Quantum Theory of Many-Body systems in
Condensed Matter (4302112) 2020

Prof. Luis Gregorio Dias
luisdias@if.usp.br

Today’s class: Second quantization (Part 2)

* One-body and two-body operators in terms of
creation and destruction operators.

* Density operator.

* Fermi-Dirac and Bose-Einstein distributions.



One-body operators

One-body operator written in a single-particle basis:

Ti; = (prlTle;) < T =D Trjler) (e
kj

Matrix element: Ly = /d3 7 o5.(7) T(T)SDJ (7)

Example: kinetic energy

Kiy = () [ 7 ei(0) V2es()
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Two-body operators

Two-body operator written in a two-particle basis:

Do) = Stlps) @ |wj) = “lwi)|p;)”

Vap = (a|VI@s) & V = > Vag|®a)(Pg|

apf
Two-body operator written in a single-particle basis:

=V = Vijemloi) @) {(@rl{om| + ...
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Matrix elements:

r— ™~
Vijkm = /dgﬂdgfé ;i (1)@ (r2) V(r1,72) ©r(r1)em(r2)
“ A




Operators in the N-body basis

One-body operator written in an N-particle basis: -

T or,) oo @rn) - |Prn) = D T 810 2 ) - - - o) - - | rn)
(]

Sum of N one-body operators written in a N-particle basis:
N
Ttot — g T(n)
n=1

N
Trotl@ny) - [orn) = D > TN S5m0 [0k ) - k) - [Phn )
n=1 kj ‘

Position n !



Operators in the N-body bosonic basis
omitals: gy} = by|0) (x| = (0lbx

One-body operator: T — Z Trilor) (5]
kg

Two-body operator: N
V=" Vijemledlei) (@rl{eml

17 km



Operators in the N-body bosonic basis

Number occupation representation: E :nj = N

J
1, na, .. .. n) o (D)) (B)™2 (BT L (B,)™Y |0)

Let’'s show that: B
Tiot|n1, M2, ... Nk ... NN ) = g Tkjb;rcbﬂnl,ng,...nk...nj...nN>
kj
Now you show that (Assignment): Notice the order!

¥y
Viot|1, M2, ... nN) = Z ‘/;jkmbTbT mbr|ni,na, ... .nn)
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Operators in second guantized form

We then write (Bosons): It turns out that, for Fermions, they

take the same form (Assignment):

Tiot = E Tkgb;;bg Ttot — E Tkjélié]

kj o
‘A/tot — 5 ‘/zjkmlsjl;;l;mgk Viot = § ‘/’ijmé;r ;émck
Diagrams

k) ©5)

|om)



Example: non-interacting system

Hamiltonian: H. o = E :h(n) Single-particle basis:
hlpi) = €ile:)
A /-/\
In this basis: Hi,« = E €LTVL ng = C Ck (Fermions)
- < ~
\ (Bosons)

Many-body spectrum:

I:Itot|n17° .. 7nN> — (Zeknk) ’n17° .. 7nN>

k
N

En ... onn = g €ELME

k=1



Density operator

. 1
Canonical : 0= e P Hro B = kT
. . N
Grand-canonical: oG = e_B(Htot_“’N) N = o
k=1
Many-particle spectrum: Htot|a> — Eoz|a>
S _/BECV. - A
Partition function: z = € = Tr(p)
(87
) | ~ T (,ﬁA) 1 BE
Thermal average: A = — A e PEa
D =Rg ~z2A



Assignment

Given the non-interacting Hamiltonian

Hioy = E Gk’flkz

k

calculate the grand-canonical thermal average of 71

Tr (pGhk)
Tr (pa)

(M) =

for both Bosons and for Fermions.
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