—l X
2 2 3 2 kg-m
m -atm m S
FRr = 71.3-kN
k
S 999.—‘%3 x 9.81-92 ,
0.3-at 1.013x 10"-N N-
lmx | =22 . JasPezis|md s —m S a5 e 3s1assnmdx NS
2 2 3 kg-:m
, m -atm
y = 3
71.3x 10N
y' = 1.789m

The value of F/Fo is obtained from Eq. (1) and our result from part (a):

p.g 2
b peoa+—-\a +2-ac
F [ 58 2 ( )} | 2'psg

F, p'g.b-(a2+2-a-c) p-g(a+2c)

Forthe gate  y, =c+ % Therefore, the value of y'/yc is obtained from Eqs. (1) and (2):

Psg( 2 pgl3
—\a +2-ac)/+—:]a +3ac(a+c
- L ( ) ; (a+o)

(2:c+a) . pg(2
{b{psg-a + 7~(a + 2~a~c>I|

' 2. p .
R _ 26 E(a2+ 2~a~c> + P8 a3+ 3-a-c-(a+ c)—‘ =
Yo Fr(Zc+a)| 2 3



Simplifying this expression we get:

Based on these expressions we see that the force on the gate varies linearly with the increase in surface pressure, and that the line of
action of the resultant is always below the centroid of the gate. As the pressure increases, however, the line of action moves closer to
the centroid.

Plots of both ratios are shown below:

Force Ratio vs. Surface Pressure
40 T T T T

Force Ratio F/Fo

0 l l l l
0 1 2 3 4 5
Surface Pressure (atm)
Line of Action Ratio vs. Surface Pressure
1.05 T T T T
1.04 -
o
2
>~
£ 1.03F .
<
cd
(=]
.S
k3]
<
S 1.02F .
(]
.g
a
1.01 _
1 l l l l
0 1 2 3 4 5

Surface Pressure (atm)



Problem 3.47 [Difficulty: 2]

3.47 A door 1 m wide and 1.5 m high is located in a plane
vertical wall of a water tank. The door is hinged along its
upper edge, which is 1 m below the water surface. Atmo-
spheric pressure acts on the outer surface of the door. (a) If
the pressure at the water surface s atmospheric, what force
must be applied at the lower edge of the door in order to
keep the door from opening? (b) If the water surface gage
pressure is raised to 0.5 atm, what force must be applied
at the lower edge of the door to keep the door from
opening? (¢) Find the ratio F/F,; as a function of the surface
pressure ratio pdpaw. (Fo is the force required when

Ps = Pam:)
Given: Door of constant width, located in plane vertical wall of water tank is
hinged along upper edge.
b=1m D=1m L=15m Ps .
l i Hinge
Atmospheric pressure acts on outer surface of door; force F is applied D /
at lower edge to keep door closed. x X @) -+
. , i Y
Find: (a) Force F, if pg = puem I
(b) Force F, if = 0.5-atm — >
Psg pdA
Plot F/Fo over tange of ps/patm (Fo is force determined in (a)). "
F
Solution: We will apply the hydrostatics equations to this system.
Governlng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
Fr = J pdA (Hydrostatic Force on door)
M, =0 (Rotational Equilibrium)
Assumptions: (1) Static fluid

(2) Constant density
(3) Door is in equilibrium

Taking moments about the hinge: -F-L+ J' y-pdA =0 dA = b-dy
1 L

Solving for the force: F = —-J b-y:pdy (1)  We will obtain a general expression for F
LJg and then simplify for parts (a) and (b).

Since dp = p-g-dh itfollowsthat p=pg+p-gh where h=D+y

and hence p =pg+p-g(D+y) Nowbecause p,. . actson the outside of the door, is the surface gage pressure.

L L
. 1 b 2
From Equation (1): F = —-J b~y-(pSg +p-g(D+ y)—‘ dy F = —-J [(psg + p~g-D)~y +pgy —| dy
L 0 0



2 3

After integrating: F—b + D L + L or F=b L+ L D+L
grating: —L(psgpg)2 pg =bipgg— ol S+

(a) For pg = p,y,, it follows that Psg = 0  Therefore: F = p~g-b~L-(g + E) 3)

2
k I'm  15m) N
Fy = 999-—5 x 9.81.2 x I-mx 1.5-m><(—m+ > mjx >
3 2 2

m s 3 kg-m

(b) For Psg = 0.5-atm we substitute variables:

101-kPa  1.5- K
OlkPa 1.5m o5 ke

F = I'-mx|0.5-atm x —
atm 2 3
m

2
« 9.81-92 x 1.5-mx (l—m + 1.5~mj o s

2 3
S

b L + L D + L
: F Psgy TPEH(T TS
From Equations (2) and (3) we have: — = =

Here is a plot of the force ratio as a function of the surface pressure:

30 T

(2)

F, = 14.7:kN

F = 52.6-kN

Force Ratio, F/Fo
o
=)

—
=

Surface Pressure Ratio, ps/patm



Problem 3.48

[Difficulty: 5]

3.48 A hydropneumatic elevator consists of a piston-cylin-
der assembly to lift the elevator cab. Hydraulic oil, stored in
an accumulator tank pressurized by air, is valved to the
piston as needed to lift the elevator. When the elevator
descends, oil is returned to the accumulator. Design the least
expensive accumulator that can satsfy the system require-
ments. Assume the lift is 3 floors, the maximum load is 10
passengers, and the maximum system pressure is 800 kPa
{gage). For column bending strength, the piston diameter
must be at least 150 mm. The elevator cab and piston have a
combined mass of 3000 kg, and are to be purchased. Perform
the analysis needed to define, as a function of system
operating pressure, the piston diameter, the accumulator
volume and diameter, and the wall thickness. Discuss safety
features that your company should specify for the complete
elevator system. Would it be preferable to use a completely
pneumatic design or a completely hydraulic design? Why?

Discussion: The design requirements are specified except that a typical floor height is about 12 ft, making the total required lift
about 36 ft. A spreadsheet was used to calculate the system properties for various pressures. Results are presented on the next page,
followed by a sample calculation. Total cost dropped quickly as system pressure was increased. A shallow minimum was reached in
the 100-110 psig range. The lowest-cost solution was obtained at a system pressure of about 100 psig. At this pressure, the reservoir
of 140 gal required a 3.30 ft diameter pressure sphere with a 0.250 in wall thickness. The welding cost was $155 and the material cost
$433, for a total cost of $588. Accumulator wall thickness was constrained at 0.250 in for pressures below 100 psi; it increased for
higher pressures (this caused the discontinuity in slope of the curve at 100 psig). The mass of steel became constant above 110 psig.
No allowance was made for the extra volume needed to pressurize the accumulator. Fail-safe design is essential for an elevator to be
used by the public. The control circuitry should be redundant. Failures must be easy to spot. For this reason, hydraulic actuation is
good: leaks will be readily apparent. The final design must be reviewed, approved, and stamped by a professional engineer since the
design involves public safety. The terminology used in the solution is defined in the following table:

Symbol Definition Units
p System pressure psig
A, Area of lift piston in’
¥, Volume of oil gal
Dy Diameter of spherical accumulator ft

t Wall thickness of accumulator in
A, Area of weld in?
C, Cost of weld $
M, Mass of steel accumulator Ibm
C, Cost of steel $
C, Total Cost $

A sample calculation and the results of the system simulation in Excel are presented below.



Sample calculation for a pressure of 20 psig:

W, .2
t 1l in
N, = - - — = ) o) _—
Wi=p-a, Ay . Ap = TS004bf x o
5 ‘g VY 748zl
. . - SAe-g
Vi = Apl Vg = 3754n ><35.&><L1T ] =
-1 &

7 7 4 3 L
\'01'.1 = ‘\'S = E‘TTRS = EDS‘ DS D
aD?
From a force balance on the sphere: p_S
4
mD¢to
D 2 D
Thus: p-'n--—s =nD to .so  t= LA
o 4
Since the minimum wall thickness is 0.250 in:
. 12-n
Ao=mDt A  =m5644£-0250-in- a
5 L 5302
Cy = J_OO-—? % 53 2-n
2
2 2
M, = 4R tp, = D 5GP grer
2 Ib
M, = mwx (5.644t) » 0.2504n x % 7.8 % 624 ——
2in 3
ft
1
C, = 1.25-— % 1013 lbom
Ibm

Therefore the total cost is:

C; = 266+ 1266

1

’ 3 3
6 ft
— % 701-gal =
T 7.48-gal
1 i~ 5644 124n
® —x ®
4000 bf 4 ft
(costin )
(cost in 5)
(cost in 5)

Vg = 701-gal
D, = 5.644
t = 0.0854n
t = 0.250-in

2
A, =532in
C,, = 266
M, = 1013 1bm
C, = 1266
C, = 1532



Results of system simulation:

Input Data: Cab and piston weight: W = 6000 |Ibf
Passenger weight: Wee = 1500  Ibf
Total weight: W = 7500 Ibf
Allowable stress: o= 4000 psi
Minimum wall thickness: t= 0250 |in
Welding cost factor: cf, = 500 $in°
Steel cost factor: cf . = 1.25  $/pound

Results:

p (psig) [ A, (in®) |V, (gal)| D, (/) | t(n) [A, (0| cC, [M,(bm)| cC, C:
20 375 701 564 0.250 53.1 $266 1012 $1,265 $1,531
30 250 468 4.92 0.250 46 .4 $232 772 $965 $1,197
40 187.5 351 447 0.250 42 2 $211 638 $797 $1,008
50 150.0 281 4.15 0.250 39.1 $196 549 $687 $862
60 125.0 234 3.91 0.250 36.8 $184 487 $608 $792
70 107 .1 200 3.71 0.250 35.0 $175 439 $549 $724
80 93.8 175.3 3.55 0.250 33.5 $167 402 $502 $669
90 83.3 155.8 3.41 0.250 32.2 $161 371 $464 $625
100 75.0 140.3 3.30 0.250 31.1 $155 346 $433 $588
110 58.2 127.5 3.19 0.263 3.7 $159 342 $428 $586
120 62.5 116.9 3.10 0.279 32.6 $163 342 $428 $591
130 57.7 107.9 3.02 0.294 33.5 $168 342 $428 $595

Total Cost vs. System Pressure

$1,800
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$1,400 ¢

- $1,200 ¢
w

S $1,000

£ $800 |
=

$600 r

$400
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System Pressure (psig)




Problem 3.49

[Difficulty: 2]

3.49 Find the pressures at points A, B,and C,asshowninthe | /N, __
figure, and in the two air cavities. Air 4i
H,0 in
el .
] 4in
A ArN,
Meriam |Meriam Meriam
Blue Blue Blue .
6in
B (& -
Given: Geometry of chamber system
Find: Pressure at various locations
Assumptions: (1) Water and Meriam Blue are static and incompressible

Solution:

Basic equation

For point A

Here we have

For the first air cavity

From Table A.1

Pair

2 2
Ibf I fi Ibf- fi
| = 0289-= — 1.75x 1.94-2=5 x 322— x 0.333ftx ———x ( j

(2) Pressure gradients across air cavities are negligible

dp_

q —-p-g or, for constant p Ap = p-gAh
y

PA = Patm + PH20'&h; oOrin gage pressure PA = PH20O &

by = 8in hy = 0.667-ft
2 2

! ft Ibf: fit
pp = 19420813222 % 0.667fi x —— x| ——

3 2 Slugft 12-in

ft S
Pairl = PA ~ SGMB PH20 &y Where hy = 4-in
SGMB =1.75

slug-ft \ 12:-in

in ft S

Note that p = constant throughout the air pocket

For point B

Ibf
PR = 0.036~.—2 + 1.75 x 1.94-

For point C

PB = Pair] + SGHg PH20'&h3  Where hy = 6-in

2 2
1 .
N WLV VL LIC I LY
3 2 slug-ft  \ 12-in

in ft S

PC = Pair2 + SGHg'PHzo'g-h4 where hy = 10-in

12-in

2 2
Ibf I fit Ibf- fit
PC = 0416— + 175 x 1.94~¥ X322 x 0.833-tx Y ( j

in fi s slug-ft

For the second air cavity p,;» = pc — SGHg- PH20 b5 where hg = 6-in

2 2
slug ft Ibf-s ft
Pairp = 1.048: — - 175 % 1.94:—2 x 32.2:— x 0.5-ft x x [ j

Ibf

slug-ft \ 12:in

in ft

where Ah is height difference

pa = 0.289-psi (gage)
hy = 0.333-ft

Pair1 = 0.036-psi (gage)
hy = 0.5-ft

pg = 0.416-psi (gage)
hy = 0.833-ft

pc = 1.048-psi (gage)
hg = 0.5-ft

Pairp = 0.668-psi (gage)



Problem 3.50

[Difficulty: 3]

3.50 Semicircular plane gate A B is hinged along B and held by
horizontal force F4 applied at A. The liquid to the left of the
pate is water. Calculate the force F, required for equilibrium.

fa

H=251t

Gate:
side view

R T

Given: Geometry of gate
Find: Force Fp for equilibrium
Solution:
. . dp
Basic equation Fr = pdA my =pg M, =0
. . Iyx
or, use computing equations Fr =p.A y' = Vet N
.yc

Assumptions: static fluid; p = constant; p,y, on other side; door is in equilibrium

Instead of using either of these approaches, we note the following, using y as in the sketch

M, =0 FoR = J' ypdA with  p=pgh

with  dA = r-dr-do

1
Fp =—- -p-g-hdA
A RJ'YPg

and y = rsin(0)

where y would be measured
from the free surface

(Gage pressure, since p =
Patm ON other side)

h=H-y

R i HR’ R* 2
Hence Fp = —~J J p-g-r-sin(0)-(H — r-sin(0))-rdrd6 = L3 -sin(0) — —-sin(0)~ | dO
R Jy R 3 4
0
po_ P 2R’ wR') [2HR wR
RO 3 8 S 8
slu f [2 2w 3] bfs” 4
Using given data Fr = 194228 1322 — x| Z x 25-ft x (10-ft)” — — x (10-ft)" | x FRr =7.96x 10 -Ibf
W s2 3 8 slug-ft



Problem 3.51 [Difficulty: 2]

3.51 A tnangular access port must be provided in the side of
a form containing liquid concrete. Using the coordinates and
dimensions shown, determine the resultant force that acts on v
the port and its point of application. —

Liquid ||a =1.25ft

concrete
pera|—
Given: Geometry of access port
Find: Resultant force and location e ly
a=125ft l
w dy
Fr T
SG=25 D
. b=1f
Solution: t
. . dp ,
Basic equation Fp = J pdA d_y =pg XMy =y"Fgp = J' ydFR = J' y-pdA
Iix
or, use computing equations FR =pcA Y=Y+
Ay,
We will show both methods
Assumptions: Static fluid; p = constant; p,, on other side
w oy b
Fr = pdA = SG-p-g'ydA but dA = w-dy and o == w=—y
a a
’ b ’ b SG-p-gba’
Hence FR = J SG-p-gy-—-ydy = J SG~p~g-—~y2dy = %
a a
0 0
. 2 . 1
Alternatively Fr =p.A and pe = SGp-gy. = SG-p-g~§-a with A= 5~a~b
2
Hence FR = M
3
’ b 3 SG-p- -b-a3 SG-p- -b-a3 3
For y' yFr=| ypdA=| SGpg-y dy= Surprgha y = 22PEa 2,
a 4 4Fp 4
0
I 3 3
XX b-a 2 baw 2 3 3
Alternativel "=y .+ and IL,=— Google it! '=—a+——— =—a
g Yo e Ay, XX 36 (Google ) ' = St S b 2a 4
25 sl fi 2 Ibfs®
Using given data, and SG = 2.5 (Table A.1) Fr = T 1.94~—3g X 32.2~—2 x 1-ftx (1.25-ft) x FRr = 81.3-Ibf
ft S slug-tt

and y = %a y' = 0.938-ft



Problem 3.52 [Difficulty: 3]

3.52 A plane gate of uniform thickness holds back a depth of
water as shown. Find the minimum weight needed to keep
the gate closed.

Given: Geometry of plane gate

Find: Minimum weight to keep it closed
Solution:
. . dp
Basic equation Fr = pdA my =pg 3XMgp =0
. . Lyx
or, use computing equations FR =P A y' = Yot "
.yc

Assumptions: static fluid; p = constant; p,, . on other side; door is in equilibrium

Instead of using either of these approaches, we note the following, using y as in the sketch

L
Mg =0 W~E-cos(9) = J ydF
We also have dF = p-dA with  p = p-g-h = p-g-y-sin(0) (Gage pressure, since p = pay on other side)
r
Hence 2 dA 2 in(0)-w d
[ . [ -N-9-y-SINn W
L-cos(0) | yp L-cos(0) veey Y
f L
2 2-p-g-w-tan(0 2
_ 2 | ypaa - ZeEwEn®) J Py = 2 pgwL 2 tan(6)
L-cos(0) | L 0 3
2 k m 2 -s2
Using given data W = 2.1000-2 x 9.81- % x 2.m x (3-m)~ x tan(30-deg) x W = 68-kN
3 3 2 kg-m

S



Problem 3.53 [Difficulty: 4]

3.53 Consider a semicylindrical trough of radius K and length L.
Develop general expressions for the magnitude and line of
action of the hydrostatic force on one end, if the trough is par-
tially filled with water and open to atmosphere. Plot the results
(in nondimensional form) over the range of water depth

O0=dR=1
Given: Semicylindrical trough, partly filled with water to depth d.
Find: (a) General expressions for  Fp and y' on end of trough, if open to the atmosphere.

(b) Plots of results vs. d/R between 0 and 1.

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: ? =pg (Hydrostatic Pressure - y is positive downwards)
y

Fr = J pdA (Hydrostatic Force on door)

y"Fr = J y-pdA (First moment of force)
Assumptions: (1) Static fluid l R-d

(2) Incompressible fluid . A _\
Integrating the pressure equation:  p = p-gch  where h =y— (R -4d) N
d o
d

Therefore: p=p-g[y—-(R-d)] = p.g.R{% - (1 - Eﬂ

Expressing this in terms of 6 and a in the figure:  p = p-g-R-(cos(0) — cos(a))
For the walls at the end of the trough: ~ dA = w-dy = 2-R-sin(0)-dy Now since y = R-cos(0) it follows that dy = —R-sin(6)-d6

Substituting this into the hydrostatic force equation:

R 0
Fr = J pwdy = J p-g-R-(cos(0) — cos(a))-2-R-sin(0)-(—R-sin(0)) dO
R—d o
Upon simplification:

QL

3 .
Fp = 2-p- g-R3J [sin(0)-cos(6) — (sin(6))>-cos(a)] 6 = 2:p- g-R{w - cos(oa)-(% - Mﬂ
0

Fp = 2.p.g_R3.|:(Sin:(3OL))3 B cos(a).(% B sin(OL)-z(:OS(OL)j:|

F . 3 . )
Non-dimensionalizing the force: R =2 (sin(c))” _ cos(o)- @ _ sin(e)-cos()
p~g-R3 3 2 2



To find the line of action of the force:

R 0
y"FRr = J y-p-wdy = J R-cos(0)-p-g-R-(cos(0) — cos(ar))-2-R-sin(0)-(—R-sin(0)) d6
R—d o

Upon simplification:

o . . 3
1 4.
y-FR = 2:p- g-R4~J [ (sin () (cos(8)) = cos(a)-(sin(8))cos(8)] 6 = 2-p- g-R‘{g-(OL - %&)j - cos(a)-w}
0
3 ] )
. . y-F . y'F
y"Fr = 2~p~g-R4~ l o- w - cos(oa)-M and therefore y' = —R or Y —R
8 4 3 F R RF
R R
Simplifying the expression: 1 sin(4-a)) (sin(a))3
—| o= ——— | — cos(q) ———
y 8 4 3
R (Sin(OL))3 a  sin(o)-cos(av)
—— —cos():| — - ———
3 2 2
Plots of the non-dimensionalized force and the line of
action of the force are shown in the plots below:
0.8 T
g 06 -
5
a9
E
2
Z04r -
[}
£
?
=}
o
2 02F -
0 1
0 0.5 1
d/R
1 T
0.8~ -
0.6~ =
&
>
0.4 -
0.2 -
0 1
0 0.5 1

d/R



Problem 3.54 [Difficulty: 3]

3.54 A rectangular gate (width w =2 m) is hinged as shown,
witha stop on the lower edge. At whatdepth H will the gate tip?
A
Water
H 5 )
0.55 m /nge
¥
+ Sto
0.45m 2R
¢

Given: Gate geometry
Find: Depth H at which gate tips
Solution:

This is a problem with atmospheric pressure on both sides of the plate, so we can first determine the location of the
center of pressure with respect to the free surface, using Eq.3.11c (assuming depth H)

I 3

oy —— and I, = >k with _u-L
v e Ay, 12 Ye 2
where L = 1 m is the plate height and w is the plate width
L w- L3 L L2
Hence y=|lH-— |+ ———— = |H-— = |+ ——
2 L 2 L
122w-L-| H-— 12| H-—
2 2
But for equilibrium, the center of force must always be at or below the level of the hinge so that the stop can hold the gate in
place. Hence we must have
y'>H-045m
L L2
Combining the two equations (H - Ej + — >2H-045m
12:{H-—
2
2 2
Solving for H H< %+L— H < 1.m+ (1-m) H <2.17m

12 (17“1 - 0.45~mj



Problem 3.55 [Difficulty: 1]

3.55 For a mug of tea (65 mm diameter), imagine it cut
symmetrically in half by a vertical plane. Find the force that
each half experiences due to an 80-mm depth of tea.

Given: Geometry of cup

Find: Force on each half of cup

Assumptions: (1) Tea is static and incompressible
(2) Atmospheric pressure on outside of cup

Solution:
. . dp
Basic equation FR = pdA — =pg
dh
or, use computing equation  Fp = p-A
The force on the half-cup is the same as that on a rectangle of size h = 8-cm and w = 6.5-cm
Fp = J' pdA = J p-gydA but dA = w-dy
h h2
Hence FR = J pgywdy = pg;w
0 2
h gwh’
Alternatively Fr =p.A and FR =pcA =pgysA= p~g~5~h~w = pgT
3 2
. . 1 k N-
Using given data FR =—x 999. 28 » 9.81. 2% x 6.5-cm x (8-cm)2 o ]« 22 FR = 2.04-N
2 m3 s2 100-cm kg-:m

Hence a teacup is being forced apart by about 2 N: not much of a force, so a paper cup works!



Problem 3.56

[Difficulty: 3]

3.56 Gatesin the Poe Lock at Sault Ste. Marie, Michigan, close
achannel W= 34mwide, L = 360 mlong, and D = 10 m deep.
The geometry of one pair of gates isshown; each gate is hinged
at the channel wall. When closed, the gate edges are forced
together at the center of the channel by water pressure.
Evaluate the force exerted by the water on gate A. Determine
the magnitude and direction of the force components exerted
by the gate on the hinge. (Neglect the weight of the gate.)

Plan view: y

Given: Geometry of lock system
Find: Force on gate; reactions at hinge
Solution:
. . dp
Basic equation FR = pdA a =pg

or, use computing equation  Fp = p-A
Assumptions: static fluid; p = constant; p,, . on other side

The force on each gate is the same as that on a rectangle of size

w
W= —
2-cos(15-deg)

Fr = J' pdA = J p-gydA but

h=D=10m and

dA = w-dy
h h2
Hence FR = J p-gy-w dy = pg—w
O 2
. h
Alternatively FR =pcA and FR=pcA =pgysA= p~g-5~h-w
1 kg m 34m 2

9.81-—

Using given data X ——
52 2-cos(15-deg)

2 S
Fp = —-1000-— x x (10-m) x
R™5 m3 ( ) kg-m

For the force components Ry and Ry we do the following

F
w . R
EMhinge =0= FR.E — F-w-sin(15-deg)

3Fy =0 = Fp-cos(15-deg) -R, =0
YF,=0= —Ry— FRr-sin(15-deg) + F,, = 0

y

R = (8.34-MN, 14.4-MN) R = 16.7-MN

Fp=————
2-sin(15-deg)

R, = FR-cos(15-deg)

Ry = F,, — Fg-sin(15-deg)

R«

Fr

IF,,

_ p~g-w~h2
2
FR = 8.63-MN
F, = 16.7-MN
Ry = 8.34-MN
Ry = 144-MN



Problem 3.57

[Difficulty: 2]

3.57 Asection of vertical wall is to be constructed from ready-
mix concrete poured between forms, The wall is to be 3 m
high, 0.25 m thick, and 5 m wide. Calculate the force exerted
by the ready-mix concrete on each form. Determine the line
of application of the force.

Given: Liquid concrete poured between vertical forms as shown
t=025mH =3m W =5m SG, = 2.5 (From Table A.1, App. A)

Find: (a) Resultant force on form
(b) Line of application

Solution: We will apply the hydrostatics equations to this system.

Governing Equations:  dp

3 =pg (Hydrostatic Pressure - y is positive downwards)
y
FR =pcA (Hydrostatic Force)
ey Lex
yo e AYe . : .
(Location of line of action)
Iy
! y
X=X, + X
Ye Liquid Concrete
Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface
and on the outside of the form.

W-H3

For a rectangular plate: Ly = T IXy =0

X =25m y. =15m

Integrating the hydrostatic pressure equation: p=rpgy
The density of concrete is:

k k
p=25x 1000~—g3 p=25x 103—g3
m m
Therefore, the force is:  Fp = p-gry, -H-W
o . 3 kg m
Substituting in values givesus:  Fp = 2.5x 10 3 X 9.81~—2 x 1.5mx3-mx5m
m s
To find the line of action of the resultant force:
, AT 12 , (3-m)°
Y=Yt =Y.+ y = 15m+ ———
12-W-H-y, 12-y, 12-1.5m

Since IXy =0 it follows that x' = Xe

FR = 552:kN
y' =2.00m
x' = 2.50-m



Problem 3.58

[Difficulty: 4]

3.58 A window in the shape of an isosceles triangle and “_!’ =03 m—*‘ /nge line
hinged at the top is placed in the vertical wall of a form that — £
contains liquid concrete. Determine the minimum force
that must be applied at point D to keep the window closed
for the configuration of form and concrete shown. Plot the SO L
results over the range of concrete depth 0 = ¢ =4 ] 0

a=04m
c=0.25m
J ¥ ¥
D
Given: Window, in shape of isosceles triangle and hinged at the top is located in

the vertical wall of a form that contains concrete.

a=04m b=03m c=025m SG, = 2.5 (From Table A.1, App. A)

Find: The minimum force applied at D needed to keep the window closed.
Plot the results over the range of concrete depth between 0 and a.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
Fr = J' pdA (Hydrostatic Force on door)
y'.FR = J y-p dA (First moment of force)
SM=0 (Rotational equilibrium)

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface and on the
outside of the window.

Integrating the pressure equation yields: p = p-g-(h — d) forh>d
p=0 forh<d
where d=a-c d =0.15m

Summing moments around the hinge:  —Fpy-a+ J h-pdA =0

a a
1 1 :
Fp = —-J h-pdA = ;-J h-p-g(h—dywdh = 28| h(h—d)wdn

d a J4

From the law of similar triangles: % = Therefore: w = E(a —-h)
a




a a
Into the expression for the force at D: Fp = EJ E~h-(h —d)-(a—h)dh = p_gzbj [—h3 +(a+ d)-h2 - a-d~h—‘ dh
a a
a d
d

Evaluating this integral we get:

_ p~g-b.{ (% %) . @rdla-d) ) a~d-(a2—d2>}

Fp and after collecting terms:
2 4 3 2
a
4 3 2
2] 1 d 1 d d 1d d
Fp=pgba:|—|1—-|—| |[+=[1+=||1—|=| |-=—|1—|— 1
The density of the concrete is: p=25x 1000~k—g3 p=25x 1031(—g3 d = 015 = 0.375
m m a 0.4
Substituting in values for the force at D:
2
k 1 1 0.375 N-
Fp =25x 103-—g-9.81~2~0.3-m~(0.4-m)2- ——-[1 - (0.375)4—| +—=(1+ 0.375)-[1 - (0.375)3—| - —-[1 - (0.375)2—| x 2
3 2 4 3 2 kg-m
m s
To plot the results for different values of c/a, we use Eq. (1) and remember that d=a-c¢ Fp = 329N

. d c .. .. .
Therefore, it follows that — = 1 ——  In addition, we can maximize the force by the maximum force
a a

(whenc=aord=0):

1.0 T

0.6 m

0.4 m

Force Ratio (FD/Fmax)

0.2 m

0.0 '
0.0 0.5 1.0

Concrete Depth Ratio (c/a)



[Difficulty: 2]

Po {gage)

po = 100 Ib/ft? (gage)
f I /_- F;
|
F [
.

Problem 3.59

3.59 Solve Example 3.6 again using the two separate pressures

method. Consider the distributed force to be the sum of a force
F caused by the uniform gage pressure and a force F; caused
by the liquid. Solve for these forces and their lines of action. \\7
Then sum moments about the hinge axis to calculate F.
/
polgage) +pgl | A A,
YA,
Given: Door as shown; Data from Example 3.6.
Find: Force to keep door shut using the two seperate pressures method.
Solution: We will apply the computing equations to this system.
. . Iyx b-L3
Governing Equations: FR =p. A Y =yt A L= -
Yo
hy’
— + A
F
F
Ibf
Fi =pyA Fi = 100~—2><3-ft>< 2.1t F| = 6001bf x'=1-ft z' = 1.5t
ft
Ibf
Fy =pgA =pgh Lb=~h Lb Fy, = 100~—3 x 1.5-ftx 3-ftx 2-ft Fy = 9001bf
ft
1 3
For the rectangular door I, = E-bL
I 2 2
1 L 1 (3
Wy=h +——— =h +—— b= 5o 4 . 8 by = 2m
b-L-h, 12 h, 12 1.5m

SMpx = 0 = L-F = Fy:(L—h') = Fp(L - h'p)

The free body diagram of the door is then
Tr
hl, t
ha _v I h') h'y
F Ft:Fl. 1—-— +F2 1-—
\ 1 L
—
F2 V»
1.5 2
4, Fi = 600~lbf—(1 - —j + 900~lbf-(1 - —j F; = 6001Ibf



Problem 3.60

[Difficulty: 2]

3.60 A large open tank contains water and is connected to a
6-ft-diameter conduit as shown. A circular plug is used to
seal the conduit. Determine the magnitude, direction, and

location of the force of the water on the plug. 9 ft
Water D=6 ft
E— \
Given: Plug is used to seal a conduit. N = 624 =
Find: Magnitude, direction and location of the force of water on the plug.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: dp _
dh
FR =pcA
v IXX
Y= er A'Yc
Assumptions: (1) Static fluid

(2) Incompressible fluid

(Hydrostatic Pressure - y is positive downwards)

(Hydrostatic Force)

(Location of line of action)

(3) Atmospheric pressure acts on the outside of the plug.

Integrating the hydrostatic pressure equation: p="h

. T 4 ,
For a circular area: I, = —4-D Therefore: y' =y, +

™
FR = pCA = f\{hCZD

Ibf
Fg = 62420
3
fi
Ve 16-y,

12-ft x ; x (6-ft)

2

2 Fr =2.12x 104-lbf

(6-f)°

y = 12t ——
16x 12-ft

y' = 12.19-ft

The force of water is to the right and
perpendicular to the plug.



Problem 3.61 [Difficulty: 1]

3.61 What holds up a car on its rubber tires? Most people
would tell you that it is the air pressure inside the tires.
However, the air pressure is the same all around the hub
(inner wheel), and the air pressure inside the tre therefore
pushes down from the top as much as it pushes up from
below, having no net effect on the hub. Resolve this paradox
by explaining where the force is that keeps the car off the
ground.

Given: Description of car tire
Find: Explanation of lift effect

Solution:

The explanation is as follows: It is true that the pressure in the entire tire is the same everywhere. However, the tire at the top of the hub
will be essentially circular in cross-section, but at the bottom, where the tire meets the ground, the cross section will be approximately a
flattened circle, or elliptical. Hence we can explain that the lower cross section has greater upward force than the upper cross section has
downward force (providing enough lift to keep the car up) two ways. First, the horizontal projected area of the lower ellipse is larger than
that of the upper circular cross section, so that net pressure times area is upwards. Second, any time you have an elliptical cross section
that's at high pressure, that pressure will always try to force the ellipse to be circular (thing of a round inflated balloon - if you squeeze it it
will resist!). This analysis ignores the stiffness of the tire rubber, which also provides a little lift.



Problem 3.62 [Difficulty: 2]

3.62 The circular access port in the side of a water stand-
pipe has a diameter of 0.6 m and is held in place by eight bolts
evenly spaced around the circumference. If the standpipe
diameter is 7 m and the center of the port is located 12 m
below the free surface of the water, determine (a) the total
force on the port and (b) the appropriate bolt diameter.

Given: Circular access port of known diameter in side of water standpipe of
known diameter. Port is held in place by eight bolts evenly spaced
around the circumference of the port.

Center of the port is located at a know distance below the free surface of
the water.

d=06m D=7mL-=12m

Find: (a) Total force on the port
(b) Appropriate bolt diameter

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: dp

m =pg (Hydrostatic Pressure - y is positive downwards)
FR =pcA (Hydrostatic Force)
[ A
o= ; (Normal Stress in bolt) l h
Assumptions: (1) Static fluid L

(2) Incompressible fluid d

(3) Force is distributed evenly over all bolts ©

(4) Appropriate working stress in bolts is 100 MPa O v
D

(5) Atmospheric pressure acts at free surface of water and on
outside of port.

Integrating the hydrostatic pressure equation: p=pgh
2
The resultant force on the portis:  Fp = p,-A = p~g-L~E~d2 Fr = 999-k—g3 X 9.81-22 x 12-mx I (0.6-m)2>< s
4 m S 4 kg
FRr = 33.3:kN
FRr ™ 2 2
To find the bolt diameter we consider: o = e where A is the area of all of the bolts: A = 8x Z-db = 2-70dy
1
2
, Fr Fr
Therefore:  2-w-d,” = —  Solving for the bolt diameter we get:  dy, =
(o 2.0
1
2
2 3
1 107
dy = x 33.3x 103.Nx_6.£ x — 8 dy, = 7.28-mm
2x T 100 x 10 N m



Problem 3.63 [Difficulty: 3]

3.63 As water rises on the left side of the rectangular gate,

the gate will open automatically. At what depth above the X Gate
hinge will this occur? Neglect the mass of the gate. = r
D -~ 5 ft -
Hinge/
Given: Geometry of rectangular gate
Find: Depth for gate to open -
Solution: L |
<>
Basic equation % =pg ¥M, =0 D Y’
L 2
Computing equations  Fp = p.-A "=y .+ b I, = b'D3 . O
R pC y yC Ayc XX 12
F>
Assumptlons: Static fluid; p = constant; p,,.. on other side; no friction in hinge
For incompressible fluid p=pgh where p is gage pressure and h is measured downwards
The force on the vertical gate (gate 1) is the same as that on a rectangle of size h = D and width w
D . ~w-D2
Hence Fi = poA = pgysA= p.g.E.D.W - pgT
I 3
. . . D -D 1 2
The location of this force is Y=Y+ = =X X Xx—=—=D
Ay, 2 12 w-D D
The force on the horizontal gate (gate 2) is due to constant pressure, and is at the centroid
Fy=p(y=D)A=pgDwlL
. . L 2 L
Summing moments about the hinge EMhinge =0=-F-(D-y)+ 1:2.E =-F-|D- g.D + Fz.z
D p-g~w-D2 D L L
F,—=r="" ~ _g,.=2 = p.oDwlL—
3 2 3 2y PE 2

6 2

D =/3.L =+/3x5ft

D = 8.66-ft




Problem 3.64

[Difficulty: 3]

3.64 The gate AOC shown is 6 ft wide and i hinged along O.
Neglecting the weight of the gate, determine the force in bar
AB. The gate is sealed at C.

| A
B
v 3ft
12 ft
Water C
’l
8 ft "‘6 ft"‘

Given: Gate AOC, hinged along O, has known width;
Weight of gate may be neglected. Gate is sealed at C.
b = 6-ft
Find: Force in bar AB
Solution: We will apply the hydrostatics equations to this system.

Governing Equations: dp
— =pg
dh
FR = pCA

IXX

A-yc

Y=Y+

$M, = 0

Assumptions: (1) Static fluid

(2) Incompressible fluid

(3) Atmospheric pressure acts at free surface of water and on

outside of gate
(4) No resisting moment in hinge at O
(5) No vertical resisting force at C

Integrating the hydrostatic pressure equation: p=pgh

The free body diagram of the gate is shown here:
Fq is the resultant of the distributed force on AO
ins the resultant of the distributed force on OC
FaB is the force of the bar

Cy 1is the sealing force at C

First find the force on AO:  Fy = p-A; = p-gh.-b-L

Ibf: s2
slugft

I fi
Fi = 1.94°—"x 322 — x 6:ftx 6-ftx 12:ft x
ft s

(Hydrostatic Pressure - h is positive downwards)

(Hydrostatic Force)

(Location of line of action)

(Rotational equilibrium)

Fup
o
K7
hi’
—_— L
F
1 L,

MI)H

F

F; = 27.0-kip



3 2
Iex bl L (12-ft)°

Wy=hq4+—=h4+——— =h 1+—— h'y = 6-ft+ h'y = 8-ft
1 cl cl cl 1 1
slu fi Ibf-s”
Next find the force on OC:  F, = 1.94~—g x32.2.— x 12-ftx 6-ft x 6-ft x Fy =27.0-kip
f 3 2 slug-ft
t S
Fup
Since the pressure is uniform over OC, the force acts at the centroid of OC, i.e., x’2 = 3.t <¢ 7
I 2
Summing moments about the hinge gives: FAB'(LI + L3) - F1~(L1 - h'l) +Fyx'y =0 hy’
v > L
Fi L,
. . Fo(Ly =) - Fyxy
Solving for the force in the bar:  F g = ——
—>
x2’
o 1 3 3 B
Substituting in values:  Fpp = —————+[27.0x 10"-1bf x (12-ft — 8-ft) — 27.0 x 10”-1bf x 3-ft

12-ft + 3-ft

Fap = 1800-Ibf Thus bar AB is in compression



Problem 3.65

[Difficulty: 3]

3.65 The gate shown is 3 m wide and for analysis can be
considered massless. For what depth of water will this ree-
tangular gate be in equilibrium as shown?

AT
-~
d
Given: Gate shown with fixed width, bass of gate is negligible.
Gate is in equilibrium.
b =3m
Find: Water depth, d
Solution: We will apply the hydrostatics equations to this system.
Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
FR =pcA (Hydrostatic Force)
Iix
Y=Y+ (Location of line of action)
Ay,
M, =0 (Rotational equilibrium)
Assumptions: (1) Static fluid

(2) Incompressible fluid

(3) Atmospheric pressure acts at free surface of water and on

outside of gate

Integrating the hydrostatic pressure equation: p=pgh

d d
Fp =p.A=pgh A h, 6 =— A =D
R =P = P8 2 sin(0)
. ~b-d2
Therefore, Fp = pg— To find the line of application of this force:
2-sin(0)
I 3
Y=Y+ ™ Since Ly = Ll and A = b-l it follows that
Ay, 12
S S s
Y by, ¢ T2y,

where 1 is the length of the gate in contact with the water (as seen in diagram)



d . d2 .2-sin(9) . 2d

1 and d are related through: [ = — Therefore, y, =—=— and y'= — = —
sin(0) 2 2-sin(0) 2-sin(0) (sin(e))z 12-d 3-sin(0)
The free body diagram of the gate is shown here:
A
d
Summing moments about the hinge gives:
TL-(-y)Fgr=0 where T=Mg
Solving forl: 1= — d = w +y' So upon further substitution we get: v
sin(0) Fr Aoriz
P Avertical
2-M-g-L 2-d d 2-M:-L-(sin(6
d= g 2-sin(9) + — -sin(@) or — = Lmz())
p-gbd 3-5in(0) 3 p-b-d
1 !
6-M-L 2 3 1 m3 1 2 ’
Solving ford: d = -(sin(0)) Substituting in values: d = | 6x 2500-kg x 5-mx —— x — x (sin(60-deg))
p-b 999 kg 3m

d=2.66m



Problem 3.66 [Difficulty: 3]

3.66 The gate shown is hinged at H. The gate is 3 m wide

normal to the plane of the diagram. Calculate the force —g
required at A to hold the gate closed. 1 g m
J_H F
Wat ’ m\/ ’/A l‘
dater
\/\300
Given: Geometry of gate
Find: Force at A to hold gate closed
Solution:
. . dp
Basic equation — =pg M, =0
dh
Computing equations  Fp = p.-A "=y .+ b I, = W'L3
R pC y yC Ayc XX 12

Assumptions: Static fluid; p = constant; p,,.. on other side; no friction in hinge
For incompressible fluid p=pgh where p is gage pressure and h is measured downwards

The hydrostatic force on the gate is that on a rectangle of size L and width w.

L
Hence FR =pcA =pgh A= p~g-(D + E-Sin(30~deg)j~L-w
2
k 3 N-
FR = 1000-—= x 9.81.= x | 1.5 + = sin(30-deg) |-m x 3-mx 3-m x — FR = 199-kN
3 2 2 g-m
m
. . . Iyx
The location of this force is given by y' =y, + where y'and y are measured along the plane of the gate to the free surface
Ve c
D L 1.5'm 3-m
Ye= T t% Yo = ot Yo =4.5m
sin(30-deg) 2 sin(30-deg) 2
, Lx wl' 1 1 L2 (3-m)” ,
Y=Y+ =Y t—————— =Y.+ =45m+ —— y' =4.67m
Ay, 12 w-L y, 12-y, 12-4.5-m
Taking moments about the hinge XMy =0=F ! D Fao-L
H R SinG0deg)) A
( , D j ( L5 j
Y- O =
30-d 30-d
Fp = Fy- smi ©) R, = 199kN- SH}‘( °8) Fp = 111kN



Problem 3.67 [Difficulty: 3]

3.67 A long, square wooden block is pivoted along one edge. )
The block is in equilibrium when immersed in water to the |"'_ L _"‘ Air
depth shown. Evaluate the specific gravity of the wood, if —
friction in the pivot is negligible. d=0.5m _,—; - /' ./ |

i P
+ ./Wogd/ L=10m
_—"-— -1
= P
/ I
Water T - - \
Pivot, O

Given: Block hinged and floating

Find: SG of the wood

Solution:
Basic equation dp =pg M, =0
dh
Lex
Computing equations FR =pcA Y =Y.+
Ay,

Assumptions: Static fluid; p = constant; p,,.. on other side; no friction in hinge
For incompressible fluid p=pgh where p is gage pressure and h is measured downwards

The force on the vertical section is the same as that on a rectangle of height d and width L

Hence
2
d p-gL-d
Fl = pCA = pgycA = pg_dL ==
2 2
The location of this force is
, hx d L& 1 2 2
y =y + =— X —x—=—d
Ay, 2 12 Ld d 3

The force on the horizontal section is due to constant pressure, and is at the centroid

. . L L
Summing moments about the hinge EMhinge =0=-F(d-y)-F 2.5 + M.g.E

2 L
Hence Fl‘(d - gdj +Fy— = SG.p,L3_g.E

4 2 3 3
SGpgL® pgLd d L 1(d) d 1(05) 05
el _ped O pedlis sG=—|2]+& SG = - 22| + 22 SG = 0.542

2 2 3 2 3\L) 'L 31 1



Problem 3.68

[Difficulty: 4]

3.68 A solid concrete dam is to be built to hold back a depth
frofwater. For ease of construction the walls of the dam must
be planar. ¥ our supervisor asks vou to consider the following
dam cross-sections: a rectangle, a right triangle with the
hyvpotenuse in contact with the water, and a right triangle with
the wvertical in contact with the water. She wishes you to
determine which of these would require the least amount of
concrete. What will your report sav? You decide to look at
one more possibility: a nonright triangle, as shown. Develop
and plot an expression for the crosssection area A as a
function of 4, and find the minimum cross-sectional area.

Water

F
b J

b
Given: Various dam cross-sections
Find: Which requires the least concrete; plot cross-section area 4 as a function of a
Solution:

For each case, the dam width b has to be large enough so that the weight of the dam exerts enough moment to balance the
moment due to fluid hydrostatic force(s). By doing a moment balance this value of b can be found

a) Rectangular dam

Straightforward application of the computing equations of Section 3-5 yields

D 1 2

, Lx D W'D3 2
Y:yC+A. =—+—D=E~D
Ye 12.w.D-—
2
S0 =D-y' = D
y y 3
Also m = pement 80 D-w = SG-p-g-b-D-w
. b
Taking moments about O ZMO =0=-Fyy+—mg
) 2
1 2 YD b
S0 —.poD"w!''— = —(SG-p-2-b-D-w
(2 pg 7373 (5G-p-g )
Solving for b b= D
\3-SG
D2
The minimum rectangular cross-section areais A = b-D =
\3-SG
D2 D2

For concrete, from Table A.1, SG =24, so A

J35G 3x24

A
ol F l
-
y mg
y A2
o)
< b N |
A= 0.373~D2



b) Triangular dams y

Instead of analysing right-triangles, a general analysis is made, at the end of D
which right triangles are analysed as special cases by setting oo =0 or 1.

Straightforward application of the computing equations of Section 3-5 yields

v

D 1 2

, Iyx D W'D3 2
y:yC+A :—+—D=;-D
Ye 12-w-D-—
2
s0 =D-y'= D
y y 3
Also Fy = p-V abD L eabD (b— ab) + 2-ocb = b 1 o)
= . . — W= —-0- 0D W X = — . —_ Y- = . R
v=peVe=pe— SPe 3 y
For the two triangular masses
1 ! 2.
my = —SG-p-g-o-b-D-w x;=(b-ab)+—oab=>b|1-
175 pg 1=( ) 3 ( 3 )
1 2
my = E-SGp-g-(l - o)-b-D-w Xy = ;'b(l - o)

Taking moments about O

ZMO' =0= —FH-y + FV~X +my-gxy + mygxy

so (1 ) ) o, (é.p,g.a.bnw}b.(l . %) 0

1 2.a) [1 2
+| =SG-p-g:ob-D-w 'b| I — — | + | =-SG-p-g:(1 — @)-b-D-w|-=b(l — &
(2 pg ) 3 ) [2 pre( ) }3 ( )

Solving for b b= D

\/(3~a - OLZ) +SG-(2 -

For a right triangle with the hypotenuse in contact with the water, o= 1, and

D D
_ - b =0.477-D
V3-1+SG 3-1+24
The cross-section area is A= bD = 0,238.D2 A= 0.238-D2
2

For a right triangle with the vertical in contact with the water, o = 0, and



The cross-section area is

For a general triangle

The final result is

w)
W)

b = =

2:SG /224

-D
A= bD = 0.228-D2

2

2

-D D

A
2’\/(3'(1 - OLZ) +8G-(2 -
D2

A =

2~\[ 4.8 + 0.6ca0 — a2

The dimensionless area, 4 /D 2, is plotted

b =10.456-D
A= 0.228-D2

D2
A=

2’\/(3'(1 - OLZ) +242-o

Alpha AID*
0.0 0.2282 Dam Cross Section vs Coefficient
0.1 0.2270 D 0240 -
0.2 0.2263 :(
0.3 0.2261 © 0.238 4
0.4 0.2263 ;: 0.236
0.5 0.2270 n
O 0234
0.6 0.2282 9
0.7 0.2299 § 0232
0.8 0.2321 g 0.230 |
0.9 0.2349 £
1.0 0.2384 a 92281
0.226 |
Solver can beused to
find the minimum area 0224 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
n 0.0 0.1 0.2 03 04 0.6 0.7 0.8 0.9 1.0
Alpha AID* Coefficient
0.300 0.2261
From the Excel workbook, the minimum area occurs at o.= 0.3
D2 2
Ami A=0226-D

in~
2~\/4.8 +0.6x 0.3 - 0.32

The final results are that a triangular cross-section with a = 0.3 uses the least concrete; the next best is a right triangle with the
vertical in contact with the water; next is the right triangle with the hypotenuse in contact with the water; and the cross-section
requiring the most concrete is the rectangular cross-section.




Problem 3.69

[Difficulty: 2]

3.69 Forthe geometry shown, what is the vertical foree on the
dam? The steps are (L5 m high, 0.5 m deep, and 3 m wide.

Given: Geometry of dam
Find: Vertical force on dam

Assumption:  Water is static and incompressible

Solution:
. . dp
Basic equation: — =
ah p-g
For incompressible fluid P =Patm T P-gh where h is measured downwards from the free surface

The force on each horizontal section (depth d = 0.5 m and width w =3 m) is

F = pA = (patm+ pgh)dw
Hence the total force is

where we have used h as the height of the steps

Fp = d'w:(5:pyyy + 10-p-gh)

N k
Fp = 0.5-mx 3-mx | 5x 101 x 103.—2 +10%999-—% x 9.81- x 0.5-mx

Fp = 831-kN

m

m

S

2

N-s

kg-m

Fr= lrpatm + (patm + p~g-h) + (patm + p-g~2-h) + (patm + p-3~g-h) + (patm + p-g~4-h) -d-w



Problem 3.70 [Difficulty: 2]

3.70 For the dam shown, what is the vertical force of the

water on the dam? __3 E _
3ft
3ft
3ft
Water 3ft
3ft
3ft
3ft
Front Side
Given: Geometry of dam
Find: Vertical force on dam
Assumptions: (1) water is static and incompressible
(2) since we are asked for the force of the water, all pressures will be written as gage
Solution:
. . dp
Basic equation: — =y
ah p-g
For incompressible fluid p=p-gh where p is gage pressure and h is measured downwards from the free surface

The force on each horizontal section (depth d and width w) is

F=pA=pghdw (Note that d and w will change in terms of x and y for each section of the dam!)

Hence the total force is (allowing for the fact that some faces experience an upwards (negative) force)

Fr=pA=3pghdw=pgdShw

Starting with the top and working downwards

Ibf- 52

slug-ft

1 ft
Fp = 1.94~¥ x 32,2 x 3ftoc [(B-fx 12:40) + (3-ftx 6:80) — (9-ftx 6:f1) — (12-ftx 12:10)] x

ft S

Fp =-2.70x 104-lbf The negative sign indicates a net upwards force (it's actually a buoyancy effect on the three middle sections)



Problem 3.71 [Difficulty: 3]

3.71 The gate shown is 1.5 m wide and pivoted at O ¥
a=10m"% D=120m,and H= 140 m. Determine (a) the
magnitude and moment of the vertical component of the foree
about (&, and (b) the horizontal force that must be applied at A
point A to hold the gate in position. Cate
- ]
Water
3 D H
X =ay J J
X
o
Given: Parabolic gate, hinged at O has a constant width.

b=15ma=10m 2 D=12mH = 14m

Find: (a) Magnitude and moment of the vertical force on the gate due to water
(b) Horizontal force applied at A required to maintain equilibrium

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
M, =0 (Rotational equilibrium)
F, = J' p dAy (Vertical Hydrostatic Force)
x"Fy = J' xdF,, (Moment of vertical force)
y-Fg = J' ydFy (Moment of Horizontal Hydrostatic Force)
Assumptions: (1) Static fluid y 4 , F,

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface of water
and on outside of gate

Integrating the hydrostatic pressure equation: p=pgh

(a) The magnitude and moment of the vertical component of hydrostatic force: A 9] X
O, 7
h 3 2
F, = pdAy = p-g:h-bdx where h=D-y x=ay dx=3ay - dy
D D
Substituting back into the relation for the force:  F, = J p-g(D—- y)-b~3-a-y2 dy = 3- p-g~b-a-J (D~y2 - y3> dy
0 0

o p? o
Evaluating the integral: F = 3-p-g-b-a- 3 =p-gba—



Substituting values we calculate the force: Y1

4 2

k 1 (12m)° N
Fy = 9992 9812y 1 5mx 1.0 L2 NS
3 2 2

m s m 4 kg-m
) > x
F, = 7.62.kN 0, Oy
To find the associated moment:  x"-F, = J' xdF,, = J Xp dAy Using the derivation for the force:
D D
"F, = 3 b3ayldy = 3pgaib | (Dy’—y)d Evaluating the integral:
x"Fy = . ay -p-g(D-y)b3ay dy =3-p-ga-b- . Dy -y )dy valuating the integral:
7 7 7
x"Fy = 3-p-g~a2-b~ b_Db = —-p-g~a2-b~D7 = p~g-a2~b-D— Now substituting values into this equation:
6 7 42 14
2 7 2
xF, = 999 X8 L 981 M [1O) ) | 5y (20m N5 xF, = 3.76:kN-m  (positive indicates
m3 s2 m2 14 kg'm counterclockwise)

(b) Horizontal force at A to maintain equilibrium: we take moments at O:
. 1
X"Fy +y"Fg—HF, =0  Solving for the force at A: Fp = ﬁ-(x'-Fv + y'-FH)

To get the moment of the horizontal hydrostatic force:

D D
' 2
y-Fy = J ydFy = J ypdAy = J y-p-gh-bdy = p-g~b-J y(D-y)dy = p-g~b-J (D~y—y )dy
0 0
3 D3 D3
Evaluating the integral: y-Fyy = p-g-b- >3 = p- g-b~? Now substituting values into this equation:
k m (1 20~m)3 N-s2
YFy = 9995 x 9.81- 1 x 1.5:mx ~—— 2 x yFp = 4.23-kN-m (counterclockwise)
m s
11
Therefore:  Fp = ﬁ~—-(3.76~kN-m+ 4.23-kN-m) Fp =571'kN
4 m



Problem 3.72

[Difficulty: 3]

3.72 The parabolic gate shown is 2 m wide and pivoted at O; ¥

c=025m ', D=2 m, and H=3 m. Determine (a) the

magnitude and line of action of the vertical force on the gate 4
due to the water, (b) the horizontal force applied at A

required to maintain the gate in equilibrium, and (c) the =

vertical force applied at A required to maintain the gate in H Water ~— Gate

equilibrium.

)
|

v=ex

0

Given:

Find:

Solution:

Governing Equations:

Assumptions:

Integrating the hydrostatic pressure equation:

Parabolic gate, hinged at O has a constant width.

b=2m c=025m 'D=2mH=3m

(a) Magnitude and line of action of the vertical force on the gate due to water

(b) Horizontal force applied at A required to maintain equilibrium
(c) Vertical force applied at A required to maintain equilibrium

We will apply the hydrostatics equations to this system.

dp
it
M, =0

Fyy =pe-A
I
b = hg + ——
Ah

(1) Static fluid

(2) Incompressible fluid

(3) Atmospheric pressure acts at free surface of water and on
outside of gate

p = p-gh

(a) The magnitude and line of action of the vertical component of hydrostatic force:

Evaluating the integral: F, = p-gb-

D D D
c c c 5
p-ghbdx = p-g(D-ybdx = p-g-(D—c-x )b dx = p-gb-
0

0

y 4

(Rotational equilibrium)

(Location of line of action)

(Location of line of action)

(Vertical Hydrostatic Force)

(Horizontal Hydrostatic Force)

(Hydrostatic Pressure - h is positive downwards)




v

)
w2
| w
X
TN
[93
=D
&}
o~
O‘q z
=] )

Substituting values: F, = 3 X 999~k—g3 X 9.81~E2 x 2-mx (2-m)

To find the line of action of this force:  x"-F_ = J' xdFy, Therefore, x'= FLJ' xdF,, = FLJ Xp dAy

. . 1
Using the derivation for the force: x' = F_
v

2 2
. . -.gb| D D D -g-b D o . . .
Evaluating the integral: x' = p-gb {E_ _ %(—j } _peb e Now substituting values into this equation:
-c

F

v F

¢ v

C

N-s2
kg-m

1
x' = 1.061m

X' = 999~k—g3 «9.81- 2 « 2.mx

11
5 ~—><—><(2-m)2><—-m><
m s 73.9x 10 025

3N

To find the required force at A for equilibrium, we need to find the horizontal force of the water on the gate and its

line of action as well. Once this force is known we take moments about the hinge (point O).

2
Fyp = pc'A - p.g.hc.b.D = p~g-%~b-D = p.g-b~—D2 since hc = g Therefore the horizontal force is:
2 2
k 2- N-
Fiy = 99922 198110 5 gy ZW N Fy = 39.2-kN
3 2 kg-m

m S

To calculate the line of action of this force:

kx D bD’ 1 2

A 4

D D 2 2
h'=h + +———=—=+—==D h' = —=2m h'=1.333m
Ah, 2 12 bDD 2 6 3 3
Now we have information to solve parts (b) and (c): y 1 x’ Fy
(b) Horizontal force applied at A for equilibrium: take moments about O: < B| <
Fp-H-Fx ~Fy(D~-h) =0 Solving for F Fp = o v \
o} 1 0,
11
Fp = I x [73.9-kN x 1.061-m + 39.2-kN x (2:m — 1.333-m)] Fp = 349kN
(c) Vertical force applied at A for equilibrium: take moments about O: N |
|
F X'+ Fr-(D - h') s ; Fa
Fal=Fyx'=Fy(D-h) =0 Solving for F Fp = — H _ <
A A L
DT”l Fu_ |
L is the value of x at y = H. Therefore: L = E L= /3mx ! ‘-m L =3.464m v R >
C 0.25 O A Oy

11
Fy = —— x [73.9:-kN x 1.061-m + 39.2-kN x (2-m — 1.333-m F, = 30.2.kN
A= Saeam L ( )] A




Problem 3.73

[Difficulty: 2]

3.73 Liquid concrete is poured into the form (R =2 t). The Fy
form is w = 15 ft wide normal to the diagram. Compute
the magnitude of the vertical force exerted on the form
by the concrete, and specify its line of action, z
Concrete l / dF
h R

Given: Liquid concrete is poured into the form shown
R=2ft w=15ft SG,=25 (Table A.1, App. A)

Find: Magnitude and line of action of the vertical force on the form

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards)
F, = J' p dAy (Vertical Hydrostatic Force)
x"Fy = J' xdF,, (Moment of vertical force)

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface of concrete
and on outside of gate

Integrating the hydrostatic pressure equation: p=pgh

F, = J' pdAy = J' p-g-h-sin()dA  where dA =w-R-d®@ and h=R-y=R-R-sin(0)
T
2

Therefore, F, = J’ p-g-(R —R-sin(0))-w-R-sin(0) d6 = p-g~w-R2~J’ [sin((-)) — (sin(e))z—l de
0 0

Sk

Evaluating the integral: ~ F = p~g-w~R2{—(O -1- (; - O) +(0- O)} = p-g~w-R2~(1 - gj

The density of concreteis:  p = 2.5x 1'94_i1;g p= 4.85~&1;g
ft ft
2
Substituting values we calculate the force:  F,, = 4.85-iug>< 32.2-E x 15-ft x (2~ft)2 <[ 1-T|x Ibf's
e s2 slugft

To find the line of action:  x"F,, = J' xdF,, = J' XPp dAy Using the derivation for the force:

F,, = 2011-1bf



T

\4

2
x"F,, = J' R-cos(0)-p-g-(R — R-sin(0))-w-R-sin(6) d6 = p~g-w~R3-J lrsin(9)~cos(9) - (sin(e))z-cos(e)—‘ do

0
3(1 1 R’
Evaluating the integral: X’.FV = ngR (5 — Ej = pgw? Therefore the line of action of the force is:
R3
, oW —
x"F p-g 6 R o 2-ft
X' = = = Substituting values:  x' =

x' = 1.553-ft



Problem 3.74

[Difficulty: 2]

3.74 Anopen tank isfilled
Atmaospheric pressure acts
Determine the magnitude

component of the force of the water on the curved part of the

tank bottom.

with water to the depth indicated.
on all outer surfaces of the tank.
and line of action of the vertical

Given: Open tank as shown. Width of curved surface b = 10-ft

Find: (a) Magnitude of the vertical force component on the curved surface
(b) Line of action of the vertical component of the force

Solution: We will apply the hydrostatics equations to this system.

Governing Equatio

ns: dp

m =" (Hydrostatic Pressure - h is positive downwards)

F, = —J p dAy (Vertical Hydrostatic Force)

Fry .
x"F, = x dF,, (Moment of vertical force)
P
Assumptions: (1) Static fluid R
(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface of water
and on outside of wall l
2
Integrating the hydrostatic pressure equation: p =~-h  Wecan define along the surface h =L — (R2 - x2)
We also define the incremental area on the curved surface as: dAy = b-dx Substituting these into the force equation we get:
R
1
B R
F, = —J' p dAy =—-| ~|L- (R2 - x2> ‘bdx = —'\{-b-J (L — R2 - xz) dx = —'\{-b-R-(L — R;j
0 0
Ibf T 3 L
F, =+ 62.4-—3 x 10-ft x 4-ft x | 10-ft — 4-ft x y F, =-17.12x10"-Ibf (negative indicates downward)
ft

To find the line of action of

X' FV
Therefore: X'=

the force:  x“F, = J' xdF,, where dFy, = —’\{-b-(L —y R2 - 2)-dx

Fy

Evaluating the integral:

Substituting known values:

) : 'JR oL R ax - ;jj: (xR 2)

T
b-R|JL-R—
o)

4 1 2 1.3 4-R2 L R 4.R
X=— |- LR--R|=—"~  JZ_ - |Z_=
R-(4L-mR) \2 3 R-(4L-mR)\2 3 4L-mR\2 3

'

X = .
4-10-ft — 7-4-ft

4-4-ft 10-ft  4-ft
2 3



Problem 3.75

[Difficulty: 2]

3.75 A spillway gate formed in the shape of a circular arc is R __/v\
wmwide. Find the magnitade and line of action of the vertical \,..—-—’
component of the force due to all fluids acting on the gate.

Water

(Hydrostatic Pressure - y is positive downwards)

(Vertical Hydrostatic Force)

(Moment of vertical force)

Given: Gate formed in the shape of a circular arc has width w. Liquid is water;
depthh=R
Find: (a) Magnitude of the net vertical force component due to fluids acting on the gate
(b) Line of action of the vertical component of the force
Solution: We will apply the hydrostatics equations to this system.
Governing Equations: dp
dy
F, = —J p dAy
x"Fy = J' xdF,,

Assumptions: (1) Static fluid

(2) Incompressible fluid

(3) Atmospheric pressure acts at free surface of water
and on outside of gate

Integrating the hydrostatic pressure equation: p=pgy

Instead of y, we use 0 as our variable of integration: y = R-sin(0)
Therefore, dy = R-cos(6)-d6 In addition, dAy = w-R-sin(0)-d6
0
2 5 2 5 5 R2
Therefore, F, =—| p-g-Rsin(0)-w-R-sin(0)d0 = —p-gR™w-| (sin(6))"d0 = —p-g-R -w~§ = —%‘rw
0 0

1
xFV—

To find the line of action of the vertical component of the force:

J' xdFV

Substituting into the above integral yields:

2 . 2
dFy, = —p-g-R"-w-(sin(0)) -dO

T

\ 2
’_X'FV_ 4 J’
F 0

s
2

—(R~cos(9))~|rp~g-R2~w-(sin(e))z—l doe = ﬁJ
T™ Y0

(negative indicates downward)

where x = R-cos(0) and the elemental force is

(sin(8))>-cos(6) d6 = ~R.
T

W | =



Problem 3.76 [Difficulty: 3]

3.76 A dam is to be constructed using the cross-section
shown. Assume the dam width is w = 160 ft. For water height
H =9 ft,calculate the magnitude and line of action of the vertical
force of water on the dam face. Is it possible for water forces to
overturn this dam? Under what circumstances will this happen?

Given: Dam with cross-section shown. Width of dam
b = 160-ft
Find: (a) Magnitude and line of action of the vertical force component on the dam

(b) If it is possible for the water to overturn dam
Solution: We will apply the hydrostatics equations to this system.

Governing Equations:  dp

=pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
F, = J' p dAy (Vertical Hydrostatic Force)
Fg =poA (Horizontal Hydrostatic Force)
x"F, = " x dF,, (Moment of vertical force)
Iix v
h'=h.+ (Line of action of vertical force) 1
h:
M, =0 (Rotational Equilibrium)
Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface of water
and on outside of dam

Integrating the hydrostatic pressure equation: p=pgh

XB XB
Into the vertical force equation:  F,, = J' P dAy = J' p-g-h-bdx = p~g-b~J' (H-y)dx
XA XA
10-ft%
and xp =

X — 9-ft

From the definition of the dam contour: x-y — Ay = B Therefore: y = + 1-ft Xp = 2.11-ft



XB
. B
Into the force equation: F, =p-gb (H - Aj dx = p~g-b~{H-(xB - XA) - B~ln(
X —

XA

XB—A

Substituting known values:
X A~ A

2

I ft 70— 1Y] Ibf-

F, = 194228 03222 5 160-fi x {9-& X (7.0-ft = 2.11-ft) = 10-f° ln( ﬂ : F, =271 10°-Ibf
ft3 SZ 211-1)] slug-ft

B

x—A

To find the line of action of the force:  x"F,, = J' xdF, where dF = p~g-b~(H -

j-dx Therefore:

XB XB

B-x
. Hx-——|dx
XB—A Xx—A
XA

Evaluating the integral: x' = Substituting known values we get:

9-ft -
T y (72_ 2,112>~ft2— 1()-ft2>< (7-2.11)-ft - 10~ft2>< 1-ftx ln(2 T lj

x' = 4.96-ft

X' =
7-1
9-ftx (7= 2.11)-ft — 10-ft° x In
2111

To determine whether or not the water can overturn the dam, we need the horizontal force and its line of action:

2
H p-g-b-H
FH — pCA = ngHb = —
1 sl fi 2 Ibfs® 5
Substituting values:  Fyy = — x 1.94-228 13222 % 160-ft (9-ft)" x Fy = 4.05x 107 1bf
2 f3 2 slug-ft
t S
I u
For the line of action: ~ h' = h, + XX where  h, = E A =Hb = b—H
h: 2 S V)
H b~H3 2 1 H H 2 2
Therefore: h'= —+ ———=—+—=—H h' = —-9-ft h' = 6.00-ft
2 12 HbH 2 6 3 3
Taking moments of the hydrostatic forces about the origin:
M, = Fip(H—h) = Fx' My, = 4.05x 101bf x (9 — 6)-ft - 2.71 x 10°-Ibf x 4.96-t M,, = —1292x 10°-Ibf-ft

The negative sign indicates that this is a clockwise moment about the origin. Since the weight of the dam will also contribute a clockwise
moment about the origin, these two moments should not cause the dam to tip to the left.

Therefore, the water can not overturn the dam.



Problem 3.77 [Difficulty: 3]

3.77 A Tainter gate used to control water flow from the

Uniontown Dam on the Ohio River is shown: the gate width <
is w =35 m. Determine the magnitude, direction, and line of
action of the force from the water acting on the gate.
10 m
Water
Given: Tainter gate as shown w = 35m
Find: Force of the water acting on the gate
Solution: We will apply the hydrostatics equations to this system.
verning E ions: d . L
Gove 9 quations i p-g (Hydrostatic Pressure - h is positive downwards from
dh free surface)
dF = p-dA (Hydrostatic Force)
Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts at free surface of water
and on outside of gate

Integrating the hydrostatic pressure equation:
p = p-gh = p-gR-sin(6)

Resolving the hydrostatic force into horizontal and vertical components:

dFyy = dF-cos(0) = p-dA-cos(0) = p-g-R-sin(0)-w-R-d6-cos(6) since dA = w-R-dO
6

Integrating this expression:  Fyy = J

p~g-R2~w-sin(9)-cos(9) d®  where 0, = asin(
0

m) — 30-deg

20-m

30-deg 2 2
in(30-d g R™ o
Fy = p~g-R2~w-J sin(0)-cos(0) d6 = p~g-R2~w- (sin( 5 c®) _ P8 g hid Substituting known values:
0
1 k m 2 . 7
Fy = — x 999-—= x 9.81.= x (20-m) x 35-m x Fyy = 1.715x 10"-N
8 e 52 kg'm

Similarly, we can calculate the vertical component of the hydrostatic force:  dF,, = dF-sin(6) = p-dA-sin(0) = p- g-R2~w-(sin(9))2~d9

30-deg

F, = p~g-R2~w-J (sin(@))2 de = p-g~R2-w~[% — g] Substituting known values:

0

2
N-
- F, = 621x10°N

12 8 kg-m

3 k
F, = (1 _ £j X 999.—g3 X 9.81-22 X (20-m)2 x 35-mx
m s



Now since the gate surface in contact with the water is a circular arc, all elements dF of the force, and hence the line of action of the resulta
must pass through the pivot. Thus:

Magnitude of the resultant force:
2 2
2 2 7 6 7
Fr = [FH +Fy FRr = \/(1.715>< 10 ~N) +(6.21 x 10 ~N) FRr =1.824x10 N

The line of action of the force:

F 6
6.21 x 10"-N
o= atan(—VJ o = atan oo x 7N a = 19.9-deg

Fy 1715 10N
The force passes through the pivot at an
angle o to the horizontal.



Problem 3.78 [Difficulty: 4]

3.78 A gate, in the shape of a quarter-cylinder, hinged at A v

and sealed at B. 18 3 m wide. The bottom of the gate is4.5 m =

below the water surface. Determine the force on the stop at W

: : ater
B if the gate is made of concrete; K =3 m. A
D
B R
—
Given: Gate geometry
A A
Find: Force on stop B ,
X Y
D <> R/2 4R/37
Solution: l F, <« >
. . d W
Basic equations P p-g A4 l
dh R Fy W,
FB WGate (_V_ y X
| T F Weights for computing Fy
1

Assumptions: static fluid; p = constant; p,¢;, on other side
For incompressible fluid p =pgh where p is gage pressure and h is measured downwards

We need to compute force (including location) due to water on curved surface and underneath. For curved surface we could integrate
pressure, but here we use the concepts that Fy (see sketch) is equivalent to the weight of fluid above, and Fy is equivalent to the force on

a vertical flat plate. Note that the sketch only shows forces that will be used to compute the moment at A

For FV FV = Wl - W2
with k m N~52
Wi = p-gw-D-R = 1000-—5 x 9.81- x 3-mx 4.5:mx 3-m x W = 397-kN
m s gm
1T~R2 kg m T 2 ‘S
W,y = p-gw-—— = 1000-— x 9.81-— x 3-mx — x (3-m)”~ x W, = 208-kN
)=pg 2 i 2 2 (3-m) . 2

Fy = W -W, Fy = 189-kN
with x given b F w R W 4R or ViR War
X = = Wa— X ——
vV 2 "25n F, 2 F, 3w

m 2 4
_¥7 . 3m 208 4 s x = 1.75m

189 2 189 3.

For Fy Computing equations Fiy = peA Y =Y.+



Hence

e
jan)
|

R
= poA = p-g(D _EJ.W.R

k m 3-m N~s2
1000-~= x 9.81-2 x | 4.5-m = == | x 3-m x 3-mx Fy = 265-kN
m3 SZ 2 kg-m

Fy

The location of this force is

. XX R w-R 1 R2
Y=Y iy T 2) T R R
Ye wR{D-= 12{D-—
2 2
2
3. 3.
y' = 45m Tm+ (3-m) . y' = 325m
12 (4.5~m— ij

The force Fy on the bottom of the gate is F{ = p-A = p-g-D-w-R

k m N~s2
Fj = 1000—S x 9.81-= x 4.5-mx 3-mx 3-mx

F| =397kN
kg-m
m s

For the concrete gate (SG = 2.4 from Table A.2)

7'r-R2 kg m T 2 N-s2
WGate = SG-p-g~w-T = 2.4-1000~—3 X 9.81~—2 X 3-mx 7 x(3:m) x tem WGate = 499-kN
m s
Hence, taking moments about A R 4

R 1
FBR + FIE - WGate'E - FVx - FH[y - (D - R)] =0

Foo W 4+ 2p, ORI g
B~ 3 "GateT gV H™ 571

4 1.75 325-(45-3
Fg = —— x499-kN + X 189-kN+M
3.7 3 3

1
x 265-kN — 5 x 397-kN

Fp = 278-kN



Problem 3.79 [Difficulty: 4]

3.79 Consider the cylindrical weir of diameter 3 m and length v
6 m. If the fluid on the left has a specific gravity of 1.6, and on =
the right has a specific gravity of 0.8, find the magnitude and
direction of the resultant force. 30m

Given: Sphere with different fluids on each side

Find: Resultant force and direction

Solution:

The horizontal and vertical forces due to each fluid are treated separately. For each, the horizontal force is equivalent to that
on a vertical flat plate; the vertical force is equivalent to the weight of fluid "above".

For horizontal forces, the computing equation of Section 3-5 is Fyy = p.-A where A is the area of the equivalent vertical

nlate
For vertical forces, the computing equation of Section 3-5 is Fy; = p-g-V where V is the volume of fluid above the curved

surface. .
The data is For water p = 999~—g3
m
For the fluids SG; = 1.6 SGy = 0.8
For the weir D =3m L =6m
(a) Horizontal Forces
. D 1 2
For fluid 1 (on the left) Fyp = poA = pl.g.E DL = E'SGl'p'g'D .L
1 kg m 2 N~52
Fyjp = —1.6:999-—-9.81-—-(3-m)"-6-m- Fyyq = 423-kN
HI = 3 3 5 3-m) kem HI
m s
. . D) D 1
For fluid 2 (on the right) Fip = poA = (pz.g.zj.E.L = §~SG2-p-g~D2~L
1 kg m 2 N~52
Fyjp = —0.8:999-—-9.81-—-(3-m) "-6-m- Frjp = 52.9-kN
H2 = g 3 5 3-m) kem H2
m s
The resultant horizontal force is  Fyy = Fy — Fppp Fpr = 370-kN

(b) Vertical forces

For the left geometry, a "thought experiment" is needed to obtain surfaces with fluid "above"

(=F h=F-{ =-(




2

7D
4
Hence Fyq = SGl'p'g'T'L
2 2
k -(3- N-
Fyp = 16% 99958 951 M, TOM o NS
3 2 kg-m
m s
(Note: Use of buoyancy leads to the same result!)
For the right side, using a similar logic
7'r-D2
4
2 2
k -(3- N-
Fyy = 08x999. €, gg M, TOM (N
m3 s2 16 kg-m

The resultant vertical force is FV = FVI + FV2

Finally the resultant force and direction can be computed

’ 2 2
FH +FV

Fy
o = atan| —
Fy

s
1l

Fy| = 333-kN

Fyy = 83.1.kN

Fy = 416-kN

F = 557-kN

o = 48.3-deg



Problem 3.80 [Difficulty: 3]

3.80 A cylindrical weir has a diameter of 3 m and a length of

6 m. Find the magnitude and direction of the resultant force
acting on the weir from the water.
Given: Cylindrical weir as shown; liquid is water
Find: Magnitude and direction of the resultant force of the water on the weir

Solution: We will apply the hydrostatics equations to this system.

Govermng Equatlons' @ =pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
— -
dFg = —p-dA (Hydrostatic Force)

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts on free surfaces and on the
first quadrant of the cylinder

Using the coordinate system shown in the diagram at the right:

—> > ( > D,
Frx =Fri=-| pdAi=-| p-cos(6+90-deg)dA = p-sin(0) dA
J
—> [ >
FRy =Frj=-| pdAj=—| pcos(6)dA Now since dA = L-R-d0 it follows that
J
3.7 3.7t

2 2
Fpy = J() p-L-R-sin(0) dO and Fry = —J’O p-L-R-cos(8) d6

Next, we integrate the hydrostatic pressure equation: p = p-gch  Nowovertherange 0<6 < hy = R(1 —cos(0))
3.7
Overtherange 7 <0 < B hy = —R-cos(0)

Therefore we can express the pressure in terms of 8 and substitute into the force equations:

3.7 3.7t

2 7'r 2
FRry = J() p-L-R-sin(0) d6 = JO p-g-R-(1 —cos(0))-L-R-sin(0) dO —J’ p-g-R-cos(0)-L-R-sin(0) dO
T

3.7

71 2
FRry = p-g~R2-L~J (1 —cos(0))-sin(6) dO — p~g-R2~L-J cos(0)-sin(0) d6
0 T



37
T

2
FRry = p-g~R2-L~ J (1 —cos(0))-sin(6) dO —J’ cos(0)-sin(0)dO | = p-g~R2-L~(2 - %j = %-p-ng-L

0 ™

N-s2

Substituting known values: Frx = % X 999-k—g3 X 9.81-22 X (1.5-m)2 X 6-m x

S

Fp, = 198.5-kN
kgm Rx

Similarly we can calculate the vertical force component:
37 37

2 7'r 2
FRy = —J’O p-L-R-cos(0) d6 = J p-g-R-(1 —cos(0))-L-R-cos(0) dO —J’ p-g-R-cos(0)-L-R-cos(0) dO

0 ™

3.7
2 B g 2 2 3 3 2
Fry = -p-gR"L- (1 —cos(0))-cos(6) d6 — (cos(0))"dO| = p-g:R™-L- T, 2T T2 —ﬂ~p~g-R -L
y 0 - 2 4 2 4
3w k m ) 2
Substituting known values: FRry = — % 999.28 x 9.81.22 « (1.5m) x 6-mx Fry = 312:kN
y 4 3 2 kg-m y

S

Now since the weir surface in contact with the water is a circular arc, all elements dF of the force, and hence the line of action of the
resultant force, must pass through the pivot. Thus:

Magnitude of the resultant force: FRr = \/(198.5-1(N)2 + (312~kN)2 FR = 370-kN

The line of action of the force: a = atan(ﬂj o = 57.5-deg



Problem 3.81 [Difficulty: 3]

3.81 A cylindrical log of diameter D rests against the top of a
dam. The water is level with the top of the log and the center
of the log is level with the top of the dam. Obtain expressions
for (a) the mass of the log per unit length and (b) the contact
force per unit length between the log and dam.

Given: Cylindrical log floating against dam
Find: (a) Mass per unit length of the log (b) Contact force per unit length between log and dam
Solution: We will apply the hydrostatics equations to this system.
Govermng Equatlons' @ =pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
- -
dF = p-dA (Hydrostatic Force)
Assumptions: (1) Static fluid
(2) Incompressible fluid R_)dF H
(3) Atmospheric pressure acts on free surfaces and on the ' V\ R=D/2
first quadrant of the log l drFy 0
P dF

Integrating the hydrostatic pressure equation: p = p-gh = p-gR-(1 — cos(0))

Resolving the incremental force into horizontal and vertical components:
dF = p-dA = p-w-R-d® = p-gR-(1 — cos(0))-w-R-db6 = p~g~R2-w-(1 —cos(0))
dFyy = dF-sin(0) = p-g—R2~w~(1 —co0s(0))-d6-sin(6)  dF,, = dF-cos(6) = p~g~R2-w-(1 —cos(0))-dO-cos(0)

Integrating the expression for the horizontal force will provide us with the contact force per unit length:

3.7 3.t
’ 2 > |2 2 (1 R?
Fyy = p-gR™w-(1 — cos(8))-sin(0) dd = p-gR"-w- (sin(8) — sin(8)-cos(8)) d® = p-gR -w-(—a + 1] - pg—zw
0 0
F oR>
Therefore: —H = &
w 2
Integrating the expression for the vertical force will provide us with the mass per unit length of the log:
3.t 3.
2 2
2 2 2 3.
F, = p-g:R™-w-(1 — cos(0))-cos(0)dO = p-g-:R™-w- (1 —cos(0))-cos(0)d6 = p-gR™-w-[ -1 — Ve
0 0
F . F F
Therefore: —v = —p: g~R2- 1+ 3—7T From a free-body diagram for the log: XF_ =0 o g- o 0 z__ v
w 4 y w w w w-g

Solving for the mass of the log: . p-Rz(l + —j



Problem 3.82 [Difficulty: 3]

3.82 A curved surface is formed as a quarter of a circular
cylinder with R = 0.750 m as shown. The surface is w =355 _\ e
m wide. Water stands to the right of the curved surface to ‘
depth i =0.650 m. Calculate the vertical hydrostatic force
on the curved surface. Evaluate the line of action of this B Water H
force. Find the magnitude and line of action of the horizontal R
force on the surface. /'\3
+ —
Given: Curved surface, in shape of quarter cylinder, with given radius R and width w; water stands to depth H.

R =0750m w =3.55m H = 0.650-m

Find: Magnitude and line of action of (a) vertical force and (b) horizontal force on the curved
surface

Solution: We will apply the hydrostatics equations to this system.

Govermng Equatlons' @ =pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
F, = J' p dAy (Vertical Hydrostatic Force)
Fg =poA (Horizontal Hydrostatic Force)
x"F, = " x dF,, (Moment of vertical force)
Iix
h'=h.+ m (Line of action of horizontal force)
¢
Assumptions: (1) Static fluid dF

(2) Incompressible fluid
(3) Atmospheric pressure acts on free surface of the

// .
water and on the left side of the curved surface /\Y\ ‘l‘ o
o h
‘ \

Integrating the hydrostatic pressure equation:  p = p-g-h

<

From the geometry: h = H-R-sin(6) y = R-sin(0) x =R-cos(0) dA =w-R-d6 x’

H .
91 = asin| — 91 = asin M 91 = 1.048-rad y
R 0.750 e ¥V /1’

Therefore the vertical component of the hydrostatic force is:

01
F, = J' pdAy = J' p-g-h-sin(0) dA = J p-g-(H — R-sin(0))-sin(0)-w-R d6
0
0, .
0 2:0
F, = p~g-w~R~J IVH-sin(O) - R-(sin(e))z—l de = p~g-w~R~|:H-(1 - cos(el)) - R~[—l - Mﬂ
0 2 4



k
F, = 999~—g3 x 9.8122 x 3.55-mx 0.750-m x {0.650~m>< (1 — cos(1.048-rad)) — 0.750-m x (

1.048 sin(2><1.048~rad)ﬂ N-s
- X

4

m S

kg-m

F, = 247-kN
To calculate the line of action of this force:
6
\F, = 0)- p-g-h-sin(6) dA = 21 [H-sin(6)-cos(0 in(6))2-cos(0) | do
x"Fy = R-cos(0)-p-g-h-sin(0) =p-gw-R™ . H-sin(0)-cos(0) — R-(sin(0)) -cos(0)
. . 2|H . 2 R /. 3 . .
Evaluating the integral: x'-F,, = p-g-w-R™- 3.(5111(91)) - g-(sm(el)) Therefore we may find the line of action:
X'Fy oow.R?[H 2 R 3 o 0.650
x'= = . —~(sin(91>> - —-(sin(el)) Substituting in known values: sin(el) = —
F, F, 2 3 0.750
k m 2 1 1 0.6500m (0.650 2 0.750-m ( 0.650 3 N-s2
X' = 999~—g3 x 9.81~—2 x 3.55-mx (0.750-m)"~ x 3" - x( . j -— x( - j X
m s 247 % 10 N 2 0.750 3 0.750 kg-m
x' = 0.645m
H p~g-H2-W
For the horizontal force:  Fy = pA = p-g-h,H-w = p.g.E.H.W == -
1 k m 2 N~s2
Fiy = = x 999-—= x 9.81-= x (0.650-m)" x 3.55-m x Fy = 735-kN
2 3 2 kg-m
m s
I W-H3
For the line of action of the horizontal force: h' = h_ + where L, = T A = w-H Therefore:
¢
ke H wH 2 1 H H 2 2
h'=h + =—+ — =—+—=—H h' = = x0.650-m h'=0433m
hoA 2 12 HwH 2 6 3 3



Problem 3.83 [Difficulty: 2]

3.83 Ifyouthrow ananchor out of your canoe but the rope is too
short for the anchor to rest on the bottom of the pond, will your

canoe float higher, lower, or stay the same? Prove your answer.
Given: Canoe floating in a pond
Find: What happens when an anchor with too short of a line is thrown from canoe
Solution:

Governing equation:
FB = pwngisp = W

Before the anchor is thrown from the canoe the buoyant force on the canoe balances out the weight of the canoe and anchor:

FBI =W + Wanchor = pwgV

canoe canoey

The anchor weight can be expressed as

Wanchar = pagVa

so the initial volume displaced by the canoe can be written as

/4
canoe; =— 4 & Va
PvEg Py

After throwing the anchor out of the canoe there will be buoyant forces acting on the canoe and the anchor. Combined, these buoyant
forces balance the canoe weight and anchor weight:

FBZ = Wcanoe + Wanchar = pwchanoez + pwgVa

W w
Vcaner = 2 + ——- Va
P, PuE
Using the anchor weight,
w.
Vcaner === + & Va - Va

Pu8 Py

Hence the volume displaced by the canoe after throwing the anchor in is less than when the anchor was in the canoe, meaning that the
canoe is floating higher.



Problem 3.84 [Difficulty: 3]

3.84 A curved submerged surface, in the shape of a quarter +
cylinder with radius R=10 ft is shown. The form can v \
withstand a maximum vertical load of 350 Ibf before break- - \R

ing. The width is w=4 ft. Find the maximum depth H to
which the form may be filled. Find the line of action of H
the vertical force for this condition. Plot the results over the
range of concrete depth 0 = H = R.

Given: Curved surface, in shape of quarter cylinder, with given radius R and width w; liquid concrete stands to depth H.
R=1ft w=4ft F,.=350Ibf SG =2.50 From Table A.1, App A
Find: (a) Maximum depth of concrete to avoid cracking

(b) Line of action on the form.
(c) Plot the vertical force and line of action over H ranging from 0 to R.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations:  dp _

=pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
F, = J' p dAy (Vertical Hydrostatic Force)

x"F,, = J' x dF,, (Moment of vertical force)

Assumptions: (1) Static fluid
(2) Incompressible fluid
(3) Atmospheric pressure acts on free surface of the concrete

Integrating the hydrostatic pressure equation:  p = p-g-h

From the geometry: y = R-sin(0) x=R-cos(d)) h=y-d d=R-H dA=w-R-dO

Therefore the vertical component of the hydrostatic force is:

T

\4

2
F, = J' pdAy = J' p-g-h-sin(0) dA = J p-g(R-sin(0) —d)-sin(0)-w-Rd®  where 6, = asin(%j

0
™
2 i .
F, = p~g-W~R~Jr [R-(sin((l)))2 - d-(sin(e))—‘ do = p-g~w-R-[R-(E - ﬁ + w] - d-cos(el)} In terms of H:
0, 4 2 4
2
R-H _ \/Rz—(R—H)2 _ \/2~R~H—H2 sin(2-91) = 2~sin(91)~cos(91) = 2(R-H)y2R-H-H

sin(el) = = cos(el) R R R2



H
asin(l ——) 2 P
R R-H)+2:R-H-H J2RH-H for H:
F, = p-gwR|R- ;— + ( ) -R-H)—— or

This equation can be solved iterativ

2 2R? H = 0.773-ft
To calculate the line of action of this force:
T
2 2 2
x"F, = J' x-p-g-h-sin(0) dA = p-g-R™-w- |7R~(sin(9)) -cos(0) — d~sin(9)~cos(9)—| do
o1
Evaluating the integral: x'Fy, = p-gR™w {— [1 - (sin(el)f—‘ _d (005(91)) }
x"F 0. R%.
Therefore we may find the line of action: X' = v_PE Row 5[1 - (sin(@l)f—‘ - g~(cos(91))2
F, F, |3 2
R 1-0. [
Substituting in known values: sin(el) = # = 0.227 cos(@l) =41- 0.2272 = 0.9739
2
1 ft 1 1 1-ft 0.227-ft Ibf -
= 2.5%1.94. 22 | x302.2 5% (1- ft) X 4-ft x ——— {— x lrl - (0.227)3—‘ - X (0.9739)2} X > x' = 0.396-ft
ft3 S 0 Ibf 3 2 slug-ft

We may use the equations we developed above to plot the vertical force and line of action as a function of the height of the concrete in the

Vertical Force vs. Depth Ratio
500.0 .

Line of Action vs. Depth Ratio
|

400.01~ -

300.0 1

200.0 1

Vertical Force (I1bf)
Line of Action (ft)

100.01~ 1

0.0 ] ]
0.0 0.5 1. 0.0 0.5 1.0

Depth Ratio H/R

Depth Ratio H/R



Problem 3.85 [Difficulty: 3]

3.85 The cross-sectional shape of a canoe is modeled by the
curve v = ax”, where a=12 ft~! and the coordinates are in
feet. Assume the width of the canoe is constant atw = 2 ft
over its entire length L =18 ft. Set up a general algebraic
expression relating the total mass of the canoe and its con-
tents to distance d between the water surface and the gun-
wale of the floating canoe. Calculate the maximum total
mass allowable without swamping the canoe.

Given: Model cross section of canoe as a parabola. Assume constant width W over entire length L

y = ax a=126f6" W=2f L =I8f

Find: Expression relating the total mass of canoe and contents to distance d. Determine maximum
allowable total mass without swamping the canoe.

Solution: We will apply the hydrostatics equations to this system.

Govermng Equatlons' @ =pg (Hydrostatic Pressure - h is positive downwards from
dh free surface)
F, = J' p dAy (Vertical Hydrostatic Force)

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts on free surface of the water and inner
surface of the canoe.

At any value of d the weight of the canoe and its contents is balanced by the net vertical force of the water on the canoe.

Integrating the hydrostatic pressure equation:  p = p-g-h

FVZJ' pdAy:J' p-gh-Ldx where h=(H-d)-y

To determine the upper limit of integreation we remember that y = a-x2 At the surface

y=H-d Therefore, x = H- and so the vertical force is:
a
H-d H-d 3 3
: 2 : ) (-0 afai-o]
F, =2 p-g~|r(H—d)—a~x —|~L dx = 2-p-g-L- [(H—d)—a-x—‘dx =2-p-gL —3-[ }
0 0 \/:1 3 a
3
3 3 3
Upon simplification: F, = 2-p-g~L-M~(l - lj = %(H - d)2 =Mg o M= M(H - d)2 where M is the
Ja 3 3\/a 3\/a mass of the canoe.
3
The limit for no swamping is d=0, and so: M = 4 X 1.94-81& x 18-t x i X (2.4~ft)2 X m M = 5.08 x 103-lb
3 e 1.2 slug

3
This leaves us no margin, so if we set d=0.2 ftwe get M = g X 1.94-81% x 18-t x % X (2.2~ft)2~%74'lb M = 4.46 x 103-lb
i \} . slug

Clearly the answer is highly dependent upon the allowed risk of swamping!



Problem 3.86 [Difficulty: 4]

3.86 The cylinder shown is supported by an incompressible R
liquid of density p, and is hinged along its length. The
cylinder, of mass M, length L, and radius R, is immersed in
liquid to depth M. Obtain a general expression for the
cylinder specific gravity versus the ratio of liquid depth
to cylinder radius, o= H/R, needed to hold the cylinder in
equilibrium for (0 = o <2 1. Plot the results.

/Hinge

Given: Cylinder of mass M, length L, and radius R is hinged along its length and immersed in an incompressilble liquid to deptl

Find: General expression for the cylinder specific gravity as a function of a=H/R needed to hold
the cylinder in equilibrium for o ranging from 0 to 1.

Solution: We will apply the hydrostatics equations to this system.

Govermng Equations: % =pg (Hydrostatic Pressure - h is positive downwards from free surface)
F, = J' p dAy (Vertical Hydrostatic Force)
SM = 0 (Rotational Equilibrium) H=aR

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts on free surface of the liquid.

V_ dFy
A/ dF
o dFy
The moments caused by the hydrostatic force and the weight of the cylinder about the hinge need to balance each other.
Integrating the hydrostatic pressure equation: p = p-g-h
dF,, = dF-cos(6) = p-dA-cos(6) = p-g-h-w-R-dB-cos(6)

Now the depth to which the cylinder is submergedis H = h + R-(1 — cos(0))

Therefore h = H—R-(1 —cos(0)) and into the vertical force equation:

dFy, = p-g-[H—R-(1 - cos(0))]-w-R-cos(6)-d6 = p~g-w~R2{§ —(1- cos(O))}cos(O)-dO

-do

dF, = p~g-w~R2-[(0L— 1)-cos(0) + (cos(9))2—|~d9 = p~g-w~R2{(0L— 1)-cos(0) + H%S(ZG)}

Now as long as a is not greater than 1, the net horizontal hydrostatic force will be zero due to symmetry, and the vertical force is:

emax emax
F, = J' . 1dF,, = JO 2dF, where cos(e

max

max) = - l-a or Omax = acos(1 —a)



6

max
F, = 2p~g-w~R2-J |:(OL —1)-cos(0) + % + %~cos(2-9)} d6  Now upon integration of this expression we have:
0

2
F, = p-g-w-R"[acos(1 - &) - (1 - )/ (2 - )
The line of action of the vertical force due to the liquid is through the centroid of the displaced liquid, i.e., through the center of the cylinde

Y
The weight of the cylinder is givenby: W = M-g = p,-V-g = SG~p~7r~R2-w~g where p is the density of the fluid and SG = =

p
The line of action of the weight is also throught the center of the cylinder. Taking moment about the hinge we get:
XMy =W-R-F, R=0 or in other words W =F, and therefore:
1
SG- R w-g = p-g-w-R> acos(1 — ) — (1 — )/ (2 — )| SG = —acos(1 =) — (1 — o)/ (2 — )|
s

0.6

Specific Gravity, SG
<
N

e
o

0 0.5 1
alpha (H/R)



Problem 3.87 [Difficulty: 4]

3.87 A canoe is represented by a right semicircular cylinder,
with R =12 ft and L =17 ft. The canoe floats in water that is
d=1 1t deep. Set up a general algebraic expression for the
total mass (canoe and contents) that can be floated, as a
function of depth. Evaluate for the given conditions. Plot the
results over the range of waterdepth0 = d = R.

Given: Canoe, modeled as a right semicircular cylindrical shell, floats in water of depth d. The shell has outer radius R and leng

R =1.2-ft L=17ft d=1+ft

Find: (a) General expression for the maximum total mass that can be floated, as a function of depth,
(b) evaluate for the given conditions
(c) plot for range of water depth between 0 and R.

Solution: We will apply the hydrostatics equations to this system.

Govermng Equatlons' @ =pg (Hydrostatic Pressure - y is positive downwards from
dy free surface)
F, = J' p dAy (Vertical Hydrostatic Force)

Assumptions: (1) Static fluid

(2) Incompressible fluid
(3) Atmospheric pressure acts on free surface of the liquid.

. gmax
y is a function of 0 for a given depth d:  y = d — (R — R-cos(8)) = d — R + R-cos(8) T\ ’}x
Y| a dF
h i lue of 0: R-d)
The maximum value of 0: Omax = acos QR v
A free-body diagram of the canoe gives: EFy =0=Mg-F, where F, is the vertical force of the water on the canoe.
emax emax
F, = J' pdAy = J' p-cos(0) dA = J' . p-g-y-L-R-cos(0)d6 = 2-p-g~L-R-JO (d =R +R-cos(0))-cos(6) d6
~ Ymax

6

max 5 0, max sin(Z-GmaX)
F, =2p-gLR . ((d —R)-cos(0) + R-(cos(0)) 1 de =2-p-g-L-R|(d- R)-sin(emax) +R- — 7
F 0 sin(2-6
Since M=—  itfollowsthat M= 2~p~L-R-[(d ~ R)-sin(B,55) + R-( Izax + ( y max)ﬂ
g

For R=12ft L=17ft and d = 1-ft we can determine the mass: emax = acos[%} emax = 1.403-rad



M = 2x1.94

slug

1.403-rad  sin(2x 1.403-rad) )| 32.2:1b
x17-ftx1.2~ft{(1.ft—1.2-ft)xsin(1.403-rad)+1.2-ftx( zra 4 Sin(2x o )j:|>< =

i 4 slug

M = 1895-1bm

When we enter the values of d/R into the expressions for 0,,,, and M, we get the following graph:

Mass, M (kg)

Mass versus Submersion Depth Ratio
|

1000

500 —

0 ]
0 0.5 1

Submersion Depth Ratio (d/R)



Problem 3.88 [Difficulty: 4]

3.88 A glass observation roomis to be installed at the corner of
the bottom ofan aquarium. The aquarium s filled with seawater
to adepth of 35 ft. The glassis a segment of a sphere, radius 5 ft,
mounted symmetrically in the corner. Compute the magnitude
and direction of the net force on the glass structure.

Given: Geometry of glass observation room
Find: Resultant force and direction

Assumptions: Water in aquarium is static and incompressible

Solution:

The x, y and z components of force due to the fluid are treated separately. For the x, y components, the horizontal force is equivalent to that
on a vertical flat plate; for the z component, (vertical force) the force is equivalent to the weight of fluid above.

For horizontal forces, the computing equation of Section 3-5 is Fiy = p-A where A is the area of the equivalent vertical plate.

For the vertical force, the computing equation of Section 3-5 is Fy; = p-g-V where V is the volume of fluid above the curved surface.

The data are  For water p = 1.94.51%
ft

For the fluid (Table A.2) SG = 1.025

For the aquarium R =5ft H = 35t
(a) Horizontal Forces

Consider the x component

The center of pressure of the glass is Yo = H- :—R Yo = 32.88-1t
-
2
TR
Hence Fax = poA = (SG~p~g-yC)-T
slu fi 7(5-f1)°  Ibfes® 4
Fhy = 1.025x 1.94-228 1302 = x 32.88-ft x X Fhy = 4.13x 10 -Ibf
ft3 2 4 slug-ft
s
The y component is of the same magnitude as the x component
= =413 O4 Ibf
FHy = FHX FHy =413x%x10 -

The resultant horizontal force (at 45° to the x and y axes) is

’ 2 2 4



(b) Vertical forces

The vertical force is equal to the weight of fluid above (a volume defined by a rectangular column minus a segment of a sphere)

4R}
1T~R2 3 3
The volume is V = 2 -H - g V = 621.8-ft
slug

ft

Finally the resultant force and direction can be computed

F= [Fy+Fy F = 7.07x 10*Ibf

Fy
o = atan| — o = 34.3-deg
Fy

Note that a is the angle the resultant force makes with the horizontal

fi
X322 % 621 8-t x

S

Ibf- 52

slug-ft

Fy = 3.98x 10"1bf



Problem *3.89

[Difficulty: 2]

3.89 A hydrometer is a specific gravity indicator, the value
being indicated by the level at which the free surface intersects
the stem whenfloating ina liquid. The 1.0mark is the level when
in distilled water. For the umit shown, the immersed volume in
distilled water is 15 cm’. The stemis 6 mm in diameter. Find the
distance, A from the 1.0 mark to the surface when the hydro-
meter is placed in a nitric acid solution of specific gravity 1.5.

Given: Hydrometer as shown, submerged in nitric acid. When submerged in
water, h = 0 and the immersed volume is 15 cubic cm.
SG =15 d=6mm

Find: The distance h when immersed in nitric acid.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: Fbuoy =pgVy (Buoyant force is equal to weight of displaced fluid)

Assumptions: (1) Static fluid
(2) Incompressible fluid

Taking a free body diagram of the hydrometer: 3XF,=0 -Mg+ Fbuoy =0

F
Solving for the mass of the hydrometer: M = buoy =

p-Vd
When immersed in water: M = p-V,~ When immersed in nitric acid: M = p -V
Since the mass of the hydrometer is the same in both cases: Pw Vw = Pn' Vi

When the hydrometer is in the nitric acid: V= V — §~d2~h P = SGpy,

W

Therefore: p.-Vy, = SG- pw'(vw - ;-dz-hj Solving for the height h:

T 2 ™ 2
Vy, = SG-(VW—Z.d -hj Vi (1-5G) = -SG—dh
SG-1) 4 3 (15-1 4 10-mm’)>
h = VW( )_2 h = 15-cm x( - jx 5 x( j h = 177-mm
SG rd 1.5 70 x (6-mm) cm

Nitric
acid




Problem *3.90 [Difficulty: 3]

3.90 Find the specific weight of the sphere shown if its
volume is 0.025m”, State all assumptions. What is the equi-
librium position of the sphere if the weight is removed?

S~y 0,025 m?

Given: Data on sphere and weight
Find: SG of sphere; equilibrium position when freely floating
T
Solution: T Fp
Basic equation Fg=pgV and XF,=0 3F,=0=T+Fg-W
v
where T = Mg M = 10-kg Fg = p-g—; W = SG-p-g-V
w
\Y% M 1
Hence Mg+pg— -SGpgV=0 SG = — +— l
g+pg > p-g PRV
m3 1 1
SG = 10-kg x X 3 + = SG = 0.9
1000-ke ¢ 625.m
. 2
The specific weightis  ~ = —oeit _ SGPeV _ qq N = 09% 1000-X8 9 g1. 0 NS N = 882005
Volume v 3 2 kgm 3
m m
For the equilibriul position when floating, we repeat the force balance with T =0
Fp-W=0 W=Fg with  Fg = pgVgbmerged
7'r-h2
From references (trying Googling "partial sphere volume") Vsubmerged = T-(3~R -h)
1 1
3v)? 3 3’
where h is submerged depth and R is the sphere radius R = (4—] R = (4—~0.025-m ) R =0.181m
- -
oh? 2 3.8SG-V
Hence W =SGpgV=Fg= p~g-T-(3~R—h) h™-(3-R-h) =
3
3:0.9-.025-m

h2.(3-0.181-m— h) = h2.(0.544 — h) = 0.0215

T

This is a cubic equation for h. We can keep guessing h values, manually iterate, or use Excel's Goal Seek to find h = 0.292-m



Problem *3.91 [Difficulty: 2]

'3.91 The fat-to-muscle ratio of a person may be determined
from a specific gravity measurement. The measurement is
made by immersing the body in a tank of water and measuring
the net weight. Develop an expression for the specific
gravity of a person in terms of their weight in air, net weight
in water, and SG = f{iT) for water.

Given: Specific gravity of a person is to be determined from measurements of weight in air and the met weight when
totally immersed in water.

Find: Expression for the specific gravity of a person from the measurements.

Solution: We will apply the hydrostatics equations to this system.

Governing Equation: Fbuoy =p-gVyq (Buoyant force is equal to weight of displaced fluid)
Assumptions: (1) Static fluid
(2) Incompressible fluid
Fnet
Taking a free body diagram of the body: EFy =0 Fret —M-g+ Fbuoy =0 T Fiuos
Fret is the weight measurement for the immersed body.
Fret=M-g- Fbuoy =Mg-py2Vy4 However in air: Fair=Mg
F,. -F M
Therefore the weight measured in water is:  F o = Fpi.—pygVy and Vg = A net l £
Now in order to find the specific gravity of the person, we need his/her density:
F,. —F
arr " net . n . .
Foir =Mg=pgVy= p.g.g Simplifying this expression we get:  F,;. = L(Fair_ Fnet)
( p
. . PwacC SG
Now if we call the density of water at 4 deg C PwaC then: Fair = —(Fair — Fnet) = _'(Fair - Fnet)
Py SGy
PwacC
Fair
Solving this expression for the specific gravity of the person SG, we get: SG = SGy, T F



Problem *3.92 [Difficulty: 2]

3.92 Quantify the statement, “Only the tip of an iceberg
shows (in seawater).”

Given: Iceberg floating in seawater
Find: Quantify the statement, "Only the tip of an iceberg shows (in seawater)."

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: Fbuoy =pgVy (Buoyant force is equal to weight of displaced fluid)
Assumptions: (1) Static fluid
(2) Incompressible fluid
Taking a free body diagram of the iceberg: 3XF,=0 -Mg+ Fbuoy =0 Mg
Y

M-g = Fbuoy = psw' 2 Vy But the mass of the iceberg is also: M = p; .-V, 1
Fbuay
. . Pice SGice
Combining these expressions:  pj.o- Vi€ = pgw & Vg Vi=Viot— = Viot —
SW SGgy

SG;
The volume of the iceberg above the water is: Vehow = Viot— Vd = Vi ot'[l - i}

SGyy
A% SG;
Therefore we may define a volume fraction: VF = show =1- e
V‘[0‘[ SGsw
0.917

Substituting in data from Tables A.1 and A.2 we get: VF =1 - VF = 0.1054 Only 10% of the iceberg is above wate;

1.025



Problem *3.93

[Difficulty: 2]

3.93 An open tank is filled to the top with water. A steel
cylindrical container, wall thickness 6= 1 mm, outside diameter
D =100 mm, and height /=1 m, with an open top, is gently
placed in the water. What is the volume of water that overflows
from the tank? How many 1 kg weights must be placed in the
container to make it sink? Neglect surface tension effects.

Given: Geometry of steel cylinder
Find: Volume of water displaced; number of 1 kg wts to make it sink
Solution:
, kg
The datais  For water p = 999~—3
m

For steel (Table A.1) SG = 7.83

For the cylinder D = 100-mm H=1m
7D’ 4 3
The volume of the cylinder is Viteel = O +m-D-H Vsteel = 3-22x 10 "m
The weight of the cylinder is W = 8Gp-gVgieel
k — N
W = 7.83x999~2 x 9810 x320x 10 L’ x
3 2 kg-m

m S

At equilibium, the weight of fluid displaced is equal to the weight of the cylinder

Wiisplaced = P8 Vdisplaced = W

2
ke
s kgm

W m
Vi =— =247Nx X
displaced p-g 999-kg 9.81'm

N-s

6 = 1-mm

W =247N

Vdisplaced =252L

To determine how many 1 kg wts will make it sink, we first need to find the extra volume that will need to be dsiplaced

AV
Distance cylinder sank X = &azced X1 =0.32Im
7-D
4
Hence, the cylinder must be made to sink an additional distance Xy = H=-xq
7'r-D2
We deed to add n weights so that l'kgng=pg ‘Xo
p-TC D2 X
D%y K
nee— 2 99928 . T (0.1-m)* x 0.679-m x
4% 1-kg m3 4

Hence we need n = 6 weights to sink the cylinder

2
N-s
X

I'kg kgm

X, = 0.679m

n =533



Problem *3.94 [Difficulty: 2]

3.94 Quantify the experiment performed by Archimedes to
identify the material content of King Hiero's crown. Assume
you can measure the weight of the king's crown in air, W,
and the weight in water, W,. Express the specific gravity of
the crown as a function of these measured values.

Given: Experiment performed by Archimedes to identify the material conent of King
Hiero's crown. The crown was weighed in air and in water.

Find: Expression for the specific gravity of the crown as a function of the weights in water and air.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: Fp=pgVy (Buoyant force is equal to weight of displaced fluid)
Assumptions: (1) Static fluid
(2) Incompressible fluid T w,

Taking a free body diagram of the body: ~ ¥F, = 0 Wy —Mg+F,=0

W, s the weight of the crown in water.

Mg 7
L b
Wy =Mg-— Fbuoy =Mg—pygVy However inair: W, = M-g
Therefore the weight measured in water is: = Wy, = W, —p gV
W, -W M-p, g W
so the volume is: V4 = 2 Y Nowthe density of the crown is: p. = M = V= o a Pw
Pw'e Va Wa= Wy Wa-Wy
. . . Pe Wa Wa
Therefore, the specific gravity of the crownis: SG=—=—— SG =
Pw Wa— Wy Wa= Wy

Note: by definition specific gravity is the density of an object divided by the density of water at 4 degrees Celsius, so the measured
temperature of the water in the experiment and the data from tables A.7 or A.8 may be used to correct for the variation in density of the
water with temperature.



Problem *3.95 [Difficulty: 2]

3.95 Gas bubbles are released from the regulator of a
submerged scuba diver. What happens to the bubbles as they
rise through the seawater? Explain.

Open-Ended Problem Statement: Gas bubbles are released from the regulator of a submerged
Scuba diver. What happens to the bubbles as they rise through the seawater?

Discussion: Air bubbles released by a submerged diver should be close to ambient pressure at the
depth where the diver is swimming. The bubbles are small compared to the depth of submersion, so each
bubble is exposed to essentially constant pressure. Therefore the released bubbles are nearly spherical in
shape.

The air bubbles are buoyant in water, so they begin to rise toward the surface. The bubbles are quite light,
so they reach terminal speed quickly. At low speeds the spherical shape should be maintained. At higher
speeds the bubble shape may be distorted.

As the bubbles rise through the water toward the surface, the hydrostatic pressure decreases. Therefore the
bubbles expand as they rise. As the bubbles grow larger, one would expect the tendency for distorted
bubble shape to be exaggerated.



Problem *3.96 [Difficulty: 2]

3.96 Hot-air ballooning is a popular sport. According to a
recent article, “hot-air volumes must be large because air
heated to 150°F over ambient lifts only 0.018 Ibffc’ com-
pared to 0.066 and 0.071 for helium and hydrogen, respec-
tively.” Check these statements for sea-level conditions.
Calculate the effect of increasing the hot-air maximum
temperature to 250°F above ambient.

Given: Balloons with hot air, helium and hydrogen. Claim lift per cubic foot of 0.018, 0.066, and 0.071 pounds force per cubic !
for respective gases, with the air heated to 150 deg. F over ambient.

Find: (a) evaluate the claims of lift per unit volume
(b) determine change in lift when air is heated to 250 deg. F over ambient.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: L=pygV- pg~g-V (Net lift force is equal to difference in weights of air and gas)
p=pRT (Ideal gas equation of state)
Assumptions: (1) Static fluid
(2) Incompressible fluid
(3) Ideal gas behavior
. . . L Pg . . .
The lift per unit volume may be written as: LV = v = g~(pa - pg) =ppg|l-— now if we take the ideal gas equation and
Pa
L Ry Ty Ry Ty
we take into account that the pressure inside and outside the balloon are equal: —=pyell- ="y 1 -
\Y% R, T R, T
g2 g2
.. . . . Ibf . ft-1bf
At standard conditions the specific weight of air is: ~, = 0.0765~—3 the gas constantis: R, = 53.33 and T, = 519R
fi Ibm-R
. ft-1bf Ibf 53.33 Ibf
For helium: R_ = 386.1- T =T and therefore: LVH = 0.0765— x| 1 ——— LVH = 0.0659-—
& IbmR & 2 ¢ 3 386.1 ¢ 3
ft ft
ft-1bf Ibf 53.33 Ibf
For hydrogen: R_ = 766.5- T,=T and therefore:  LVpp = 0.0765-— x| 1 - —— LVip = 0.0712-—
& Ibm-R g & 766.5 =

For hot air at 150 degrees above ambient:

Ibf 519 Ibf
Rg = Ra Tg = Ta + 150-R and therefore: LValrlSO = 00765—3 X (1 — m] LValrlSO = 00172—3
ft ft

The agreement with the claims stated above is good.
For hot air at 250 degrees above ambient:

Ibf 519 Ibf
R, =R T, = Ta+ 250-R and therefore: LVair250 = 0.0765-— x (1 - —j LVair250 = 0.0249~—3

g a g
ft3 519 +250 fi

LVair2s50 , . , ,
—— =1.450 Air at AT of 250 deg. F gives 45% more lift than air at AT of 150 deg.F!

LViir150



Problem *3.97

[Difficulty: 2]

3.97 Hydrogen bubbles are used to visualize water flow
streaklines in the video, Flow Visualization. A typical
hydrogen bubble diameter is d =0.001 in. The bubbles tend
to rise slowly in water because of buoyancy; eventually they
reach terminal speed relative to the water. The drag force
of the water on a bubble is given by Fp = 3mpVd, where pis
the viscosity of water and V is the bubble speed relative
to the water. Find the buoyancy force that acts on a hyvdrogen
bubble immersed in water. Estimate the terminal speed of
a bubble rising in water.

o 1n
[

Mg

lW

Given: Data on hydrogen bubbles

Find: Buoyancy force on bubble; terminal speed in water

Solution:

Basic equation Fp = V= T d3 and YF, =M

q B=P¢& —Pg‘g‘ y = Wy
slu ft 1-ft 3
Fg = 1.942 % 32.2.— x = x [ 0.001-in x —

ft3 s2 6 ‘n

For terminal speed Fg—-Fp-W=0 Fp =3mwVvd=Fp

EFy =0=Fg-Fp-W forterminal speed
2
1bf- -
x —— Fg=189x 10" Ibf
slug-ft

where we have ignored W, the weight of the bubble (at
STP most gases are about 1/1000 the density of water)

F .
Hence V= B with pwo=210x10 5-@ from Table A.7 at 68°F
3.-ped i
1" 1 1 2 1 12n
V =189x10 -Ibf x — x 5 x — x
3.1 210x 10~ Ibf-s  0.001-in  1-ft
veotlisxio 2t V = 0.825 L
S min

As noted by Professor Kline in the film "Flow Visualization", bubbles rise slowly!



Problem *3.98 [Difficulty: 3]

3.98 Itis desired to use a hot air balloon with a volume of
320,000 ft* for rides planned in summer morning hours when
the air temperature is about 48°F, The torch will warm the
air inside the balloon to a temperature of 160°F. Both inside
and outside pressures will be “standard™ (147 psia). How
much mass can be carried by the balloon (basket, fuel, pas-
sengers, personal items, and the component of the balloon
itself) if neutral buoyancy is to be assured? What mass can be
carried by the balloon to ensure vertical takeoff acceleration
of 2.5 ft/s*? For this, consider that both balloon and inside air
have to be accelerated, as well as some of the surrounding air
(to make way for the balloon). The rule of thumb is that the
total mass subject to acceleration is the mass of the balloon,
all its appurtenances. and twice its volume of air. Given that
the volume of hot air is fixed during the flight, what can the
balloonists do when they want to go down?

Hat ‘air

J/ Air at 3STP

Given: Data on hot air balloon Fiuoyancy

Find: Maximum mass of balloon for neutral buoyancy; mass for initial acceleration of 2.5 ft/s%.

Hot air

Assumptions: Air is treated as static and incompressible, and an ideal gas 4 'Air p—

Solution:
4 dh Basket
Basic equation Fg = Pam' eV and XF, =M 1‘
Y ay I/Vload
Hence EFy =0=Fp = Whotair— Wiload = Patm'8V — Photair &V —~ Mg for neutral buoyancy
M=V (p 0 ) V Patm 1 1
= Y'|Patm ~ Photair) ~ ' -
R Tatm  Thotair
3 bf (12in)°  IbmR 1 1
M = 320000-ft” x 14.7-— x X X - M = 4517-1bm
.2 ft 53.33-ft-Ibf | (48 +460)-R (160 + 460)-R

m

Initial acceleration XFy = Fg =~ Whotair = Wigad = (patm - photair)'g'V ~Mpew'8 = Mpgcer@ = (Mnew + 2 Photair V)~a

Solving for Myeyw (patm - photair)'g'V ~Mpew g = (Mnew +2: photair'v)'a

M _v (patm - photair)'g - 2'photair'a V'patm 1 1 2-a
ow = V- - | _ _
at+g at+g Tatm Thotair Thotair
M, = 320000-f 147,00 1200 " _tmR 3 22— : 225 f
new ' o2\t 53.33-ft-1bf (2.5+32.2)-ft | | (48 +460) (160 + 460) (160 + 460) 2R

Moy = 1239-1bm

To make the balloon move up or down during flight, the air needs to be heated to a higher temperature, or let cool (or let in ambient air).



Problem *3.99 [Difficulty: 4]

3.99 Scientific balloons operating at pressure equilibrium
with the surroundings have been used to lift instrument
packages to extremely high altitudes. One such balloon,
filled with helium, constructed of polyester with a skin
thickness of 0.013 mm and a diameter of 120 m, lifted a
payload of 230 kg, The specific gravity of the skin material is
1.28. Determine the altitude to which the balloon would rise.
Assume that the helium used in the balloon is in thermal
equilibrium with the ambient air, and that the balloon is a
perfect sphere.

Given: Spherical balloon filled with helium lifted a payload of mass M=230 kg.
At altitude, helium and air were in thermal equilibrium. Balloon diameter is
120 m and specific gravity of the skin material is 1.28.

Find: The altitude to which the balloon rose.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: Fbuoy =pgVy (Buoyant force is equal to mass of displaced fluid)
p=pRT (Ideal gas equation of state)

Assumptions: (1) Static, incompressible fluid

(2) Static equilibrium at 49 km altitude

(3) Ideal gas behavior

7
Taking a free body diagram of the balloon and payload: 3F, = Fbuoy -Mpeg-Mgg-Mg=0 T B
M

Substituting for the buoyant force and knowing that mass is density times volume:

Pair &V~ PHe & Vp — P& Vg—Mg=0 Pair Vb~ PHe Vb~ Ps Vs —M =0

The volume of the balloon:  V}, = %-D3 The volume of the skin: V¢ = 7T-D2-t Substituting these into the force equation:

Pair — PHe = %(ﬂ pS~t-D2 + M) From the ideal gas equation of state and remembering that pressure and temperature of the air

7D and helium are equal:
P_ %(‘n ps-t~D2 + M>; Substituting known values and consulting Appendix A for gas constants:
T D 1
Riir Rpge

6 k 3 2 N-m Pa~m2 4 kPa
P_2, x| 70 % 1280-~2 x 0.013-10 ~-mx (120-m)” + 230-kg| x . x =3616x10 -—
T = 3 3 1 1 kgK N K

(120-m) m -

287 2080

To determine the altitude, we need to check this ratio against data from Table A.3. We find that

the ratio of pressure to temperature matches the result above at:
h = 48.3-km



Problem *3.100

[Difficulty: 3]

"3.100 A helium balloon is to lift a pavload to an altitude
of 40 km, where the atmospheric pressure and temperature
are 3.0 mbar and —25°C, respectively. The balloon skin is
polyester with specific gravity of 1.28 and thickness of 0.015
mm. To maintain a spherical shape, the balloon is pres-
surized to a gage pressure of 0,45 mbar. Determine the
maximum balloon diameter if the allowable tensile stress in
the skin is limited to 62 MN/m®. What payload can be

carried?

Given: A pressurized balloon is to be designed to lift a payload of mass M to an altitude of 40 km, where p = 3.0 mbar
and T = -25 deg C. The balloon skin has a specific gravity of 1.28 and thickness 0.015 mm. The gage pressure of
the helium is 0.45 mbar. The allowable tensile stress in the balloon is 62 MN/m?

. t

Find: (a) The maximum balloon diameter ¥
(b) The maximum payload mass

Solution:  We will apply the hydrostatics equations to this system.

Governing Equations: Fouoy = P&V (Buoyant force is equal to mass

of displaced fluid)
p=pRT (Ideal gas equation of state) M
Assumptions: (1) Static, incompressible fluid
(2) Static equilibrium at 40 km altitude nDtc
(3) Ideal gas behavior
The diameter of the balloon is limited by the allowable tensile stress in the skin:
nD*Ap/4
™ 2 . . . . 4t-o
SF=—D"Ap-mDto=0 Solving this expression for the diameter: D = —
4 max Ap
3 6 N 1 bar m2 F
— ) - ) _ buoyan
Dpax = 4% 0.015x 10 "-mx 62x 10 > X e X 5 Dax= 82.7m vant
m 0.4510 ~-bar 10°-N
z
To find the maximum allowable payload we perform a force balance on the system: T Mg
XF, = Fbuoy ~Mpeg - Mpg-Mg=0 p,gVy- pyeeVp—pygVyg—Mg=0
Mg
Solving for M: M = (pa — pHe)'Vb — ps'Vs The volume of the balloon is: Vb = %-D3
The volume of the skin is: V.= D2 t Therefore, the mass is: M= i D3 D2 t
P Vg=mD : : = = (Pa = PHe) D~ TPy D™
. . Pa _3 kg'K 1 10°N — 3 kg
The air density: Pa = p, = 3.0x 10 “-bar x X x p, = 4215x 10 ~—
R, T 287N-m (273 - 25)-K 2
a bar -m m
Repeating for helium: -2 _ 6.688x 107122
cp g . pHe = RT pHe = 0. X 3

m

The payload mass is: M == (4.215- 0.6688 x 10 3.k
6

m m

M = 638 kg

k _
8 (82.7m)° — mx 1.28x 10°—2 x (82.7m)% x 0.015x 10 -m
3 3

3



Problem *3.101 [Difficulty: 3]

3.101 A block of volume 0025 m” is allowed to sink in
water as shown. A circular rod 5 m long and 20 cm® in cross- /
section is attached to the weight and also to the wall. 1f the v 0.25m

rod mass is 1.25 kg and the rod makes an angle of 12 degrees
with the horizontal at equilibrium, what is the mass of the
block?

Given: Geometry of block and rod

Find:  Angle for equilibrium

Assumptions: Water is static and incompressible

Solution:
Basic. EMHinge =0 Fg=pgV (Buoyancy) L
equations
W
The free body diagram is as shown. Fgpand Fyp are the buoyancy of the
block and rod, respectively; c is the (unknown) exposed length of the rod
Taking moments about the hinge
L+ L

(Wg — Fgp)-L-cos(6) - FBR%COS(G) + WR-cos(6) = 0

with Wg = Mp-g Fgg = p-g'Vp Fgr=pg(L-c)A WR = Mp-g
.. . L+ L
Combining equations (MB - p'VB)'L - p-A(L - c).( c) n MR'; =0
We can solve for M A (L2 2) =2-({M V 1 M \\ L
B p —C = . B_pB+2 Rj
M A (L2 2) +pV ! M and since 2 M p-A L2 2 \2 + p-V ! M
= —_— —C . _ — c= = —_— — . _ —
B oL VBT YR sin(0) B oL sin)) | P'BT 3R

2 2

1 K 1 0.25- K 1

Mp = — x 1000~ x 20-om” x | —= VL (5-m)* — .—m\ 10002 x 0.025-m° — — x 1.25-kg
2 3 100-cm) 5-m sm(12~deg)) m3 2

My = 29.1kg



Problem *3.102 [Difficulty: 3]

3.102 The stem of a glass hvdrometer wsed to measure
specific gravity is 5 mm in diameter. The distance between
marks onthe stem is2 mm per (.1 increment of specific gravity.
Calculate the magnitude and direction of the error introduced
by surface temsion if the hydrometer floats in kerosene.
([ Assume the contact angle between kercsene and glass is 07.)

Given: Glass hydrometer used to measure SG of liquids. Stem has diameter D=5 mm, distance between marks on stem is
d=2 mm per 0.1 SG. Hydrometer floats in kerosene (Assume zero contact angle between glass and kerosene).

Find: Magnitude of error introduced by surface tension.

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: Fhuoy = P& V4 (Buoyant force is equal to weight of displaced fluid)
. D=5 mm
Assumptions: (1) Static fluid _>| |<_
(2) Incompressible fluid
(3) Zero contact angle between ethyl alcohol and glass J,
—__ d=
The surface tension will cause the hydrometer to sink Ah lower into the liquid. Thus for y T 2mm/0.1 SG
this change: T
SF, = AFpy = Fg =0 £y
x Kerosene
The change in buoyant force is: AFbuoy =p-gAV = p-g-zD -Ah
T AFy
The force due to surface tension is: Fgs = mD-o-cos() = mD-o
Thus, p-g.E.Dz-Ah = m-Do Upon simplification: M =c
4 4
Solving for Ah:  Ah = 40 From Table A.2, SG = 1.43 and from Table A .4, 6 =26.8 mN/m
p-g:D
3N m3 52 1 kg-m 3
Therefore, Ah = 4 x 26.8x 107 ~-— x — x x =L Ah=153x10 "m
m 1430-kg  9.81'm 510 3~m sZ-N
So the change in specific gravity will be: ASG = 1.53 x 10 3~m X ot ASG = 0.0765
-3
2x 10 "-m

From the diagram, surface tension acts to cause the hydrometer to float lower in the liquid. Therefore, surface tension results in an
indicated specific gravity smaller than the actual specific gravity.



Problem *3.103 [Difficulty:4]

3.103 A sphere, of radius R, is partially immersed, to depth
d, in a liquid of specific gravity SG. Obtain an algebraic
expression for the buovancy force acting on the sphere as a
function of submersion depth 4. Plot the results over the
range of water depth {0 = 4 = 2R,

Given: Sphere partially immersed in a liquid of specific gravity SG.

Find: (a) Formula for buoyancy force as a function of the submersion depth d
(b) Plot of results over range of liquid depth

Solution:  We will apply the hydrostatics equations to this system.

Governing Equations: F = pgV (Buoyant force is equal to weight of displaced fluid)
buoy = P& Vd

Assumptions: (1) Static fluid
(2) Incompressible fluid
(3) Atmospheric pressure acts everywhere

We need an expression for the displaced volume of fluid at an arbitrary
depth d. From the diagram we see that:

d= R(l - cos(emax)) at an arbitrary depth h: h=d-R(1-cos(8) r=R-sin(6)

So if we want to find the volume of the submerged portion of the sphere we calculate:

) 0 0

max ) max ) ) 3 max 3
V4= J nr dh = w-J' R”(sin(6))"R-sin(0) d6 = R J (sin(0))° d Evaluating the integral we get:
0 0 0

5| (<O

3
V4q=mR" 3 - Cos(emax) + % Now since: Cos(emax) =1 %we get: Vy = 7T~R3-|:§ (1 _ i\ _ (1 _ i\ + £:|

R) R) 3

3
Thus the buoyant force is: Fbuoy = pW.SG.g.ﬂ-.R;{%.(l - i\ _ (1 — i\ + 2:|

R) R) 3

If we non-dimensionalize by the force on a fully submerged sphere:

Fhuo d)’ d a)’ d
e (4 - a4 (-3
3

1.0
=)
23
8
IS
~o0.5 .
8
5
=

0.0

0.0 2.0

Submergence Ratio d/R



Problem 3.104

[Difficulty: 2]

3.104 If the mass M in Problem 3.101 is released from the
rod, at equilibrium how much of the rod will remain sub-
merged? What will be the minimum required upward force
at the tip of the rod to just lift it out of the water?

Given: Geometry ofrod

Find:

How much of rod is submerged; force to lift rod out of water

Solution:

Basic equations EMHinge =0 Fg=pgV (Buoyancy)

The free body diagram is as shown. Fgp is the buoyancy of the rod; c is
the (unknown) exposed length of the rod

Taking moments about the hinge

'l

L+ L
Fap T cos(6) + Wy cos(0) = 0
with Fgr=p-g(L-c)A WR = Mp-g
L L
Hence —p-A-(L - c)~( *©) + MR-E =0
2 2
We can solve for ¢ p-A-(L -c ) = Mp-L
L-M
R
c= L2 -—
pA
3 2
1 100-
c = (S-m)2 —5mx X —- X cm\ x 1.25-kg
1000kg 20 2 I'm )
m
c=4.68m
Then the submerged length is L-¢=0323m

To lift the rod out of the water requires a force equal to halfthe rod weight (the reaction also takes half the weight)

1

1 m
F=—Mp-g=—x125kgx 9.81-— x

2 2 2
s

N-s2
F=6.1N
kg-m



Problem *3.105 [Difficulty: 2]

3.105 Ina logging operation, timber floats downstream toa

lumber mill. It is a dry vear, and the river is running low, as Fy

low as 60 cm in some locations. What is the largest diameter H=60cm

log that may be transported in this fashion (leaving a mini-

mum 3 cm clearance between the log and the bottom of the W

river)? For the wood, 5G = (L&,

Given: Data on river

Find: Largest diameter of log that will be transported

Solution:

Basic equation Fg = p-2Vaup and sz =0 sz =0=Fg-W

where FB = p'g'vsub = p'g'Asub L W = SGp-gV=SGpgAL
R2

From references (e.g. CRC Mathematics Handbook) Agp = — (6 —sin(6)) where R is the radius and 0 is
2 the included angle

R® 2
Hence p~g~7~(9 - sin(0))-L=SGp-g-m-R"-L

0 —sin(0) = 2-SG-w=2x 0.8x T

This equation can be solved by manually iterating, or by using a good calculator, or by using Excel's Goal Seek

0 = 239-deg
. 0)
From geometry the submerged amountofalogis H— h and also R + R-cos| © — —)
2

0
Hence H-h =R+ R-cos ‘rr——\

2)
Solving for R R = H-h R = (0.6 = 0.05)-m R =0.369m

1 + cos| 180deg — 9\ 1 + cog | 180 — E\deg
2) 2 )

D=2R D=0.737m



Problem *3.106 [Difficulty: 4]

3.106 A sphere of radius 1 in, made from material of

specific gravity of 5G = 0L95, is submerged in atank of water. g
The sphere is placed over a hole of radius 0,075 in., in the |
tank bottom. When the sphere is released, will it stay on the
bottom of the tank or float to the surface?
H=2.5ft R=1in.

—={}— a=0.075In.

Given: Data on sphere and tank bottom
Find: Expression for SG of sphere at which it will float to surface; |
minimum SG to remain in position X

Assumptions: (1) Water is static and incompressible
(2) Sphere is much larger than the hole at the bottom of the tank

Solution:
Basic equations Fg=p-gV and EFy =F -Fy+Fg-W
h 2 2
where FL = paym ™2 Fy= [patm +pg(H- 2~R)]~Tr-a
4 3 2
FB = p.g.vnet Vnet = gﬁR —1-a -2:R
. 4
W =SG-p-g-V  with = E'W'RS

Now if the sum of the vertical forces is positive, the sphere will float away, while if the sum is zero or negative the sphere will stay
at the bottom of the tank (its weight and the hydrostatic force are greater than the buoyant force).

Hence >F

4 4

)

This expression simplifies to EFy = 7-r~p-g~[(l - SG)~i~R3 - H-az}
3

3 2 2

I ft |4 fi ft Ibf-

SF, = mx 194228 % 302.— x| = x (1 = 0.95) x | 1-inx — Vst [0.075inx : V| Jbfs
ft3 2 3 12-1n) 12~1n) slug-ft

EFy = —-0.012-1bf Therefore, the sphere stays atthe bottom of the tank.



Problem *3.107

[Difficulty: 4]

3.107 A cvlindrical timber, with £ =1 ft and L= 15 fr is
weighted on its lower end so that it floats verticallv with 10 ft
submerged in seawater. When displaced vertically from its
equilibrium position, the timber cscillates or “heaves™ in a
vertical direction upon release. Estimate the frequency of
oscillation in this heave mode. MNeglect viscous effects and

water motion,

Given: Cylindrical timber, D =1 ftand L = 15 ft, is weighted on the lower end so that is floats vertically with 10 ft
submerged in sea water. When displaced vertically from equilibrium, the timber oscillates in a vertical direction

upon release.

Find: Estimate the frequency of the oscillation. Neglect viscous forces or water motion.
Solution: We will apply the hydrostatics equations to this system.

Governing Equations:

Assumptions:

Fbuoy =pegVy

(1) Static fluid

(2) Incompressible fluid

(3) Atmospheric pressure acts everywhere
(4) Viscous effects and water motion are negligible.

At equilibrium: >F

Once the timber is displaced:

d

Thus we have the equation:

This ODE describes simple harmonic motion with the natural frequency @ described by:

Solving foro: w= g

d

To express this as a frequency:

y - Fbuoy

_Mg:() M:de: pAd

2
d

dt?

EFy = Fbuoy

d
dt

d2
M._y +pgAy=0 o
dt

3221t 1

X —_——

2 10-ft
s

2

2
Lo A
dy  pgA

e

(Buoyant force is equal to weight of displaced fluid)

d=10 ft
(Equilibrium
Depth)

|c:.
<
+
o |
<
I
=

rad

w=1.7944—

S

f =0.286Hz



Problem *3.108

[Difficulty: 3]

3.108 You are in the Bermuda Triangle when vou see a
bubble plume eruption (a large mass of air bubbles, similar

|

Water rushing in?

to a foam) off to the side of the boat. Do vou want to head 1t {-\ /-\.l
toward it and be part of the action? What is the effective —— 5o v 75
density of the water and air bubbles in the drawing on the I o 85 © Cog
right that will cause the boat to sink? Your boat is 10 ft long, b e o el e
and weight is the same in both cases. o "% "D (o] "D;bo
l el Soe
o3 Pan B 0 o 8
Sea water Sea water g e o ROO S
d i O o
bubbles Soioes
Floating Sinking
Given: Data on boat
Floating Sinking
. . . . o . H=28ft
Find: Effective density of water/air bubble mix if boat sinks A
Solution: h=1 ft
Basic equations Fg=pgV and EFy =0
\ 4
We can apply the sum of forces for the "floating" free body 0= 60°
ZFy =0=Fg-W where Fp = SGgea P 2 Vaubfloat
2
1 (2h) L-h
\Y = —h- L= SG.., = 1.024 (Table A.2)
subfloat = (tan-ej tan(6) sea

2
SGgey p-g-Lh
tan(0)

Hence 1

We can apply the sum of forces for the "sinking" free body

sz =0=Fg-W where
SG._. -p-g~L-H2
Hence = X 2)
tan(0)

2 2
SGgey g Lh ) SGix P L-H

Comparing Eqs. 1 and 2
tan(0) tan(0)

W=

2 2
SGix = SGsea'(%} SGpix = 1.024 x (l\

8)

I
— 0784 x 1.94.598

ft

The density is SG

Pmix = ®Ymix P Pmix

1
Fg = SGnix P2 Vsub  Vsubsink = EH(

2H), _ LI

tan-0 ) - tan(0)

SG iy = 0.784
slug

pmix = 1.52~—3
ft



Problem *3.109 [Difficulty: 2]

3.109 A bowl isinverted symmetrically and held in a dense
fiuid, SG = 15.6, to a depth of 200 mm measured along the
centerline of the bowl from the bowl rim. The bowl height is F
20 mm, and the fiuid rises 20 mm inside the bowl. The bowl Y |
is 1) mm inside diameter, and it is made from an old clay 20 cm
recipe, 50 = 6.1, The volume of the bowl itself is about 0.9 L. - —>
What is the force required to hold it in place? D =10 cm

Given: Data on inverted bowl and dense fluid
Find: Force to hold in place
Assumption: Fluid is static and incompressible

Solution:

Basic equations Fg=pgV and YF =0 sz =0=Fg-F-W

Hence F= FB - W

For the buoyancy force Fg = SGuid PH20°€ Vsub with Veub = Voowl + Vair

For the weight W = SGpowl PH20 8 Vbowl

Hence F = SG1yid Pr20'8 (Vbowl * Vair) = SGbow! PH20°E Vbow
F = 0202 SGfia (Vbow + Vair) = SGhowl Vbow]

kg m m3
F = 999— x 9.81-— x [ 15.6x | 0.9-L x
3 2 1000L

2 30 2

-(0.1- N-
4 (008— 002 m OIS0 Toorx —B | NS
4 1000L )| kg'm

F=1594N



Problem *3.110 [Difficulty: 4]

3.110 In the “Cartesian diver” child’s toy, a miniature
“diver” is immersed in a column of liquid. When a dia-
phragm at the top of the column is pushed down, the diver
sinks to the bottom. When the diaphragm is released, the
diver again rises. Explain how the tov might work.

Open-Ended Problem Statement: In the “Cartesian diver” child's toy, a miniature “diver” is
immersed in a column of liquid. When a diaphragm at the top of the column is pushed down, the diver
sinks to the bottom. When the diaphragm is released, the diver again rises. Explain how the toy might
work.

Discussion: A possible scenario is for the toy to have a flexible bladder that contains air. Pushing
down on the diaphragm at the top of the liquid column would increase the pressure at any point in the
liquid. The air in the bladder would be compressed slightly as a result. The volume of the bladder, and
therefore its buoyancy, would decrease, causing the diver to sink to the bottom of the liquid column.

Releasing the diaphragm would reduce the pressure in the water column. This would allow the bladder to
expand again, increasing its volume and therefore the buoyancy of the diver. The increased buoyancy
would permit the diver to rise to the top of the liquid column and float in a stable, partially submerged
position, on the surface of the liquid.



Problem *3.111 [Difficulty: 4]

3.111 Consider a conical funnel held upside down and sub-
merged slowly in a container of water. Discuss the force
needed to submerge the funnel if the spout is open to the
atmosphere. Compare with the force needed to submerge the
funnel when the spout opening is blocked by a mubber stopper.

Open-Ended Problem Statement: Consider a conical funnel held upside down and submerged
slowly in a container of water. Discuss the force needed to submerge the funnel if the spout is open to the
atmosphere. Compare with the force needed to submerge the funnel when the spout opening is blocked by a
rubber stopper.

Discussion: Let the weight of the funnel in air be W,. Assume the funnel is held with its spout vertical
and the conical section down. Then W, will also be vertical.

Two possible cases are with the funnel spout open to atmosphere or with the funnel spout sealed.

With the funnel spout open to atmosphere, the pressures inside and outside the funnel are equal, so no net
pressure force acts on the funnel. The force needed to support the funnel will remain constant until it first
contacts the water. Then a buoyancy force will act vertically upward on every element of volume located
beneath the water surface.

The first contact of the funnel with the water will be at the widest part of the conical section. The buoyancy
force will be caused by the volume formed by the funnel thickness and diameter as it begins to enter the
water. The buoyancy force will reduce the force needed to support the funnel. The buoyancy force will
increase as the depth of submergence of the funnel increases until the funnel is fully submerged. At that
point the buoyancy force will be constant and equal to the weight of water displaced by the volume of the
material from which the funnel is made.

If the funnel material is less dense than water, it would tend to float partially submerged in the water. The
force needed to support the funnel would decrease to zero and then become negative (i.e., down) to fully
submerge the funnel.

If the funnel material were denser than water it would not tend to float even when fully submerged. The
force needed to support the funnel would decrease to a minimum when the funnel became fully submerged,
and then would remain constant at deeper submersion depths.

With the funnel spout sealed, air will be trapped inside the funnel. As the funnel is submerged gradually
below the water surface, it will displace a volume equal to the volume of the funnel material plus the
volume of trapped air. Thus its buoyancy force will be much larger than when the spout is open to
atmosphere. Neglecting any change in air volume (pressures caused by submersion should be small
compared to atmospheric pressure) the buoyancy force would be from the entire volume encompassed by
the outside of the funnel. Finally, when fully submerged, the volume of the rubber stopper (although small)
will also contribute to the total buoyancy force acting on the funnel.



Problem *3.112 [Difficulty: 2]

3.112 Three steel balls (each about half an inch in diam-
eter) lie at the bottom of a plastic shell floating on the water
surface in a partially filled bucket. Someone removes the
steel balls from the shell and carefully lets them fall to
the bottom of the bucket, leaving the plastic shell to fioat
empty. What happens to the water level in the bucket? Does
it rise, go down, or remain unchanged? Explain.

Given: Steel balls resting in floating plastic shell in a bucket of water
Find: What happens to water level when balls are dropped in water
Solution: Basic equation Fg= p'Vdisp'g =W  forafloating body weight W

When the balls are in the plastic shell, the shell and balls displace a volume of water equal to their own weight - a large volume
because the balls are dense. When the balls are removed from the shell and dropped in the water, the shell now displaces only a
small volume of water, and the balls sink, displacing only their own volume. Hence the difference in displaced water before and
after moving the balls is the difference between the volume of water that is equal to the weight of the balls, and the volume of the
balls themselves. The amount of water displaced is significantly reduced, so the water level in the bucket drops.

W% i+ W,
Volume displaced before moving balls: V= plastic balls

p-g
Wi .
Volume displaced after moving balls: V,= __plastic + Vpalls
p-g
W% SG prg-V;
Change in volume displaced AV =V, = V| = Vs — balls = Vpalls — balls balls
: p-g

AV = Vpaiig (1 = SGpalis)

Hence initially a large volume is displaced; finally a small volume is displaced (AV < 0 because SGy ;s> 1)



Problem *3.113 [Difficulty: 4]

3.113 A proposed ocean salvage scheme involves pumping
air into “bags” placed within and around a wrecked vessel on
the sea bottom. Comment on the practicality of this plan,
supporting your conclusions with analyses.

Open-Ended Problem Statement: A proposed ocean salvage scheme involves pumping air
into “bags” placed within and around a wrecked vessel on the sea bottom. Comment on the practicality of
this plan, supporting your conclusions with analyses.

Discussion: This plan has several problems that render it impractical. First, pressures at the sea bottom
are very high. For example, Titanic was found in about 12,000 ft of seawater. The corresponding pressure
is nearly 6,000 psi. Compressing air to this pressure is possible, but would require a multi-stage compressor
and very high power.

Second, it would be necessary to manage the buoyancy force after the bag and object are broken loose from
the sea bed and begin to rise toward the surface. Ambient pressure would decrease as the bag and artifact
rise toward the surface. The air would tend to expand as the pressure decreases, thereby tending to increase
the volume of the bag. The buoyancy force acting on the bag is directly proportional to the bag volume, so
it would increase as the assembly rises. The bag and artifact thus would tend to accelerate as they approach
the sea surface. The assembly could broach the water surface with the possibility of damaging the artifact
or the assembly.

If the bag were of constant volume, the pressure inside the bag would remain essentially constant at the
pressure of the sea floor, e.g., 6,000 psi for Titanic. As the ambient pressure decreases, the pressure
differential from inside the bag to the surroundings would increase. Eventually the difference would equal
sea floor pressure. This probably would cause the bag to rupture.

If the bag permitted some expansion, a control scheme would be needed to vent air from the bag during the
trip to the surface to maintain a constant buoyancy force just slightly larger than the weight of the artifact in
water. Then the trip to the surface could be completed at low speed without danger of broaching the surface
or damaging the artifact.



Problem *3.114 [Difficulty: 3]

3414 A cvlindrical container, similar to that analyzed in z
Example 3.10{onthe Web), isrotated at a constant rate of 2 Hz L

about its axis. The cylinder is (L5 m in diameter and initial ly R—
contains water that is 0.3 mdeep. Determine the height of the
liguid free surface at the center of the container. Does your B
answer depend on the density of the liguid? Explain. — l T T

Given: Cylindrical container rotating as in Example 3.10
R =025m hy = 03m f =2-Hz

Find: (a) height of free surface at the entrance
(b) if solution depends on p

Solution: We will apply the hydrostatics equations to this system.
Vv i uati . —Vp+pf =pd ydrostatic equation
Governing Equations p+pE=¢ (Hyd )

Assumptions: (1) Incompressible fluid
(2) Atmospheric pressure acts everywhere

In order to obtain the solution we need an expression for the shape of the free surface in terms of o, r, and h,. The required
expression was derived in Example 3.10. The equation is:

. _@{1_@2}
% 24 |2 (R)

The angular velocity o is related to the frequency of rotation through: w=2-mf w= 2T X 2-ﬂ = 12.57-ﬂ
s s
2
. . . _ (wR)
Now since h; is the z value which corresponds to r = 0: hy=h, - ———
4.g
2 2
o 1 rad \\ s
Substituting known values: h; =03m-—x|1257— x 0.25-m x h; =0.05m
4 s ) 981'm

The solution is independent of p because the equation of the free surface is independent of p as well.



Problem *3.115 [Difficulty: 2]

3.115 A crude accelerometer can be made from a liguid-

filled U-tube as shown. Derive an expression for the liguid Liquid J, -~
level difference k cauvsed by an aceeleration 4, in terms of the dEHSiT},I' g h
tube peometry and fluid properties. v P
v ! a
L.,
| L |
Given: U-tube accelerometer
Find: Acceleration in terms of h and L
Solution: We will apply the hydrostatics equations to this system.
Governing Equations: - rjﬁ + pg, = pa, (Hydrostatic equation in x-direction)
ox
op . L L
= By + pgy = pa, (Hydrostatic equation in y-direction)
ay . :
Assumptions: (1) Incompressible fluid
(2) Neglect sloshing
(3) Ignore corners
(4) Both ends of U-tube are open to atmosphere
In the coordinate system we are using, we can see that: ay=a ay = 0 g.=0 gy =8
0, : o
Thus, o =—pa a—p =—pg Now if we evaluate Ap from left to right in the U-tube: dp = a_pdx + a_pdy
ox oy ox ay
L . op op
We may also write this expression as: Ap =—Ax+ 8_Ay Ap = (—p-g)-(-b) + (=p-a)-(-L) + (—p-g)-(b + h) = 0
X Y

Simplifying this expression: Ap=pal-pgh=0  Solvingforh: po &L
g



Problem *3.116 [Difficulty: 2]

3.116 A rectangular container of water undergoes constant b
acceleration down an incline as shown. Determine the slope
of the free surface wsing the coordinate svstem shown.

Given: Rectangular container with constant acceleration
Find: Slope of free surface

Solution: Basic equation  _Vp 4 pg = pa

In components ip +pgy = Pray ip + p'gy — p'ay ip +pg, = pa,
ox oy Z
We have ay =a, = 0 g, = g-sin(6) gy = —g-cos(0) g,=0
Hence Lpspgsin@=pa, O Lp-pges®=0 @  Lp=o ()
ox oy 0z
From Eq. 3 we can simplify from p =p(x,y,z) to p = p(X,y)
Hence a change in pressure is given by dp = 6_p dx + a—p~dy
0x Oy
0
dy o
At the free surface p = const., so dp=0= a_p.dx + a_p.dy or B _ 9% 4t the free surface
1) oy dx d
—b
ay
0

-—p . .
p-g-sin(6) — p-a g-sin(0) — a
Hence at the free surface, using Eqs 1 and 2 by = X = X _ X
dx 3 p-g-cos(0) g-cos(0)
—p
oy

9.81-(0.5)— — 3. =
2 2

9.81-(0.866)-22
S

At the free surface, the slope is — =0.224

dx



Problem *3.117 [Difficulty: 2]

3.117 The U-tube shown is filled with water at 7= 68°F. It Al D
is sealed at A and open to the atmosphere at £2. The tube is T ||
rotated about vertical axis A8 at 1600 rpm. For the dimen- ! '
sions shown, would cavitation occur in the tube? H<12in ‘ | — Water
3 ‘:’J -
B ‘ ‘C
L=3in.
Given: Spinning U-tube sealed at one end
Find: Maximum angular speed for no cavitation
Assumptions: (1) water is incompressible
(2) constant angular velocity
Solution:  Basic equation —Vp + pg = pa
2 ) v’ 20
In components -=p , = p.ar: —-p— =—pw-r —p=-pg
or ) r oz

Between D and C, r = constant, so 6_p =-—pg and so pp - pc=-pgH 1)

0z
Between B and A, r = constant, so 6_p =-—pg and so pp—pg=-pgH 2)

0z

Pc L

Between B and C, z = constant, so Qp = p.wz-r and so J ldp = p~w2~r dr

or p 0

B
— L_2 3)
Integrating PCc=PB=PW- 2
Since pp = Pyim» then from Eq 1 PC = Patm + P-gH
2 1° 21’
FrOmEq. 3 pB B pC — pw 7 SO pB = patm+ ng — pw 7
2 L2

From Eq 2 pA B pB — ng SO pA = patm — pw 7

Thus the minimum pressure occurs at point A (not B). Substituting known data to find the pressure at A:

. N2 2 2 2
pa = 14700 gq e (g v 2mwnad min)T L MV RV g B
.2 min rev 60-8) 2 12-1n) slug-ft 12-1n) 2

3 .
in ft in

At 68°F from steam tables, the vapor pressure of water is py = 0.339-psi which is less than the pressure at A.
Therefore, cavitation does not occur.:



Problem *3.118 [Difficulty: 2]

3.118 If the U-tube of Problem 3.117 is spun at 300 rpm, Al D
what will the pressure be at A? If a small leak appears at A, T
how much water will be lost at 7 ! !
H=12in. ‘ !‘_'Water
B ‘:’J
B ‘ |C
L=3in.
Given: Spinning U-tube sealed at one end
Find: Pressure at A; water loss due to leak
Assumption: Water is incompressible; centripetal acceleration is constant
Solution: Basicequation  _Vp 4 pp = pa
From the analysis of Example Problem 3.10, solving the basic equation, the pressure p at any point (r,z) in a continuous
rotating fluid is given by
pw (2 2 . .
p=pgo+ -(r ) ) - p~g~(z - ZO) (1) where p( is a reference pressure at point (r,z)
2
In this case P=Dp Po="Pp z=zp=12pn=23=H r=0 ip=mp=1L
L rad
The speed of rotationis  w = 300-rpm w=314—
s

The pressure at D is pp = 0-kPa (gage)

2 2.2 2 4 2

. ‘w L 1 | d 1-ft 1bf-
Hence  py = P (42) oy = UL L g Sue 31459 g2 (LAY b
2 2 2 ft3 s ) 12~1n) slug-ft
p = —0.42-psi (gage)

When the leak appears,the water level at 4 will fall, forcing water out at point D. Once again, from the analysis
of Example Problem 3.10, we can use Eq 1

Inthjscase p:pA:() pozpD:O Z:ZA ZO:ZD:H r=0 I'O:I'D:L
pwz 2
H :'_.(_ )_ oz s —
ence 0 5 L pg(zA H)
2 2 2 2
L 1 d 1-ft
z2p=H- = = 12in - — x 31429 (i = L zp = 0.52+in
2-g 2 s ) 322t 12in

The amount of water lost is Ah=H- zp = 12-in — 0.52-in Ah = 11.48-in



Problem *3.119

[Difficulty: 2]

3.119 A centrifugal micromanometer can be used to create
small and accurate differential pressures in air for precise
measurement work. The device consists of a pair of parallel
disks that rotate to develop a radial pressure difference.
There is no flow between the disks. Obtain an expression for
pressure difference in terms of rotation speed, radius, and air
density. Evaluate the speed of rotation required to develop a
differential pressure of 8 um of water using a device with a
S0 mm radius,

v

Given: Centrifugal manometer consists of pair of parallel disks that rotate to develop a
radial pressure difference. There is no flow between the disks.

Find: (a) an expression for the pressure difference, Ap, as a function of ®, R, and p.
(b) find ® if Ap =8 um H20 and R = 50 mm

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: _Vp+pE=pi (Hydrostatic equation)

-——+pg, =pa, (Hydrostatic equation in radial direction)

Assumptions: (1) Incompressible fluid
(2) Standard air between disks
(3) Rigid body motion
(4) Radial direction is horizontal

v _(r~u.>)2: 2

For rigid body motion: . = —— = ) In addition, since r is horizontal: g
r r

0

Thus, the hydrostatic equation becomes: 8_ = pro
r

We can solve this expression by separating variables and integrating:

R
Ap = p.wz.J rdr Evaluating the integral on the right hand side:
0

2-Ap

Solving for the rotational frequency: w= |——  The pressure differential can be expressed as:

PR’

Therefore:

Substituting in values: @ = [2x —— x 9.81-2 x 8x 10 6-m x
2

Ap = p-g-Ah

w= 171629



Problem *3.120 [Difficulty: 2]

3.120 A test tube is spun in a centrifuge. The tube support
is mounted on a pivot so that the tube swings outward as '
rotation speed increases. At high speeds, the tube is nearly -
horizontal. Find (a) an expression for the radial component i
of acceleration of a liguid element located at radius r, (b) the i
radial pressure gradient dp/dr, and (c) the reguired angular :
velocity to generate a pressure of 250 MPa in the bottom of a —_— r
test tube containing water. (The free surface and bottom i
radii are 50 and 130 mm, respectively.) :
1

Given: Test tube with water

Find: (a) Radial acceleration
(b) Radial pressure gradient
(c) Rotational speed needed to generate 250 MPa pressure at the bottom of the tube

Solution: We will apply the hydrostatics equations to this system.

Governing Equations: -Vp+pg=pa (Hydrostatic equation)
op . e
— 8_ + g, = pa, (Hydrostatic equation in radial direction)
r
Assumptions: (1) Incompressible fluid

(2) Rigid body motion
(3) Radial direction is horizontal

2
Forrigid body motion: ~ a.= _ﬁ __(tw ol a = 1 w2
r r
o L : : op )
In addition, since r is horizontal: g.=0 Thus, the hydrostatic equation becomes: 8_ = pro
r
2
We can solve this expression by separating variables and integrating: Ap = p.wz.J rdr
1
'w2 2 2
Evaluating the integral on the right hand side: Ap = P .(rz -1 ) Solving for o:
2
6 N m3 1 kg-m rev
Substituting in values: w = [2x 250 x 10 -— x x 2 o
m2 999-kg ( N-52 2-7t-rad

2 2
130 x 10_3-m) - (50>< 10_3-m)

w = 938-Hz



Problem *3.121 [Difficulty: 3]

3.121 A rectangular container, of base dimensions 0.4 m =
0.2 m and height 0.4 m, is filled with water to a depth of
0.2 m; the mass of the empty container is 10 kg. The con-
tainer is placed on a plane inclined at 307 to the horizontal.
If the coefficient of sliding friction between the container and
the plane is (L3, determine the angle of the water surface
relative to the horizontal.

Given: Rectangular container of base dimensions 0.4 m x 0.2 m and a height of 0.4 m is filled with water to a depth of d =
0.2 m. Mass of empty container is M, = 10 kg. The container slides down an incline of @ = 30 deg with respect to

the horizontal. The coefficient of sliding friction is 0.30.

Find: The angle of the water surface relative to the horizontal. y
ol
Solution: We will apply the hydrostatics equations to this system. ‘
. . . - - g
Governing Equations: _Vp+ pg=pi (Hydrostatic equation)
F =Ma (Newton's Second Law)
Assumptions: (1) Incompressible fluid
(2) Rigid body motion
. . 0 9
Writing the component relations: ~ — @ = pa, @ =-pa, - a_p —pg =pa 6_p = —p(g +a )
Ox Ox Oy g Oy g
. . . op op
We write the total differential of pressure as: dp =L dx+ —dy Now along the free surface of the water dp = 0. Thus:
ox oy
Q =— op / ox =— ay and o= atan(—ﬂ\ To determine the acceleration components we analyze a free-body diagram:
d
dx  Op/oy  g+a, X
kg
M =M, + M, = M, + pyVy, M = 10:kg + 999-== x 04m x 0.2:m x 0.2m M = 25.98 kg
m
m -s2
EFy. =0=N- M-g-cos(0) N = M-g-cos(0) N = 25.98-kg x 9.81~—2 x c0s(30-deg) x . N =220.7N
gm

S

. . . N
YF=M-ay = M-gsin(0) — Fp = M-g-sin(6) — p-N  ayr = g-sin(6) — u~ﬁ

m . 1 kg-m m
ayr = 9.81-— x sin(30-deg) — 0.30 x 220.7-Nx ———— x —— an=2.357—
2 25.98-kg 2 2
S N-s
Now that we have the acceleration in the x'-y' system, we transform it to the x-y system: a, = ax,.cos(e) ay = —axvsin(e)
2357 x cos(30-deg) 2.041 2 2357 x sin(30-deg) 1.178 =
a, = 2.357-— x cos(30-de a, = 2. — a, = —2.357-— x sin(30-de a, =—1. —
) s2 ¢ ) 52 Y 52 : Y s2

2.041
Thus, o = atan —\ a = 13.30-deg
9.81 - 1.178 )



Problem *3.122 [Difficulty: 3]

3.122 If the container of Problem 3.121 slides without
friction, determine the angle of the water surface relative to
the horizontal. What is the slope of the free surface for the
same acceleration up the plane?

Given: Rectangular container of base dimensions 0.4 m x 0.2 m and a height of 0.4 m is filled with water to a depth of d =
0.2 m. Mass of empty container is M, = 10 kg. The container slides down an incline of 8 = 30 deg with respect to

the horizontal without friction.

Find: (a) The angle of the water surface relative to the horizontal.
(b) The slope of the free surface for the same acceleration up the plane.

Solution:  We will apply the hydrostatics equations to this system.

y
. . . X
Governing Equations: _Vp+pE=pi  (Hydrostatic equation) ¢ |
}7‘ = Ma (Newton's Second Law) ‘
0
Assumptions: (1) Incompressible fluid
(2) Rigid body motion
Writing the component relations: ~ — a_p = pa, 8_p =—pa, - a_p - pg = pa a_p = —p(g +a )
Ox Ox Oy g Oy g
. . . op op 3
We write the total differential of pressure as: dp =L dx+ —dy Now along the free surface of the water dp = 0. Thus:
oy
Q =— op / Ox =— ay and o= atan(—?\ To determine the acceleration components we analyze a free-body diagram:
dx  Op/oy  g+a, X
kg
M= M+ My = Mg+ pyVy, M = 10kg + 99— 0.4mx 0.2mx 02m M = 2598k
m
YF=Magy=Mgsin(0) ay=gsin0) a, =a,cos(6) = g-sin(6)-cos(6) y

ay = ~aysin(60) = o-(sin(6))° p |

y
Thus, % _ g-sin(0)-cos(0) _ _sin(6)~cos(9) _ _sin(z) _ _tan(0) o = 30-deg A
< di-ened] oey? ® b

For the acceleration up the incline: a, = —g-sin(0)-cos(6) ay = g-(sin(e))2

in(30-deg)-cos(30-d
slope = sin( cg)-cos( cg) slope = 0.346

g[l + (sin(e))2] 1+ (sin(e))2 1+ (sin(30-deg))2

g-sin(0)-cos(0) _ _sin(e)-cos(e)

Thus,  slope =



Problem *3.123

[Difficulty: 3]

3.123 A cubical box, 80 cm on a side, halffilled with oil
(S0 = 0.80), is given a constant horizontal acceleration of 0.25
g parallel to one edge. Determine the slope of the free surface
and the pressure along the horizontal bottom of the box.

Given: Cubical box with constant acceleration
Find: Slope of free surface; pressure along bottom of box
Solution:  Basic equation —Vp + ps = pa

In components ip + pgy = pay ip T Pgy = pay
X 0

y
We have ay = ay g, =0 ay:O gy =78 a, =0 g,=0
Hence 6_p = —SG-p-a, (1) —p=-SGpg (@ —p = A3)
ox oy 0z
From Eq. 3 we can simplify from p=px,y,z) to p = p(x,y)
Hence a change in pressure is given by dp = a_p dx + a—p~dy 4)
ox oy
0
d 6_p a 0.25
At the free surface p = const., so dp=0= a_p.dx n a_p.dy or & _x __x__ )
ox oy dx 0 g g
—P
ay
dy
Hence at the free surface — =-0.25
dx
The equation of the free surface is then y = 2ic and through volume conservation the fluid rise in the rear
4 balances the fluid fall in the front, so at the midpoint the
free surface has not moved from the rest position
Forsize T = 80-cm atthe midpoint x = L y = L (box is half filled) L = —lL +C C= E.L y = E.L _X
2 2 2 4 2 8 8 4
Combining Eqgs 1, 2, and 4 dp = -SG-p-a,-dx — SG-p-g-dy or  p=-SG-pagx—SGpgy+c
5 5 5
We have P = Patm when x =0 y = §~L SO Patm = —SG~p-g.§.L +C C=Pym*t SG.p.g.E.L
5 5 X
P(X.,¥) = Pagm + SG~p-(§~g-L —ayX - gy} = Patm *+ SG-p~g~(§~L VR
On the bottom y = 0 so
2
5 k N 5 kP
p(x,0) = pyyy + SG-p-g:| 2L - XV o1+ 08x 10008« N5 gg1 ™ (3, pgm_ X, kPa
8 4) 3 kem 2 8 ) 103

p(x,0) = 105 — 1.96-x  (p in kPa, x in m)



Problem *3.124

[Difficulty: 3]

3.124 Gas centrifuges are used in one process to produce
enriched uranium for nuclear fuel rods. The maximum
peripheral speed of a gas centrifuge is limited bwv stress
considerations to about 950 ft/s. Assume a pas centrifuge
containing uranium hexafluoride gas, with molecular gas M, =
352, and ideal gas behavior. Develop an expression for the
ratio of maximum pressure to pressure at the centrifuge axis.
Evaluate the pressure ratio for a pas temperature of 623°F.

Given: Gas centrifuge, with maximum peripheral speed Vmax = 950 ft/s contains Vi = >
uranium hexafluoride gas (M = 352 1b/lbmol) at 620 deg F. nax
Find: (a) Ratio of maximum pressure to pressure at the centrifuge axis
(b) Evaluate pressure ratio at 620 deg F.
Solution: We will apply the hydrostatics equations to this system.
Governing Equations: _Vp4pE=pi  (Hydrostatic equation)
op . . :
— a_ + pg, = pa, (Hydrostatic equation radial component)
r
Assumptions: (1) Incompressible fluid
(2) Rigid body motion
(3) Ideal gas behavior, constant temperature
. . v (r- w)z 2 op p )
For rigid body motion: a=——=— = 1w Thus: —=-pa, =——ro
r r or R,T
Separating variables and integrating:
p T 2 2
2 S P) W D P2 Vinax
—dp=—— rdr In — =——-—  where wedefine: V. =wry therefore: Inf — =
p Rg-T 0 plj RgT 2 plj Z-Rg-T
Pq
2
Vmax
Po 2.R_-T )
Solving for the pressure ratio: Prat= — =¢ g
P
The gas constant: R = ﬂﬁ = 4.739. fi-Ibf
£ 352 IbmR & Ibm-R

Ibm-R

Substituting in all known values: Prat = ©

f)* 1 1 Ibf:s”
950-— | x—x X X
s) 2 439-ftIbf (620+460)-R 32.2-lbm-ft

Prat = 192



Problem *3.125 [Difficulty: 3]

3.125 A pail, 400 mm in diameter and £00 mm deep, weighs
15 M and contains 200 mm of water. The pail is swung in a
vertical circle of 1-m radius at a speed of 5 m/s. Assume the
water moves as arigid body. Atthe instant when the pail is at
the top of its trajectory, compute the tension in the string and
the pressure on the bottom of the pail from the water.

Given: Pail is swung in a vertical circle. Water moves as a rigid body. V=5m/ <L>
Point of interest is the top of the trajectory. B S i J T
Find: (a) Tension in the string g
(b) Pressure on pail bottom from the water. R=1m
. , , , , T r
Solution: We will apply the hydrostatics equations to this system. i
Governing Equations: -Vp+pg = pa (Hydrostatic equation)
op (Hydrostatic equation radial component)
-~ tprg. =pa,
or
Assumptions: (1) Incompressible fluid

(2) Rigid body motion
(3) Center of mass of bucket and water are located at a radius
of 1 m where V =ro =5 m/s

v

Summing the forces in the radial direction: ~ —T — (Mb + MW)- g = (Mb + Mw)ar where  a = —
A 2
L s kg-m
Thus the tension is: T = (Mb + MW)- —_— - where: My, = 15-Nx X My = 1.529-kg
r ) 9.81-m 2
N-s
k
and: My, =pV= p~§~d2~h My, = 999-—g X % X (0.4-m)2 x 0.2:m My, = 25.11-kg
3
2 2
1 N-
Now we find T: T = (1.529 + 25.11)-kg x sV L g, N T = 405-N
s) I-m S2 kg:m
2 2
If we apply this information to the radial hydrostatic equation we get: — 8_p - pg = _pV_ Thus: a_p =p V_ —g
or r or r

If we assume that the radial pressure gradient is constant throughout the water, then the pressure gradient is equal to:

kg m 2 1 m N~s2 kPa
pr = 999-— x — X - 9.81-— | x pp=15.17—
3 s) I-m 2| kgm m
m s
and we may calculate the pressure at the bottom of the bucket: Ap = pAr Ap = 15.17-@ x 02:m  Ap = 3.03-kPa

m



Problem *3.126 [Difficulty: 3]

3.126 A partially full can of soda is placed at the outer edge D=25in
of a child’s merry-go-round, located & = 5 ft from the axis of ’ ’
rotation. The can diameter and height are 2.5 in. and 5 in, L.-f) |<—)|
respectively. The can is half full, and the soda has specific ZA -
pravity SG = 1.05. Evaluate the slope of the liquid surface in 7’ I—I/2$ i H=5in.
the can if the mermv-go-round spins at 20 rpm. Calculate the > — 1

spin rate at which the can would spill, assuming no slippage >

between the can bottom and the merry-go-round. Would the R=51 SG=1.05
can most likely spill or slide off the merrv-go-round?

Given: Half-filled soft drink can at the outer edge of a merry-go-round
w = ()3re_V
s
Find: (a) Slope of free surface

(b) Spin rate necessary for spillage
(c) Likelihood of spilling versus slipping

Solution: We will apply the hydrostatics equations to this system.

Governing Equations:

-Vp+ pg =pa (Hydrostatic equation)

op (Hydrostatic equation radial component)
———+pg, =pa,

or

op (Hydrostatic equation z component)
———+pg. =pa,

oz

Assumptions: (1) Incompressible fluid

(2) Rigid body motion
(3) Merry-go-round is horizontal

2
_(r~u.>) = —r-w2 a, =0 &= 0 &,="¢ Thus: a_p = pra)z a_p =-P8 Sop =p(r2)
r or 0z

ar: =

v

dz __dplor _ pro’ _ro’

op op . ) “e __
dp = Edr + g dz  Forthe free surface the pressure is constant. Therefore: dr op / o P g

2

. 2
So the slope at the free surface is  slope = 5-ft x (20-“3—.V x 2-m-rad S slope = 0.681

X
min  60-s rev } 32.2-1t

To spill, the slope must be = 3 slope .., = 2.000
2.5 P
g dz rad
Th N = —_—.— = . h—
us Wp ’ o Wp 3.59 S

This is nearly double the original speed (2.09 rad/s). Now the coefficient of static friction between the can and the surface of the
merry-go-round is probably less than 0.5.Thus the can would not likely spill or tip; it would slide off!



Problem *3.127 [Difficulty: 2]

3.127 When a water polo ball s submerged below the
swrface in a swimming pool and released from rest, it is
observed to pop out of the water. How would vou expect the
height to which it rises above the water to vary with depth of
submersion below the surface? Would vou expect the same
results for a beach ball? For a table-tennis ball?

Discussion:  Separate the problem into two parts: (1) the motion of the ball in water below the pool surface, and (2) the
motion of the ball in air above the pool surface.

Below the pool water surface the motion of each ball is controlled by buoyancy force and inertia. For small depths of submersion
ball speed upon reaching the surface will be small. As depth is increased, ball speed will increase until terminal speed in water is
approached. For large depths, the actual depth will be irrelevant because the ball will reach terminal speed before reaching the pool
water surface. All three balls are relatively light for their diameters, so terminal speed in water should be reached quickly. The depth
of submersion needed to reach terminal speed should be fairly small, perhaps 1 meter or less (The initial water depth required to
reach terminal speed may be calculated using the methods of Chapter 9).

Buoyancy is proportional to volume and inertia is proportional to mass. The ball with the largest volume per unit mass should
accelerate most quickly to terminal speed. This will probably be the beach ball, followed by the table-tennis ball and the water polo
ball.

The ball with the largest diameter has the smallest frontal area per unit volume; the terminal speed should be highest for this ball.
Therefore, the beach ball should have the highest terminal speed, followed by the water polo ball and the table-tennis ball.

Above the pool water surface the motion of each ball is controlled by acrodynamic drag force, gravity force, and inertia (see the
equation below). Without aerodynamic drag, the height above the pool water surface reached by each ball will depend only on its
initial speed (The maximum height reached by a ball in air with aerodynamic drag may be calculated using the methods of Chapter 9).
Aerodynamic drag reduces the height reached by the ball.

Aerodynamid drag is proportional to frontal area. The heaviest ball per unit frontal area (probably the water polo ball) should reach
the maximum height and the lightest ball per unit area (probably the beach ball) should reach the minimum height.

dv 1 . 1
EFy =-Fp-mg= m-ay = m~E = —CD~A~E-p~V2 - m-g since  Fpy= CD~A~E-p~V2
Vo
1
y Thus, ——F —¢g= v = V.d—V 1) We solve this by separating variables:
m dt dy
Fp
V-dVv . . . . .
= —g.dy Integrating this expression over the flight of the ball yields:
W=mg 2y Csz\
m-g 2 m-g 14 ) 0
— n| —_— = —O.
p-CpyA mg 2 ) Comax
pCpA V, ) Fpo )
Solving for the maximum height: Ymax = — \In| 1 + D R Simplifying: Ymax = —L.ln 1+ _Do 2)
p-CpA mg 2 ) p-CpA mg )

Vo

If we neglect drag, equation (1) becomes: —g.dy = V-dV  Integrating and solving for the maximum height: Ymax = ——=— 3)
2-g
Checking the limiting value predicted by Eq (2) as Cp—>0 :we remember that for small x that In(1+x) = -x. Thus:

limy = lim

2 2
m  pCrA V_o V_o which is the resultin Equation (3).
Cp—0 Cp—0

pCod mg 2 ) 2g



Problem *3.128 [Difficulty: 4]

3.128 Cast iron or steel molds are wsed in a horizontal-
spindle machine to make tubular castings such as liners and
tubes. A charge of molten metal is poured into the spinning
maold. The radial acceleration permits nearly uniformly thick
wall sections to form. A steel liner, of length L = 6 ft, outer
radius r = 6 in., and inner radius ri= 4 in., is to be formed by
this process. To attain nearly uniform thickness, the angular
velocity should be at least 300rpm. Determine (a) the resulting
radial acceleration onthe inside surface of the linerand (b) the
maximum and minimum pressures on the surface of the mold.

Given: A steel liner is to be formed in a spinning horizontal mold. To insure uniform thickness
the minimum angular velocity should be at least 300 rpm. For steel, SG = 7.8 ‘
Find: (a) The resulting radial acceleration on the inside surface of the liner
(b) the maximum and minimum pressures on the surface of the mold (gravity is
downward in
. ) ) ) ) this diagram)
Solution: We will apply the hydrostatics equations to this system.

Governing Equations:

-Vp+pg =pa (Hydrostatic equation)
op (Hydrostatic equation radial component)
———+pg, =pa,
or
1 op (Hydrostatic equation transeverse component)
————+pg, = pa,
r o6
P (Hydrostatic equation z component)
-~ tpg.=pa.
oz
Assumptions: (1) Incompressible fluid
(2) Rigid body motion
VvV rw)’ 2
a=——=-— =-TWw ag="0 a,=0 g, = —g-cos(6) gg = g-sin(6) g, =0
r r
rev  2.m-rad min\2 ft ft
Hence:  a. = 4-inx |300x — x ———x — | x - a,=329.-— a,=1023-g
min rev 60-8) 12-in 52
op ) op . op
Thus: 5=Pgr—,0“r:/3m’ — pgcostd £=prg9—pm9=prgsme gngz—/?azzo
op op 2 .
dp=—dr+—do = (pra) — g COS H)dr + (prg sin H)dH
or 00
. . 0
We can integrate to find pressure as a function of r and 0. p(ri’ 6) = Patm a_p _ pl”a)2 — pgcosf
rJeo

r
Therefore, we integrate: p —p,, = J (p.r.wz - p~g-cos(6)) dr + £(0)

I



2 2
2 I'—I'i

P =Py + PW — p-g-cos(9)~(r — ri) + f(0) Taking the derivative of pressure with respect to 6:

2
3_p = p(r -7 )g sin @ + 1 =prg sin & Thus, the integration function f(0) is: f(0) = —p-g-ri-cos(e) + C
00). do

. 2\ 7 f )

Therefore, the pressure is: P =Pyt + P°W . p-g-(r— ri)-cos(e) - p-grjeos(6) + C
The integration constant is determined from the boundary condition: p(ri° 6) = Patm

2 2

2 \h T

Patm = Patm T P'W T - p-g~(ri - ri)-cos(e) - p-grjeos(6) + C —p-g-rjcos(0) + C=0 C = p-g-1j-cos(6)

G
Therefore, the pressure is:  p = p, + p-w Tl - p-g-(r— ri)-cos(e)

The maximum pressure should occur on the mold surface at 6 = n:

2 2 2) )

I 1 [6%-4 I i (6-4 Ibf-
Pmaxgage = 781,94 508) (31.42-—rad\ A 2 (Ggioa el gy (T)-ft- cos(T) I—Sf
ft3) S 2 122 ) ft3) SZ slug-ft

Pmaxgage = 1119-psf Pmaxgage = 7.77-psi

The minimum pressure should occur on the mold surface at 6 = 0:

2 2 ,2) 2

I 1 [67-4 I ft (6-4 Ibt-
Pmingage = 781,94 SM8) (31.42-3‘1\ DL R S R PRI L) I (T)-ft- cos(0) I—Sf
ft3 ) s 2 122 ) ft3 ) S2 slug-ft

Pmingage = 956-psf Pmingage = 6.64-psi

(In both results we divided by 144 to convert from psfto psi.)



Problem *3.129

[Difficulty: 4]

3.129 The analysis of Problem 3.121 suggests that it may be
possible to determine the coefficient of sliding friction
between two surfaces by measuring the slope of the free
surface in a ligquid-filled container sliding down an inclined
surface. Investipate the feasibilitv of this idea.

Discussion:

A certain minimum angle of inclination would be needed to overcome static friction and start the container
into motion down the incline. Once the container is in motion, the retarding force would be provided by
sliding (dynamic) friction. the coefficient of dynamic friction usually is smaller than the static friction
coefficient. Thus the container would continue to accelerate as it moved down the incline. This acceleration
would procide a non-zero slope to the free surface ofthe liquid in the container.

In principle the slope could be measured and the coefficent of dynamic friction calculated. In practice several problems would arise.

To calculate dynamic friction coefficient one must assume the liquid moves as a solid body, i.e., that there is no sloshing. This
condition could only be achieved if there were nminimum initial disturbance and the sliding distance were long.

It would be difficult to measure the slope of the free surface of liquid in the moving container. Images made with a video camera or a
digital still camera might be processed to obtain the required slope information.

EFy =0=N- M-g-cos(0) N = M-g-cos(0)
YFy = M-a, = M-g-sin(6) — Fp Fp = N = py-M-g-cos(6)

Thus the acceleration is:

a, = g-sin(6) — py-g-cos(6) Now for a static liquid: —~Vp+pg =pa
op . . op
——+pgsm6’=pax=p(gsm0—,ukgcos¢9) — = pgu, cosf
ox ox
_a_p_pgcosgzpax:() a—p:—pgcosé?
y y

dp = a—pa’x +a—pdy
ox oy

dy _ Op/ox _ pgp cosf _

For the free surface the pressure is constant. Therefore: dx op / oy - g cos 0 -

So the free surface angle is: o = atan(uk) Now since it is necessary to make the container slip along the surface,

0> atan(us) > atan( uk) =

Thus, a < 0, as shown in the sketch above.



Problem 4.1 [Difficulty: 2]

.1 A mass of 5 lbmis released when it is just in contact with a
spring of stiffness 25 Ibf/ft that is attached to the ground
What is the maximum spring compression”? Compare this to
the deflection if the mass was just resting on the compressed
spring. What would be the maximum spring compression if
the mass was released from a distance of 5 ft above the top
of the spring?

Given: Data on mass and spring
Find: Maximum spring compression
Solution:
. . Ibf
The given data is M = 51b h = 5-ft k =25—
ft

Apply the First Law of Thermodynamics: for the system consisting of the mass and the spring (the spring has gravitional potential
energy and the spring elastic potential energy)

Total mechanical energy at initial state E; =0

Note: The datum for zero potential is the top of the uncompressed spring

Total mechanical energy at instant of maximum compression x Ey =M-g(—=x) + l-k-x2
2
1
SO 0=M-g(=x)+ E-k-x2
. 2-M- ft ft 2.2-1b-ft
Solving for x x = =8 X =2x51bx 322 — x X 3 b x = 0.401-ft
k 2 25-1bf 2
S s -Ibf
. . . M-g
When just resting on the spring X = —= x = 0.200 ft
k
When dropped from height h:
Total mechanical energy at initial state El =M-gh
Total mechanical energy at instant of maximum compression x E2 =M-g-(—x) + l.k-x2
2

Note: The datum for zero potential is the top of the uncompressed spring
But E| =E,

1
SO M.g.h B M.g.(_x) + E.k.xz



2 2-Mg 2-M-g-h
X - X — =
k k

0

Solving for x

2
M- M- 2M-gh
L Mg +j( g) g

k k)+k

2
i ft 3221bft i ft 3220bft i ft 3221bft
x = 5-1bx 32.2-— x o X 3 b + [| 5-1bx 32.2-— x o X 3 b \\ +2x 5-1bx 322 — x o X 3 b x5
2 B s2.Ibf 2 21bf ) <2 2 s2.Ibf
x = 1.63-ft

Note thatignoring the loss of potential of the mass due to spring compression x gives

> M-gh
X = /Tg x = 1.41-ft



Problem 4.2

[Difficulty: 2]

4.2 Anice-cube tray containing 250 mL of freshwater at 15°C
is placed in a freezer at —5°C. Determine the change in
internal energy (kJ) and entropy (kI/K) of the water when it

has frozen
Given: An ice-cube tray with water at 15°C is frozen at —5°C.
Find: Change in internal energy and entropy
Solution: Apply the Tds and internal energy equations
Governing equations:  Tds = du + pdv du =c,dT
Assumption: Neglect volume change

Liquid properties similar to water

The given or available data is:

T, =(15+273)K=288K T, =(-5+273)K =268 K

¢, =12 p=999KE
kg-K m
Then with the assumption: Tds =du+ pdv =du =c dT
or ds=c, ar
T
T T.
Integrating s, =8, =c, ln(—z] or AS = m(S2 -5 ) =ple, ln[ 7
1
-6_.3
AS =999 K& p5omL 10 My Keal ) f1268
m mL kg-K 288
AS = —0.0753H
K
Also uz—ulzcv(Tz—Tl) or AU:mcv(Tz— 1)=IOVCVAT
-6 _..3
AU =999 € . 250mpx 1My keal (568 28s)
m mL kg-K

AU =-20.9k]

x4190——

Kx4190 —
kcal



Problem 4.3 [Difficulty: 2]

£.3 A small steel ball of radius = 1 mm is placed on top of a
horizontal pipe of outside radius K = 50 mm and begins to
roll under the influence of gravity. Rolling resistance and air
resistance are negligible. Asthe speed of the ball increases, it

eventually leaves the surface of the pipe and becomes a
projectile. Determine the speed and location at which the
ball loses contact with the pipe.

Given: Data on ball and pipe
Find: Speed and location at which contact is lost
4

Solution: Fo i
The given data is r = 1-mm R = 50-mm

ZFH =F, — m-g-cos(0) = ma,

a, =—

n R+r
Contact is lost when F,=0 or -m-g-cos(0) = —m-
R+r

e g (R +1)-cos(®) (1)
For no resistance energy is conserved, so E=mgz+ m~7 =m-g-(R + 1)-cos(6) + m-T =Ej=mg(R+1)
Hence from energy considerations vioo g-(R + 1)-(1 — cos(8)) @)
Combining 1 and 2, V2 =2-g(R+1)(1 —cos(0)) = g-(R + r)-cos(0) or 2-(1 — cos(6)) = cos(0)

2
Hence 0 = acos(—\ 0 = 48.2-deg

3)

Then from 1 V=yR+1ngcos(d) V=0577"
S



Problem 4.4

[Difficulty: 2]

f.4 A fully loaded Boeing 777-200 jet transport aircraft
weighs 325000 kg. The pilot brings the 2 engines to full
takeoff thrust of 450 kN each before releasing the brakes.
Meglecting aerodynamic and rolling resistance, estimate the
minimum runway length and time needed to reach a takeoff
speed of 225 kph. Assume engine thrust remains constant
during ground roll.

Given: Data on Boeing 777-200 jet
Find: Minimum runway length for takeoff
Solution:
. . dv dv s . .
Basic equation XF, = 1\/[.T = M.V.d— = F; = constant ~ Note that the "weight" is already in mass units!
t X
Separating variables M-V-dV = F-dx

Integrating X = MV
2-F,
1 3 km  Ikm e ) 1 1 Ns
X = —x 325 x 107kg x | 225 — x X ) X — X x =74Tm
2 hr  10000m  3600-s 2 % 425 x 103 N kgm
F
For time calculation M v _ Fy dv = —t~dt
dt M
Integrating t= MV
Fy
3 km  Lkm  Lhr 1 I Ns
t:325><10kg><225h—>< X X -—><k t=239s
r 1000-m  3600-s 2 % 425 x 103 N gm

Aerodynamic and rolling resistances would significantly increase both these results



Problem 4.5

[Difficulty: 2]

4.5 A police investigation of tire marks showed that a car
traveling along a straight and level street had skidded to a
stop for a total distance of 200 ft after the brakes were
applied. The coefficient of friction between tires and pave-
ment is estimated to be p = 0.7, What was the probable
minimum speed (mph) of the car when the brakes were
applied? How long did the car skid?

Given: Car sliding to a stop
Find: Initial speed; skid time
Solution:

Governing equations: YFy=M-ay Fp=pW

Assumptions: Dry friction; neglect air resistance

Given data L = 200-ft p =07
¥F F p-W=M-a W a w d2
= — = —- = . = —- = ——X
X f X o X o dt2
2
or d_zxz _IJ’g
dt
Integrating, and using I.C. V=Vjatt=0
dx
Hence - —pegt+ e = gt + Vg 0y
. . | ) | .
Integrating again Xx=-—gt +Vgt+cy= _E.g.t + Vot sincex=0att=0 2)
2
We have the final state, at which Xg = L and E =0 at t=te
dt
V
d 0
From Eq. 1 & 0= gty + VO SO tp=—
dt g
2 2
Vo ) V, V,
T 1 1 1 0 0 0
Substituting into Eq. 2 x=xp=L= ——-g~t2 + Vot = ——~g-tf2 +Votp=—1g (_ +Vy— = ——
2 2 2" (g wg  2pg
Vo
Solving L=—— or Vo =V2-wgl
2-p-g
V
Using the data Vo = 64.7-mph The skid time is tp = — tp=421s



Problem 4.6

[Difficulty: 2]

4.6 A high school experiment consists of a block of mass 2 kg
sliding across a surface (coefficient of friction g = 0.6). If it is
given an initial velocity of 5 m/s, how far will itslide, and how
long will it take to come to rest? The surface is now rough-
ened a little, so with the same initial speed it travels a dis-
tance of 2 m. What is the new coefficient of friction, and how
long does it now slide?

Given: Block sliding to a stop

Find: Distance and time traveled; new coeeficient of friction
Solution:

Governing equations: YFy = M-ay Fp=pW

Assumptions: Dry friction; neglect air resistance

Given data p = 0.6 Vo = 5-2 M = 2-kg L=2m
s
2 2
w W d d
EFX = —Ff =—uW= M~aX =—a, = ——5X or —X =g
g g dt dt
Integrating, and using I.C. V=Vjatt=0
X
Hence T —pegt+ e = gt + Vg (1)
t
. . | ) | .
Integrating again Xx=-—gt +Vgt+cy= _E.g.t + V-t sincex = Oatt=0 2)
2
. . dx
We have the final state, at which Xg = L and — =0 t=ty
dt
dx Vo . .
From Eq. 1 — =0= —peg-te + VO SO tp = — Using given data ty = 0.850s
dt H-g
2 2
Vo ) V, V,
o 1 1 1 0 0 0
Substituting into Eq. 2 x=xp=L= ——-g~t2 + Vot = ——~g-tf2 + Vortp = __.g.(_ +Vy— = ——
2 2 2" (g wg  2pg
V02
Solving X = — 3) Using give data Xx=212m
2-p-g
V02 V
For rough surface, using Eq. 3 withx =L p=— p = 0.637 tp = — te = 0.800s



Problem 4.7

[Difficulty: 2]

4.7 A car traveling at 30 mph encounters a curve in the road.
The radius of the road curve is 100 ft Find the maximum
speeds (mph) before losing raction, if the coefficient of friction
on adry road is pay = 0.7 and on a wet road is e = 0.3,

Given: Car entering a curve

Find: Maximum speed

Solution:

Governing equations: YF.=M-a, Fp=pW a. = ﬁ
r

Assumptions: Dry friction; neglect air resistance

Given data “dry =07 ¢ = 0.3 r = 100-ft

Hwe

3F.= Fp=-ppW=-pMg=Ma, = M-T

or V=4prg

Hence, using given data V= [bdryTe V = 32.4-mph V= [Myerts

V = 21.2-mph



Problem 4.8

[Difficulty: 2]

4.8 Air at 200C and an absolute pressure of 1 atm is com-
pressed adiabatically in a piston-cvlinder device, without
friction, to an absolute pressure of 4 atm in a piston-cvlinder
device. Find the work done (MI).

Given: Data on air compression process
Find: Work done

Solution:

Basic equation dw = p-dv

Assumptions: 1) Adiabatic 2) Frictionless process 6w = pdv

Given data

From Table A.6 R = 286,9.L and
kg-K

p; = latm  p, = 4-atm T; =20°C T;=293K

k=14

Before integrating we need to relate p and v. An adiabatic frictionless (reversible) process is isentropic, which for an ideal gas gives

Py )

(RTz\k

kJ
kg

c
p.Vk =C where k = P
Cy
—k
dw=pdv=Cv -dv
Integrating W= L(V =k, l_k) - -(p N pi-v Ky l_k)
k—1\2 2 (k—1)222 1'1 "2
RT; (T, )
R 1 2
= -(T2 - Tl) = 1==1 (1)
k-1 k-1 | T }
k
k k k RT)
But pv =C means PVl =PrVy or Pl —
Py )
k-1
k
. Ty (Pp2)
Rearranging — = —
Ty \r1)
k-1
k
o RTy|(p2)
Combining withEq. 1 w = ——.|| — —
1.4-1
1.4
1 J 4
= — x 286.9- x (20 + 273)K x —\ -1 w=102—
0 kg-K 1)



Problem 4.9 [Difficulty: 2]

£.9 In an experiment with a can of soda, it took 2 hr to cool
from an initial temperature of 80°FF to 45°F in a 35°F
refrigerator. 1f the can is now taken from the refrigerator and
placed in a room at 72°F, how long will the can take to reach
60°F? You may assume that for both processes the heat
transfer is modeled by = k(T — T}, where T'is the can
temperature, Toymy 5 the ambient temperature, and £ is a
heat transfer coefficient.

Given: Data on cooling of a can of soda in a refrigerator
Find: How long it takes to warm up in a room
Solution:

The First Law of Thermodynamics for the can (either warming or cooling) is

M'C'd_T = _k'(T - Tamb) or Z_T - _k'(T - Tamb)

dt

where M is the can mass, c is the average specific heat of the can and its contents, T'is the temperature, and Ty is the ambient

temperature
Separating variables _dr = —A.dt
T = Tamb
Integrating T(t) = Typp + (Tinit - Tamb)'e_ At

where Tipi¢ is the initial temperature. The available data from the coolling can now be used to obtain a value for constant 4

Given data for cooling Tinit = 80°F Tinit = 540-R Tomb = 35°F Tamb = 495-R
T = 45°F T = 505-R when T =2-hr
Tinie = Tamp )
1 t b 1 1-h 540 — 495 -4 -
Hence oo L nit” Camb ! L Lhr (540 - 495) k=209x 10 *s !
T T Tymy ) 2hr 3600 505 — 495 )
Then, for the warming up process
Tinit = 45°F Tinit = S05-R Tymp = 72°F Tymp = 532°R
Tend = 60°F Tend = 520-R
with T. =T T T kT
end = 'amb * ( init — amb)'e
Tiit = Tamb ) _
Hence the time t is T= l n it amb = a .ln(505 532\ T=3.88 % 103s T = 1.08-hr
kK (Tend = Tamb)  5g0.10- 4 L3520~ 532)



Problem 4.10 [Difficulty: 2]

£4.10 A block of copper of mass 5 kg is heated to 9WPC and
then plunged into an insulated container containing £ L of
water at 107C. Find the final temperature of the system. For
copper, the specific heat is 385 Nkg. K, and for water the

specific heat is 4186 Ik K.

Given: Data on heating and cooling a copper block
Find: Final system temperature

Solution:

Basic equation Q- W=AE

Assumptions: 1) Stationary system AE= AU 2) No work W =0 3) Adiabatic Q=0

Then for the system (water and copper)

AU=0 or Mcopper'ccopper'Tcopper + Myey Ty, = (Mcopper'ccopper + MW'CW)'Tf
where Ty is the final temperature of the water (,,) and copper (copper)
The given data is M =5k = 385 1 = 4186 1 V =4.L
gl copper — X8 Ccopper ~ ke K Cw = ke K -
Tcopper = (90 + 273)-K T, = (10 + 273)-K
kg
Also, for the water p = 999.—3 o M, =pV My, = 4.00kg
m
M -C -T + M, ¢y T
Solving Eq. 1 for Ty Ty = copper “copper ' copper wrW o w
(Mcopper'ccopper + Mw'cw)

Ty = 291K Tp = 18.1-°C

(1)



Problem 4.11 [Difficulty: 2]

£3.11 The average rate of heat loss from a person to the sur-
roundings when not actively working is about 85 W, Suppose
that in an auditorium with volume of approximately 3.5 =
10F m*, containing 6000 people, the ventilation system fails.
How much does the internal energy of the air in the audi-
torium increase during the first 15 min after the ventilation
system fails? Considering the auditorium and people as
asvstem, and assuming no heat transfer to the surroundings,
how much does the internal energy of the system change? How
do vou account for the fact that the temperatre of the air
increases? Estimate the rate of temperature rise under these

conditions,
Given: Data on heat loss from persons, and people-filled auditorium
Find: Internal energy change of air and of system; air temperature rise
Solution:
Basic equation Q- W=AE

Assumptions: 1) Stationary system AE =AU 2) No work W =0

60-
x 6000-people x 15-min x —— AU = 459-MJ
person min

Then for the air AU = Q=85

For the air and people 0

AU = qurroundings =

The increase in air energy is equal and opposite to the loss in people energy

For the air AU=Q but for air (an ideal gas) AU = M.CV.AT with M=pV= p-V
Rair' T
R, -QT
Hence AT = Q ——
M-c, ¢y pV
J J
From Table A.6 R,ir = 286.9-—— and ¢y = 7174 ——
kg-K kg-K
286.9 6 1 o 1
= — x 459 x 10 -J x (20 + 273)K x — X -— AT =1.521K
774 101x100 N 35%10° m
. . . . AT K
This is the temperature change in 15 min. The rate of change is then = 6.09-—

15-min hr



Problem 4.12

[Difficulty: 3]

£.12 The welocity field in the region shown is given by
v (aj I f:uy.if_:- where a = 10m/s and b =5s"", For the 1m
# 1 mtriangular control volume (depth w = 1 m perpendicular
to the dlagmm} an element of area @ may be represented
b dA; widzf wd}.i: and an element of area @j b
dAs weyk. .
i(a) Find an expression for V. d4,.
(b} Evaluate -'I;'I.E cdAy.
ic) Find an expression for V . dA;.
(d) Find an expression for V(V . dd).
(e) Evaluate [, V(V-dAz).

L7 Control
ARy volume

&
S
®

\.._"|.-'

>

Given: Data on velocity field and control volume geometry
Find: Several surface integrals
Solution:
dA, = wdzj — wdyk dA, = dzj — dvk
dA, = —wdyk dd, = —

7 =(aj + byk) 7 =(10j+5yk)

(a) V-dd, = (10 j +5yk) (dz}—dylé)z 10dz — 5ydy

1 1 1
(b) V- dA, :IlOdz—ISydy=1oz|;—§y2 -75
4 0

(c) V-dd, = (1 0j+5 ylé)- (— dy/€)= —5ydy

@ P -da)=-{10j+5ykyay

1
©) J (7 -da, )= JlO]+5yk)5ydy— 25y ]‘ ——yk
0

\ Control

volume

4 Y

—257-8.33k



Problem 4.13

[Difficulty: 3]

& 1‘3 The shaded area shown is in aﬁnwwherethexelmm field

is given by V = axi 4 b}; a=h=15", andthe coordinates
are measured in meters. Evaluate the xnlume fiow rate and

the momentum fiux through the shaded area (p = 1 kg/m™).

Given: Data on velocity field and control volume geometry
Find: Volume flow rate and momentum flux
Solution:

First we define the area and velocity vectors
dA= dydzf + dydyxlg

I7=axiA+by]A' or I7=x5+yj' X

. . 4
We will need the equation of the surface: z=3- %x or x=4- 52

Then

a) Volume flow rate

0= Lﬁ'dg _ J‘A (xf+yj)' (dydzf+dxdyl€):

S Ly

3 3
0=(60-30) " =30"—
S S

b) Momentum flux

pL V(Vd;l)= pI (xlA + yf \xi + yj)~(dydzf +dxdy/€): pI (xlA + ijxdydz)

2

= p.”. 2dydzi +pjjxydyd21 5](4—§zj dzi +2—

3
J( 6—— +— 2}dzz°+£(4z—gzzj
0 2 3

=5(48—48+16) +75;

00

Momentum flux =80i + 75/ N

p o 4 2
.[xdydz = 5](4——2)012 = 5(42——zzj
0 0 3 3

5 5 4
5 J(4—§Zjdzj

3

0



Problem 4.14 [Difficulty: 3]

.14 The areashown shaded is in a fiow where the velocity field
is given by V = axi + byj+ckya = b =25"and ¢ = 1 mfs.
Write a vector expression for an element of the shaded area
Evaluate the inteprals [V -dA and [[V(V .4A) over the

shaded area.
Given: Data on velocity field and control volume geometry }
Find: Surface integrals
Solution:

First we define the area and velocity vectors

d;lzdydzf+dxdz}' l7=axiA+by]A'+c1€ or 17:2xf+2y}+/€
2
We will need the equation of the surface: y = E X or x= 5 y
Then *
LV-dA = I (— axi +byj + ck)- (dydzf —dxdzj)
23 22 2 3, 2 24 1 .F 3 P
.” axdydz — jjbydxdz = —aJ-dzJ.—ydy bjdzj—xdx =—2a—y’| —=2b=x’
00 00 0 03 0 02 37 o 4

3

0 =(~6a—6b)=-24"
S

. . : 2 3
We will again need the equation of the surface: y = 5 X or x= 3 y,and also dy = de and a=b
L 17(17 . d?l) = I (— axi +byj + ckX— axi +byj + ck)- (dydzf — dxdzj )

—axi +byj + ckX axdydz — bydxdz)

= [— axi + ax] + ckj(— ax%dxdz — a%xdxdz]

A

J. (— axi + %axj + clgj(— 3axdxdz)

A

22 9 22
= 3]](12 2dxdzi — I.[az 2dxdz] — 3.”acxdxdzk
00 2 00

=(6{Cl x? ]A 9 a’ } {ac%

= 641 —96 ] — 60k m—z
S

2

}=16a2524a2j12acl€

0



Problem 4.15 [Difficulty: 2]

£.15 Obtain expressions for the x-'nl!.lme flow .rate and the e |
momentum fux through cross section (D of the control
volume shown in the diagram.

Width = w
Given: Control Volume with linear velocity distribution
y
Find: Volume flow rate and momentum flux
Solution: Apply the expressions for volume and momentum flux
Governing equations: Q= .[17 -dA mf = pIV(V - d;l)
4 4
Assumption: (1) Incompressible flow
. . pd V a ™ o
For a linear velocity profile V= n yi and also dA =—-wdyi
For the volume flow rate:
h v 51
a ~ wy
= | —i-\-wdyi :——J‘ dy =———
0 I , ( ly ) ydy . 2
y=0 y=0 0
0= —thw
2
The momentum flux is
14 Vw Vew f way? '
mf = I —i-|—p——ydy |=—p—5-i jyzdy=—p i
h h h 3
y=0 y=0 0



Problem 4.16 [Difficulty: 2]

4.16 For the flow of I'mhleuﬂn 4.I.‘i._|nt:rt;1in an expression for R
the kinetic energy flux, [(V*/2)pV . dA, through cross sec-
tion {T) of the control volume shown.

= -1'
Width = w
Given: Control Volume with linear velocity distribution
Find: Kinetic energy flux
Solution: Apply the expression for kinetic energy flux
v: - -
Governing equation: kef = I > pV-dA
4
Assumption: (1) Incompressible flow
. . =V . 14 - s
For a linear velocity profile V= n Vi V(y) = 7 y and also dA = —wdyi
The kinetic energy flux is
h 2 3. h 3. 4|
1V w V> w Vw y
kezI—— ——d:——j3d:———
of z[hyj(phyyj vl R YER
y=0 y=0 0

kef = —%pV3wh



Problem 4.17

[Difficulty: 2]

£.17 The velocity distribution for laminar flow in a long cir-
cular tube of radivs R is given by the one-dimensional
expression,

Fy2]

V = ui = 1= (1)’

For this profile obtain expressions for the volume flow rate and
the momentum flux through a section normal to the pipe axis.

Given: Control Volume with parabolic velocity distribution

Find: Volume flow rate and momentum flux

Solution: Apply the expressions for volume and momentum flux

Governing equations: 0= .[17 -dA
4

Assumption: (1) Incompressible flow
— v 2
For a linear velocity profile V =ui= uma{l - (EJ ]i and also

For the volume flow rate:

Q
Il

|| C— =y
<

The momentum flux is

mf =p LI?(I? -dA)

max [1 - (%}2 }lﬂ . (Zﬂrdrf) = 27U 0y

dA = 2mrdri

R

J

y=0

|

7‘3
r 2

dy =27u
R }y maxl:z



Problem 4.18

[Difficulty: 2]

4.13 For the flow of Problem £.17, obtain an expression for
the kinetic energy flux, [(V*/2)pV . dA, through a section
normal to the pipe axis.

Given: Control Volume with parabolic velocity distribution
Find: Kinetic energy flux
Solution:

Apply the expressions for kinetic energy flux

2
Governing equation: kef = j VT pV-dA
4

Assumption: (1) Incompressible flow
For a linear velocity profile V=ui =ug,|1- (E] i

For the volume flow rate:




Problem 4.19 [Difficulty: 1]

£.19 A shower head fed by a ¥ein. 1D water pipe consists of
50 nozzles of Ye-in, 1D, Assuming a flow rate of 2.2 gpm, what
is the exit velocity (ft/s) of each jet of water? What is the
average velocity (ft's) in the pipe?

Given: Data on flow through nozzles
Find: Exit velocity in each jet; velocity in pipe
Solution:
> >
Basic equation Z (V-A) =0
CS

Assumptions: 1) Steady flow 2) Incompressible flow 3) Uniform flow

The given data is Q = 2.2-gpm d = i-in n =50 (Number of nozzles) D = é.in
32 4
Area of each nozzle A = E.d2 A=767x 10 4in2
4
Area of the pipe Ap = E~D2 Ap = 0.442in2
ipe ~ ipe
Total area of nozzles Atotal = M°A Aotal = 0.0383in2
. Q ft .3
The jet speeds are then V = V=184— (Note that gal = 231 in")
Atotal s
) >
Then for the pipe flow Z (V.A) = _Vpipe'Apipe +nV-A=0
CS
2
Hence Vpipe = V.& = V.n.(i\\
ipe b )

\% 1842 50 | =2 | \% 1.60-2
. — — X X _— . — —_—
pipe — U 3 pipe — VT



Problem 4.20 [Difficulty: 1]

£4.20 A farmer is spraying a liquid through 10 nogzles, %-in
1D, at an average exit velocity of 10 fr/'s. What is the average
velocity in the 1-in. 1D head feeder? What is the system flow
rate,