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Heat transfer has direction as well

as magnitude, and thus it is

a vector quantity.
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* The rate of heat conduction through a medium in a specified direction (say, in
the x-direction) is expressed by Fourier’s law of heat conduction for one-

dimensional heat conduction as:

dT T.ll

anml - = E (W)

Heat is conducted in the direction
of decreasing temperature, and

thus the temperature gradient is |
negative when heat is conducted .
In the positive x -direction.

>
X

FIGURE 2-7

The temperature gradient d7/dx is
simply the slope of the temperature
curve on a T-x diagram.
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* The heat flux vector at a point P on the

surface of the figure must be
perpendicular to the surface, and it z

must point in the direction of i f n
decreasing temperature |
i i Yy . | Qﬂ
. I

e |If nisthe normal of the isothermal 4
surface at point P, the rate of heat _ -
conduction at that point can be ST
expressed by Fourier’s law as

4« Anisotherm

: {:.J'T XYT
0, = —kA— (W)
= on
X
> ; - ; - ; — FIGURE 2-8
Q,=0Q,i +0,j +0Q.k The heat transfer vector is always
normal to an 1sothermal surface and
) — _rA aT ) — kA aT can be resolved into its components
Q= —KA, ax’ Oy = —KA, 9y’ like any other vector.
1T
0. =—kA, 2=
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v [Rateof heat | [ Rate of change Heat Conduction

Rate of heat Rate of heat generation of the energy . .
conduction | — | conduction | + inside the - content of tﬁe Eq u a'tl onina L arg €
atx atx + Ax
\ : element _. ._ element _. Pl ane Wal |
. . . A E,jren Egeﬂ Volume
Qx - Qx + Ax + Egen, element — f (2-6) element

Pa
AE&]emant =E nE=mel, 5 —T)= FJCAM(TH a— 1) : !
. . . |
Egen.e]emnt = Egenuelemem = EgenA‘ﬁI : i t _‘______\A
| I
Substituting into Eq. 2-6, we get l | b
T w—T o i |
: - . Al i X
Q.r - Qx+ Ax + FEEHAM = IJCA&Y% Qx:—L‘ﬁ ,JI-..,_.L'-:-:
-’.f r“—'-..._.i -
Dividing by AAx gives - },;:j::;“
. . I.‘-‘_""""'---. < T
0
. 1 Q.r+,f|_r - Qx ] o T; + Ar Tr
A Ax + €gen = PC At X+ ﬁ, »
Taking the limit as Ax — 0 and Ar — 0 yields Ay=Ay, 4y =A
/ FIGURE 2-12
Aax |\ ox, ot One-dimensional heat conduction

through a volume element in

) a large plane wall.
x

. Qx+f_‘i.1'_Qr_aQ_ﬂ : L0
a!rlﬂln Ax Coax ﬂ_I( A

=

=L
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Variable conductivity: — ( k—
- ax \" ax
i ]
, . =T
Constant conductivity: 2 +
dx=

(1) Steady-state:
(0/at = 0)

(2) Transient, no heat generation.
(€gen = 0)

(3) Steady-state, no heat generation:
(0/0t = 0 and é,,, = 0)

General. one-dimensional:

No Steady-
generation state
0 0
PT | Cod'_ 1
2k T A o

Steady, one-dimensional:

2
d 1;" —0
dx~

+ €oen = PC
éen _ 10T
k o df

oT

dt

) ;)
d*T = €een
+

dx? k
PT _ 10T
ax: o« of
1°T

= =0
dx-

The simplification of the one-
dimensional heat conduction equation
in a plane wall for the case of constant
conductivity for steady conduction
with no heat generation.

0
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BOUNDARY AND INITIAL CONDITIONS

The description of a heat transfer problem in a medium is not complete without a full
description of the thermal conditions at the bounding surfaces of the medium.

Boundary conditions: The mathematical expressions of the thermal conditions at the

boundaries.

The temperature at any
point on the wall at a
specified time depends
on the condition of the
geometry at the
beginning of the heat
conduction process.

Such a condition, which
Is usually specified at
time t =0, is called the
initial condition, which
Is a mathematical
expression for the
temperature distribution
of the medium initially.

TNx,v,2,0)=filx, v, 2

The differential equation:
d*T
—
dax
General solution.

T[-r::' = {.T‘l.f T CE
Arbitrary constants

Some specific solutions:
Tix)=2x+ 5
T(x)=—x+12
Tix)y=-3
T(x)=6.2x

FIGURE 2-25

The general solution of a typical
differential equation involves
arbitrary constants, and thus an
infinite number of solutions.

TT _—r Some solutions of
2
ax
20°C
L\T' ]S“C

—— The only solution
I }fr that satisfies
the conditions
T(0) = 50°C
and T(L) = 15°C.

FIGURE 2-26

To describe a heat transfer problem
completely, two boundary conditions
must be given for each direction along
which heat transfer 1s significant.




Boundary Conditions

Specified Temperature Boundary Condition
Specified Heat Flux Boundary Condition

Convection Boundary Condition
Radiation Boundary Condition
Interface Boundary Conditions

Generalized Boundary Conditions
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1 Specified Temperature Boundary Condition MAP2320

The temperature of an exposed surface
can usually be measured directly and

easily. oy ™~
_ 150°C T(x. 1) 70°C
Therefore, one of the easiest ways to

specify the thermal conditions on a surface

. . »
IS to specify the temperature. 1 L >
For one-dimensional heat transfer through | )
a plane wall of thickness L, for example, 10,1 = 150°C
the specified temperature boundary (L. 1) =70"C
conditions can be expressed as
P FIGURE 2-27
10.n =T, Specified temperature boundary
T(L.») =T, conditions on both surfaces

of a plane wall.

where T, and T, are the specified
temperatures at surfaces at x = 0 and
X = L, respectively.

The specified temperatures can be
constant, which is the case for steady
heat conduction, or may vary with time. 10



2 Specified Heat Flux Boundary Condition MAP2320

The heat flux in the positive x-direction anywhere in the
medium, including the boundaries, can be expressed by

i = —kﬂ _ Heat flux in the (W/m?) Heat |
{ Ox positive x — direction | flux | Conduction

. _ . k&T(O f)
For a plate of thickness L subjected to heat U
flux of 50 W/m? into the medium from both | Heat
sides, for example, the specified heat flux Conduction|  flux
boundary conditions can be expressed as e
K dT(L,t) _ .
aT(O,1) _ OT(L.1) Tox It
—k = 50 and —k— = —350
0x 0x 04 .
o
FIGURE 2-28

Specified heat flux boundary
conditions on both surfaces
of a plane wall.
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Special Case: Insulated Boundary

A well-insulated surface can be modeled
as a surface with a specified heat flux of
zero. Then the boundary condition on a
perfectly insulated surface (at x = 0O, for
example) can be expressed as

d7T(0, 1) , d7(0, 1) .
0 o "
0x X

On an insulated surface, the first
derivative of temperature with respect
to the space variable (the temperature
gradient) in the direction normal to the
insulated surface is zero.

> T
Insulation T(x, 1) 60°C
K .L )x-
dT(0., 1) ~0
dx
T(L, 1) =60"C
FIGURE 2-29

A plane wall with insulation
and specified temperature
boundary conditions.
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3

Equacao do Calor em uma Barra

Neste capitulo estudaremos a equacao do calor unidimensional usando o método de
separacdo de variaveis e as séries de Fourier.

Pode-se mostrar que a temperatura em uma barra homogénea, isolada dos lados, em
funcdo da posicdo e do tempo, u(x, ), satisfaz a equacao diferencial parcial

du  ,0%u

af "oz

chamada equacdo do calor em uma barra. Aquia > 0 € uma constante que depende
do material que compoe a barra é chamada de difusividade térmica.
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3.1 Extremidades a Temperaturas Fixas

Vamos determinar a temperatura em funcao da posicao e do tempo, u(x, ) em uma
barra isolada dos lados, de comprimento L, sendo conhecidos a distribuicao de tem-
peratura inicial, f(x), e as temperaturas nas extremidades, Ty e T>, que sdo mantidas

constantes com o tempo, ou seja, vamos resolver o problema de valor inicial e de
fronteira (PVIF)

((du 5 d%u
— = K —
ot dx?
u(x,0)=f(x), 0<x <L
| u(0,t) =Ty, u(L,t) =T,
Vamos inicialmente resolver o problema com T; = T, = 0, que chamamos de
condicoes de fronteira homogéneas.
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3.1.1 Condicoes de Fronteira Homogéneas

([ du 5 d%u
s
u(x,0)=f(x), 0<x <L
| u(0,t) =0, u(L,t) =0
Vamos usar um método chamado separacao de variaveis. Vamos procurar uma
solugdo na forma de um produto de uma funcédo de x por uma funcdo de ¢, ou seja,

u(x, t) = X(x)T(t).

Calculando-se as derivadas parciais temos que

du , 91 "
= = X(x)T'(t) e Fwi X"(x)T(t).
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Substituindo-se na equacdo diferencial obtemos
X(x)T'(t) = a2 X" (x)T(1).
Dividindo-se por #*X(x)T(t) obtemos

X"(x) _1T()
X(x)  «af T(t)

O primeiro membro depende apenas de x, enquanto o segundo depende apenas de
f. Isto so € possivel se eles forem iguais a uma constante, ou seja,

X"(x) 1 T(t)
X(x) a2 T(h) = A
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Obtemos entdo duas equacodes diferenciais ordindrias com condicdes de fronteira:
X"(x)—AX(x)=0, X(0)=0 X(L)=0 (3.1)
T'(t) —a®AT(t) = 0 (3.2)

As condigdes X(0) = X(L) = 0 decorrem do fato de que a temperatura nas extremi-
dades da barra € mantida igual a zero, ou seja,

0=u(0,t)=X(0)T(t) e O0=u(L,f)=X(L)T(t).
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Equacao Diferencial Ordinaria de 2a ordem com Coeficientes Constantes

ay”—l—by'—l—cyzo_ a+0

y sao solucoes

Fungdes daforma: p=C e+ C, e
logo y(t) =e™, y'(t) =re™™,y"(t) =r?e™  substituindo na equagdo

2 “t t t
ar-e +bhre" +ce’" =0.

. " 2
e"(ar'+br+c)=0. ar-+br+c=20

polindmio caracteristico

1. (When b* — 4ac > 0) There are two distinct real roots 77, 75.

2. (When »” — 4ac < 0) There are two complex conjugate roots
1= A+ ui.

. (When »* — 4ac=0) There is one repeated real root 7.

o
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A equacio X"(x) — AX(x) = 0 (a sua equacio caracteristica é r> — A = 0) pode ter
como solucoes,

SeA>0: X(x) = c1eVAY 4 e VAL,
Se A =0: X(x) =cq+cox.
Se A <0: X(x)=cysen(v—Ax)+crcos(v—Ax).
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As condigdes de fronteira X(0) = 0e X(L) = 0 implicam que

Se A >0:
Substituindo-se x = 0 e X = 0 na solucdo geral de X" — AX =0,

X(x) = ElEﬁI + CEE_HI,
obtemos que 0 = ¢1 + 2, ou seja, c; = —c1. Logo
X(x) = El{e?ﬁx — E_V{II}.

Agora substituindo-se x = L e X = 0 obtemos que ¢; {EﬁL - E“'“qL} = 0.
Logo, se c1 # 0, entdo

VAL VAL

:E‘_

0 que so é possivel se A = 0, que nao € o caso.
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SeA=0:
Substituindo-se x = 0 e X = 0 na solucdo geral de X" — AX =0,

X(x) =01+ c2x,

obtemos que ¢; = 0. Logo
X(x) = cox.

Agora substituindo-se x = L e X = 0 obtemos c;L. = 0. Logo, também c; = 0.
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Se A <0:
Substituindo-se x = 0 e X = 0 na solugdo geral de X" — AX =0,

X(x) = c1sen(vV—Ax) + ¢z cos(V—Ax),
obtemos que ¢; = 0. Logo
X(x) = cysen(v/—Ax). (3.3)

Agora substituindo-sex = Le X = 0em X(x) = ¢y sen(v —Ax), obtemos
cisen(v —AL) = 0.
Logosec; # 0, entdao v/ —AL = nm, paran =1,2,3,...
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Portanto as condicbes de fronteira X(0) = 0 e X(L) = 0 implicam que (3.1) tem
solugcdo ndo identicamente nula somente se A < 0 e mais que isso A tem que ter
valores dados por
n? 7t
L2’
Substituindo-se estes valores de A em (3.3) concluimos que o problema de valores de
fronteira (3.1) tem solucdes fundamentais

_&:— HZ]J,ZJ,S,...

Xn(x) :5&11?, paran =1,2,3,....
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Substituindo-se A = — ”if na equacao diferencial (3.2) obtemos
2,22
K-NTT
T'(t) + 3 T(t) =0,

que tem solucao fundamental

I
Lo

T.(t)=¢e 17 f, paran =1,2,3,...
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Logo o problema

du 5 02U
= —

ot dx?
u(0,t) =0, u(L,t) =0.

tem solucoes solucoes fundamentais

nmy _ aninl i

up(x,f) = Xy (x)Ty(t) = sen Te’ 12 paran =1,2,3,...

Combinacoes lineares das solucdes fundamentais sdo também solucao (verifique!),

HITY -— el s i
L2

e

N N
u(x, t) = Y cutn(x,t) = ) cpsen

n=1 n=1
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Mas uma solucdo deste tipo nao necessariamente satisfaz a condicao inicial

u(x,0) = f(x),

para uma funcéo f(x) mais geral.
Vamos supor que a solucdo do problema de valor inicial e de fronteira possa ser

escrita como uma série da forma

HITX _ EIHIHE i

u(x, t) = Z Cptin(x, 1) = Z Cn Sen ——e iz (3.4)

= n=1



MAP2320

Para satisfazer a condicdo inicial u(x,0) = f(x), temos que impor a condicio

= niTx
f(x)=u(x,0) = Cn L
1

=

Esta é a série de Fourier de senos de f(x). Assim, pelo Coroldrio 2.5 na pagina 184,
se a funcdo f : [0,L] — R é continua por partes tal que a sua derivada f’ também
seja continua por partes, entdao os coeficientes da série sdo dados por

nix .
w: x,n=123... (3.5)
Os coeficientes da solugao ¢,, sao o prr ata?n?
.. , . . ; _—"t
os coeficientes da série de senos u(x, t) = Y cutin(x, t) Iz

da condigdo inicial f(x) n=1 n=1
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