Quantum Theory of Many-Body systems in
Condensed Matter (4302112) 2020

Prof. Luis Gregorio Dias
luisdias@if.usp.br

Today’s class: Non-interacting electron gas

 Jellium model

* Non-interacting Fermi gas.

e Ground-state: Fermi energy.
* Density of states.



Electrons in a solid: the jellium model
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The whole system is charge neutral.

Electrons behave as in a “Fermi gas”.



Free fermion “gas”: single-particle picture

Single-particle Hamiltonian: fl‘g@k> — 61{‘901{) k = (ks ky. k2)

Schrodinger’s equation for a particle of mass m*:
Solution (plane waves):

VQQO(I‘) = EQO(I‘) — V%(r) = —k%@(r) C,Ok(I‘) — Aeik-r |k|2 _ 2m

Let us consider periodic boundary conditions:

ox(T+ Loy, 2) = ox(z,y + Ly, 2) = px(z,y,2+ L) = ox(,y, 2)

@k(r—'—L) _ Aeik-reik~L

6'Lk-L — 1

0 L, oL, 3L, 4L, 5L,

Solution: energy quantization: koLy +kyLy + kL, =2mm
m=ng;+ny +n, =0,xl,x2, ..



“Counting” the states.

Possible k values:

Tip: to go from discrete - continuum!

vigﬁf 2r)’

d°k

k

27m$(y,2)

CC(y,Z) — L{L‘(y,z)

State and energy for each k:

1

6’ik-r

pr(r) =

VI:LyL.

with ng, ) =0, 1, +2, ...

Number of states in k space (3D) :

“Volume” of each state in k

() (B

Number of states in a given volume in k:
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N-particle Hamiltonian

Need to account for spin (o=1,1). The single-particle states are then:

hok.o) = Ek| Pk o) ko) = CLJ\O)
N-body Hamiltonian: B h2|k|2
A~ N A 8k — Qm*
= Z h( Z 8ka UCk o — Z €k’f\lk’0 R
n=1 k,o=1,] k,o=1,| Nk, = 0, 1

Eigenstates and eigenenergies:

> ek (e + nk@)} e ey

Fay

H|...7’Lk71~, nk,¢...):

Let’s consider N even (non-polarized gas) (N/2 spin 1, N/2 spin 1).

N = an¢+nk¢ with — an,T—an,¢



N-particle ground state

For a given set of occupations: Erg 1, no.p s, nicp... = Z ek (nk+ + 1k, )
k
h” k|
Ek — »
Ground-state of the N-particle system: 2m

e

} H‘GS> = EGS‘GS> <GS‘N|GS> _ <GS Zﬁk,a GS> _ N
k.o

Egs = (GS|H|GS)

Ground state energy : —

Nk|<|kp|,o=t,4 = 1
k|<|kr| — Nk|>|kp|,o=1.0 = 0
N R .
7= > (GS|AlGS)= ) (GSli,|GS) .

k| <|kpg k| <|kp]

k- : Fermi wave vector




N-particle ground state: Fermi Energy.
2w/ L,
k <"/'"> A O In each occupied state (k<kg) there
VL_ are 2 Fermions (Pauli).
Yy

For N fermions:

) d°k
N=2 Y (@Sfales)=2 30 =2V [

k|<|kp| k| <kp

Integrating over the Fermi sphere in k space:

N 24 k?
M - =L

Ve 8m33 T 3p2
Fermi energy E€f: single-particle energy In terms of the density n=N/V, :
of the latest occupied states.

2 2\ 2
E=Ef: sphere in k space. £ — h (37T ) 3 n%
The radius of this sphere is k- 2m*
V2m*ep
krp = In 3D, € ~ n?3!

h




Ground-state energy of the N-particle state.

21/ Lz , Integrating e rearranging:
AT
VL, 3 E 3
E=-Vinep=—=—¢p
50 N 5

Energy per particle in a Fermion gas.

Typical values in metals (Copper) :

ep~7.03 eV =81600 K/k
JAr= 2T 464
kr
Vp = %%1.57 x 10° m/s~0.005¢
Adding the energies of each Useful! (1 meV=11.6 K/k)

occupied state:

h’k* d3k

Egs=2 ) =2 Y =2V

GS 230N Ck /v 2m* (2m)3
k| <[k k| <k k




Density of states.
k+AK

No of states between k and k+Ak (3D):

AV 8mk?dk

ANSK—9—_< 1
S A N ek
kzdk
Ak
ANst
2

No. of states between € and E+AE :
ANZE =p(e)de

where p(g) is the density of states:

Converting from k to €:
B2 k2 hkdk
= de =
2m* m*
Since the number of states is the same:

3
522 ( 72 ) £2de

Density of states in 3D:

Ve [2mF : 1
272\ p2 =

EL —

ANZE=ANZ® =

losp (€)=
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