334 10 Heat Transfer in Living Tissue

Exchange.” ASME J. Biomechanical Engineering, vol. 108, PP. 89.9

1986.

{13] Chato, J.C. “Heat Transfer to Blood Vessels,” ASME J Biomechani, i
Engineering, vol. 102, pp. 110-118, 1980.

[14] Song, J., Xu, L.X., Lemons, D.E., and Weinbaum, S., “Enhancemep;
in the Effective Thermal Conductivity in Rat Spinotrapezius Dye ¢,
Vasoregulation,” ASME J. of Biomechanical Engineering, vol, 19,
pp. 461-468, 1997.

[15] Song, W.J., Weinbaum, S., and Jiji, L.M., A Theoretical Mode| for
Peripheral Tissue Heat Transfer Using the Bioheat Equation of
Weinbaum and Jiji,” ASME J. of Biomechanical Engineering, vol.
109, pp. 72-78, 1987.

[16] Weinbaum, S., Xu, L.X., Zhu, L, and Ekpene, A, “ A New
Fundamental Bioheat Equation for Muscle Tissue: Part I: Blood
Perfusion Term,” ASME J Biomechanical Engineering, vol. 119,
pp-278-288, 1997.

{17] Myrhage, R,, and Eriksson, E., “Arrangement of the Vascular Bed in
Different Types of Skeletal Muscles, “ Progress in Applied
Microcirculation, vol. 5, pp.1-14, 1984

[18] Zhy, L., Xu, L.X., He, Q., and Weinbaum, S., “A New Fundamental
Bioheat Equation for Muscle Tissue: Part II: Temperature of SAV

Vessels,” ASME J. Biomechanical Engineering, vol. 124, pp.121-132.
2002,

[19] Farlow, J.O, Thompson, C.V., and Rosner, D.E., “Plates of the

Dinosaur Stegosaurus: Forced Convection Heat Loss Fins?”, Science:
vol. 192, pp.1123-1125, 1976.

PROBLEMS

0.1 Pennes[1) obtained experimental data on temperature distribution

the forearm of several subjects. The average center and skin ely.
{emperatures were found to be 36.1°C and 33.6°C , respectl¥

on
Use the Pennes model to predict these two temperatures bosk?
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¢, = specific heat of blood = 3.8 J/g-°C

h = heat transfer coefficient= 4.18 W/m?-°C

k, = thermal conductivity of blood = 0.5 W/m-°C
k = thermal conductivity of muscle = 0.5 W/m-°C
g =metabolic heat production= 0.000418 W/cm’
R = average forearm radius= 4cm

T., = 36.3°C

T, =26.6°C

w, = volumetric blood perfusion rate per unit tissue volume
=0.0003cm’/s/cm’

p, =blood density = 1050 kg/m*

102 Blood perfusion rate plays an important role in regulating body
temperature and skin heat flux. Use Pennes’s data on the forearm of
Problem 10.1 to construct a plot of skin surface temperature and
heat flux for blood perfusion rates ranging from wy, =0 to
w, = 0.0006 (cm?*/s)/em? .

103 Certain clinical procedures involve cooling of human legs prior to
surgery.  Cooling is accomplished by maintaining surface
temperature below body temperature. Model the leg as a cylinder of
radius R with volumetric blood perfusion rate per unit tissue volume
W, and metabolic heat production rate g”. Assume uniform skin
surface temperature 7,. Use the Pennes bioheat equation to
flﬂl;nnine the steady state one-dimensional temperature distribution
In the leg,

. - s i ' '
"4 A manufacturer of suits for divers is interested in evaluating the

effect of thermal conductivity of suit material on skin temperature.
Use Pennes model for the forearm to predict skin surface
lemperature of a diver wearing a tight suit of thickness & and
thermal - conductivity k,. The volumetric
:’:"'ﬂd perfusion rate per unit tissue volume

W5 and metabolic heat production rate
1S g, The ambient temperature is 7, and
the heat transfer coefficient is 4. Neglect
Urvature of the suit layer.




10.5 Consider the single layer model of the

106 In Example 103 skin surface is
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peripheral tissue of Example 10.2. Tissue skin AT .

thickness is L and blood supply . |

temperature to the deep layer at x = 0 Do

is To. The skin surface exchanges heat ko (x)

by convection. The ambient temperature | f

is 7 and the heat transfer coefficient is -

h. Assume that the vascular geometry | l

function V(&) can be approximated by A
V(€)= A+ BE+CE?, ) 1,

where

A=632x10", B=-159x10", and C =10x107,

Use the Weinbaum-Jiji simplified bioheat equation to obtain 2
solution to the temperature distribution in the tissue. Express the
result in non-dimensional form using the following dimensionless
quantities:

_ w oyl
8= r Tm i =_.x., y= qu . B’=£L"r
To-T. L k(T -T,) k
Pe, = 2pyCs Aol *
ky

Construct a plot showing the effect of Biot number {!“';:'

convection) on tissue temperature distribution #(&) for Pég
¥y =0.6 and Bi = 0.1 and 1.0.

maintained at specified temperature.
To examine the effect of surface
convection on skin surface heat flux,
repeat Example 10.3 assuming that
the skin exchanges heat with the
surroundings by convection. The

ambient temperature is T, and the
heat transfer coefficient is 4.

10.7

10.8

109
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The vascular geometry of the peripheral tissue of Example 102 is
appmximated by a polynomial function. To evaluate the sensitivity
of temperature distribution to the assumed vascular geometry
function, consider a linear representation of the form

V(§)=A+B¢,

where A=6.32x10" and B=-6.32x1075. Determinek,; / k
and @(£) for y =0.6 and Pe, =180. Compare your result with
Example 10.2.

A digit consists mostly of bone surrounded by a thin cutaneous
layer. A simplified model for analyzing the temperature distribution
and heat transfer in digits is a cylindrical bone covered by a uniform
cutaneous layer. Neglecting axial and angular variations, the
problem reduces to one-dimensional temperature distribution.
Consider the case of a digit with negligible metabolic heat
production, The skin surface exchanges heat with the ambient by
convection. The heat transfer coefficient is 4 and the ambient
temperature is 7. Using the Pennes equation determine the steady
state temperature distribution and heat transfer rate. Note that in the
absence of metabolic heat production the bone in this model is at
uniform temperature.

Fin approximation can be applied in modeling organs such as the
clephant ear, rat tail, chicken legs, duck beak and human digits.
Temperature distribution in these organs is three-dimensional.
However, the problem can be significantly simplified using fin
Approximation. As an example, consider the rat tail. Anatomical
Studies have shown that it consists of three layers: bone, tendon and
Culaneous layer. There are three major axial artery-vein pairs: one
ventral and two lateral. These pairs are located in the tendon near
the cutaneous Iayer as shown. The ventral vein is small compared to
the latera) veins, and the lateral arteries are small compared to the
ventral artery, Blood perfusion from the arteries to the veins takes
place mostly in the cutaneous layer through a network of small
vessels. Assume that blood is supplied to the cutaneous layer at

At b e ey e,

[T
2

3 s -
Al - - L
==l ST :'t-"-'_:l‘.'-"'
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uniform temperature 7o all along the tail. Blood equilibrageg -
local cutaneous temperature 7" before retuming to the veins, As:surnE
further that (1) cutaneous layer, tendon and bone have the sam:
conductivity, (2) negligible angular vanation, (3) uniform bl
perfusion along the tail, (4) negligible metabolic heat, (5) steady
state, (6) uniform outer radius and (7) negligible temperatyy,
variation in the radial direction (fin approximation ig valiq,
Bi<<1). Surface heat exchange is by convection. The pey
transfer coefficient is # and the
ambient temperature is 7. Using
Pennes model for the cutaneous
layer, show that the heat equation
for the rat tail is given by
2
i—f—-(m+ﬂ)ﬁ+m=0,
dg
where

&= T_T“D A g:—x-’
T = L

_ 20 e
kR’ k
Here L is tail length, R tail radiuvs c——= ‘
and x is axial distance along the tail. x

10.10 Consider the rat tail mode! described in Problem 10.9. Assume that
the base of the tail is at the artery supply temperature 7, and tha!
the tip is insulated. Show that the axial temperature distribution and
total heat transfer rate from the tail are given by

8(¢) = ﬁ’fm[(mh,fmm)sinmfﬁ+m.§-coswﬂ+m5*’]'

and

- 2
Wy PyCp L

mtanh /G +m

§=2aRI(Ty ~T Y 1--2 Sl B
{ Prm (B+mpf+m.

10.11

10.12
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Construct a plot of the axial temperature distribution and calculate
0

the heat transfer rate for the following data:

=m’> W-m
_,3 8_,_.;'._-, k=15.9 wum ' k=0.5n—,
L =" g_uc & &
[ =225cm, R=0365cm, T, = 369, T, = 2.5°C,

3
cm 8 ... g
w, = 0.01947 3 p—LUS——c G

Studies have shown that
blood perfusion along the rat
tail is non-uniform.  This
case can be analyzed by
dividing the tail into sections
and assigning different blood
perfusion rate to each section. Consider the rat tail described in
Problem 10.9. Model the tail as having two sections. The first
section extends a length L, from the base and the second has a
length of (L—L;). Blood perfusion rate in the first section
s wy and in the second section W,,. Determine the axial
temperature distribution in the tail in terms of the following
dimensionless quantities

- T_Tﬂﬂ
Tﬂﬂ -Tuﬂ ‘

L, 2hI?

_'ﬁ

H R
L kR’

g‘_‘%-é; =

B = Wbiﬁkbﬂ&Lz . By = ﬁ’bzP:CaLz _
;I::: nul:nenus layer of a peripheral tissue is supplied by blood at
. 00|:Ier:ture I'., and a total flow rate Wy The tissue is supplied by
o 7 mdten'lperntur: T, and furaf flow rate W;. Tissue thickness
ek Cutancous layer ’thickness is L. One mechanism for
b & surface heat loss is by controlling blood flow through the
tous layer. Use the Weinbaum-Jiji simplified bioheat equation



340 10 Heat Transfer in Living Tissue

: W :
to examine the effect of blood flow ratio, R=—<b _ ﬂf_‘-‘i .
Wy L, * ™"

surface heat flux. The skin is maintained at uniform temperatyre 7
|"‘

Assume a linear tissue vascular geometry function of the form
ViEy=A+B g ’

10.13 Studies have concluded that the plates on the back of the dinosaur
Stegosaurus served a thermoregulatory function as heat dissipating
fins {19]. There are indications that
the network of channels within the
plates may be blood vessels. Model
the plate as a rectangular fin of
width W, length L and thickness .
Use the Pennes model to formulate
the heat equation for this blood

perfused plate. The plate exchanges
heat with the ambient air by
convection, The heat transfer
coefficient is h and the ambient
temperature is 7_. Assume that
blood reaches each part of the plate
at temperature 7 and that it
equilibrates at the local temperature 7. Assume further that (1)
blood perfusion is uniform, (2) negligible metabolic hest
production, (3) negligible temperature variation along plate
thickness  (fin approximation is valid, Bi << 1), (4) steady st8t°
and (3) constant properties. Show that the heat equation for this

model is given by

d*e

—5—-(m+)8+m=0,

d§
where

2
P T-Tau* g-X . _2hW )L ﬂ___fﬁ’.ﬂ-‘-"-—f
I -T, L " gwr k

10,
'S Elephant Cars serye
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0.14 Modeling the plates on the back of the dinosaur Stegosaurus as
= rectangular fins, use the bioheat fin equation formulated in Problem
10.13 to show that the enhancement in heat transfer, 77, due to

blood flow is given by

e ﬁ+J._mnh1fﬁ+m

_q p+m
174, Bem tanh /m ’
where
2k +.-')L1‘ . Wy 0,C5L°
kWt k

g = heat transfer rate from plate with blood perfusion
q,= heat transfer rate from plate with no blood perfusion

Compute the enhancement 77 and total heat loss from 10 plates for
the following data:

¢ = specific heat of blood = 3800 J/kg—°C

h = heat transfer coefficient=14.9 W/m?2-°C

k = thermal conductivity = 0.6 W/m—-°C

L = plate length= 0.45m

I =plate thickness = 0.2 m

T4 = blood supply temperature = 37 °C

?:,; = ambient temperature = 27 °C

W5 =blood perfusion rate per unit tissue volume
=0.00045 (cm* /s)/cm?

W= plate width = 0.7 m

Pb =blood density = 1050 kg/m?

bloog supply rate to t
Perfusion increases

femperatype. Flappin

he ears and by flapping them. Increasing blood
heat loss due to an increase in surface

g results in an increase in the heat trans
coeh ' e fer
clent as air flow over the ears changes from natural to forced

b = Specific heat of blood = 3800 J/kg—°C
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'0.16 Cryosurgical probes are used in medical procedures to selective!
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h, =natural convection heat transfer coefficient= ? W/m? _o
h, = forced convection heat transfer coefficient (ﬂﬂpping)
=176 Wim*-°C
& = thermal conductivity = 0.6 W/m~"C
L =equivalent length of square ear = 0.93m
{ = average ear thickness=0.6cm
T, = blood supply temperature =36 °C
7., =ambient temperature = 24 °C
w, = blood perfusion rate per unit tissue volume
=0.0015 (em” /s)/cm’
P, =blood density = 1050kg/m’

Neglecting metabolic heat production in the ear, model the ear as
square fin using the bioheat equation formulated in Problem 10.13
to determine the total heat
transfer rate from two sides
of two ears with and without
flapping. In addition compute
the enhancement in heat
transfer for the two cases.
Define enhancement 77 as

n=-=L,
9o

C

where

g = heat transfer rate from ear

9, =heat transfer rate from ear with no blood perfusion and 10
flapping

freeze and destroy diseased tissue. The cryoprobe surface *

main‘lained al a temperature below tissue freezing tempe S
causing a frozen front to form at the surface and propagate “"twmd
Knowledge of the maximum frozen layer or lesion size 1S h‘ﬂpfuilm
e SUrBeon in selecting the proper settings for the CTY”Pmb -
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distribution. Consider a planar probe which is inserted in a large

region of tissue. Probe
thickness is L and its
surface temperature is T ,.
Using the s-vessel tissue
cylinder model, determine
the maximum lesion size
for the following data:

¢, = specific heat of blood =3800J/kg-°C

L = probe thickness = 4 mm

k =thermal conductivity of unfrozen tissue= 0.6 W/m-°C
k, = thermal conductivity of frozen tissue= 1.8 W/m-°C
¢n = metabolic heat production= 0.021 W/cm®

T 40 =artery blood temperature = 36.5 °C

T, =tissue freezing temperature = 0 °C

I, = probe surface temperature = —42 °C

W, = blood perfusion rate per unit tissue volume

=0.0032 (em* /s)/em’®

Py =blood density = 1050 kg/m*

ar’ =0.75

1017 A cylindrical cryosurgical probe consists of a tube whose surface

lemperature is maintained below tissue freezing temperature I,.

The frozen region or lesion around
the cryoprobe reaches its maximum
size at steady state. Predicting the
Tnlximum lesion size is important
' avoiding damaging healthy tissue
and ip targeting discased areas.
Fnrnaider a cylindrical probe which
18 nserted in g large tissue region.
Probe radiys i r, and its surface

temperatyre is 7. Metabolic heat
Production s g

ﬁ" 4

25

a PRI . B
o

. -_,". .-.\. al = - 1-
AEERN Y P U R

r

and blood perfusion rate is w,. Let T be the

t T .
“Mperature distribution in the unfrozen tissue and T, the
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temperature distribution in the frozen tissue. Using the S-Vesse]
tissue cylinder model, determine the steady state temperatyr,
distribution in the two regions and the maximum lesion size Note
that the conductivity of frozen tissue & is significantly different
from the conductivity k of unfrozen tissue. Express the sl
dimensionless form using the following dimensionless quantites.

roT 7, -T
9=T ;ﬁﬂ, B.;:Ts ';’§=:-’ §i=i:
J ~ fab0d = t%p To To
ﬂ— lif&p#fﬁﬁr.rﬂl y= Q: rﬂz
kT kT -T))

10.18 A brain surgical procedure requires the use of a sphericat

cryosurgical probe to create a frozen region (lesion) 6 mm in radius.
A 3 mm radius spherical cryoprobe is selected for insertion into the
diseased area. Using the Pennes model, determine the required
probe surface temperature such that the maximum lesion size does
not exceed 6 mm. Note that maximum size corresponds to the
steady state temperature distribution in the frozen and unfrozen
regions around the probe. The following data is given

¢, = specific heat of blood = 3800 J/kg-°C
k =thermal conductivity of unfrozen tissue = 0.6 W/m~°C
ky = thermal conductivity of frozen tissue= 1.8 W/m-"C
4 = metabolic heat production = 0.011 W/cm’
I's = artery blood temperature = 36.5 °C
T:f =tissue freezing temperature = 0 °C
W, =blood perfusion rate per unit tissue volume
=0.0083 (cm’ /s)/cm?
Py =blood density =1050 kg/m’

10.19 Analytical prediction of the growth of the frozen region 4%

ﬁ)’zurgiﬂ_l probes provides important guidelines for ml.ﬂi!'h“;:
:::b] 3pplication time. Consider the planar probe dmrih@dﬂ
em 10.16. Use the s-vessel tissue cylinder model and ssu?
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quasi-steady approximation to show that the dimensionless interface
location &, is given by:

pa Aiz[,ag, ~In(1+ A&,)].

where
k(T ~T, k(T, ~T
R (fz )fp Az‘JE (f dﬁﬂ)[l'l"?:']r ‘§r='£!'r
pL L k:(Tf _Ta) ﬂ L
8= Wy Py AT L y = qm L
k ¥(Z s ~T7)

where £=333,690J/kg is the latent heat of fusion and
pe =1040kg/m? is the density of frozen tissue. How long should

the probe of Problem 10.16 be applied so that the frozen layer is 3.5
mm thick?

1020 Consider the cylindrical cryosurgical described in Problem 10.17.
Using the s-vessel tissue cylinder model and assuming quasi-steady
interface motion, determine lesion size as a function of time.

10.21 The spherical cryosurgical probe of Problem 10.18 is used to create a
lesion corresponding to 95% of its maximum size. Using the Pennes
model and assuming quasi-steady interface motion, determine the
probe application time. Probe temperature is 7, = -29.6°C, latent

!Ient of fusion is £ = 333,690 J/kg and the density of frozen tissue
1S9, =1040 kg/m?,

022 Prolonged exposure to cold environment of elephants can result in
frost bite on their ears, Model the elephant ear as a sheet of total
su::fm area (two sides) A and uniform thickness 5. Assume
uniform blood perfusion W, and uniform metabolic heat ¢7. The

:: loses heat by convection. The ambient temperature is 7, and
heat transfer coefficient is &, Using lumped -capacity

:Ppr?ximltiun and the Pennes model, show that the dimensionless
fansient heat €quation is given by
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2 _a+n-0+pp,
dr

where
i P50 P , y=o—nd
9 L e 2 2h(Tm"'Tﬂ)

Here p is tissue density and c tissue specific heat. The subscript 4
refers to blood. Determine the maximum time a zoo elephant cap
remain outdoors on a cold winter day without resulting in frost bite
when the ambient temperature is lower than freezing temperature
T;. Assume that initially the ears are at uniform temperature T,

1

\ICROSCALE CONDUCTION
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11,1 Introduction

Heat conduction at the microscale can be dramatically different than at the
macroscale. The differences become clear by comparing the thermal
conductivity of a “bulk” material (that is, a large sample that is by
definition free of microscale effects) to the effective thermal conductivity
of a microscopic sample of the same material. The values of thermal
conductivity that are readily available in textbooks and standard reference
books (so-called “handbook values™) apply to bulk samples, but must be
used with great caution for microscale samples. As one example,
m-.ﬁng to a standard reference [1], the thermal conductivity k of pure
Hlicon at room temperature is 148W/m-"C. This value is appropriate for
sicon samples with characteristic lengths ranging from meters to
:';IHIME to microns, However, a silicon nanowire of diameter 56 nm
. "m=10""m ) has thermal conductivity of only 26 W/m-*C [2], a reduction
“!L more than a factor of five compared to the bulk value. The reductions
494{:;:'“ more dmmntiF at low temperature: at 20 K the values are
difene n:.; ; for bulk Si [1], and 0.72W/m-*C for the Si nanowire [2], a
N shuul:‘lﬂ':‘:dthnn a factor of M! By the end of this chapter,
duction, i :;sllnn:l the physu::al masufls for Ehis tmn:ler}duus
calculgions ¢ to evaluate it numerically with approximate
Maving th
Certa

ethe Ismnt majority of microsystems follow this same pattern of
) mu::: conductivity less than their bulk counterparts, there are also
als that exhibit nanoscale thermal conductivity greater than




