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Today’s class: Review of Quantum Mechanics

 Single-particle quantum systems
* Example: Harmonic oscillator
* Assigments: Ladder operators.



Single-particle systems

(“FIrst quantization”)
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Non-relativistic particle under a pontential U(fF’) and magnetic field é — V X /Y

e Schrodinger’s equation (Dirac’s notation):
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Basis In the Hilbert space

orthonormal basis (complete set) of the
{ |QOO‘> } . single-particle Hilbert’'s space.
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We can write: |¢(t)> — Z ', (t)|g0a> with  C', (t) — <90a|¢(t>>
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Operators! Representation in the { | gpa> }basis:




Observables (Hermitian operators)

- A

A = AT —s Hermitian operator.

A‘Spa> — a‘gpa> s g € R Real eigenvalues (Physical observable).

| P¢ (a) — | <90a |¢> |2 s Probability Of measuring th(? Yalue a for the
observable A if the particle is in state |¢>

Obs: if the spectrum is continuous, this becomes a probability density.

Example: position operator:
APy (7) = (Pl ()2 d>F = [ (7, ¢)[d>F

Probability of the particle in statel ¢ (t) >being In a volume d377 around
position T at atime t.



Example: 1D Harmonic osclillator
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Example: 1D Harmonic osclillator
Let us show that: [X’ p} _ ; and [&7 &T} — 1

) You will show (Assignment) that:
[a,a) = [a%,a"] =0

Defining: [N = &T& (Show it commutes with H (Assignment))

and its eigenstates : N|n> —n n> where n is an integer (Show).

It follows that: [A{‘n> — En n> E,, = hw <n+ %) n=20,1,...
(Show) ©afln) =Vn+1n+1) (at)"
aln) = /n|n — 1) ) = NG 10)



Single-particle spectrum

E I\ H\n) = En|n>
n=3 |- —— — —\h 1 Ground state:
how orthonormal basis of the
n=1 I~ —=—7=—7 {|TL>} — (single-particle) Hilbert's space
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State:

G S () = D Cu(®)n) win  Cu(t) = (n|y (1)

P¢ (n) — | <n|w> |2 —y  Probability of measuring the value E for the

energy if the particle is in state ‘¢>



Assignments: Ladder operators

Problem 1
-2
Consider the 1D harmenic oscillator Hamiltonian H = ;J—m -+ %mwgirz and the operators a e a' discussed in class.

1. Show that [a, &T] = 1 and that [a, a] = [&T,&T] = 0.
2. Show that N = a'a comutes with H.
3. Show that, if }\:ﬂ)u} = A|A) then A is a positive integer. Suggestion: show that a|A) is also an eigenstate of N and that al0) = 0.
4.1f N|n) = n|n), show that |n) o (a!)?|0) where *|0)" is such that a|0) = 0.
5. Show that:
aln) = v In — 1)

a'ln)=yn+1|n+1).

6. Show that:

aat (a*)pﬂm - p(af)p_lwp.
(p is an integer)

Problem 2

Consider the single particle Hamiltonian:
H:ﬁw(&T&Jr%) + Fiw, (&i+&) ,
where @ and &' are (bosonic) ladder operators satisfying [EL, &T] = 1 and w and wy, are positive constants.

1. Discuss the physical origin of the second term in H, by comparing it with the harmonic oscillator
2. Diagonalize H and find its eigenenergies. Suggestion: introduce an operator & = a + wy /w-
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