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Problema #10.13

Studies have concluded that the plates on the back of the dinosaur Stegosaurus served a
thermoregulatory function as heat dissipating fins*. There are indications that the
network of channels within the plates may be blood vessels. Model the plate as a
rectangular fin of width W, length L and thickness ¢. Use the Pennes model to formulate
the heat equation for this blood perfused plate. The plate exchanges heat with the
ambient air by convection. The heat transfer coefficient is # and the ambient temperature
is T. Assume that blood reaches each part of the plate at temperature 7, and that it

equilibrates at the local temperature 7. Assume further that (1) blood perfusion is
uniform, (2) negligible metabolic heat production, (3) negligible temperature variation
along plate thickness ¢ (fin approximation is valid, Bi << 1), (4) steady state and (5)
constant properties. Show that the heat equation for this model 1s given by

2 2h(W +1¢)I? ' 2
d?—[m'+,3]9+m’:0 m = (7 +1) B = WPk
dé kWt i

I—-T X

0: a0 —r—

T -T, =7

*Farlow, J.O., Thompson, C.V., and Rosner, D.E., “Plates of the Dinosaur Stegosaurus: Forced Convection Heat Loss Fins?”, Science, vol. 192, pp.1123-1125, 1976.

https://blogs.scientificamerican.com/tetrapod-zoology/the-stegosaurus-plate-controversy/ 2
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Problema #10.13

Ac = Wt
Ao . dAs= Pdx
: P =2(W+t)
W dv = Wt.dx
x 14 Balanco de energia:
) —= | 9. = erae = Woony T WMproq =0
0 7 B dg_=hdA (T-T
[ @{} Gy, =hdA (T -T_)
A v dq, .=wdvVp,.c b(T T)
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Deducao

Balango de energia: qx B qx+dx B dqconv T dqblood =0

Usando uma série de Taylor truncada:

dq
dx

q.—q. -+ dx—hP(T—Too)dx+Wbthbcb(Tao—T)dx:O

Usando a lei de Fourier:

dx

dx

d (—kAcd—Tjdx—hP(T—Tw)dx+Wbthbcb(TaO —T)dx:O
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d dT
dx( kA Ejdx hP(T T )dx+thpb b(T T)dx 0
kWtdzT—Zh(W+t)(T—T )+wip,c, (T, —T)=0
dxz o0 b b~ b\ al

T 2h(W +t)
dxz_ kWt

(T-T)+ Wbibcb(Tao—T)zo



gf e\ "%0;, Escola Politécnica da

D e d u (}é O %&3&-;2 /jg Universidade de Sao Paulo
d’T 2h(W+t) wloc
x> kWt (7-T.)+ = 4(T,, = T)=0
ST | 20(W +1 v p | 2n(w+t '
| (kWt )+kab6b_T+ (kWr )“+Wb§b6bTa°:0
T [2h(W+1) vipe 2h(W+1)_ 2h(W +1)
o | + ”kb”_(T—TaO)+ T T — T T,=0
T | 2h(W+1) pe, |y, 20 +1)
dx> _ Wt k _( - a0)+ Wt (Too_Tao):O




Adimensionlizacao

dzf_ 2h(W+t)+wbpbcb (T—TO)+2h(W+t)(TOO—TO)=0
dx* | kWt ko ‘ kWt ’
o_T-T, _ 20— d’T =d’T=(T,-T,)d"6
I -1, o a0
g:% :>d§=% = dx’ = L'd¢’
-1, &0 [2h(W+1) wbpbcb_Q(T ) )+2h(W+t)(T 7)=0
I dfz _ kWt k | ° a0 kWt - “0
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I-T,d%0 |20 +1) ipg, o(T.-T )+2h(W+t)(T ~T,)=0
L d& |kt S we N
20 _|2h(W+0)L wpel |, 2h(W )l
dg* | kWt koo kwe
Z;g—[m’+ﬁ]9+m'=0
, 2h(W+t)D
m =
kWt
ﬁ:wbpbchz
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Condicoes de contorno

d’o
d&’

—|m+B|0+m =0

CondicOes de contorno:
T(x=0)=T, =6,(£=0)=0

_kAd_T :0:>ﬁ =0 A, << A

" dx x=L di &=1
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Solucgao geral

d?—[m’+ﬁ]9+m’=0
d& )
. >, a0 - ,
Definindo: m™ =m +ﬁ e —2—m O+m =0
dg
/ / 2 4
6?'=(9—ﬂ > 9=9'+ﬂ — d—e—m29'=0
2 2 2
m m dé

Equacao homogénea:

0’ =C, senh(mﬁ) +C, cosh(mf)

-m'0’=0 == ou

0’ = C3e””cf +C 46_’"5

d’e’
d&’
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Solucgao geral

2 /7 /7
dx? m

Condicoes de contorno:

’

Qb(5=0)=0:>9;(5=0)=—%
49 —0:>d—6, =0
dxéj=1_ dx 521_
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Solucao particular

Partimos da solucao:

0’ =C, senh(mf) +C, cosh(mf) (1)

Apliguemos as condigdes de contorno:

’

m

9;7(5:0):_7712 =C, =0,

do’
dx

=0 = Clmcosh(m)+C2msenh(m)= 0
E=1

Combinando as duas condicoes de contorno:
= C, cosh(m)+ 0, senh(m) =0

= C,=-6, tanh(m)

12



2B
gf g@ﬁig Escola Politécnica da

SOI U(}éO pa rtiCU Iar %%%% /j? Universidade de Sdo Paulo

Substituindo em (1): 8" =-6, tanh(m)senh(m{f) +0, cosh(mf)

(e

L
0,

o _ cosh(m)cosh(mé)— senh(m)senh(mf)
0, cosh(m)

o’ cosh[m(l — cfﬂ

Nossa solucao fica: —

, cosh(m)

cosh(x — y) = cosh(x)cosh(y) — senh(x)senh(y)
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0’ cosh[m(l—f)} o -

6, cosh(m) m’ m’

"7 COSh[ ( —5)} o Cosh[m(l—ﬁ)}
qu cosh( ) = o= m> m’ Cosh(m)

m”=m'+ 3 o’ f cosh[\/m’+,8(1—§)}\

31—

0= . m' + \ cosh(\/m’+,3)
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Perfil de temperatura adimensional

-

o’ cosh[\/m(l—f)]

1

m+p| cosh(\/m’+,3)

.

>
l

J

9= LT , 2h(W )L
- =

L. =1 kWt

x .
¢ = Z B= wb,obch2
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Calor total transferido

Vamos calcular o calor total transferido a partir da aleta:

o dr 4o’ ¢ coshm(1-¢)
9. ——kAcExZO ——T(Tw_Tao) df eg 9; - COSh(Wl)
kvt i , senhm(l—f)_
q"__T(T“’_T“O) O cosh(m)
i de=0

—@(T 7 )Q,msenh(m)

Ta = L V= cosh(m)
9, =T~ T,,)6;mtanh(m)
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Calor total transferido

q, = %(Too —TaO)H;mtanh(m)
91,,2— m; - q,a:—%(TM—TQO)Z2 \/m'+[3tanh(\/m’+,3)
m
m? = m+p = q :¢(Tao —Too)::; \/m’+,3tanh(\/m’+,3)

qa:@(Tao—Tw) u tanh(\/m’+,8)
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Problema #10.22

Prolonged exposure to cold environment of elephants can result in
frost bite on their ears. Model the elephant ear as a sheet of total
surface area (two sides) A and uniform thickness 0. Assume
uniform blood perfusion W, and uniform metabolic heat ¢g,'. The
ear loses heat by convection. The ambient temperature is 7,, and
the heat transfer coefficient is 4. Using Iumped -capacity
approximation and the Pennes model, show that the dimensionless
transient heat equation 1s given by

18
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do
— =+ -1+ /)0,
dr
where
0 = T_TaO — 2h { ﬂ:wbpbcb5 y = q;’:;é‘ .
T.-To — Opc 2h 7T 2h(T, = Ty)

Here p is tissue density and c tissue specific heat. The subscript b
refers to blood. Determine the maximum time a zoo elephant can
remain outdoors on a cold winter day without resulting in frost bite
when the ambient temperature 1s lower than freezing temperature

I';. Assume that initially the ears are at uniform temperature 7;.
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Balanco de energia

N, Tw
. dTl
Balango de energia: M+gq, . —q = mc;
00 cony t_
g, =hA(T-T.)
Dbivod = vapbcb(];o ~ T) v=(A/2)¢

M=q"V m = PV
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Equacao diferencial
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Balanco de energia:

dT

dT

M+q, —q =mc—
blood cony dt

p‘v’c—zq;:"v’-l—wb‘v’pbcb(Tao—T)—hA(T—TOO)

dt

dT 1444
dt

2h

pc—=q"+w,p,c,(T,~T)-—(T-T.)

")
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Adimensionalizacao

pe =g +inpe, (T, -T)- S (T -1.) =0

dT

T—-T
0: a0 » d@: » = —
Too_]—;o Tw—]—;o dT (T°° TaO)dG

T=§7th > dr_%dt ) df:%df
2h dO 2h
pe(T. - 0)5,00 =g W,0,¢, (T T)—?(T T.)=0
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de (T-T.) T-T _ 2h
d_T_y_’BQ_(TOO—YLO) H—Tw T:o T—$
o _ﬁe_(T—Tw)—TOJrTaO
ar ! (7.-T,)

do (T_Tao) l,—1,
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Equacéao diferencial

do - T-T, 2h
d_T:(l-I_y)_(H—'B)H Q_Tw—TaOO T_5Pct

Condicéo inicial:  T'(t=0)=T » 6(1=0)=8 = ]7}.—]]“30
o a0
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Solugao (mudanca de variavel)

do
d—T=(1+y)—(1+,B)9
f_pg Y
7= 1+ ->
6’ ,
d—T:—(l-l-ﬂ)H
g—g_1t7

0= I~ 1, T=%t
Too a0 5100
—T
O(r=0)=0 =L
(=0)=06, T T,
d@’ = do
1+
o=—" 19
1+
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fg =—(1+8)¢’ ==
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2h
T_TaO — T;'_TaO 1+7/ l_e_(l—i_ﬁ)%t
Ir -7, T -T, 1+,B_
_ 9,9
= 2h(T.-T,,)
_ W, p,c,0
P 2h
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