Lista de exercicios 6 — Equacdo de Bessel (do livro de Boyce e Di Prima)

Problems

In each of Problems 1 through 3, show that the given differential
equation has a regular singular point at x = 0, and determine two
solutions for x > 0.

1. x2y" +2xy +xy=0

2. x4+ 3xy +(1+x)y=0

3. x%y"4+xy +2xy=0

4. Find two solutions (not multiples of each other) of the Bessel

3
equation of order 3

9
2y 4 xy + <x — Z)y:O, x> 0.
5. Show that the Bessel equation of order one-half
2.7 1
x2y" +xy + [ x? 2 y=0, x>0

can be reduced to the equation

vi4dv =0
by the change of dependent variable y = x~'/2y(x). From this,
conclude that y;(x) =x "/2cosx and yy(x) =x /Zsinx are

solutions of the Bessel equation of order one-half.

6. Show directly that the series for Jy(x), equation (7), converges
absolutely for all x.

7. Show directly that the series for J;(x), equation (27), converges
absolutely for all x and that Jj(x) = —J;(x).

8. Consider the Bessel equation of order v

2//

+xy + (2 =vHy=0, x>0,

where v is real and positive.
a. Show that x = 0 is a regular singular point and that the roots
of the indicial equation are v and —v.
b. Corresponding to the larger root v, show that one solution is

7 1 : u 2 : > 4
O = 2) Taaroers 2
(=™

2m
X
+ Zm'(l—i-l/) (m+v) <2>

c. If 2v is not an integer, show that a second solution is

R | 1 X 2 1 X ¢
ya(x) =x “ha-n\2) Taa-ne-nl2

0 (—l)m X 2m
+ Zm!(l —v)---(m—v) (2)

m=3

Note that y;(x) — 0 as x — 0, and that y,(x) is unbounded as
x — 0.
d. Verify by direct methods that the power series in the
expressions for y;(x) and y,(x) converge absolutely for all x.
Also verify that y, is a solution, provided only that v is not an
integer.

9. In this section we showed that one solution of Bessel’s equation
of order zero

Lyl =x*y" +xy +x2y =0

is Jo, where Jy(x) is given by equation (7) with ay = 1. According to
Theorem 5.6.1, a second solution has the form (x > 0)

Yo (x) = Jo(x) Inx + anx”.

n=1
a. Show that - -
Lyl(x) = Y n(n— Dbyx" + Y nb,x"
n=2 n=1
o0
+ 3 b 4 20 (). (34)

n=1

b. Substituting the series representation for Jy(x) in equation
(34), show that

o0
bix + 22byx? + Z(nzb + b,y X"

1 "2
= - Z Chrne : (35)
22"(}1')2
c. Note that only even powers of x appear on the right-hand
side of equation (35). Show that by = b3 = bs = --- = 0,
1
by = ———, and that
2T 212
) o (=Dh"@en)
(2n) by + bypp = — Wy n=273,4,....

Deduce that

1 1 1o
by=— 1 dbg=—(14+2+-)
4 2242( +2> ane o 224262( +2+3>

The general solution of the recurrence relation is
( l)n+l
by, = W Substituting for b, in the expression for

y2(x), we obtain the solution given in equation (10).

10. Find a second solution of Bessel’s equation of order one by
computing the ¢,(r,) and a of equation (24) of Section 5.6 according
to the formulas (19) and (20) of that section. Some guidelines along
the way of this calculation are the following. First, use equation (24)
of this section to show that a;(—1) and ai( —1) are 0. Then show that
ci(—1) = 0 and, from the recurrence relation, that ¢,(—1) = 0 for

n =3,5, ... . Finally, use equation (25) to show that
ag
o) == Dot
ao
ay(r) = ,
(r+D0r+3)(r+3)(r+5)
and that
(=D™aq
m = ,m > 3.
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Then show that

(=)™ (Hp + Hyoy)
ch(_l): 22’"m'(m—1)' 5 le




