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218 CHAPTER 5 Series Solutions of Second-Order Linear Equations

! and

lim
x→0

x2q( x) = lim
x→0

x2
1

2x( x − 2) = 0.

Since these limits are finite, x = 0 is a regular singular point.
For x = 2 we have

lim
x→2
( x − 2) p( x) = lim

x→2
( x − 2) 3

2( x − 2)2 = lim
x→2

3
2( x − 2) ,

so the limit does not exist; hence x = 2 is an irregular singular point.

EXAMPLE 6

Determine the singular points of
(
x − π

2

)2
y′′ + (cos x) y′ + ( sin x) y = 0

and classify them as regular or irregular.

Solution:
The only singular point is x = π

2 . To study it, we consider the functions
(
x − π

2

)
p( x) =

(
x − π

2

)
Q( x)
P( x) = cos x

x − π/2

and
(
x − π

2

)2
q( x) =

(
x − π

2

)2 R( x)
P( x) = sin x .

Starting from the Taylor series for cos x about x = π

2 , we find that

cos x
x − π/2 = −1+ ( x − π/2)2

3! − ( x − π/2)4
5! + · · · ,

which converges for all x . Similarly, sin x is analytic at x = π

2 . Therefore, we conclude that
π

2 is a
regular singular point for this equation.

Problems
In each of Problems 1 through 8, determine the general solution of the
given differential equation that is valid in any interval not including
the singular point.
1. x2y′′ + 4xy′ + 2y = 0
2. ( x + 1)2y′′ + 3( x + 1) y′ + 0.75y = 0
3. x2y′′ − 3xy′ + 4y = 0
4. x2y′′ − xy′ + y = 0
5. x2y′′ + 6xy′ − y = 0
6. 2x2y′′ − 4xy′ + 6y = 0
7. x2y′′ − 5xy′ + 9y = 0
8. ( x − 2)2y′′ + 5( x − 2) y′ + 8y = 0

In each of Problems 9 through 11, find the solution of the given initial-
value problem. Plot the graph of the solution and describe how the
solution behaves as x → 0.
G 9. 2x2y′′ + xy′ − 3y = 0, y(1) = 1, y′(1) = 4
G 10. 4x2y′′ + 8xy′ + 17y = 0, y(1) = 2, y′(1) = −3
G 11. x2y′′ − 3xy′ + 4y = 0, y(−1) = 2, y′(−1) = 3
In each of Problems 12 through 23, find all singular points of the given
equation and determine whether each one is regular or irregular.
12. xy′′ + (1− x) y′ + xy = 0
13. x2(1− x) 2y′′ + 2xy′ + 4y = 0
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14. x2(1− x) y′′ + ( x − 2) y′ − 3xy = 0

15. x2(1− x2) y′′ +
(
2
x

)
y′ + 4y = 0

16. (1− x2) 2y′′ + x(1− x) y′ + (1+ x) y = 0
17. x2y′′ + xy′ + ( x2 − ν 2) y = 0 (Bessel equation)
18. ( x + 2)2( x − 1) y′′ + 3( x − 1) y′ − 2( x + 2) y = 0
19. x(3− x) y′′ + ( x + 1) y′ − 2y = 0
20. xy′′ + ex y′ + (3 cos x) y = 0
21. y′′ + ( ln |x |) y′ + 3xy = 0
22. ( sin x) y′′ + xy′ + 4y = 0
23. ( x sin x) y′′ + 3y′ + xy = 0
24. Find all values of α for which all solutions of
x2y′′ + α xy′ + 52 y = 0 approach zero as x → 0.

25. Find all values of β for which all solutions of
x2y′′ + β y = 0 approach zero as x → 0.
26. Find γ so that the solution of the initial-value problem
x2y′′ − 2y = 0, y(1) = 1, y′(1) = γ is bounded as x → 0.
27. Consider the Euler equation x2y′′ + α xy′ + β y = 0. Find
conditions on α and β so that:

a. All solutions approach zero as x → 0.
b. All solutions are bounded as x → 0.
c. All solutions approach zero as x → ∞.
d. All solutions are bounded as x → ∞.
e. All solutions are bounded both as x → 0 and as x → ∞.

28. Using the method of reduction of order, show that if r1 is a
repeated root of

r (r − 1) + αr + β = 0,
then xr1 and xr1 ln x are solutions of x2y′′+α xy′+β y = 0 for x > 0.
29. Verify that W [xλ cos(µ ln x) , xλ sin(µ ln x) ] = µx2λ−1.
In each of Problems 30 and 31, show that the point x = 0 is a
regular singular point. In each problem try to find solutions of the

form
∞∑
n=0

anxn . Show that (except for constant multiples) there is only

one nonzero solution of this form in Problem 30 and that there are
no nonzero solutions of this form in Problem 31. Thus in neither case
can the general solution be found in this manner. This is typical of
equations with singular points.
30. 2xy′′ + 3y′ + xy = 0
31. 2x2y′′ + 3xy′ − (1+ x) y = 0
32. Singularities at Infinity. The definitions of an ordinary point
and a regular singular point given in the preceding sections apply
only if the point x0 is finite. In more advanced work in differential
equations, it is often necessary to consider the point at infinity. This
is done by making the change of variable ξ = 1/x and studying the
resulting equation at ξ = 0. Show that, for the differential equation

P( x) y′′ + Q( x) y′ + R( x) y = 0,

the point at infinity is an ordinary point if
1

P(1/ξ )

(
2P(1/ξ )

ξ
− Q(1/ξ )

ξ2

)
and R(1/ξ )

ξ4P(1/ξ )
have Taylor series expansions about ξ = 0. Show also that the point at
infinity is a regular singular point if at least one of the above functions
does not have a Taylor series expansion, but both

ξ

P(1/ξ )

(
2P(1/ξ )

ξ
− Q(1/ξ )

ξ2

)
and R(1/ξ )

ξ2P(1/ξ )
do have such expansions.
In each of Problems 33 through 37, use the results of Problem 32 to
determine whether the point at infinity is an ordinary point, a regular
singular point, or an irregular singular point of the given differential
equation.
33. y′′ + y = 0
34. x2y′′ + xy′ − 4y = 0
35. (1− x2) y′′ − 2xy′ + α (α + 1) y = 0 (Legendre equation)
36. y′′ − 2xy′ + λy = 0 (Hermite equation)
37. y′′ − xy = 0 (Airy equation)

5.5 Series Solutions Near a Regular
Singular Point, Part I
We now consider the question of solving the general second-order linear differential equation

P( x) y′′ + Q( x) y′ + R( x) y = 0 (1)

in the neighborhood of a regular singular point x = x0. For convenience we assume that
x0 = 0. If x0 %= 0, the equation can be transformed into one for which the regular singular
point is at the origin by letting x − x0 equal t .
The assumption that x = 0 is a regular singular point of equation (1) means that

xQ( x)/P( x) = xp( x) and x2R( x)/P( x) = x2q( x) have finite limits as x → 0 and are
analytic at x = 0. Thus they have convergent power series expansions of the form

xp( x) =
∞∑

n=0
pnxn , x2q( x) =

∞∑

n=0
qnxn , (2)


