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Schedule

8:30-9:10, Universal laws and architectures (John Doyle)
9:10-9:35, Robustness analysis, u (Andy Packard)
9:35-10:00, Multivariable system theory (Keith Glover)
10:00-10:30, break

10:30-11:00, H,, and H., loopshaping (Keith Glover)

11:00-11:30, Signal-weighted design and DK iteration (Gary Balas)
11:30-12:00, Design examples (Roy Smith, Pete Seiler, Gary Balas)
12:00-12:20, Model Reduction (Keith Glover)

12:30-1:30, lunch break

1:30-2:00, Advanced design formulations (Roy Smith)

2:00-2:30, Automated tuning of fixed architecture controllers (Pascal Gahinet)
2:30-3:00, Integral Quadratic Constraints (Pete Seiler)

3:00-3:30, break

3:30-4:00, Robust MPC (Francesco Borrelli)
4:00-4.30, Decentralized optimal control (Laurent Lessard)
4:30-5:30, 2014-2018: what’s needed (John Doyle)



Universal laws
and architectures:
origins of robust control

John Doyle &%
Jean-Lou Chameau Professor
Control and Dynamical Systems, EE, & BioE
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Better, faster, cheaper

Circa late 70s



Trends in the 1970s

Improved efficiency and performance
Instability

Modern control said “no problem”
Solvable iff stabilizable+detectable+LQG

What could go wrong?




Requirements on systems and architectures

accessible
accountable
accurate
adaptable
administrable
affordable
auditable
autonomy
available
credible
process
capable
compatible
composable
configurable
correctness
customizable
debugable
degradable
determinable
demonstrable

dependable
deployable
discoverable
distributable
durable
effective
efficient
evolvable
extensible
fail transparent
fast
fault-tolerant
fidelity
flexible
inspectable
installable
Integrity
interchangeable
interoperable
learnable
maintainable

manageable
mobile
modifiable
modular
nomadic
operable
orthogonality
portable
precision
predictable
producible
provable
recoverable
relevant
reliable
repeatable
reproducible
resilient
responsive
reusable
robust

safet\é
scalable
seamless
self-sustainable
serviceable
supportable
securable
simplicity
stable
standards
compliant
survivaple
sustainable
tailorable
testable
timely
traceable
ubiquitous
understandable
upgradable
usable



Sustainable = robust + efficient

accessible
accountable
accurate
adaptable
administrable
affordable
auditable
autonomy
available
compatible
composable
configurable
correctness
customizable
debugable
degradable
determinable
demonstrable

dependable
deployable
discoverable
distributable
durable
ef%ec;tive
efficient
evolvable
extensible

fail transparent
fast
fault-tolerant
fidelity
flexible
inspectable
installable
Integrity
interchangeable
interoperable
learnable
maintainable

manageable safet\é

mobile scalable
modifiable seamless
modular self-sustainable
nomadic serviceable
operable supportable
orthogonality securable
portable simple
precision stable
predictable standards
producible survivable
provable  suUustalnable
recoverable tailorable
relevant testable
reliable timely
repeatable traceable
reproducible  ubiquitous
resilient understandable
responsive upgradable
reusable usable

robust



PCA = Principal Concept Analysis ©

accessible dependable manageable safet
accountable deployable mobile scalable
accurate discoverable modifiable seamless
adaptaple distributable modular gelf-sustainable
a](c:ifmldnls etal:t))lle
afforda : rtable
auditad fragile - ble
availab dichotomous
compa . rds
compo tradeoff pairs able
Conflgt tl)lnable
correc e
custom| robust le
y
egra O e
qomac efficient wasteful  pO€
demon standable
dable

Interoperable
learnable
maintainable
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fragile

efficient wasteful



<3etter, faster, cheaper
7

Circa late 70s

efficient wasteful
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Fragile?

Robust?

Robustness?

Modern control said “no problem”

Solvable iff
stabilizable+detectable+LQG

“Guaranteed margins”

Talk math to engineers & vice versa

Dissent at fringe (Zames, Horowitz)
What could go wrong?
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efficient

wasteful
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Universal laws
and architectures

efficient wasteful
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Early Influences (Thanks)

MIT: Mitter, Sandell, Gould, Safonov, ...
Honeywell: Stein, Wall, Enns, Freudenberg, ...
Zames, Horowitz, Astrom, ...

Glover

Khargonekar, Francis, Kimura,...

Berkeley: Sarason, Boyd, Packard, Gohberg, ...

1981 NATO tour : w/ Stein, Zames, Willems,
Wonham, MacFarlane

1984 ONR/Honeywell Workshop

14



Counterexamples and issues?

e Can anything have “guaranteed margins™?
— No, not in general
— Depends on plant (d’oh)

15
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16

Counterexamples and issues?

e Can anything have “guaranteed margins™?
— No, not in general
— Depends on plant (d’oh) D’OH
e ISLQG (H,) special?
— Yes, It can be gratuitously fragile
— OK, It isn't completely useless MIT
— There are tweaks (LTR) that help

16



Counterexamples and issues?

e Can anything have “guaranteed margins”?
— No, not in general
— Depends on plant (d’oh) 2ACly
e |Is LQG (H2) special?
—Yes, It can be gratuitously fragile
— OK, It isn't completely useless MIT
— There are tweaks (LTR) that help

 Are u and H_ a panacea for everything?
—Yes! Or so it seemed at the time?
— No! See everything else today, including me

17
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Today: u to H_ to systune to MPC

Slow
MPC/RHC
systune
Hoo
Fast
Verifiable
Insight

Accessible General Special

18
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Trends in the 1970s

* Improved efficiency and performance
. Instability 6"“

e Modern control said *~

riable”)

f\.\/ orowitz)

y

e What could go wror
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Respect the unstable.
Gunter Stein

Respect Gunter Stein.
The Unstable

20
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Why?

hard

harder

21
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What Is sensed matters.
Q Why?!1?

harder hardest!

Why?

Easy to prove using simple models.

22
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Universal laws

Balancing
an inverted
pendulum

Mechanics+
Gravity +
Light +

Control theory
+ Neuroscience
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Crashes
can be
made rare
with active
control.

24



Law #1 : Mechanics
Law #2 . Gravity

Gravity is Gravity is
stabilizing destabilizing

hard

More
unstable

harder

25
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Efficiency/instability/layers/feedback

All create new efficiencies but also instabllities
Requires new active/layered/complex/active control

Money/finance/lobbyists/etc
Soclety/agriculture/weapons/etc

Bipedalism

Maternal care

Warm blood Major transitions
Flight

Mitochondria

Translation (ribosomes)

Glycolysis (2011 Science)

26



Efficiency/instability/layers/feedback

* All create new efficiencies but also instabllities
 Requires new active/layered/complex/active control

2N
« Money/finance/lobbyists/etc N
o Society/agriculture/weapons/etc X

e Bipedalism

Maternal care T
Warm blood ‘

Flight

I\/Iltochor_1dr|a_ easy
Translation (ribosomes)

Glycolysis (2011 Science)
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fragile

robust

efficient

costly
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harder |

fragile

A convenient

cartoon
robust

efficient

29
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Some minimal math detalls

Universal laws
Mechanics+
Gravity +
Light +

Balancing ,
an inverted IT| >exp(pr) ="
pendulum =P

+ Neuroscience

30
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Law #1 : Mechanics
Law #2 . Gravity

(M +m)x‘+ml(écosé’—ézsin<9):u
€asy  scos@+16+gsind=0
y=X+alsing

j\> (M +m)%x+mld =u
X+10+ g0 =0

linearize y=x+alb

31



Law #3 : Light (M +m)%+mld=u
X+10+90=0
y=X+«ald

Why?

hard harder

Easy to prove using simple models.

32

32



error

noise

VISIon

slow

SU
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. Mechanics+
Universal laws Gravity +

Light +

[Tl =exp(pz)

Balancing
an inverted
pendulum

1
|

34
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exp( pr)

10

2

i

2 5

<Shorter h, m




100

exp( pr)

10

Length, m
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10
38
exp( pr)
6
4 .
% linear _
10 2 0.2 04 0.6 0.8 1
 loglog
1 2 5 1
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Proof? ITlloo =s‘;)p\T(Jw)\=S“p{\T(S)\ ‘ Re(s) ZO}

error Max modulus

AA)?_)Q_
T(s)=M(s)0(s) |O(jow) =1

noise
P e

| E P(p):oo:>T(p)=1
T (io)-{i -6
P(s)=PR, (s)exp(-zs)=

[Tl =M, 2[M(p)|=
= [T, =exp(zs)

O(p)~*|=exp(zs)
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Proof? ITlloo =Sg)p‘T(jw)‘:SUp{‘T(s)‘ ‘ Re(S) ZO}

error Max modulus

*—@»g
T(s)=M(s5)0(s) |O(jw) =1

noise
P e

| E P(p):oo:>T(p)=1
T (io)-{i -6
P(s)=PR, (s)exp(-zs)=

[Tl =M, =M (p)|=
= |T|., =exp(zs)

O(p)~*|=exp(zs)
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error [Too = sup|T (jo)| = sup{\T (s)| | Re(s) > o}

% C Max modulus

T(s)=M(s)0(s) |O(jmw) =1
Reasonable questions from biologists/doctors:
 Why complex variables for robust control?

Do we really need to learn this math too?

‘T  Why can’t we do this with optimization/duality?
e (which we need to learn anyway)

P(s)=PR, (s)exp(-zs)=
[Tl =Ml =[M(p)|=

= [T|., =exp(zs)

O(p)~*|=exp(zs)

41



Q What Is sensed matters.

harder hardest!

Why?

Easy to prove using simple models.

42
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Unstable po

43

What is sensed matters.

harder hardest!

es Unstable zeros

43



hardest!




> exp( pr)

45
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Holds for all controllers.
Z+p
Z—P

[Tl = exp(pr)

A “law” about
Intrinsic problem
difficulty (a la
Turing).

“Guaranteed

margins?”
Impossible!

46



Fragility two ways (Bode* and Zames).

exp([In[T| ) exp&zlnh(ja))\( - sz jda)j

: \
exp\jln‘”)&zexp( pr) £r b
T ‘P

* With key help from Freudenberg and Seron et al



Length, m
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RESEARCHARITICLE ‘

Glycolytic Oscillations and Limits on
Robust Efficiency

Fiona A. Chandra,’* Gentian Buzi,® John C. Doyle®

Both engineering and evolution are constrained by trade-offs between efficiency and robustness,
but theory that formalizes this fact is limited. For a simple two-state model of glycolysis, we
explicitly derive analytic equations for hard trade-offs between robustness and efficiency with
oscillations as an inevitable side effect. The model describes how the trade-offs arise from
individual parameters, including the interplay of feedback control with autocatalysis of network
products necessary to power and catalyze intermediate reactions. We then use control theory to
prove that the essential features of these hard trade-off “laws” are universal and fundamental, in
that they depend minimally on the details of this system and generalize to the robust efficiency
of any autocatalytic network. The theory also suggests worst-case conditions that are consistent
with initial experiments.

Chandra, Buzi, and Doyle

Insight
Accessible
Veriflable

v UG biochem, math, -

fr A
w control theory :
LhL'- LUl s Wl U1 AL, LI YO Ysls, LWL !"I.I.IJ
molecules are consumed upstream and four are
produced downstream, which normaltzes o g = 1
(each y molecule produces two downstream) with
kamene exponent a = 1 To highhght essential
trade-ofts with the simplest possible analysis, we
nommalize the concentrabom such that the un-
perturbed (& = 0) steady states are ¥ = 1 and
¥ = 1 /k [the system can have one additional
deady state, which is unstable when (1, k) 15 sta-
ble]. [See the supporting onlme materal (S0M)
part ). The basal rate of the PFK reaction and
the consumption rate have been normalized to
1 (the 2 in the numerator and feedback coeth-
aents of the reactions come from these normaliza-
tions). Our results hold for more general systems
i Aimsaimmad halassr aand ia OORT et dtha aantisis

AYAAAS
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www.sciencemag.org SCIENCE VOL 333 8 JULY 2011
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Efficiency/instability/layers/feedback

* All create new efficiencies but also instabllities
 Requires new active/layered/complex/active control

 Money/finance/lobbyists/etc

. Somety/agncuIture/weapons/etc
e Bipedalism

 Maternal care ——
 Warm blood

o Flight

e Mitochondria

e Translation (ribosomes) casy hard
e Glycolysis

50
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Law #1 . Chemistry Law #3:
Law #2 . Autocatalysis
(— RHP p and 2) =

o0 J

-— Bud (49)
Peripheral membrane

| | proteins (400)

Microtubule (3
Secretory vesicles (1 2

\ Golgi apparatus (157)
Mitochondrion (394)

ER (307)
* Endosome (109)
0 va
° o
Lipid granule (31) , Vacuolar membrane (170)

Cell wall Plasma
(44) membrane (226)

Nucleus (112)

Peroxisome (37)

51



52

Law #1 : Chemistry i Pepar e
Law #2 . Autocatalysis s o
(— RHP p and z)

Golgi apparatus (157)
Mitochondrion (394)
Endosome (109)

Peroxisome (37) g wall Plasma
(44) membrane (226)

fragile
10" Law #3:

t \
f(r)ggile exp([In[T])

o0 J

complex

i No tradeoff
10

107 k 10 100
expensive

52
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Robust Efficiency In .
Energy Supply exp[jln\T\)

fragile

too
fragile

Robustto £~ P
A In supply complex
and demand

No tradeoff

0
10™ k 10° 10"

Metabolic overhead
to make enzymes

53



Universal laws?

exp(j n\T\)\

7]

Microtubule (3) Peripheral membrane

Secretory vesicles (102)

Golgi apparatus (157)
Mitochondrion (394)
Endosome (109)

Nucleus (112)
ER (307)

Vacuolar membrane (170)

Peroxisome (37) ~g|iwall Plasma
(44) membrane (226)

54

100

10

2
1 2 5 1
) Length, m
10
fragile

too
fragile

complex

No tradeoff

10 k 10 10°
expensive
54
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What (some) reviewers say

“...to establish universality ... is simply wrong. It
cannot be done...

... a mathematical scheme without any real
connections to biological or medical...

...universality is well justified in physics... for
biological and physiological systems ...a dream
...never be realized, due to the vast diversity in
such systems.

...does not seem to understand or appreciate
the vast diversity of biological and physiological
systems...

...a high degree of abstraction, which ...make|s]
the model useless ...

55
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What (some) reviewers say

“...to establish universality ... is simply wrong. It
cannot be done...

... a mathematical scheme without any real
. hialagical lica)

If you agree

 You're in good company m
e See Andy at break about refund policy

* Stay off commercial aircraft o

the vast diversity of biological and physiological
systems...

...a high degree of abstraction, which ...make|s]
the model useless ...

56
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Universal laws and architectures
(Turing)

Architecture
(constraints that
deconstrain)

Fast

Flexible Inflexible
General Special
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Computation
(on and off-line)

Slow ~ _ Decidable
~
S o \Pspace
~ o NP(time)
RN P(time)
Fast ~ o

analytic

Flexible Inflexible
General Special
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Universal architecture

Slow Decidable

NP(time)
P(time)

Fast .
analytic

Flexible Inflexible
General Special
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Fast
Insight
Accessible
Verifiable

Slow

Fast

~ Decid
N
N

Computation
(on and off-line)

able
Pspace

> NP

Flexible
General

\
« P
~ analytic

Inflexible
Special

60
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Universal laws?

Slow | \ Decidable

Fast N analytic

Special

General

100

10

10
fragile

Z+ P
Z—=Pp
10

61

- k 10° 10"
expensive
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\exp(_[ln|T|)}> n p‘
100 >exp(pr)|—
IT].. £=Pp
10
Universal laws? 2
1 2 5 1
Length, m
Slow | \ Decidable
N\
\ Pspace
N\ NP
N\
\ P
Fast ~ analytic

General Special
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= ~
~ ~1980
~
Voo

Pspace Slow S o

MPC/RHC l ~
NP l RN
systune
P Fast
| Verifiable

analytic InS|ght
Flexible Inflexible
General Special

Convenient cartoon
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Slow RN
Pspace N o
MPC/RHC 2014
~
NP l systune
\\
P Fast MPC/RHC Hoo S
| Verifiable Bode
analytic InS|ght
Flexible Inflexible
General Special

Convenient cartoon
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Slow

Fast Hoo
Verifiable Bode
Insight
Flexible Inflexible
General Special

Convenient cartoon
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100

How tight ~~exp( pr)
are these
bounds?

10

Length, m

66
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exp(jln\T\):exp(pr)

WT], > exp(pr)

“conservation law”

bound

67
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error

noise

68
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Solve optimal |T||, and |T|,?

Unfortunately ill-posed.

error
4)?_) C
noise
P
T (jo) ==

exp

- > exp( pr)

69
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Solve optimal |T||, and |T|,?

error
A

—ﬁ)—*C

ctrl
A

noise dist —>é)

P

<—

Well posed
(w/ even small weights)



100

[Tl

10

71

IT|l,, = H, > H,, > analytic

H_, =~ analytic

Length, m
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100

[l

10

H, > H,, >analytic

Length, m
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100

[l

Lengt

n=.5m

Length, m
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Length=.5m
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=.5m

/ \
—~r =
/ \

I

)\K

Length

 —
-
-
“‘
“

—

100

OO
10"

10
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exp(jln\T\) = H, = H,, = analytic

IT|., = H, > H,, >analytic

76



exp(j'ln\T\) = H, = H,, =~ analytic

~ IS numerical errors

100

exp(jln\T\)

10




exp(jln\T\):exp(pr)

WT], > exp(pr)

“conservation law”

bound
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= ~
~ ~1980

Pspace l N

Slow S o

NP MPC/RHC l RS -
systune l N
P
Fast
~ Verifiable

analytic

Flexible Inflexible
General Special
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What is we wanted to understand this more deeply?

error

. E
T (jo)-|%
error N
A
~§°C -
noise

80
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What is we wanted to understand this more deeply?

exp( | In|T| \ 74 Mechanics+
(_l-_[ )>zexp(pr) - E| Gravity +
T, ) Light +
+ Neuroscience
‘T ( ja))‘ = ‘E‘ error
N
error

A
_)?_) C

noise

P |«

81
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Mechanics+

Universal laws Gravity +
Light +

exp(j n\T\)\>>

o0

Balancing
an inverted
pendulum

+ Neuroscience
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Robust vision with motion
e Object motion
e Self motion

Vision
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Layering
Feedback

Explain this
amazing

Slow system.

Fast

Y\
Flexible Inflexible

84



Robust vision with
e Hand motion
e Head motion

Experiment
 Motion/vision control without blurring
 Which is easier and faster?

85
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=~V
\
[
Slow
VISIion

Fast

Why?

Mechanism
Tradeoff

86
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\' ¥ .
Mechanism
Vestibular
Slow VISIon Ocular
Reflex
(VOR)

Tradeoff
Fast

Flexible Inflexible
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Slow

VISion

Flexible

88
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Slow

Fast

VISion

Flexible

Inflexible
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Slow

Fast

Flexible

Inflexible

Vestibular
Ocular
Reflex
(VOR)

90
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It works In the
dark or with your

‘ eyes closed, but
(Q you can't tell.

VOR

Flexible Inflexible




Slow

Fast

VISion

Flexible

Inflexible

92
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Layering
Feedback

Slow

Fast

Flexible Inflexible

93



Layering

Automatic
Unconscious

Partially
conscious

94
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Layering
Feedback
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Architecture

Slow

VISion

whd

Fast lHlusion

Flexible Inflexible
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Slow vision

Fast
See Marge
Flexible Inflexible Livingstone

97



Flexible

Inflexible

See Marge
Livingstone

98
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Stare at the intersection

99
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Stare at the intersection.

101



102

102
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103
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Stare at the intersection.
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Slowest

~ R

Slow vision

Fast

Flexible Inflexible
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Seeing Is dreaming

Slow vision

Fast

Flexible Inflexible
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noise
error

slow

T & Act
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Model?

e 1 dimension, 4 states?
X3 A e Other 2 dimensions?
e New Issues arise
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noise

error

1ISION

D
Q)
<

113



X, h

error

easy

ard

noise

T(jo)

I an
Z|m 3
{/
g i :
@D
m .
<

m Act
Asy

1ISION
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error

D
Q)
<

———— 1SIon
\
_|\E
N
_Act

Act
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Universal laws and architectures
(Turing)

Architecture
(constraints that
deconstrain)

Fast

Flexible Inflexible
General Special
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Universal
laws?

Slow] N\ Decidable

General Special
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\C - -
?‘ag\\ Universal 100\exp(jlnT)}>eXp(pT) +p‘
laws? IT|. z-p
Slow
10
N\
2
\ NP 1 2 1
\ P Length, m
s analytic

ecial

Sp
10"

fragile

Z+p
Z-p| complex T Y I o
No tradeoff
: 10’ -1 0 1
Flexible Inflexible 10 k 10 10

expensive
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Slow

Fast

Flexible

Inflexible

Implications?

General

Z+p
Z—=p

100 |

10
fragile

119

Special

too
fragile

complex

No tradeoff

1 s

k 10 1d
expensive
119
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Expensive tradeoffs

What is costly (and cheap) elements in:

Physical: Both efficiency and stability
Control: Actuation (vs sensing)
Computing: Time (vs space)
Communication: Latency (vs bandwidth)

120



Slow

Fast

121
A

Decidable Computatlor)al
complexity
PSPACE Space (memory) is
powerful and/or
cheap.
PSPACEONPOPONL “
PSPACE  #  NL —
>
Flexible/ Inflexible/

General Specific
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Control of cyberphysical systems?

Physical: Efficient, therefore unstable
Computing: Distributed with delays
Communication: With latency
Therefore Control: Distributed
—Wwith sparse actuation (but add sensing)
—with delays in computing
—and communications
—but “free” memory and bandwidth

How to make scalable?
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Compute Comms

Gddel
: Shannon
Turing

Von Theory?
Neumann Deep, but fragmented,

incoherent, incomplete

Nash Carnot
Bode Boltzmann
Heisenberg

Control, OR Einstein Physics

123



Compute
Turing

Delay and
risk are
most
important

Bode

Control, OR

124

Communicate

Shannon

Delay and
risk are
least
important

Carnot

Boltzmann

Heisenberg

Physics
Einstein
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Compute . worst-case (“risk”)

Turing * Time complexity (delay)
Delay |
and risk Computation for control
o Off-line design
.are mMOost e On-line implementation
Important \ » Learning and adaptation
Bode

» Worst-case (“risk”)

Control, OR < Delay severely degrades
robust performance
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Compute Communicate
Turing Shannon
Delay and Delay and
risk are risk are
most Dominates least
important “highimpact g 50rtant
science
literature Carnot
Bode
Boltzmann
Control, OR Heisenberg  physics
Einstein
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| Communicate
Space complexity

Shannon
* Average case (risk neutral)
« Random ensembles
e Asymptotic (infinite delay)
e “Layering” by averaging
Carnot
Boltzmann

Heisenberg Phys ics
Einstein
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Compute
Turing

Delay and
risk are
most
important

Bode

Control, OR

New progress!

128

Communicate

Shannon

Delay and
risk are

_least™

important

Physics
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Brains (){Case Study}

Nets
Grids (cyberphys)
Bugs (microbes, ants) Lots of aerospace

Medical physiology « Wildfire ecology

« Earthquakes
* Physics:

— turbulence,

— stat mech (QM?)
e “Toy”:

— Lego

— clothing, fashion
 Buildings, cities
 Synesthesia

129
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e Neuroscience
+ People care
+ Live demos
e Internet (& Cyber-Phys)
+ Understand the detalls
- Flawed designs
- Everything you've read Is wrong (in science)*
e Cell biology (bacteria)
+ Perfection
+ Some people care

* this comment is for scientists




e Neuroscience
+ People care

+Live demos!

131

1. experiments
2. data

3. theory

4. universals
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Multivariable Stabillity
Robustness

Doyle/Stein, 1981

2014 American Control Conference
40 years of robust control: 1978-2018

Copyright 2014, MUSYN. This work is licensed under the Creative Commons Attribution- NonCommercial-ShareAlike 3.0
Unported License. To view a copy of this license, visit http://creativecommons.org/licenses/by-nc-sa/3.0/ or
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Effect of uncertainty at plant input

Plant, P
—Linear, time invariant —>c‘>—>|z—>$—> P >

Controller, C
—Linear, time-invariant Nyquist plot of det(/+PC)

_Stabilizes P < > — does not pass through 0
— encircles 0 the correct

number of times, CCW

Uncertainty in P

—Uncertain gain (complex matrix) at input
Pg = {P(Inu +A): A€ C”“X”“,ﬁ(A) < 6}
------------------ H Ap — Ap

Wi o e

Question: What is the smallest A ¢ C"«*"+ such that
feedback interconnection of P(I + A) and C is unstable?

133



134

Effect of uncertainty at plant input

What is smallest A such that
—Nyquist plot of det(/[+P(I+A)C) passes through 07
—Solve independently at each frequency

N(P,C,w) = det(I+ P(jw)(I+ A)C(jw))
= det (I + PC)det(I + C(I + PC)_lfiA)

= i (A
(M) Aecmxn 7D

s.t. det(I, + MA) =0

—Find “worst” frequency (with smallest such A)

. 1 “Easiest” location for pole to
min _1 migrate from stable to
weR o [C(]W) (]’flu + P(]M)C(jW)> P(jw)j| unstable is at this frequency

1 1
max 7 |C(je) (I, + P(j0)C(jw) " P(w)| 1Tl
we \ J

Y
17
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A is in feedback with 17

Plant, Controller, P, C

— Linear, time invariant
— C Stabilizes P

Robustness of Stability

— What is the smallest (complex
matrix) A such that feedback
of P([+A) and C is unstable?

= _—
il

Remember this picture

Uncertain closed-loop 1A
system represented as
feedback between known
and unknown part _TI <

135
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Relation to distance of det(I + PC) to 0

Are these the same idea?

There exists small A to make
det(/ + P(I+A)C)=0

Nyquist plot of L ]‘

?

No!

det(/ + PC) ~ 0

Multivariable Nyquist plot
passes close to 0

1

L max

L(jw)

weR

Nyquist plot of 1+L

1+L )
i L 0
é’ 0 ® 0
_1 U Lk - .
j-z 0 2 4 6 u O 0

1+ L(jw)

-2 4
_3 U det (I + Li(I + A)) F

max o
weER

Imag

L) (I + L) ']

Nyquist plot of det(I+Lk), k=1, 2, ...

det (Ik + Lk)
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Real Dynamic models mimicking Complex numbers

Theorem: Given a positive @ > 0, and a complex number 9,
with Imag (&) # 0, there is a 8 > 0 such that by proper choice
of sign

s—p
19— =4

S—=jw
Nyquist Diagram Bode Diagram
25 ‘ ‘ , 4.3261
ol | 4.3261 |
@ 43261
1.5} Z
[0]
S 43261}
1+ =
& 4.3261! %
0.5 =
g T 4.3261 |
&
§ 0 4.3261
5 180 ¢
£ 05
135
L S
(0]
= 90
15+ 2
(1]
£
210 J 45+
25¢L | Ot | | =
2 1 0 1 2 10” 10° 10" 10°

Real Axis Frequency (rad/s)
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Relation between complex and real-rational uncertainty

For linear, uncertain systems, an “equivalence” between
—Constant, complex, uncertainty, and

A
—Linear, dynamic (with real coefficients)
can be established. -

Given stable, SISO G(s) and constants 3, @

— there exists a complex scalar A with |A| < § such that feedback
connection of (G,A) has a pole at

if and only if

— there exists a stable linear system (with real coefficients) A satisfying

[Alle <53

)

and the feedback connection of (G, A) has a pole at jw

—| A< B,1-G(jo)A =0 [Alloe < 8,1 = G(j0)A(jw) =0
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Relation between complex and real-rational uncertainty

For linear, uncertain systems, an “equivalence” between

—Constant, complex, uncertainty, and

A
—Linear, dynamic (with real coefficients) ‘ |
G

can be established.

Given stable, MIMO G(s) and constants 5,

— there exists a complex matrix A with 5(A) < g such that feedback
connection of (G,A) has a pole at 3w

if and only if

— there exists a linear system (with real coefficients) A satisfying

[Alle <53

s

and the feedback connection of (G, A) has a pole at Jw

g (A) < B,det(I — G(jw)A) =0

[Alee < B, det(I — G(j@)A(j@)) = 0
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LFT uncertainty modeling and
stability of Uncertain
Interconnections
Doyle 1982

2014 American Control Conference
40 years of robust control: 1978-2018

140



141

General linear interconnection: known G;. unknown I

—each is FDLTI, with proper transfer function, and stabilizable and detectable
internal state-space description.

— constant interconnection matrix 7 € R***®

— well-posed if for any initial conditions and any piecewise-continuous inputs
wy, Wy, d, there exist unique solutions to the interconnection equations.

— For a well-posed interconnection, a state-space model or proper transfer function
description for the map from (d, w) to (e, z) can be derived.

— stable if the resultant state-space model is internally stable — the eigenvalues of
it's "A" matrix are in the open, left-half plane.

un

Ao

q1

G

Gu

wa

gz

¥ 3

Y

Fa

Well-posed if and only if

A

F 3

2 Stable if and only if T,,, € S***

k 4
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Different assumptions on unknown components I';

. I'y; is a stable linear system, known only to satisfy ||[I'x|| . < 1;

. I'y, is a stable linear system of the form ~, I, where the scalar
linear system v, is known to satisfy ||y, ., < 1;

. I'y, is a constant gain, of the form ./, where the scalar v, € R
1s known to satisfy —1 < v, < 1.

w, G

Is the interconnection well- I Gt a

posed and stable for all "

possible values of ['7 ) —
» o

IFse is the | |  pain y A

from d — e < 1 for all

possible values of 17 f “
Wo d .‘FN
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Interconnection: robust well-posedness and stability

Interconnection is well-posed atT"' = 0

det (I — G(c0)Hq1) #0 o e .

V= G(s)(I — HnG(s)) ™" e RV =™ "L =
Interconnection is stable atT"' = 0 «

V= G(s)(I — H1G(s))™! € Spr>m : DL

M := Hs3 + H3;VHy3 € S**° ws 1 Ty —}kﬁ

X =1-TM o '

Interconnection is well-posed at I
det (I — T'(oo) M (o)) = det(X (00)) # 0.
X1 is proper

Non-vanishing determinant conditions

Interconnection is stable at I’
det (I —T'(s9)M (sg)) = det (X(sg)) 0 Vsg € C
X—l c S.X.
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SSV ()

Doyle, 1982
Doyle, Wall, Stein 1982

2014 American Control Conference
40 years of robust control: 1978-2018
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Structured Singular Value

Importance of the nonvanishing determinant condition

e new definition to formalize,

e separate arithmetic from system theory.

For example, consider a problem-specific set of block diagonal ma-
trices, say,

A= {dla’g [51‘[27527539A4] . 51952 S R; 53 < CyA4 - CZXZ} g C6X6

[ 6, 0 0 0 ]
0 6 0 0
. . . 6x6 . 0 0 463 0
Given a single matrix M € C define the quantity 00 0 A
B 4 ]

1
min{s (A): A € A,det ({ — MA) =0}

pa (M) =

unless no A € A makes (I — MA) singular, then ua (M) := 0.

J. Doyle, “Analysis of feedback systems with structured uncertainties,” IEFE Proceedings, part D,
vol. 129, no. 6, pp. 242-250, 1982.
145



General form of Uncertain Element: Structured Singular Value

In general, the set A C C™*" will be of the form

A = {diag [6T1;,,...,00 1, , 01, , ..., 051,
op e R,0f € C,Aj € Cix" }

Al,...,AF]:

S

which just includes many instances of the 3 “blocks” considered.

Given a matrix M € C™*"

1

pa (M) = min {5 (A): A € A, det (1 — MA) =0}

° quchn%R

e Smallest (measured in & (-)) root, drawn from A, of the poly-

nomial equation
det (I — MA) =0

o For any a« € R, p(aM) = |afpu (M)

146
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Alternate form
Claim: Manipulation of the definition gives

MA) = M) .
Aeﬂ%)gl%( ) = pa (M)

Proof: f A€ A.6(A) <1 and pr(MA) = 5 then (w/ correct sign)
det(1 £ M~ tA) =0

with 37'A € A, (87'A) < 871, Hence pa (M) > 3, including the
largest such S3.

Conversely, if A € A has det(I — MA) =0, then pr(MA) > 1. Define

1
AN'_5(A)A

Then Ay € A,0(Ayxy) = 1 and pr(MAN) > 5(2), including the

smallest such A.

147
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Alternate form with only Complex Blocks

In general

MA) = M) .
AeArflaa(}Z)SlﬂR( ) = pa (M)

If there are no real parameter blocks, the problem is simpler

MA) = M
AGAH}(%’E)Q’)( ) = pa (M)

involving the spectral radius since A is unaltered by complex scalar
multiplication. Moreover, in both cases, the maximizing com-
plex blocks are unitary, not just norm-bounded.

Lower bound algorithms for ua (M) are based on these equalities.

e The left-hand-side optimization is not easy to solve, though con-
strained optimization can be attempted.

e Any algorithm generally finds a number smaller than the maxi-
mum, so the obtained value is a lower bound for pua (M).

148
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Properties of pua : C*"*" - R

In general, p always satisfies a maximum-modulus property. For M(s),
stable, and any block-structure A,

maX{RS(u)pmm(M(S)) : MA(Moo)} =maX{iggua(M(jw)) : uA(Moo)}-

In general, ua : C*"*" — R is upper-semicontinuous, but not continuous

e If A only consists of complex blocks, then pa : C**" — R is
continuous

e Suppose that A consists of a diagonal concatenation of two uncer-
tainty sets, one with only real blocks, and one with only complex
blocks. Denote these as Ar and Ac. So

A = {diag [Ar,Ac] : Agp € Ar,A¢ € Ac} C C""

Partition M € C™*™ accordingly. If puag(M11) < pa (M), then
pa - C**" — R is continuous at M.
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Example of puagy (M11) < pa (M)

AR 52 A nIm A
Create singularity using C
¢ only Ar (with Ag :=0)
> . Re
1
I 0 My M Ap 0]
det — H 12 f = det (I — MllAR)
0 I My, My, 0 0|
There are complex
5 ' blocks, and they “matter”
A 2 AN
AR AC Remark: Likewise, if pa
— - is not continuous at M, then
] % pag (Mi1) = pa(M). This
: i 01 — Re means “the complex blocks
i : > ¢ > do not matter” and hence
! : can be set to 0.
! !
Create singularity using I 0 My My Ar 0
det —
both Ap and A¢ 0 I My, Moo 0 Ac
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Canonical Block Structure

All important mathematical features are captured in A of the form

( y \

5L, 0 0
A = !¢ 0 oI, 0 |:01€R,5€C,Az3cCm*™ 5
0 0 As

\ L - /

The individual blocks on the diagonal are referred to as

e a repeated real block
e a repeated complex block, and

e a full complex block.

An actual robustness analysis might contain several of such blocks.
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Canonical Block Structure

Consider an illustrative A, and associated set D of invertible matrices

p

\

| 0114,
0
0

D,
0
0

0O 0 |

5oI,, 0O

0
Dy
0

0 Ag

0
0
d3Im3

101 € R,52 € C,Ag e Csxms

: Dy € C**1 Dy € C™2%72 d3 € C

\

/

For every A € A and D € D, DA = AD. Hence A = D~'AD, and

det(I — MA) =det(I — MD 'AD) =det(I — DMD™A).

Since ua (M) is defined entirely in terms of det(I — M A),

ua (M) = pua (DMD™)

But pa(-) < 7 (-), always, hence

pa (M) =pa (DMD™) <5 (DMD™')

152
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Canonical Block Structure

101 €R,0, € C,A3 € C3X™s3

N

: Dy € CtIth,DQ c CTQXTQ,dg e C

\ .

For any D € D, pa (M) <5 (DMD™)

This bound only uses the block-diagonal structure information regard-
ing A, namely for D e D,A € A, DA = AD.

The “best” upper bound obtained with this technique would come from
optimizing the choice of D € D, namely

- 1
pa (M) < IIDHGI%U(DMD ),

commonly referred to as the “d-m-d-inverse upper bound of .”
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Real versus Complex uncertain elements

The upper bound derived thusfar,

ta (M) < ming (DMD™),

does not use/exploit known information that an uncertain element is
real (as opposed to complex).

For example, in the block structure below, 0; and 05 are handled the

same way (using D; and D) even though more partial information is

known for 97.

p

o011y,
0
0

D

0

0

oI, O

0

:01 €R,00 € C,A3 € C™3%ms3

~~”~

. Dy € Cthtl,DQ c CTQXTQ,CZ;), e C,
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Define sets
4

A =X

Improved Upper Bound

associated with A

0
0

KA
0

0

0
5217‘2
0

Az

101 € R, 0, € C,A3 € C™37™s3

Due the structure of the various matrices

e if DD, then DA =AD for all A € A and Dz € D,

o if G €@, then GA = A*G for all A € A
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Improved Upper Bound

Suppose 8 > 0, and G € G, D € D, satisfy

M*DM — 3*D + j(GM — M*G) = 0.

Then pa (M) < 8.

These type of formulae are due to Doyle (conference papers in mid
80s) and:

M. Fan, A. Tits and J. Doyle, “Robustness in the presence of mixed
parametric uncertainty and unmodeled dynamics,” IEFE Transaction
on Automatic Control, vol. 36, no. 1, pp. 25-38, January 1991.

The short proof (next slide) is taken from 1995 PhD Thesis, Anders
Helmersson, “Methods for robust gain scheduling,” Linkoping
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Improved Upper Bound

Suppose 3 > 0, and G € G, D € D, satisfy
M*DM — 3*D + j(GM — M*G) = 0.

Then pa (M) < 8.

Proof: If A € A has det(I — MA) = 0, there exist nonzero w, z € C"
with w = Mz, z = Aw. Use D3A = ADz and A*G = GA,

0 > 2*(M*DM — 32D+ j(GM — M*G))z
= w*Dw — B2w*A*DAw + jw*A*Guw — jw*GAw
w*Dz D3w — B2w*A*D2 Dz Aw + jwrGAw — jw*GAw
= w*D2Dzw — B2w*D2A*ADzw
= w*D3 (I — B2A*A) D3w.

Since D is invertible and w # 0,,, it must be that 6 (A) > 571, Hence
the minimum (in definition of pa (M)) is > %, making pua (M) < 5.
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Robustness test with u

2014 American Control Conference
40 years of robust control: 1978-2018
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Dynamic, Structured, Linear Uncertain Elements

o M € 5™ ™ is given I M
o A C C"™*"™ and associated T’ r l

A ={diag [071s,, ..., 001, 05, .., 05 g, A1, ..., AR
op € R, 67 € C,A; € CMixMi }

I' = {dlag [7{]—1'517 - 77{/’173\/771(8)17“17 e ,’)/8(8)]708,1—\1(8), - 7FF(S)] :
T € R,y € ST € SMaXn}

e Partial knowledge is I' € " and ||I']| ., < 1

Determine if (I, — M(s)['(s))~" € 8> for all such T

Equivalently: is det (I — M (sg)I'(sg)) # 0 for all Re(sp) > 0 and all
I' e T with ||| < 1.
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Robust Stability of Interconnection as u-test

Theorem: (M, ') interconnection is stable for all I' € I with ||I'|| _ < S
if and only if M € §™*" and

s ia (M (o)) = mac{ sup pa (O (1) (M) | < 5

Proof: (=) If M ¢ 8™*™ then the interconnection is unstable at T" = 0.

If ua (M (j@)) > B~! at some nonzero, finite frequency @, there is a
A € A with o (A) < 8 such that I — M (jw)A is singular. Now proceed
block-by-block:

e replace each complex block A; in A with stable, real-rational I';
that has ||I';|| ., =& (A;) < § and T';(juw;) = A,

e real-valued blocks in A are copied into I'

The constructed I' satisfies: T' € T', |T'|| ., < 8 and the (M,T") intercon-
nection is unstable, with a pole at s = jw
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Robust Stability of Interconnection as u-test

Theorem: (M,I') interconnection is stable for all I' € T with ||| < /3
if and only if M € 8"*"™ and

i i (M (1)) o= max { sup s (1 () s (M)} < 5

Proof: (<) Since M is proper, stable and y satisfies a maximum-modulus
property,
1
max ¢ sup paa(M(s)) , pa(Mo) ¢ <
Re(s)>0 B

Therefore, at all sg € C, with Re(sg) > 0 (including s = o)
1
pa (M(so)) < 3

Take any I' € T' (also stable) with ||['||,, < 8. I satisfies the (usual)
maximum-modulus property, so & (I'(sp)) < ||I'||, < 8 and I'(sg) € A.
Hence I — M (sq)I'(sg) is nonsingular. This holds at all Re(sg) > 0, so
(I — MT)~! is proper and stable.
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Robust Stability of Interconnection as u-test

Theorem: (M,T') interconnection is stable for all I' € I' with ||I'||_, <
if and only if M € §™*™ and

g i (M (7)) = max { sup s (M () i (M)} < 5

There are a few technical details to pay attention to get it all correct,
constructing the destabilizing I' € I' when max,cre pa (M (jw)) > 871

e the peak may occur at wp = oo or 0. The frequency-response at
w = o0 or w = 0 of an element I' € T is real-valued, not complex-
valued. So, the “equivalence” between constant-complex-valued and
real-dynamic uncertainty is more delicate.

If pa is continuous at M (jwp), then ua (M(jw)) > B! at some
finite, nonzero w and the previous construction works.

If ;A is not continuous at M (jwp), then without loss in generality,
all complex-blocks in A can be chosen as 0, and the destabilizing T'
is constant (and real-valued).
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Performance characterized
as Robustness

2014 American Control Conference
40 years of robust control: 1978-2018
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Performance as Robustness-to-Uncertainty

~

Ap

Y

Stable for all ||Ap|| <1

The norm of a transfer function can be determined

using a robust stability test

Pose robust performance questions as robust stability
questions.
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Robust Performance as Robust Stability

T = Fy (M, A)
4 A
v <
€ -— «— (]

Exactly a Robust Stability problem for
M, subjected to perturbation matrices

with block diagonal structure,

A 0
0 Ap

Hence, robust stability techniques — on

Ap =

a larger problem, to test/guarantee ro-
bust performance of original problem

165

|F (M,A)|,, <1 forall A e Aif and
only

>

A

A

\ 4

Ap

is stable for all A € A and all Ap €
C"*™ gatisfying

o (AF) < 1.
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Ho control and H.-loop Shaping
Keith Glover
Department of Engineering
University of Cambridge

(For the ACC 2014Workshop

40 years of robust control)
ACC 2014
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2 Introduction

2.1 General Problem

A typical feedback system is given below:

reference, r(t)

controller

input disturbance, d(t)

plant

output, y(t)

sensor noise, v(t)

Given a plant whose dynamics are only known approximately our objective is to design a

controller so that the output “follows” the reference despite the “uncertainty” in the plant and

the “unknown” disturbances.
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To pose a formal problem and use analytic techniques we need to be more precise:
e measure the size of the error between the output, y(t), and the reference, r(t). e.g.
0o 2
ly =7l = /S5 @) —r(®)? .

e characterize the uncertainty in the plant, e.g. |G(jw) — G, (jw)| < € for all w.

e characterize the unknown disturbances, e.g. [~ d(t)? dt < 1, or d(t) is white noise.

Analysis - given such a set-up with a given controller is the size of the error suitably small for
all disturbances in its class and all plants in its class?

Synthesis - find a controller to meet such a specification.
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Example
Consider the example where the plant’s transfer function,
G(s) =Go(s)(1+ A(s)) where |A(jw)| < e for all w,
and a disturbance, d(t), enters the system and the plant input as follows:
d
Tt

—» K(s) 20 »O— G,(s) > Y

u

Suppose that we want the output due to the disturbance to be limited in the sense that the
transfer function from d to y satisfies:

Ty (jw)| < a(w) for all w,

and for all plants perturbed as above.
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Therefore we require,

y = Go(1+A)[d+ Ky
(1-Go(1+A)K)y = Go(1+A)d
Go(1+ A)
= Td—>y —

Go(1+A)

1 -Go(1+A)K

1

<~

(1+

1

A)

- K

Go(1+A)

— G,K

1-Go(1+A)K

< « forall w and for all |A| <e.

1
> — forall w and for all |A| <e.
o
Go
> Gl for all w and for all |A| <.
o)

Given a and e this gives a condition on G,(jw) and K (jw) for each w and to make it easily
computed we need to eliminate the term A. Consider the term 1/(1 4+ A) for all A with

|A| < €; we will show that this set of points in the complex plane gives the inside of a disk with
centre 1/(1 — €2) and radius €/(1 — €?), as A varies with |A] < e.
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Firstly note that given complex numbers g and z with |3| < 1 then,

B+z |° 1B+ B + B+ 2
1+ B2 14 B*z + Bz* + |B|%|2|?
PR [ <1l <t
1+ 8%z =1 if|z] =1
So that the set of points w = 1i;f — map out a disk in the complex plane centred at the origin
with unit radius as z varies inside the circle of unit radius. Note also that z = % SO

there is a unique correspondence between the points z and w inside the unit disk.

Now we note that,

1 1 . . € e+ Afe . €
— = A, where A= — N —F] = |A| < :
1+ A 1—62Jr WHEE 1 — €2 <1+6A/e> A 1 — €2

Now substituting into the condition ‘ﬁ — G, K ‘ > %, we obtain,

1 |G
—G,K —— for all |A
|(1—|—A) G > ——fora Al < e
& ! +A-G,K| > @forall Al < €/(1—€)
1 — €2 o)
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1
1 — €2

@ ‘

—GOK‘>

|Gol

€

(87

_|_

1 — €2

This final condition gives the exact condition for the so-called Robust Performance of the

uncertain system.

If ¢ =0 then this reduces to the Nominal Performace condition,

11— G,K| >

Alternatively if we remove the performance condition by letting o — oo then defining
T, =G, K/(1-G,K), (= G,K=T,/(1+1,)), the Robust Stability condition becomes:

|Go

(87

1,

1.e. ‘

G

1 —-G,K

<«

‘ 1

1—€ 14T,

1 — €2

s 1+ET,° > EN+T,)

o 14+ E(T,+TH) + TP > € (1+TO+TO*+1TO\2)

s (1-€¢) > 01— |

1
T, < =
€
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This example illustrates a general robust performance problem which can be put in the

following general framework:

> A
zZ w
——
€ d
N ¢
Y «— U
> K

We will consider:
e Stability
e Robust Stability
e Performance

e Robust Performance
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3 Systems and Signals

3.1 Scalar Case

A system can be thought of as a mapping from its inputs to outputs:

input output
p SYSTEM > yp

Y

u

For a quantitative theory we need a measure of the size of the signals and this induces the gain
of the system as the maximum ratio of the size of the output to the size of the input.

There are a number of different choices that can be used but the choices we give below have
been found to be both physically sensible and able to exploit an elegant underlying

mathematical theory.

Definition 3.1

fulls = \/ [ utopea

is called the Lo-norm of the signal w. This is a measure of the size of the signal with ||ul|5 the

energy of the signal. (L stands for Lebesgue space)
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Definition 3.2 If ||u|l2 < co then the Fourier transform of the signal u is given by
(X> .
u(jw) :/ u(t)e <t dt

and we can define the Lo-norm of u(jw) as

lall, = \// [a(jw)|” dw

The following is a remarkable result connects the norms of functions and their transforms.

Theorem 3.3 (Parseval’s Theorem)

[ wtrywa = 5= [ atie) it

and this immediately implies that ||u|ls = \/%H’&/HQ
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Definition 3.4 A transfer function is said to be in the space Hoo (where the H stands for
Hardy space), if

sup |G(s)| < oo,
Re(s)>0

when the Hoo-norm is defined as
IG(s)]lco = sup |G(s)].
Re(s)>0
[sup is like max except need not be achieved]

Note that if G(s) is in Ho then all its poles must be in the left half plane and hence this will
be a stable transfer function.

Theorem 3.5 (Maximum Modulus Theorem) If G(s) is in Hoo then
IG(s)]lc = sup |G(s)| = sup [G(jw)l.

Re(s)>0 —oo<w< oo

This result shows that the H,,-norm can be calculated by just examining G(s) for s on the
imaginary axis and it is not required to consider s in the whole of the right half plane.

The gain of a system with input u and output y will be defined as,

A

- lyll2 17]]2
p Sup

u£0 w2 B 0#0 ]2

Theorem 3.6 For a stable Linear Time Invariant system with transfer function G(s) its gain
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s given by,

Iyll2
sup = 1G(s)ll
uz0 [|u]l2

Proof:

G2 = lGal2= / G [ajw)? de

— 00

< GG / aGw)? dw = |G [1a)?

A

91l < |G|, for any u #0

A J—

],

To show that maximising LHS gives equality requires a judicious choice of u. Idea: find w,

=

where |G (jw)| achieves maximum then choose

u(t) = sinw,t
= y(t) — |G(Jwo)|.sin(wot + ZG(jw,))
=/ energy ratio — |G(jw,)|

(Technical point: the integral of u?(t) will — oo, so we need to take a sinusoid of finite but very

long duration). ]
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Ex. (i) H 1 H = 1 and the max is achieved at s = 0 and )

L w|§1foralla>0,andallw.

1

14+o+j

(ii) e® in analytic in whole complex plane but supg, s~ |e”| = 0o
= €% is not in Ho

S

whereas e % 1s in H .
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3.2 Vector/matrix generalisations

(i) Vector version of Lo

Take (column) vector functions wu(t) of length r and define

HgHg = / u(t)*u(t)dt (* denotes complex conjugate transpose.)

_ / S Jus(t)? de
—0 =1

Parseval’s Theorem then becomes,

/ Tyt dt = = [ ) gw) do

(ii) Matrix version of H., space:
Let A be any complex matrix then \;(A*A) are real and > 0. Proof: Let A*Aw = \w
then w*A* Aw = Mw*w so that A\ = I Awl; > 0.

=B

Let \;(A*A) = 0'1-2 then o1 > 09... > 0, > 0 are called the singular values of A. Indeed
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just as in the real case A will have a singular value decomposition,

S 0
A=USV*, where U*U=1, V'V =1I, S=| " |, S =diaglor, - ,0,)

0 O

with U and V' complex matrices.

Denote max. sing. value of A by (A). If G(s) is a p x m matrix function of s, whose
elements are analytic in RHP (i.e. no poles in Re(s) > 0) and such that

sup o (G(s)) is finite then define
Re(s)>0

IG(s)loo = sup T(G(s)) =supo(G(jw))
Re(s)>0 w
With these defns. then Theorem 3.6 still holds, namely:

lyll, < IGs) s - Nl
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Recap:
2 *
lul; = 70 u(t)*u(t)dt.
maximum system gain =  sup ”yHQ/H@HQ
Jul|#0

= [|G(5)]lsy Hoo —norm

= supo (G(jw))

w

We can write a number of frequency domain specifications as H, norms of closed-loop transfer

functions.

Gw)

a(jw)

e.g. the requirement that |G(jw)| < |a(jw)| for all w is equivalent to H < 1. (assuming
(0. @)

that all the zeros of a(s) are in the left half plane.
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4 Robust stability

4.1 Internal Stability

dy i@ - G(s) Y1

_|_

Y
Y

=
D
3
M\
_I_
&

Y2

In state space:

r = Ax+ Beg

eo = Cx+ De; +d,
T = Ai + B§2

e, = Ci&+ De,+d,

189



In matrix form we have:

A

I —-D €,

-D I €5
d | x
dt | 3

where Aoy,

1= 18

We will call this state-space feedback system stable if Axy, is a stable matrix.
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Stability of the feedback system can also be considered using transfer functions when we call
the feedback system is called internally stable if all transfer functions from d; and ds to eq, e,

y1 and yo are in Hso.

-G 1 €9 dy

_ _ 1
€9 -G 1 ds

- - - —1
Y, € dy -G 1 0 I ds

—1
. . . —K . . . .
Hence internally stable if and only if in H.,. This is equivalent to Acy, being
-G I

a stable matrix if the realizations of GG and K are controllable and observable.

Note this includes all the closed loop transfer functions.

191

191



4.2 Singular Value Inequalities

For a general rectangular complex matrix, A in C"™*" recall that A will have a Singular Value
by 0
Decomposition, A = UXV* where U*U =UU* =1, V*V =VV* =1, and X = H with
0 O
Y11 =diag{o1,09,...,0.},and 01 > 09 > -+ > 0, > 0.
(1) Now denote,
6(A) = max singular value = sup || Azx||2/||z]|2
z7#0
(assuming n =m) o(A) = min singular value = m;g)l | Az||2/]|z]|2-
z#£0
Proof: Suppose z*x =1,
|Az|)3 = ULV zl3 =[2z]3 where z=V"z, and |zl = [lz]2
T
= > i lal”
i=1
= oi(1— [zl —|zs[* - —|z[*) + o3|zl + - + 7]z [?
= of —(0f — 3|2l =+ = (0 = 07|z |
< o}
A similar argument gives the minimum gain. [
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(2) 7(A) —5(B) < 5(A+ B) < 5(A) +5(B).

Proof:  |(A+B)zll, = [Az+ Bz,
< ||Az||; + ||Bz||, by the triangle inequality
< o(A)|zl, +7(B)llzll, = (@(A) +7(B)) ||zl

hence (A + B) o(A) +7o(B).
The left hand inequality comes from
d((A+B)+ (-B))<o(A+ B)+3(—B)=0(A+ B)+3(B).

IA
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e.g.
1 : _

] ((I . GK)_1> ) | < [ 5(GK) if o(GK)<1

c(l-GK) ™~ Q(G;) — if o(GK)>1.

Hence notions of high and low loop gain and bandwidth carry over to multivariable systems

but with more ‘slack’ in results.
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4.3 Small Gain Theorems

d i@ T G

_|_

Y1

Y

Y2

A

DR S

Theorem 4.1 If G and K are both stable then the closed loop is stable if

IGK || <1 orif |KG||. < 1.
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Now consider uncertain systems with G and A stable

A

Y

e

Theorem 4.2 Suppose A in Hy is unknown but ||Al|, < € and G in Hoo is known. Then the
feedback system is closed loop stable for all such A if and only if

Gl < 1/¢

G

A

Q‘i
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Proof: If |G|, <1/e and ||Al|,, < € then,

IGAlL, = supo(GA)
< supa(G).a(A)
< supd(G).supa(A)
= Gl Al
1
< -—e=1

€
= stable by small gain theorem.

Now suppose that o (G(jw,)) > < for some w,, then we can construct (with some effort) a A
s.t. [|All,, < €and det (I — G(jwo)A(jw,)) =0

= jw, 18 a closed loop pole = not stable. That is we have constructed a destabilizing
perturbation in the set of A and hence for robust stability we need |G| < 1/e.
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4.4 Robust Stability Tests

Multiplicative Uncertainty

Let an uncertain system have transfer function G(s) = (I + A(s))Go(s), where [|A(s)||c0 < €,

A(s)

wl
r Z

K(s) X )—>  Go(s)

Y

Y
<

rewrite as z = K(r + Go(w+2)) = 2 = (I = KG,) " K (r + Gow)
and with » = 0 we get

Closed loop internally stable for all ||Al| < € & (G,, K) is internally stable and

H(z ~KG,)'KG, %

<

0. @)
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Additive Uncertainty

So G = G, + WoAW7, with ||A(s)]|eo <€, or

W5 (G = Go) Wit <e

In the SISO case this is the same as |G — G,| < |W1.W5| for all w

As in the case of multiplicative uncertainty we now obtain internal stability of the perturbed

closed loop if (G,, K) is internally stable and

HWl (I - KG,)™" KW2H <1/e
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5 Perturbations to Coprime Factors

5.1 Coprime Factorization of Transfer Functions

Given any p X m transfer function G,(s) = C(sI — A)"'B (with A not necessarily stable,
(A, C) observable and (A, B) controllable), we can write,

G, =M 'N=NM"!

with M, N, M, N all in H... These factorizations are called respectively left (and right)

coprime factorizations of G,(s) over H, if in addition

rank [N(s) M(s)| = pforall Re(s) >0
N
rank (5) = m for all Re(s) >0
M(s)

i.e. there are no “common zeros” in N(s) and M(s) in the right half plane.
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A state-space procedure for this is as follows:

The system equations with input, u, state, z and output, y will be,
= Ax+ Bu, y=0Cz

and these can be rewritten as,
t=(A+LC)z+Bu—Ly, y=Cz

where L is chosen so that (A 4+ LC') is stable (c.f. observer design). Hence,

y = C(sI-A-LC)™! B —L} N
' y
= |N(s) 1-21(5)] ;

= M(s)y(s) = N(s)uls)
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The other factorization is derived by finding a F' such that (A + BF) is stable (c.f. state

feedback pole placement) and writing the state equation as,

t=(A+BF)x+Be, e=u+z z=-Fz, y=Cz

and hence
U~ Y wr—a—ryiBe=| MY .
z —F I_M(S)
Se = ut(I-Ms)e =e=Ms) ', y=N(s)e=N(s)Ms) u

It is also possible to demonstrate that these two factorizations are coprime.
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Normalized Coprime Factorizations

A left coprime factorization will be called a normalized left coprime factorization of G,(s)
if

~ ~ ~

M (jw)M (jw)* + N(jw)N (jw)* = I for all w

Note that given any coprime factorization of G, = M 1N then

G, = (RM)"Y(RN)
and (RM)(M*R*)+ (RN)(N*R*) = R(MM*+ NN*)R*

so normalisation is possible by choice of R (need the poles and zeros of R to be in the LHP).

cao=t = (1) (s2a) =

e.g.

. . ] ]
MMF 4+ NN* o= v e —
jw+1l (—jw+1) jw+1 —jw+1
w? 1

1—|—w2+1—|—w2
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e.g.

s—1
s+ 1

s+ 1
s—1

S -

RVEA

s—1
s+1

(51)/ st

)
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Figure 2: Bode Diagrams for 1/s? and its normalised coprime factors
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5.2 Uncertainty in Coprime Factorisations

Suppose

e.g.

1 TAN 1+ AN(s+1)

GA _ s+1 —
7 tAm s+ Ap(s+1)
If Ay real constant then pole is moved to — 1fXM

Hence poles move across s = jw with small |Aj,| but very large |Gao — G,| changes.

with [An]? + |Aun]? < €
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Including a controller, K (s), the block diagram now becomes:

_|_ —
> AN O AM <
w 2
| N(s) & | M(s) =
<1
» K(S) »
And we obtain: 29 = M™! ( Aprzo + (AN — N) zl)
= 25 = (M + AM> <N + AN> z1 as desired.

GA
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Also considering the controlled system gives,

<2
Q—JT4NK)@
2
<1

21

)

w

M1 {w—l—NKzg}

M 1w

(I-—GK) ' M 'w

KZQ
(I-GK) ' M w
I
Ay, —Ay] |
)

Theorem 5.1 The above closed loop is internally stable for all ||[An, Aum]| o, < €

K .
& (I-GK)""M™'| <1/,

I

oo

(by the Small Gain Theorem).
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M* M*

Note that since [M N} } =1, we have \; (X X*)=X\; | X [M ]\7] X* ], and
N*

hence 7(X) :6<X [M ND

Hence the closed loop will be internally stable for all |[[Ax, Aas]||,, < € if and only if

' II( (I - GK)"' M1 [M, N] < 1/e

K
ud 1 (I —GK) '[I, G < 1/e
wh
_|_

w2

) R R

R, 1 G A R
Z
- K(s) |
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1.e.

Tr . . <1/e.
e LI

This closed-loop therefore includes all the standard transfer functions for stability and

performance.

We will now define the “stability margin” for coprime factor perturbations to be:

—1

b(G,K) Y I; (I-GK) I G

o

It can be thought of as a generalisation of gain and phase margins.

We have that the closed loop will be stable for all ||[Axn, Aas]

loo

Experience indicates that b(G, K) > 0.2 — 0.3 is satisfactory for good robustness.

<e & b(G,K)>e.
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It can in fact also be shown that for single-input/single-output systems:

Theorem 5.2

14+ b(G, K)
1-b(G, K)
PHASE MARGIN > 2arcsin(b(G, K))

GAIN MARGIN

Proof: The proof of the gain margin result is as follows:

Let 8 = b(G, K) and note that when G and K are both scalar, Lemma 5.3(b) gives that

K
52 1 (1- GK)™! [1 G} — (14 |K|?)1 - GK[2(1 +|GJ?)

Hence b(G, K) = § implies that
(14 |K]P)1 = GK|?(1 +|G)*) < 872 for all w

Now to calculate gain margin we need to consider the case when the loop gain GK = a and «

is positive and real (positive feedback convention). Hence
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2

B2(1 + [K*)(1+ ‘;‘;—@

= B <(1+a)2+ <yKy — %>2> < (1-a)

= f(1+a)? < (1-a)f
1-5

for0<a<l=sa< ——

14+

VA
gy
|
Q
o

The following linear algebra result was needed above.

Lemma 5.3 (a) For any n x m matrix A and m X n matriz B, the non-zero eigen values of
AB equal those of BA.

(b) c?2(XYZ)=N(XYZZ*Y*X*) =\ (YZZ*Y*X*X).

Proof: (a) The general idea is that if A # 0 is such that ABx = Az, then BA Bx =\ Bz . If

~~ =
=y#0 Y

eigen values are repeated this argument is not quite complete, and this case is handled by the
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following identity:

A, M A, O] |1, A
B A, B I,||0 \,-BA

I, A| |A[,—AB 0O
0 I B My,

= AN'det(A, — BA) = A"det(\, — AB)

(b) is immediate from (a). O
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5.3 Gap Metric

Coprime Factor perturbations are not unique. The smallest value of ||[Anx(jw), A (Jw)]ll ..
that perturbs G, into G is called the gap between G, and G} and is denoted 6§, (G,, G1).

Hence if §, (G,, G1) < b(Go, K) then the closed loop system with G; and K will also be stable.

The v — gap (6,) between Gy and G is an important development of the gap whose details are
beyond our present scope. However we note that both §, and §, are metrics (i.e. distance

measures) and hence satisfy e.g.

(1) 0 <6, (Go,G1) <1

(2) 0, (Go,G1) =0= Gy =G,

(3) dv (Go,G1) = b, (G1,Go)

(4) 0, (Go,G2) < 0, (Go, G1) + 0, (G1,G2) (Triangle inequality).

In addition, it can be shown that if J, (G,,G1) < b (G, K) then we have closed-loop stability
of G; and K.

Thus: b(Gy, K) gives the radius (in terms of the distance in the v-gap metric) of the largest
“ball” of plants stabilised by K.
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6 H, Control Synthesis

6.1 The Youla Parameterization of All Stabilizing Controllers

Now consider the problem of synthesizing a controller, K(s), that minimises the H,,-norm of

the closed-loop system:

Mll

Mo
Moo
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z = Huw
H = Mj+ MK (I - M22K)_1 Moy

The Ho control synthesis problem is then to find K that internally stabilises this feedback

system and minimises ||H |-

We can for example compute

bopt (G) = max b(G, K)

Consider the coprime factorisations G = NM~1 = M 1N of the plant.

It is possible to solve the Double Bezout Equation:

‘70 T Uo M Uo I

N M N V, 0 I

The Youla parameterisation of all stabilising controllers is then given by:

K= (U, +MQ)(V, ‘|‘NQ)_1 — (‘70 + QN)_l(Uo +QM)> for Q@ in Heo
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Now consider the closed loop transfer function for b(G, K):

I

(I-GK) "I, G

XO i Ajjg)) Vot NQ) ™ (1= N 'R (W, + MQ)V, + NQ)™) 31 [, ]
i%i?\fg)) \(M(VO+NQ)—N(UO+MQ>>_1J[M’ N}
(é it 8]+ | @[t &

Hence ming b~ (G, K) = ming || a linear function of @ ||, which is a CONVEX PROBLEM!

For a more general problem all stable closed-loop transfer funtions can be written as:

T+ T12QT%; = Fo(T,Q) for Q in Heo

The first solutions to the H,, control problem used this as the first step with solutions from

interpolation theory, and state-space representations of these transfer functions.

218

218



219

6.2 State-space solution to the H,, control problem

L P _ Pll P12 < w
Y Py Pao «— U
> K

Figure 3: (lower) Linear Fractional Transformation - Feedback System
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(t) = Az(t)+ Biw(t) + Bou(t) (6.1)
2(t) = Chz(t) + Digu(t) (6.2)
y(t) = Cox(t) + Dayw(t) (6.3)
i.e. in Fig. 3
A | B B |
P=1|Cy| 0 D
| C3 | Dy 0

where we also assume, with little loss of generality, that Dis D12 = I, Do1 D5, =1, Di,C; =0
and By D3, = 0. Since we wish to have ||T,. +||cc <7 We need to find u such that

12]]2 — Y2 ||lw||3 < 0 for all w # 0 in L£2(0,00).

Suppose that there exists a solution, X, to the Algebraic Riccati Equation (ARE),
A* X oo + Xoo A+ CiCL + Xoo (7 2B1B} — BoB3)X oo =0 (6.4)

with Xoo > 0 and A+ (2B Bf — BoB3) X, a stable ‘A-matrix’. A simple substitution then
gives that

d

(@) Xooa(t)) = —2"2 + Pt v — AP
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where,
vi=u+ BiXox, ri=w-—7 *BfX,x.
Now let (0) = 0 and assuming stability so that x(oc) = 0, then integrating from 0 to oo gives,

2112 = v*llwllz = [lvllz = ~*lIrl2 (6.5)

If the state is available to u then the control law u = — B3 X x gives v = 0 and

12]|13 — ¥?||wl]|3 < 0 for all w # 0. It can be shown that (6.4) has a solution if there exists a
controller such that || F;(P, K)||cc < 7. In addition since transposing a system does not change
its Hoo-norm the following dual ARE will also have a solution, Y., > 0,

AY oo + Yoo A* + B1B + Yoo (v 2C5C1 — C5C5)Yoe =0 (6.6)

To obtain a solution to the output feedback case note that (6.5) implies that [|z||3 < v?||w||3 if
and only if ||v||3 < ~2||r||3 and ¥ = F;(Pimp, K)7 where,

] ) A+7BiB{Xe | Bi By
v
Y U

| 02 D21 O ]

The special structure of this problem enables a solution to be derived in much the same way as
the dual of the state feedback problem. The corresponding ARE will have a solution
Yimp = (I — 7 2Yoo Xoo) 'Y > 0 if and only if the spectral radius, p(Yeo Xoo) < 72
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The above outline, supported by significant technical detail and assumptions, will therefore
demonstrate that there exists a stabilising controller, K(s), such that the system described by

(6.1-6.3) satisfies ||T.« w||co < 7y if and only if there exist stabilising solutions to the ARE’s in
(6.4) and (6.6) such that,

Xoo >0, Yoo >0, p(YooXoo) <v? (6.7)

The state equations for the resulting controller can be writen as,

T = AZ+ Biworst + Bt + ZooLoo(Cad — y)
U = Fyo®, Wworst =7 B Xk

Foo = —B3Xs, Lo :=-YC5,

Zoo = (I —7"YoXoo)?

giving feedback from a state estimator in the presence of an estimate of the worst-case
disturbance.
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7 H, loop shaping design procedure

Figure 4: Desirable Loop Shapes

This method of control system design chooses a pre-compensator, W (s), and then uses a
controller that maximises b (GoW, K') over all stabilizing K.
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Steps

(1) Scale inputs and outputs so that a unit change on each input are similarly important, also

for outputs.
(2) Plot singular values of Go(jw) (after scaling).

(3) Insert a pre-compensator W (jw) (with poles and zeros in lhp) to shape the singular values

as desired. (e.g. proportional plus integral action diagonal precompensator).

(4) Design a K to maximise b(GoW, K) (say Koo). If b(GoW, Koo) is ~ 0.2 change W and

return to (3).
(5) Implement controller W K .

It can be shown that, as long as b (GoW, K,) is large (ie = 0.3) then 0;(GoW) = 0,(GoW K).
In this case, K doesn’t change the desired “loop shape” too much. However, it does modify the

phase of the individual frequency responses in order to get good multivariable stability margins.
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7.1 Example of the v-gap metric and loop shaping

Calculate the v-gap between two transfer functions:
G(s) =1/(s*+1) and Ga(s) = (—0.5s +1)/(s* + 1.5)
then the gap can be calculated as:

5,(G, Ga) = 0.4632

Now the maximum stability margin to coprime factor perturbations is given by:
bopt (G) = 0.5556

which is more than the gap so both systems will be stabilised with K. (s) achieving this
margin. Look at the resulting closed-loop poles for (G, K.) are:

-0.4551 + 1.09871
-0.45561 - 1.09871
-1.1892

and for (Ga, K ) are

-0.1934 + 1.67181
-0.1934 - 1.67181
-0.9644
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Loop shaping;:

Now let’s consider the robust stabilization in the gap metric of the systems:

G(s) = f/(s2+1)

for f =0.1,1,10, 100

f

0.1

1

10

100

bopt

0.6893

0.5556

0.4056

0.3850

closed-loop poles

-0.0499 = 1.00121
-1.0025

-0.4551 £ 1.09871
-1.1892

-2.1272 £+ 2.35051
-3.1702

-7.0358 £ 7.10651
-10.0002

Figure 5: Loop shaping for f/(s* + 1)

Analysis of the Bode diagrams shows that the stability margins are always satisfactory. The

loop gains are given

in Fig. 6.
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Figure 6: Bode Diagrams for Loop Gains
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Finally let’s look at
G3(s) =10(=s+1)/(s+1)(s* + 1)

when byt (Gs) = 0.0975

Here the maximum stability margin is less than 0.1 which is unsatisfactory and the desired loop

shape will have to be changed (e.g. by reducing the gain and hence the desired closed loop
bandwidth).
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7.2 Robust Performance in the v-Gap Metric

The v-Gap Metric between two systems was briefly mentioned in section 5.3 where it was
< B and
~ -1, _
G = (M -+ AM) (N + AN) then it will necessarily be the case that 6, (Gg,G1) < B.
Furthermore, if K stabilizes Gg with b(Gy, K) > § then K will also stabilize Gf.

asserted that if there exist Ay, Ay in Hy satisfying ||[[An, An]

loc

So, b(G, K) gives both a measure of the stability margins as well as the (nominal) performance
to input and output disturbances. A bound on the robust performance can also be stated in
this framework when both the plant and controller are perturbed:

arcsin(b(Gy, K1)) > arcsin(b(G,, K,)) — arcsin(d, (G1, G,)) — arcsin(d, (K1, K,))

(The derivation of this is due to Vinnicombe and is non-trivial and omitted.)

Note that (since sin(A — B — C) > sin(A) —sin(B + C) > sin(A) — sin(B) — sin(C) and by
taking the sine of the above inequality) this inequality is a slightly stronger inequality than
b(GlaKl) > b(GmKo) - 51/(G17G0) - 51/(K17K0)

perturbed performance nominal performance plant perturbation controller perturbation

~"

which is also true and shows clearly how the performance can be degraded by perturbations to

the plant and controller.
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Generalized Disturbance Rejection
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Generalized Disturbance Rejection 231

Consider a problem with many exogenous inputs/errors:

control external force
Input disturbance
reference tracki
— rackin
K > G >crror o
—
noise

Objective:

“Design K to keep tracking errors and control input signal small for
all reasonable reference commands, sensor noises, and external force
disturbances”

Assess ‘performance” by measuring the “gain” from outside
influences to regulated variables

. reference
tracking error
. =T | external force

control input ,
K L noise

"~ L -
\ . 7

regulated variables v~
outside in fluences

Definition: Good Performance < T is “small”
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Generalized Disturbance Rejection (cont’d) 232

Since the closed-loop system 1" is a MIMO dynamical system, two
aspects to the gain:

m Spatial (vector disturbances and vector errors)
m  Temporal (dynamical relationship between input/output signals)
In any performance criterion, we must account for the relative

m  magnitude of outside influences;
m importance of the magnitudes of regulated variables.

Recall from the SISO sensitivity discussion

m C(Closed-loop maps can't necessarily be small at all frequencies.
m [radeoffs between the different objectives.

In this context, performance objectives must be a weighted norm

|WLTWrg]|

W, and Wgk can be frequency dependent, to account for bandwidth

constraints and spectral content of exogenous signals.
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MIMO Performance Objectives Interconnection 233

Closed-loop performance objectives as weighted closed-loop transfer
functions which are to be made small through feedback. Here's an
example which includes many relevant terms.

>'Wmodel

_ d2 » %% P €
elT Wdist > perfl 2

> G >'Wpe7‘f2—>-63

dq
—> Wcmd — >
—>

d
é{ 3 Wsnois-(— ds

The mathematical objective of H, control is to make the closed-loop
MIMO transfer function T, satisfy

1 Tedll o < 1.
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MIMO Performance Signals 234

Disturbance Rejection

Norms

Hoo Interpretation Weighting functions are used to scale the input/output transfer
MIMO Performance f ]
unctions.

Control Problem

Interpretation of signals and weighting functions are

H ~o Control

H o History
Moo Design Signal | Meaning
oK eraten dq Normalized reference command
d, Typical reference command
do Normalized exogenous disturbances
ds Typical exogenous disturbances
ds Normalized sensor noise
ds Typical sensor noise
e1 Weighted control signals
€1 Actual control signals
€ Weighted tracking errors
€9 Actual tracking errors
€3 Weighted plant errors
€3 Actual plant errors
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Interpretation of Weights and Models: W4 235

Disturbance Rejection
Norms Wi odel
H o Interpretation
MIMO Performance €1
MIMO Signals
da
Control Problem
H ~o Control Wact * B
- do P €
H ~c History dq dq €1 Wdist— 2
. —»{Wemd
H ~o Design K » o -3
D-K Iteration .

d
é‘ 3 Wsnois-<— ds

m Used in problems requiring tracking of a reference command.

m W4 shapes (magnitude and frequency) the normalized reference
command signals into the actual (or typical) reference signals that
we expect to occur.

m In typical servo-problems, W,,q is flat at low frequency and rolls
off at high frequency
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Interpretation of Weights and Models: W, (cont’d).ss

>'Wmodel

—- c2

dq dq €1 Waist— perfl
—»>{Wemd

>Wperf2—>' €3

¢
al

d
é‘ 3 Wsnois-<— ds

m  For example, in a flight control problem, fighter pilots can (and
will) generate stick input reference commands up to a bandwidth
of about 2Hz. Say the stick has maximum travel of 3 inches. Pilot
commands would then be modeled as normalized signals passed
through a first order filter
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Interpretation of Weights and Models: W, 4. 237

Disturbance Rejection WV

model

Norms

H o Interpretation e1
MIMO Performance *

MIMO Signals

Control Problem Wact *

—- c2

H ~o Control

H ~c History —>Wemd

élT W ai s tf—

- c3

l

H o Design

D-K lteration

d
é‘ 3 Wsnois-<— ds

m Represents a desired ideal model for the closed-loop system

m Used in problems with tracking requirements.

m Example: for “good” command tracking response, we might desire
our closed-loop system to respond as well damped second-order
system, so choose specific w and ¢ and define

UJ2

s2 + 2Cw + w?

Wmodel —
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Interpretation of Weights and Models: W, (cont’d)s

Disturbance Rejection WV

model

Norms

H o Interpretation e1
MIMO Performance *

MIMO Signals

Control Problem Wact *

H ~o Control —P— €2

H ~c History —>Wemd

élT W ai s tf—

- c3

l

H o Design

D-K lteration j

HSE’)’LS

d
é‘ 3 Wsnois-<— ds

m  Example: Unit conversions might be necessary too. In the fighter

pilot example, suppose roll-rate is being commanded, and
10° /second response is desired for each inch of stick motion. In
these units, appropriate model is

UJ2

Wmo el = 10
del s2 + 2Cw + w?

238



Interpretation of Weights and Models: W, 239

Disturbance Rejection WV

model

Norms

H o Interpretation e1
MIMO Performance *

MIMO Signals

Control Problem Wact *

H ~o Control —P— €2

H ~c History —>Wemd

élT W ai s tf—

- c3

l

H o Design

D-K lteration

d
é‘ 3 Wsnois-<— ds

m  Shapes the frequency content and magnitude of the exogenous
disturbances effecting the plant

m Example: electron microscope

[0 Dominant performance objective: mechanically isolate the
microscope from outside mechanical disturbances, e.g. ground
excitations, sound (pressure) waves, air currents

0 Capture spectrum and relative magnitudes of these
disturbances via weighting matrix W ;.
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Disturbance Rejection
Norms -V
H o Interpretation
MIMO Performance €1

MIMO Signals *
da

Control Problem

H ~o Control Wact *

H ~o History dq dq élT Wdist—

—- c2

. —»{Wemd
H o Design K

- c3

Y

D-K lteration

d
é‘ 3 Wsnois-<— ds

Wer 1 Weights the difference between the response of the plant and
the response of the ideal model, W,,,040:- Often we desire

m accurate matching of the ideal model at low frequency
m  while requiring less accurate matching at higher frequency
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241

—- c2

_>Wcmd

dq dq élT Wdist—
I

- c3

Y

d
é‘ 3 Wsnois-<— ds

The inverse of the weight should be related to the allowable size of
tracking errors, in the face of the reference commands and
disturbances described by W,..r and Wy;s:.

Wyer r2 penalizes variables internal to the process (7, such as

m actuator states which are internal to GG, or
m other variables that are not part of the tracking objective.
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Interpretation of Weights and Models: W, 242

>'Wmodel

—- c2

cmd

dq élT Wdisth—

- c3

Y

d
é‘ 3 Wsnois-<— ds

Used to shape the penalty on control signal usage

Penalize limits the deflection/position, deflection rate/velocity,
etc., response of the control signals, in the face of the tracking and
disturbance rejection objectives already defined

Each control signal is usually penalized independently.

242



Disturbance Rejection

Norms
H o Interpretation
MIMO Performance

MIMO Signals

Control Problem

H ~o Control

H ~c History

H o Design

D-K lteration

Interpretation of Weights and Models: W, ;s 243

>'Wmodel

—- c2

_>Wcmd

dq dq élT Wdist—

- c3

Y

d
é‘ 3 Wsnois-<— ds

m  Represents frequency content of sensor noise

m Derived from laboratory experiments or based on manufacturer
measurements

m Example: medium grade accelerometers have substantial noise at
low frequency and high frequency. Therefore the corresponding
Wsnois Weight would be larger at low and high frequency and have
a smaller magnitude in the mid-frequency range.
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Interpretation of Weights and Models: W,,,;; (cont’d ).

>'Wmodel

—- c2

_>Wcmd

dq dq élT Wdist—

- c3

Y

d
é‘ 3 Wsnois-<— ds

m Example: Displacement or rotation measurements are often quite
accurate at low frequency or in steady-state but respond poorly as
frequency increases. Weighting function for this sensor would be
small at low frequency, gradually increase in magnitude as a first or
second system and level out at high frequency.
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Interpretation of Weights and Models: H,,,;

>'Wmodel

—- c2

_>Wcmd

dq dq élT Wdist—

- c3

Y

d
é‘ 3 Wsnois-‘— ds

m  Represents a model of the sensor dynamics or an external

anti-aliasing filter
m Based on physical characteristics of the individual sensor
components
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Abstraction of Generalized Disturbance Rejection

>'Wmodel

—- c2

_>Wcmd

dq dq élT Wdist—

- c3

Y

d
é‘ 3 Wsnois-<— ds

Everything that is not the controller, K, comprises the generalized
plant, P

e d
e e
P
Yy u
K
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Problem Formulation

Design Objective
-Synthesis
Upper Bound
D-K lteration
Holding D Fixed
Holding K Fixed

Summary

1u-Synthesis via D-K Iteration
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H ~o Control
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Design Objective
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Summary

Iteration Problem Formulation

—> Ape"/“t
2 w
|
<— P |e—-
€ «— d
Yy U

_>.K

P is the open-loop interconnection containing nominal plant
model, performance and uncertainty weighting functions.

Three sets of inputs: perturbation inputs w, disturbances d, and
controls .

Three sets of outputs: perturbation outputs z, errors e and
measurements y.

Apert € Apert, which parametrizes all of the assumed model
uncertainty in the problem.

K is the controller.
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MIMO Performance Objectives with Uncertainty 249

Robust Control: Design K to optimize the closed-loop performance
objectives in the presence of the assumed model uncertainty.

» Winod
€1
Ag
Wact s
_ - d 5 S w
dq dq At Wy 2 pl |P-e2
_>'Wcmd_’ G €3
K > > = Wp2 - c3
— Y
Wu +A'L'n, ;
Hgens

as robust disturbance rejection: Design K to make the closed-loop
MIMO transfer function, 1,4, small in the presence of model
uncertainty.
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D-K Iteration Design Objective 250

The set of systems to be controlled is described by the LFT

{FU (P7 Apert) : Apert S Apertamgx HApert(jw)H S ]-} y

Design Objective:

Find a controller K, such that for all Ay, € Apert, the closed-loop
system is stable and satisfies

||FL[FU (P, Apert)aK]Hoo <L

- 7
Ve

perturbed plant

_VApert
Z w
<—
le— P k<t
Y U
. K
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D-K Iteration Design Objective (cont’d) 251

R :Fyr (P, Aper
E_>Ape7“t : U( ! t) _>Ape7“t
: ! —
ce—— P |e——-] ce—— P |le—(
5 . —
Y % U Y % U
Fr (P K)i... . Y——. ... ;

Robust performance test on F, (P, K) with respect to an augmented
uncertainty structure,

A er
A = {[ 26 ‘ AOF ] . Ape"mt S Ape"rta AF S Cnane} .
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D-K Iteration Design Objective (cont’d) 252

Disturbance Rejection

Theorem: For all Apert € Apert, ||Apert|loo < 1, the system

H ~o Control

H ~c History

H oo Design A
_>.
D-K lteration pert

Problem Formulation

w
Design Objective ==
-Synthesis - P -

d

Upper Bound

I

D-K lteration
. . Y u

Holding D Fixed

Holding K Fixed > K

Summary

is stable, and has [Ty« ¢||oo < 1 if and only if

—— e
—— P <

Bl

is stable and max,, ua (FrL(P, K)(jw)) < 1.
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1-Synthesis 253

Disturbance Rejection

H ~o Control

Minimize, over all stabilizing controllers K, the peak value of i (-) of
the closed-loop transfer function Fy (P, K).

H ~c History

H oo Design

D-K lteration

Problem Formulation

Design Objective m}én mgx /’I/A (FL (P7 K) (J(U))
stabilizing

Upper Bound
D-K lteration
Holding D Fixed
Holding K Fixed

Summary

Pictorially, this is

min B — D
o max HA p
stabilizing’ CR ‘ ‘

B
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1-Synthesis via Upper Bound 254

For tractability, replace fia (-) by its upper bound,

M)< inf & (DMD™!
pa (M) < pIh. ( )
where D is the set of matrices with the property that DA = AD for

every D € D, A € A. Under many situations, the bound is usually
nearly equal. The design problem becomes

min  max _min & [D,Fr(P,K)(jw)D,?
inmax | win 5 [DuFL(PK)()DS]

stabilizing

D, is chosen from the set of scalings, D, independently at every w.

min min max & [Dy, Fr(P, K)(jw)D_"]
K D-7 D,eDa ¥
stabilizing
min min HDFL(RK)D_IH
stabifl{izing D'7 Dw EDA -
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D-K Iteration 255

For simplicity, assume A ., only has full, unmodeled dynamics (ie.,
complex) blocks, say N of them, so that A, is of the form

Apert — {dlag [A17A27 . 7AN] : Az = CriXCi}

This rules out, for example, repeated, real-parameter uncertainty, but
the methodology can be modified to address those types as well.

The set A has the additional block (for the robust performance
criterion)

A — {diag [Al,AQ,---,AN,AF] : Az c CTiXCijAF c Cnane}

The associated scaling set D is

D:{diag[dlf,dgl,...,d]\/’],[]! d; >O}
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o

Qi

D-K Iteration (cont’d)

Note that the elements of D can have any phase, and not change the
value of & (DMD_l). For any positive d; and real-valued 6;,

('d%l
K

( i 6.791d1]
0
\L 0

0 0
: : M
dyI 0
0 I i
0 0

el'NdNT 0

0 I

0 07 ")
NI 0
0o I )

T e dy T - 0
0 oo eIINGNT
0 0
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D-K Iteration (cont’d) 257

The new optimization is

min min DF(P,K)D™! H
K b 0%
stabilizing D(s)eD

stable,min—phase

This optimization is currently “solved” by an iterative approach,
referred to as “D — K iteration.” A block diagram depicting the
optimization is

min H-<— lA? - <-D_1<—H
K,D || < P . < |00

The steps of the iteration are as follows...
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D-K lteration: Holding D Fixed

Given, stable, minimum phase, real-rational D(s), define

~— - < . |e <. e
~— Pp B m— = < D |4 P P e
~— D 4 D —

s [ (Pp,K)=DF.(P,K)D™!
m K stabilizes Pp if and only if K stabilizes P.
m Pp is real-rational

Then, solving the optimization

min
K
stabilizing

DFy(P, K)f)_lu

o

Is equivalent to

oo

min || Fy(Pp, K)|

stabilizing
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D-K lteration: Holding K Fixed 259

Disturbance Rejection

H ~o Control

Optimization over D is carried out in a two-step procedure:

H ~o History
H oo Design 1. Finding the optimal frequency-dependent scaling matrix D at a
E‘Kbl'tefa;b” - large, but finite set of frequencies (this is the upper bound
roblem Formulation
Design Objective CaICUIat|On fOI’ ,Ul)
-Synthesis
Upper Bound m  Given a stabilizing controller, K (s), solve the minimization
D-K Iteration
Holding D Fixed (upper bound for ,u)
s min & [Dy,Fp(P, K)(jw)D"]
D, €eD
at M frequencies (w1, wa,...,wnr).
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D-K lteration: Holding K Fixed 260

2.

Fit this optimal frequency-dependent scaling with a stable,
minimum-phase, real-rational transfer function D

This minimization is done over the real, positive D, from the
set D using the 1 upper bound.

Recall that the addition of phase to each d;(w) does not affect
the value of & | D, F(P, K)(yw)D;'|. Important aspect of the

di(jw)|-
Bode integral formulae to determine the phase 0;(w) of the
stable, minimum-phase function L; that satisfies for all w.

| Li(jw)| = di(w)

scaling d; is its magnitude,

A real-rational transfer function d;(s) is found such that
sz_ jwp) & el 0i(wi) d; (wy,
(Jwr) ~ , di(wr)

phase magnitude

D(s) = diag {czl(s)l, da(s)I,...dp_1(s)I, I} and absorbed
into P to yield Pp.

260



Disturbance Rejection

H ~o Control

H ~c History

H oo Design

D-K lteration

Problem Formulation
Design Objective
-Synthesis

Upper Bound

D-K Iteration
Holding D Fixed
Holding K Fixed

D-K Iteration Summary 261

lterate between:

m Hold D fixed, find K
m Hold K fixed and find D.

Shortcomings

m  Approximated ua (-) by its upper bound. This is not a serious
problem since the value of 1 and its upper bound are often close.

m Restricted D’s dependence on frequency to real, rational functions.
Only a mild restriction, since rational functions can uniformly
approximate continuous functions on finite intervals.

m Joint minimization of (D, K) is performed coordinate-wise. The
D — K iteration is not guaranteed to converge to to a global, or
even local minimum. This is a serious problem, and represents the
biggest limitation of the design procedure.

In spite of these drawbacks, the D — K iteration control design
technique appears to work well on many engineering problems.
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D-K Coordinate Optimization Issue 262

DK iteration may have convergence problems. The example is due to
Doyle and Chu (1985 CDC). Define

R::[_Ol H,U::[?],V::[l 0],

s {[5 8 Jencefo{[3 2]uano

The D — K iteration replaces y with the upper bound (in this case, 2
complex scalars, the upper-bound equals ), leaving

and

. N 1
C1r21r1€1£1111r91r161]1%a[D(RnLUQV)D |.

m  For fixed Q > 0, the optimal D is dyp = /@, while for fixed d,
the optimal Q is d?.

m  The desired optimum (minimum over both d and Q) is (actually an
infimum in this case) is achieved as d — 0, and @ = 0.
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D-K Iteration
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Holding K Fixed

D-K lteration Applications 263

e Space shuttle flight control system

e B-2, YF-22, HARV (F-18), F-14

e Inclusion 1 robustness analysis tests into next generation MIL
specifications and handling quantities models.

e Missile autopilots: IRIS-T (JHUAPL, Germany)

e Flexible structures (NASA, JPL, Civil Engineering)

e Earth moving equipment (Caterpillar, Kamatsu)

e Compact disk players (Philips)

e Thin-film manufacturing (3M)

e Active suspension (Ford)

e Tokamac (Switzerland)

e Satellites (JAXA, ESA), Launch Vehicles (Ariane)

e Wind Turbines (NREL)

e Aeroservoelastic vehicle (Air Force, Body Freedom Flutter, X-56A)
e Supercavitating Vehicles (UMN)

e Small UAVs Control and Fault Detection (UMN, SZTAKI)
e Air Data Fault Detection (Goodrich/UTC)
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Simple design examples 264

|. Robust model for a system with uncertain gain, time-constant and delay

2. Design a loopshaping controller (Pl)

3. Analyze nominal performance, robust stability and robust performance

4. Perform | step of a D-K iteration (with a constant D scale) to improve robustness

5. Repeat the robustness analysis

6. Redesign the controller using H-infinity loopshaping

/. Repeat the robustness analysis
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Design example: uncertain first order system

265

Nominal case

_Ke—)\s
- 1+47s
K =10
T =
A=0.5

Nominal plant Bode plot

¢

Frequer

0.01

0.1

0.1~

90

Phase [deg.]

100

0.1

—-90

—-180

-270-

Roy Smith: ACC 2014 Workshop;

Frequer
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Design example: uncertain first order system

266

Nominal case

Kbnds = [8.5,11.5];
lambdabnds = [0.425,0.575];
taubnds = [0.85,1.15];

Kbnds = [8, 12];
lambdabnds = [0.4, 0.6];
taubnds = [0.8,1.2]°;

/» The nominal is defined as the midpoint.

K =10
T =
A=0.5
This isn’t necessarily

%» optimal but it is reasonable in this case.

Knom = (Kbnds(1)+Kbnds(2))/2;
lambdanom =

taunom = (taubnds(1)+taubnds(2))/2;

s = tf(’s’);
Pnom =

(lambdabnds (1) +lambdabnds(2))/2;

exp (-lambdanom*s) *Knom/ (1+taunomx*s) ;

Roy Smith: ACC 2014 Workshop; design example 1266



Randomly generated plants in the model set 267

Perturbed case: randomly generated plants for the set

10'
_ Ke 3 10°
- 1+7s g
= -1
10 3
K € [8.5,11.5] e
] Frequency: [rad/sec]
T € [0.85,1.15]
A € [0.425,0.575] e :
O —

Phase [deg.]
|
o
o
I

10" 10

Frequency: [rad/sec]
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Absolute model errors

268

Error as a function of frequency: |Pom(jw) — P(jw)]

\10— Magnitude
\‘
| | I~ |
0.1 10N, 100
\\
AN
\\
A\
N
‘!i"\h‘:
0.1 h
0.01-

Frequer
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Relative model errors

269

Error as a function of frequency:

| Poom (jw) — P(jw)|

| Poom (Jw)|
104 Magnitude
\
Frequer
<
| | P |
01 10X 100
\\
AN
\\
!\
0.1 N\
0.01-
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Relative model error bound

270

G(jw) — Phom(jw)

< [Wn(w)].

(See Laughlin et al. for

Poom (jw - the Wi (s) formula)
\10— Magnitude
\F
0.01 0.1 10 "‘\,,\ 100
\
\

0.1~

Frequer
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Relative model error bound 271

(See Laughlin et al. for
Phom (Jw) — ' the W (s) formula)

%» In order to design a controller we need a real-rational bound Wm.
% This one is a close fit to the above bound.

Wm = (1+ru)*((1 + taunom*s)/(1 + min(taubnds)*s))x*...
(1 - (ruxlambdanom)*s)/(1 + (ru*lambdanom)*s) - 1;
Wm_w = squeeze(freqresp(Wm,omega));

%» A simpler bound with more high frequency perturbations is given:
Wm = rux(1 + s/0.5)/(1 + s/50);

Wm = Wmx(1 + s/8)/(1 + s/2);

Wm_w = squeeze(freqresp(Wm,omega));

Roy Smith: ACC 2014 Workshop; design example 1271




Relative model errors and bounding disks 272

Perturbed case: randomly generated plants for the set

Multiplicative perturbation
bound shown in red

Roy Smith: ACC 2014 Workshop; design example 1272




Relative model errors, bounding disks and parametric perturbation regions 273

Perturbed case: randomly generated plants for the set

6  Imag . .
Parametric perturbation

regions shown in magenta

Multiplicative perturbation
bound shown in red
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Pl design (via loopshaping)

274

Nominal loopshaping design

Lp1(jw)

10

Phom (Jw)

Frequer

0.01

0.1

0.1

0.1~

10

Phase [deg.]

10

100

Lp1(jw)

—-180

-270-

Pnom(jw)

Frequer
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Nominal performance: weighted sensitivity 275

1 ./ (1 + Lnom_w);
1 - Snom_w;

Snom_w
Tnom_w

% Specifiy a performance bound:

Wp = (s+0.75)/(2xs + 0.02);

Wp_w = squeeze(freqresp(Wp,omega));

invWp = 1/Wp;

invWp_w = squeeze(freqresp(invWp,omega));

%» We now check that |[Wp(jw)* S(jw)| < 1. If so, the nominal performance
%» specification has been achieved.
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276
Pl design: nominal performance specification

Nominal performance: weighted sensitivity

101 Magnitude

o y—1
Wy (Jw)
// Frequency [rad/sec]
| | —T ~
0.01 0.1 10 100

0.1+

Shom (]w>

0.01-
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Pl design: robust stability specification

277

Robust stability: weighted complementary sensitivity

10+

—_

Magnitude

Wm(jw)_l

\ Frequency [rad/sec]

0.1

0.1

| |
\w\ 100

Tnom (]w)

0.01-
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Pl design: robust stability

278

Robust stability: the perturbation disks never touch (or include) the -1 point.

:

Real

-

‘

|

o (
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279

Pl design: NP, RS and RP specifications

Pl design: robust performance analysis via the structured singular value

/» number of performace outputs.

ne = 1;

0 .

5, number of exogenous inputs.
nw = 1;

%» robust stability perturbation definition.

RSblk = [1,1];
%» robust performance perturbation definition.

RPblk = [RSblk;
nw,nej ;

%» Now look at robust stability and robust performance

mussv(Pclp_w(1,1,:),RSblk);

[RSbnds ,RSmuinfo]

[RPbnds ,RPmuinfo] = mussv(Pclp_w,RPblk);

Roy Smith: ACC 2014 Workshop; design example 1279




Pl design: NP, RS and RP specifications

280

Pl design: robust performance

15 —
——NP
——RS
RP
1
0.5
0_ ]
III 1 1 1 1 1 IIII 1 1 1 1 1 IIII 1 1 1 1 1 1 11
1072 107" 10° 10" 10°

Freq: [rad/sec]
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Nominal and worst case step responses 281

Pl design: step responses

I
Pl clp nom
Pl clp pert.

Output

time [sec.]

Roy Smith: ACC 2014 Workshop; design example 1281



D scaling (normalized) for robust performance 282

D-scale for the robust performance analysis

105 — D@, 1) [

0.4

1071 -

1003L .

0.2

10" -

0.1

10 10 10° 10 10
Frequency [rad/sec]
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D scale fitting: upper bound comparison

283

Comparing oumax (Da(jw) Fi(Prc (j), K (jw)) Dae (jeo) ™) with 1 (Fy(Pe(jew), K (jw)))

1.5

0.5 /

—— RP (Pade)
— RP with D scale fit

RP (delay)

10

-2

10°
Freq: [rad/sec]

—
Both frequency domain and
state-space interconnections
are shown

10°
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H-infinty design structure 284

A <————IVQAS)<——1
! g Paom () l—] K (s) r

dscalePic_ss = daug(Dlscale,1) * Pic_ss * daug(invDlscale,1);
nu = 1;
ny = 1;

[Kmul,Gmul,gammal,infol] = hinfsyn(dscalePic_ss,ny,nu,...
"GMAX’,1.6,...
>METHOD’ ,’ric’, ...
’DISPLAY’,’on’, ...
>TOLGAM’ ,0.1);
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Mu controller: Bode analysis 285

1 —
\0 Prom(jw)

Lu(jw)

Frequer

[

0.1~

90 Phase [deg.]

\ Frequer
T ~L Poom(jw)

-270-
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Mu controller: nominal performance

286

Nominal performance comparison:

10

Magnitude

K,(s)

and KPI (S)

—— S (PI control)
— Wp_1
S (Kmu1 control)

Frequency [rad/sec]

P

O — -
10

100
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Mu controller: robust stability

287

Robust stability comparison:

10—

—

K,u (S) and KPI (S)

T (PI control)
— 1/pert bound
T (Kmu1 control)

\ Frequency [rad/sec]

Magnitude

0.1

0.1

0.01-

N\
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Mu controller: NP, RS and RP 288

Robust performance comparison: K, (s) and Kpi(s)

1.5 T
— NP (mu)
—— RS (mu)
RP (mu)
— — = NP (P
— — —RS (P
RP (PI)
1
0.5
/ ~
O_ —
1 11 I 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1 I 1 1 1 1 1 1 1
107 107" 10° 10' 10°

Freq: [rad/sec]
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. 289
Mu controller: nominal and perturbed step responses

Step response comparison: K, (s) and Kpi(s)

Worst-case perturbation is calculated for the PI controller

I I I

— — - Plclpnom

— — = Pl clp pert.
——— Kmu1 clp nom
— Kmu1 clp pert

Output

0.2 ! ! ! ! ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10

time [sec.]
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Next steps... >

|. Include explicit actuation penalty (and penalize high frequency control action)

2. Include weighted noise on the measured signal.

3. Provide both the reference and measurement to the controller (2-DOF structure).

4. Use H-infinity loop shaping to improve the robustness margins

Roy Smith: ACC 2014 Workshop; design example 1290




291

H-infinity loopshaping

W2 = Cpi;
[Kncf neg,Clpncf,gamma,info] = ncfsyn(Pnom_ss2,1,W2);

%» account for unity gain positive feedback in ncfsyn
Kncf = -Kncf neg;

gamma = 1.7444e+00

Roy Smith: ACC 2014 Workshop; design example 1291




H-infinity loopshaping

292

10—

0.01

0.1

0.1~

90

0.1

Phase [deg.]

10

10

100

—90-

—-180

-270-

Frequet

Frequer
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293

H-infinity loopshaping

Nominal performance comparison: Kpi(s), K, (s), and Kncr(s)

—— S (PI control)

—_— ]
10 Magnitude Wp
S (Kmu1 control)

—— S (Kncf control)

Frequency [rad/sec]

10 100
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H-infinity loopshaping

294

Robust stability comparison: Kpi(s), K,(s), and Kncr(s)

0.1

Magnitude

—— T (PI control)
—— 1/pert bound

T (Kmu1 control)
—— T (Kncf control)

Frequency [rad/sec]

0.1

0.01-

AN
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295

H-infinity loopshaping

Robust performance comparison: Kpi(s), K, (s), and Kncr(s)

15 —
——NP
——RS
RP
1
0_ —
IIII 1 1 1 1 1 1 III 1 1 1 1 1 1 III 11 1
1072 107" 10° 10 10°

Freq: [rad/sec]
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296

H-infinity loopshaping

Step response comparison: Kpi(s), K, (s), and Knxcr(s)

Worst-case perturbation is calculated for the PI controller

1.4 T T T T T T T T T
1.2 7]
- N
™ - = —
i+ —4———:\:\:1_——-'-——2—;/:4 _____ e R ———
0.8 7]
H
= 06r 7
O
04 7]
0.2 |
— — = Plclp nom
— — — Pl clp pert.
0 Kmu1 clp nom ||
— — = Kmu1 clp pert
Kncf clp nom
Kncf clp pert
_02 | | | | | | | I I
0 1 2 3 4 5 6 7 8 9 10

time [sec.]
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297

RV Lat-Dir Model
RV Uncertainty

RV Lat-Dir Linearized
RV Control

Re-entry Vehicle Flight Control System
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Re-entry Vehicle Flight Control System 298

RV FCS

RV

RV Lat-Dir Model
RV Uncertainty

RV Lat-Dir Linearized
RV Control

Re-entry Vehicle

Re-entry Vehicle Lateral-Directional Equations of Motion
Aerodynamic Coefficient Uncertainty

Control Problem Formulation

e Requirements, Problem Formulation
m H. and p Synthesis Controllers
e Robust Stability, Robust Performance and Worst-Case Analysis

m  Summary

298
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Re-entry Vehicle (RV) 299

RV FCS

The re-entry vehicle is similar to the X-38 emergency crew return

ey vehicle (CRV) for the International Space Station.*

RV Control e CRV glides from orbit unpowered, steerable parafoil parachute for
landing.

e Full lifting body flight control system (FCS)

m Differential body flaps and a rudder for lateral directional
control.
m  Symmetric body flaps for longitudinal motion control.

e Aerodynamic coefficients measured in wind tunnel: Nominal with
range of variation.

Goal

m  Determine the stability robustness and worst-case performance of
the re-entry vehicle FCS in the presence of uncertainty in the
aerodynamic coefficients.

*« J. Shin, G.J. Balas, and A.K. Packard, “Worst case analysis of the X-38 crew return vehicle flight control system,”
AIAA Journal of Guidance, Dynamics and Control, vol. 24, no. 2, March-April 2001, pp. 261-269.
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RV Lateral-Directional Model 300

Assumptions: pitch rate is constant, separation of rigid body motion axes.

me —I..r=1+ (Iyyr + Ia:zp - Izzr)q

(
_Iwzp +1..r=n+ (Iwazp — Ly — [yyp)q (2)
¢ =p+ tan()r (3)
B=Y,8+ (%H/p)p + (Y, — %)r + Yy,da + Yydr + gc?jm & (4)

g is gravity,, wg is V sin(«), ug is V cos(a), v is flight path angle.

The roll moment, [, and yaw moment, n, can be written as a function of
lateral-directional nondimensional derivatives:

b b
| = (QSD)(ClgegB + == Clypegd + =—Clyegr + Claaegda + Clayegdr)

2V 2V
b b
n = (QS0)(Cngeyf + WCnpch + WCnmgr + Cngacgda + Cngregdr) (5)

The subindex cg represents the re-entry vehicle center of the gravitational point.

300
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RV Lateral-Directional Model cont’d 301

RV FCS
RV

The derivatives at the center of the gravitational point are derived
from the derivatives at re-entry vehicle aerodynamic center

RV Uncertainty
RV Lat-Dir Linearized
RV Control

Z
Clicg = Cl; — ch,%'
Xy _
Cnjcqg = Cn; + —Cly;, 1= B, p, r, da, dr

b

where Z; (ft) and X (ft) are positions of the center of the
gravitational point of re-entry vehicle from the aerodynamic point.

Combining equations leads to roll rate and yaw rate equations:

q

o q Tz
—pyleg . 4 I I 91 I I
r = I[I { +I_( yyT T 1g2D — zzr)}+”+l_( zxP — LzzT — yyp)]

where Dy is Dy = (1 — fz=le=)=1,

TXx+zZ=z

301
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RV Aerodynamic Coefficient Uncertainties 302

RV FCS

RV

RV Lat-Dir Model Re-entry vehicle aerodynamic data have uncertainties in these
peTTTE— nondimensional stability derivatives: Clg, Clgq, Clar, Cys, Cyda,
$ Coriel Cyar, Cng, Cngq, and Cng,. Uncertainty in stability derivatives can

be described by a nominal aerodynamic derivative with a bounded
range of possible values. For example Cllg can be described as

Clﬁ = C’l/gmin S Clﬁ S Cl/gmax

Within the Robust Control Toolbox, the uncertain parameter Clg
would be represented as a ureal object

CLbeta = ureal(’CLbeta’,CLbetaNom,’Range’, [CLbetaMin CLbetaMax]) ;

where CLbetaNom corresponds to the nominal value of C'lg and
CLbetaMin and CLbetaMax correspond to Clg . and Clg_,
respectively. All 9 stability derivatives are represented as uncertain real
parameters (ureal objects) in the analysis.

302
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RV Lateral-Directional Linearized Model 303
The output variables are 3, p, 7,  and N,,

RV FCS

RV

RV Lat-Dir Model Ny _ Nycg + T T — ZaD- (6)

RV Uncertainty

eV Contrel where x, (ft) and z, (ft) are the positions of the acceleration sensor.

The equations of the linearized lateral-directional motion are
(coefficients in blue are uncertain):

IR sl e [Ba, Ba

6. ABﬂ ABP ABT . V(,Y) B Bi;la Bi;ir

Pl _ |Aps App  Apr 0 Pl B B [da]
! Arg Awp Air ! ' Bidz Bid: o
e R N RO
81 1 0 0 0] .. [ 0 0 7

D 0 1 o ol |” 0 0 |,
rl=1 0 0 1ol [P+ o 0 [ d“]
& 0 0 o 1| 0 0 "
N, _Cny/g Cnyp Cnyr 0] i _Dnyda Dny dr

(See the M-file RVlatmodel .m)
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RV Lateral-Directional Linearized Model 304

RV FCS

oo Elements of state space model are (blue denotes uncertain):

gy =sinte) +

Aps = a1{Clg + ([Zif - be)C?JB + Zj: Cng}

Agp = 5 {Cly + (IZjZf - %)Cyp + %Cnp + QIprngVf”}
A = {0l + (L = A0y, 1o, + Mol
Ajg = az{Cng + (i‘f — [;;i‘f)cyﬁ + ﬁ: Clg}

Ay = 2 {Cnp + (3 — 220y, 1 21y 4 2l ey
As = 22 q0m, + () - [jjif )Cy, 2—;0@ QIEQQ;I“}
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RV Lateral-Directional Linearized Model 305

RV FCS

RV

at-Dir Mode I.CUZX Z [azz
Ez tnceDrtailn\w/ltydI dea — al{Clda + ( Ji bf - bf )Cyda + Vi Cnda}
zz zz
RV Control Ia:zXf Zf I,
B, r — [ T — T r
pdr = a1{Clar + ( 0 7 )CYar + IZZCnd }
Xr 1y Zy 1.,
B?’“ a — a — a [ a
da = 021Cngq + ( ; T )CYda + [mCd }
Xr 1.2y I,
Bigr = C r — C r Cl r
ar = a2{Cng +(b Imb) Yd +Ixa: dr }
B. _ QSnyda B. _ Qscydr
Pda " massV Bdr " massV
Cnyg = VAﬂ,B + XaAf“B — ZaApB
QSbCy,
n p— XCLAT i ZCLA
¢ vP o 29massV i P PP
QS0 Y,
NyT — XaAf“r — ZaA'T
¢ Y 2massV i P
SCYqa
Dnyda — Q Jd + XaAf“da — ZaApda
mass
SCyg,
Dnydr — Q—yd + XaAf“dr - ZaApdr

mass
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RV Lateral-Directional Control Problem Formulation ;g

RV FCS

RV - L] L] . L]

RV Lat-Dir Model The lateral-directional axis control objectives are:

RV Uncertainty .

RV Lat-Dir Lineorized e Good low frequency tracking of ¢ commands (up to 1 rad/s), a
- -

ARSI coordinated turn, and small lateral accelerations.

e Robust to variations in aerodynamic coefficients, exogenous
disturbances and sensor noise.
The performance and robustness objectives are characterized as a H,
norm minimization of weighted transfer functions.
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Control Design Interconnection 307

f44 4
Wact

1; X-38 | da l I L
= + S r LFT Act
W, ‘Qm| en ) : L

dr
Model ‘

N
/
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RV Lateral-Directional Control Problem Formulation s

RV FCS

RV [ [l ]

RV Lat-Dir Model H,, weighting functions:

RV Uncertainty

RV Lat-Dir Linearized .7 _ 0.81

e |ldeal ® command response: Tijeal = 771 851081
e ¢ command: W = %=t
o Minimize ¢pema to erp: Wy = 1020024

e Minimize n,: Wy =4

: _ _ =0.001s41
e Coordinated turn: Wy =5 0551

e Input disturbances: 0.5

e Sensors noise (5, p,r, »,n,): (0.15,0.12,0.05,0.025,0.2)

. . 8 30
e Actuator rates/deflections: 300 30

(See the M-file RV_wtolic.m)
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RV FCS

RV

RV Lat-Dir Model
RV Uncertainty

RV Lat-Dir Linearized

RV Control

RV Lateral-Directional Control Problem Formulation sy

66

Angle rate gyros are modeled as -+ and the N, accelerometer

40
modeled as —75.

251 0

4x4
Sen = | s+66 %% 10
O s+40

EMA actuators are modeled as a 2*? order system, with a prefilter to
smooth the discrete ZOH. A transport delay of 0.04 seconds is
approximated by a first order Pade delay.

502 262 50 — s

Act = I
T 21 7075+50% 52 + 3685+ 26220+ 5 2~

2

In the H, control design, the actuator and time delay are

approximated with a first-order lag and Pade approximation of

20 20-—s
Act = S+20 20+s

©MUSYN Inc. 2014, CAT Short Course
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RV Lateral-Directional Control Designs 310

RV FCS

RV

RV Lat-Dir Model Hoo and p-synthesis controllers were synthesized for the control

RV U taint . . . . .

oV LoD Linearised problem interconnection shown on the previous slide. The uncertainty
in the aerodynamic derivatives was eliminated from the H., design

and were included in the p-synthesis control designs. The resulting
controllers were:

m  Khinf has 2 outputs, 6 inputs and 16 states.
m  Kmu has 2 outputs, 6 inputs and 42 states.

Kmu was reduced using the reduce command with the balanced
realization option selected. The reduced order controller, Kmur had 10
states. In the following analyses, the full order ., and reduced order
1t controllers are used.

310
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RV Lateral-Directional Controller Analysis 311

RV FCS

RV [l L] -

RV Lat-Dir Model Analyze each controller using a variety of analysis tools.
RV Uncertainty

RV Lat-Dir Linearized .

" loopmargin

0 Classical margins from allmargin (CM).
0 Disk margin (DM)
0 Multivariable margin (MM)

m robuststab, robustperf
m  wcgain

311
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312
H-infinity and mu Control Design and Analysis of Re-entry Vehicle

CAT/MUSYN shortcourse, May 2014

Contents
= Weighted Open-Loop Interconnection
= Sensor Models
= Actuator Models
= Actuator weighting function: Wact
= Bank angle tracking weights: Tideal, Wphicmd, Wp3
= Coordinated turn weights: Wp1, Wp2
= Noise and disturbance weights: Wn, Wdist
= Construct the weighted open-loop interconnection structure.
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= Comparisons: Nominal performance of Kmu versus Kh
= Comparisons: Robust stability of Kmu versus Kh
= Comparisons: Monte Carlo time-domain responses for Kmu versus Kh
= Worst-case gain of Kmu
= Comparisons: Time Domain Simulations of Kmu versus Kh

= Conclusions

Figure: Re-entry Vehicle

A linear model is constructed for the lateral-directional dynamics of a re-entry vehicle. Nine aerodynamic derivatives are modeled as
uncertain, real parameters. The uncertain lateral-directional state-space re-entry vehicle model, RVunc, has 4 states, 2 inputs, and 5
outputs. The states correspond to beta (rad), p (rad/s), r (rad/s), and phi (rad). The outputs are the states plus lateral acceleration, ny
(ft/s”2). The inputs are deflections of the flaps, da (deg), and rudder, dr (deg).

RVunc = RVlatmodel;
RVunc
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RVunc =

Uncertain continuous-time state-space model with 5 outputs, 2 inputs, 4 states.

The model uncertainty consists of the following blocks:
Clb: Uncertain real, nominal = -0.115, variability = [-0.05,0.05], 1 occurrences
Clda: Uncertain real, nominal = 0.0115, variability = [-0.0025,0.0025], 1 occurrences
Cldr: Uncertain real, nominal = 0.023, variability = [-0.01,0.01], 1 occurrences
Cnb: Uncertain real, nominal = 0.049, variability = [-0.02,0.02], 1 occurrences
Cnda: Uncertain real, nominal 0.012, variability = [-0.005,0.005], 1 occurrences
Cndr: Uncertain real, nominal -0.04, variability = [-0.01,0.01], 1 occurrences
Cyb: Uncertain real, nominal = -0.189, variability = [-0.055,0.055], 1 occurrences
Cyda: Uncertain real, nominal 0.015, variability = [-0.003,0.003], 1 occurrences
Cydr: Uncertain real, nominal 0.04, variability = [-0.0035,0.0035], 1 occurrences

Type "RVunc.NominalValue™ to see the nominal value, "get(RVunc)" to see all properties, and
"RVunc.Uncertainty"” to interact with the uncertain elements.

RVunc. InputName

ans =
“da"
“dr-

RVunc.OutputName

ans =
"beta*”
"
e
"phi~

ny

RVunc.StateName

ans =
"beta”
"
e
IphiI

Weighted Open-Loop Interconnection

A weighted open-loop interconnection is now constructed for control design and analysis. The lateral-directional axis control objectives are

= Good low frequency tracking of & commands (up to 1 rad/s), a coordinated turn, and small lateral accelerations.

= Robust to variations in aerodynamic coefficients, exogenous disturbances and sensor noise.

The performance and robustness objectives are characterized as H-infinity norm minimization of weighted transfer functions.
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Figure: Re-entry Vehicle Control Interconnection Diagram

Sensor Models

The sensors models include: ny accelerometer, sideslip, ."5', roll rate, p, yaw rate, r, and bank angle, .

aflt = tf(1,[1/66 1]);
nyflt = 0.03108*tf(1,[1/40 1]);
sensors = blkdiag(aflt,aflt,aflt,aflt,nyflt);

Actuator Models

The aileron and rudder actuators are modeled as first order systems. The 0.05 sec computational time delay is represented as a 1st order
Pade delay. Each actuator model has two outputs, rate and deflection. Both are penalized as generalized errors, and only the deflection is
used as control to the rigid body.

act = ss([tf([20 0],[1 20]);tf(20,[1 20)D*tf([-1 20],[1 20]);
acts = blkdiag(act,act);

acts. InputName = {"AilCmd", "RudCmd"};

acts.OutputName = {"AilRate", "AilDefl", "RudRate”, "RudDefl"};

Actuator weighting function: wact

Weighting functions are used to translate desired requirements and objectives on the physical system into the norm-bounded H-infinity
framework. The actuator weight Wact penalizes the actuator rates (8/30) and deflections (30/30).
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wact = diag([8/30 30/30]); 315
Wact blkdiag(wact,wact);

Bank angle tracking weights: Tideal, Wphicmd, Wp3

The bank angle tracking requirement is included as a model matching problem, Tideal represents the desired response from the pilot
command to bank angle response. The error between the desired response and actual response is penalized with Wp3. The weight
Wphicmd describes the typical spectra of the pilot bank angle commands.

Wphicmd = tf([1/10 1], [1/0.5 1]);
Tideal = tf(0.81,[1 1.8 0.81]);
const = 0.037;

Wp3 = 10*tf([1/1000 1],[1/1 1]);

Coordinated turn weights: wp1, wp2

A coordinated turn is desired to minimize lateral acceleration. The weight Wp2 is used to define the coordinated turn objective and Wp1 is
used to penalize lateral accelerations, ny.

Wpl
Wp2

4;
5*tf([1/1000 1],[1/2 11);

Noise and disturbance weights: wn, Wdist

The sensor noise weights, Wn, are defined a constants in the control problem formulation. The input disturbances are modeled using weight
Wdist.

Wnb = 0.15;

Wnp = 0.12;

Wnr = 0.05;

Wnphi = 0.025;

Wnny = 0.2;

Wn = blkdiag(Wnb,Wnp,Wnr,Wnphi ,Wnny) ;
Wdist = blkdiag(0.5,0.5);

Construct the weighted open-loop interconnection structure.

The uncertain, weighted open-loop interconnection, rvdesol ic, is used for control

systemnames = "RVunc sensors acts Wpl Wp2 Wp3 const Tideal Wphicmd*®;

systemnames = [ systemnames " Wact Wn Wdist"];

inputvar = "[ phicmd; dist(2); noise(5); cmd(2) ]1°;
outputvar = "[ Wpl; Wp2; Wp3; Wact; Wn+sensors; Wphicmd ]° ;
input_to_RVunc = "[ wdist(l)+acts(2); wdist(2)+acts(4) ]1°;
input_to_sensors = [ RVunc ]°;

input_to_ Wpl = "[ sensors(5) 1°;

input_to_Wp2 "[ sensors(3)-const ]°;

input_to_const = "[ sensors(4) 1°;

input_to_Wp3 = "[ sensors(4)-Tideal ]-;

input_to_Tideal = "[ Wphicmd ]°;

input_to _Wphicmd = °[ phicmd ]° ;

input_to_acts = "[ cmd ] ;

input_to_Wact = "[ acts ]° ;

315



input_to _Wn = -
input_to_Wdist
rvdesolic = sysic;

se 1" ; 316

1}
L]
W
o

Synthesize a H-infinity Controller: Kh

The uncertainty in the aerodynamic derivatives is eliminated from the weighted interconnection structure, rvdesol ic for the H-infinity
design. The H-infinity controller is synthesized for the nominal weighted interconnection structure, rvdesol ic_Nominal. The controller

receives 5 measurements, (7, P, v, * and ¥, as well as the weighted pilot bank angle command. The controller returns 2 inputs: elevon and
rudder commands.

[Kh,clph,gam,hinfo] = hinfsyn(rvdesolic.Nominal,6,2, "Display”, "on");

Test bounds: 0.0000 < gamma <= 2.9018

gamma hamx_eig xinf_eig hamy_eig vyinf_eig nrho_xy p/f
2.902 5.5e-01 0.0e+00 5.8e-01 0.0e+00 0.1399
1.451 5.4e-01 0.0e+00 5.9e-01 -1.4e-16 1.4038#
2.176 5.8e-01 0.0e+00 5.8e-01 -1.7e-16 0.2876
1.814 5.6e-01 0.0e+00 5.8e-01 -1.5e-17 0.4982
1.632 5.5e-01 0.0e+00 5.9e-01 -6.8e-17 0.7413
1.542 5.5e-01 0.0e+00 5.9e-01 -1.3e-16 0.9698
1.496 5.5e-01 0.0e+00 5.9e-01 -2.6e-18 1.1461#
1.519 5.5e-01 0.0e+00 5.9e-01 -6.6e-17 1.0505#
1.530 5.5e-01 0.0e+00 5.9e-01 0.0e+00 1.0086#
1.536 5.5e-01 0.0e+00 5.9e-01 -3.7e-17 0.9888

T ™ = =T T T T =hO

Gamma value achieved: 1.5359

The information displayed during the H-infinity design process indicates the conditions which were satisfied and violated during the iteration
procedure. The H-infinity controller stabilizes the closed-loop system and achieves a closed-loop norm listed above.

The resulting central control from hinfsyn has the same number of states as the weighted interconnection structure (ie., the "generalized
plant") used for the design, rvdesolic.Nominal. Verify this.

size(rvdesolic.Nominal)

State-space model with 13 outputs, 10 inputs, and 18 states.

size(Kh)

State-space model with 2 outputs, 6 inputs, and 18 states.

Confirm that the controller indeed stabilizes the generalized plant, and achieves the norm listed.

isstable(1ft(rvdesolic.Nominal,Kh))
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ans = 317

norm(Ift(rvdesolic.Nominal ,Kh),inf)

ans =
1.5359e+00

D-K lIteration Controller Design
The H-infinity controller previously synthesized ignored the aerodynamic coefficient uncertainty in the design process. In this section, a #-

controller will be synthesized for the uncertainty reentry vehicle using the I} — I iteration procedure.

The dksynOptions function is used to set the options for dksyn. The number of I — K synthesis iteration is set to 3 and the D and G-
scalings maximum orders are set to 3 and 2 respectively. Note that initially the real parameters are treated as complex parameters during
the I3 — I iteration synthesis process.

dopt = dksynOptions(“NumberOfAutolterations”®,b3, "AutoScalingOrder®,[3 2]);
[Kmu,~,MUBND] = dksyn(rvdesolic,6,2,dopt);
MUBND

MUBND =
2.5076e+00

Comparisons: Nominal performance of Kmu versus Kh

The nominal performance of the Kmu controller is larger (i.e. worse) than the nominal performance achieved by the H-infinity controller.

nomgh = norm(clph, inf)

nomgh =
1.5359e+00

clpmu = Ift(rvdesolic,Kmu);
nomgmu = norm(clpmu, inf)

nomgmu =
2.5048e+00

The nominal time domain responses associated with the H-infinity and Kmu controllers are similar.

figure(1);

[ynom,tnom,TRclp] = RV_Iinsim(RVunc.Nom,Kh,10);

figure(2);
[ynom,tnom,TRclp] = RV_Ilinsim(RVunc.Nom,Kmu,10);
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Comparisons: Robust stability of Kmu versus Kh
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The robust stability margins are computed for both closed-loop systems. The re-entry vehicle model only contains real parametric
uncertainty. The efficiency of the robust stability algorithms is improved by adding a small amount of complex uncertainty to each real
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parameter uncertainty. Specifically, 3% complex uncertainty is added to each parameter using the COMPLEXIFY command. The Kmu 319
controller acheives significantly larger stability margins as compared to the H-infinity controller.

om = logspace(-2,2,120);

clph = Ift(rvdesolic,Kh);

clphg = ufrd(clph,om);

[stabmargh,destabunch] = robuststab( complexify(clphg,0.03) );
stabmargh

clpmu = Ift(rvdesolic,Kmu);

clpmug = ufrd(clpmu,om);

[stabmargmu,destabuncmu] = robuststab( complexify(clpmug,0.03) );
stabmargmu

stabmargh =
LowerBound: 6.6699e-01
UpperBound: 7.1724e-01
DestabilizingFrequency: 3.2554e-01
stabmargmu =
LowerBound: 1.1639e+00
UpperBound: 1.2646e+00
DestabilizingFrequency: 3.5174e-01

Comparisons: Monte Carlo time-domain responses for Kmu versus Kh

The code below generates many time responses by random sampling of the parameter uncertainties. Both controllers appear to have
similar performance for these Monte Carlo simulations. There is slightly less variation in the mu controller responses. This is an indication of
the robustness of the Kmu controller.

Nsim=25;

flg =0;

TFfinal = 30;

for i=1:Nsim,
[ynom,tnom,TRclp] = RV_linsim(usample(RVunc),Kh,TFfinal,flg);
figure(3d);
plot(tnom,ynom(:,1), "b", tnom,ynom(:,2), "r"); hold on;

[ynom,tnom,TRclp] = RV_linsim(usample(RVunc),Kmu,Tfinal,flg);
figure(d);
plot(tnom,ynom(:,1), "b", tnom,ynom(:,2), "r"); hold on;

end

figure(3);

legend("phi ideal®, "phi Closed-loop", "location”, "best")
title("H-infinity Controller™);

xlabel ("Time (sec)")

ylabel ("Radians™)

yhim([0 1.2]);

hold off;

figure(4);

legend("phi ideal”, "phi Closed-loop", "location”, "best")
title("Mu Controller®);

xlabel("Time (sec)")

ylabel ("Radians™)

yhim([0 1.2]);
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hold off;

H-infinity Controller
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The worst-case gain of the mu controller is computed. The worst-case gain for the H-infinity controller is not computed since this controller

320



does not achieve robust stability over the uncertainty set. 321

[wcgmu,wcumu] = wcgain(clpmug, wcgopt);
wcgmu

wcgmu =
LowerBound: 1.3237e+01

UpperBound: 1.3237e+01
CriticalFrequency: 4.7937e-01

Comparisons: Time Domain Simulations of Kmu versus Kh

The perturbations obtained from the robust stability and worst-case gain analyses can be further investigated in the time domain. First
simulate both controllers using the destabilizing perturbation found for the H-infinity controller. The ICOMPLEXIFY command is used to
remove the small complex terms introduced by the COMPLEXIFY command. Note that the H-infinity controller oscillates at the destabilizing

frequency returned in "stabmargh". The performance of the Kmu controller with this uncertainty is relatively unchanged relative to the
nominal performance.

Tfinal = 30;

destabunchREAL = icomplexify( destabunch );
figure(5)

[ynom,tnom,TRclp] = RV_linsim(usubs(RVunc,destabunchREAL),Kh,TFinal);
subplot(311); title("H-infinity Controller®);

figure(6)

[ynom,tnom,TRclp] = RV_linsim(usubs(RVunc,destabunchREAL) ,Kmu,Tfinal);
subplot(311); title("Mu Controller™);

H-infinity Controller

o 1 i
=
=
= 04F phi ideal .
= . | | | phi Closed-loop
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% nal T T T T heta
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g 02t . . . . —
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Time (sec)
2 T T T dail /
drod | ————
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iy ] ] 1 1 1
a ] 10 15 20 25 30
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Mu Controller
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Next simulate both controllers using the worst-case perturbation computed for the Kmu controller. The instability of the H-infinity controller is
evident with this perturbation. The performance of the mu controller on this worst-case perturbation is still relatively similar to the nominal

performance. This is an indication of the robustness achieved by the Kmu controller.

figure(7)

[ynom,tnom,TRclp] = RV_linsim(usubs(RVunc,wcumu) ,Kh,Tfinal);

subplot(311); title("H-infinity Controller®);

figure(8)

[ynom,tnom,TRclp] = RV_linsim(usubs(RVunc,wcumu) ,Kmu,Tfinal);

subplot(311); title("Mu Controller®);
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Conclusions
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A H-infinity and # controller are synthesized for a reentry vehicle. The H-infinity controller was synthesized based on the nominal model (no
uncertainty) while the 4 controller was design taking into account the aerodynamic uncertainty. On the nominal plant model, the H-infinity
controller outperforms the & design. However, the robust performance of the 4 controller, in the presence of plant uncertainty is superior to
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that of the H-infinity design. 324
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325
Order-Reduction of a mu controller for a Re-entry Vehicle

This can be executed after completing the Rvdesi gn. mfile.
CAT/MUSYN shortcourse, May 2014

Contents

= Controller reduction based on BalancedRealizations
= Assessing RobustPerformance of the various reduced-order controllers

= Compare Per f Mar gi n with 1/MUBND

Controller reduction based on BalancedRealizations

The dynamic order of Knu is quite high. This is common when using dksyn. Usually though, significant model reduction is possible. Here
use a simple balanced-reduction on Krru, obtaining truncated balanced realizations from order 5 to order 12. This is an "arbitrary" choice
that can be revisited, if necessary.

si ze( Kmu. A)

ans =
28 28

stateorders = 5:12;
KB = reduce(Knu, st at eorders);

Assessing RobustPerformance of the various reduced-order controllers

Each of these controllers will achieve different levels of closed-loop performance (in fact, some might not even stabilize the nominal plant
model). Form the closed-loop system (an array of USS objects) and assess the performance using r obust perf .

CLP = | ft(rvdesolic, KB);
ropt = robustperfOptions('Sensi', ' off'," ' Disp',"on,'Missv',"
[ PM PMJ, REPORT, | NFO = robustperf(CLP, ropt);

ay);

points conmpleted (of 150) ... 150
points completed (of 126) ... 126
points completed (of 131) ... 131
points completed (of 127) ... 127
points completed (of 115) ... 115
points completed (of 121) ... 121
points completed (of 115) ... 115
points completed (of 116) ... 116

Compare Per f Mar gi n with 1/MUBND

The original high-order controller Knmu achieved a final MU-robust performance value stored in MUBND. The reciprical, 1/[MUBND]| is the
perfmargin obtained by Knu. Use a simple plot to compare the performance of the original high-order controller Knu with the performance of
the lower-order controllers obtained via model-reduction.
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H = pl ot (stateorders, [ PM Lower Bound], ' ko', ...
stateorders, repmat (1/ MUBND, [ 1 nunel (stateorders)]), 'r', ...
st at eorders, [ PM Lower Bound] ) ;
set (H(2),"'linew ,3)
| egend( ' Reduced- order controllers'," Knu''s PerfMarg','Location','Best');
title(' RobustPerfMargin of various reduced controllers')
xl abel (' Controller Oder');
yl abel ("' PerfMargin')

RobustPerfhargin of various reduced controllers
I:I"‘lE T T T T T T

0.4

0.35

FerfMargin
=
(]

o

[

(53]
.t

o
(]

0.15
2 Reduced-order controllers

Krmu's PerfMarg

|:|1 | | | | | |
] a] 7 g 5 10 i 12

Controller Order
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General Problem

Summary of results on the accuracy with which we can approximate
a transfer function, G(s), of degree n, with G(s) of lower degree. Let

E(s) = G(s) — G(s)

In what metrics should/can we measure || E||-.

UNIVERSITY OF
'l' CAMBRIDGE




The Hankel Operator for G(s) = 10/(s> + s + 3)

The Hankel operator maps the
past inputs

'\ into the future outputs

via the state at t=0

282 UNIVERSITY OF
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The Hankel singular/Eigen values are 2.17 and 3.84 with the

corresponding Eigen vectors

u(t) i u(t)

| v(t) . ¥(t)

UNIVERSITY OF
'l' CAMBRIDGE




331
The rank of the Hankel operator is therefore the state dimension and
is an effective object with which to consider model reduction.
It's singular values are easily computed from the controllability and
observability Gramians, call them o, > o5... > 0, > 0.
If the degree of G(s) is k < n then it can be shown that

IG — Glloo = ors1

The so-called truncated balanced realisation approximation satisfies

|G = Glloo <2 % (Oks1 + Opsa + -+ + 0n)

The optimal Hankel-norm approximation satisfies half this upper
bound.

NIVERSITY OF
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Other norms with upper and lower bounds are:
« Relative error ||(G — G)G ™|
e Gap metric

» Frequency weigted norms have lower bounds that may be far
from achievable.

» Controller reduction is not clear because a low order controller
might exist with similar closed-loop norm to a high order one but
not close in any metric.

UNIVERSITY OF

CAMBRIDGE



Demonstration program: 333
K=t£f(8,[1 3]); Pl=t£f(2,[1 31);
G=1/(1/K-0.5%xP1xP1xP1xP1xP1xP1xP1); Gss=ss(G);
[Gbal,balinfo] = balancmr (Gss,8,’display’,’off’);
balinfo.StabSVv

k=input ('pick a degree = ') [Gbal,balinfo] =
balancmr (G, k) ;

BalError=norm (G-Gbal, inf)
BalErrorbnd=sum(balinfo.StabSV (k+1l:end) *x2)

bode (Gss, Gbal) pause

[Ghank, hankinfo] = hankelmr (Gss,k,’display’,’off’);
Dtmp=squeeze (freqresp (Gss-Ghank, 0)) /2;
GhankD=Ghank+Dtmp;

HankelError=norm(Gss—-GhankD, inf)
HankelErrorbnd=sum(balinfo.StabSV(k+1l:end)*1) pause
[Gbst,bstinfo] = bstmr(Gss,k,’display’,’off’);
bstinfo.StabsSVv

= UNIVERSITY OF

AMBRIDGE
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[Gncf,ncfinfo] = ncfmr(Gss,k,’display’,’off’);
ncfinfo

ncfError=gapmetric (Gss, Gncf)

bode (Gss—-Gbal, Gss-GhankD, Gss-Gbst, Gss-Gncf) pause
nyquist (Gss-Gbal, Gss-GhankD, Gss—-Gbst, Gss-Gncf)

= UNIVERSITY OF

AMBRIDGE




Some robust control analysis and synthesis theory

335

Topics:

. Some basic convex optimization theory (heading towards LMISs).

Structured singular value as an LMI problem.

Performance and the Bounded Real Lemma.

H-infinity design:
a. State feedback;
b. linearizing transformations.

H-2 design:
a. Characterization and analysis;
b. State feedback;
c. linearizing transformations.

L-1 design:

Pole region constraints

Multi-objective analysis and synthesis.

Relaxations for structured and decentralised design problems.
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Convex optimization

336

Convex optimization problems

minimize Jfo(z)

subject to fi(x) <0, 1=1,....m

The functions, fy, f1,..., fm, are convex.

The equality constraints are affine.

A problem is quasiconvex if fy is quasiconvex and fi,...

minimize fo(z)

subject to fi(x) <0, 1=1,....m

The feasible set of a convex (or quasiconvex) optimization problem is convex.

, fm, are convex.
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Semidefinite program (SDP)

minimize L'y

subject to 1 F7 + xoF5 + ... + 2, F, + G <0
Ax = b

where F;, G € S*

The matrix constraint is called a linear matrix inequality (LMI)

Multiple constraints are trivially combined into a single (larger) constraint,

o1 F1+aoFs+. . 42, F,+G <0 and x1Hi+ax9Ho+... 42, H,+M <0

if and only if
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Example: matrix norm minimization (Maximum singular value)

minimize ||A(x)|s = (p(A(x)TA(g;)))l/2

where A(z) is an LMI: Alx) = Ag + 141 + 2245 + ... + 1,4,

The equivalent SDP is:
minimize ¢
, tl A(x)
subject to
A(x)t ¢l

The decision variables are now t and z.

The constraint equivalence follows from a Schur complement argument

(Al <t <=  ATA <tI, t>0,

tI A
[AT tI] =0

Roy Smith: ACC 2014 Workshop; robust design thedi38
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“Disciplined convex programming” cvx

Download cvx from www.stanford.edu/ boyd/cvx/

dr(t
Example: proving the stability of a system: Z(t ) = Aux(t)

stable <= there exists P

|
i
~
-
o
o
~
i
_I_
A
s
A
-

S there exists P = P1 = I, A'P + PA < —1I

We can consider P as a matrix variable

cvx_begin sdp
variable P(n,n) symmetric
A’*P + PxA <= -eye(n)
P >= eye(n)

cvx_end

cvx_status is a string returning the status of the optimization
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Another example:

We want to know if the stability of two systems,

dx(t)
dt

dx(t)
dt

= A; x(t) and = A x(t)

can be proven with a single Lyapunov function, V(s) = z(t)’ Px(t)

dx(t)
dt

— A(t)z(t) stable for A(t) = 0,(t) A1 + Os(t) As,  6i(t) > 0

We want to find P = PY = 0, suchthat A] P + PA; < 0, and AP + PAy <0

Or equivalently P = PT > I

such that A{ P + PA; < —I, and AJP + PAy, < —1I

~

cvx_begin sdp
variable P(n,n) symmetric
A1°*P + PxAl <= -eye(n)
A2°%P + P*A2 <= -eye(n)
P >= eye(n)

cvx_end
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Upper bound calculation

Define a set of invertible matrices that commute with all A € A

D:{diag(Dl,...,Dq,dllh...,dmIm,) | Dj:D;>O, dlm(Iz):]{?z, d; € R, dz>0}

A Stability A
D D1 = 2z v
M M
Upper bound: pa(M) = pa(DMD™') < inf opa(DMD™Y)

DeD
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Upper bound calculation

Omax (DM DY) < I — (DMD™ )" (DMD™) = 0
2] — D'M*D*M D! ~ 0

v?D?* — M*D?*M = 0

1111

"D — M*DM = 0  (D¢€DsoD?eD)
For ~ fixed this is an LMI in the variables D € D.
If v varies monotomically, the feasible regions of D € D are nested

minimize n (Quasiconvex optimization problem:

n,DED generalized eigenvalue problem)

subject to nD — M*DM = 0

Then ~ = +/n°Pt is an upper bound for ua (M)
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State-space performance test (via main loop theorem)

2
r(k+1) = Axz(k) + Bu(k)
y(k) = Cux(k) + Du(k) ) A B[
u
- C D
A B
_ —1 _
P(z) = Fy(Pss, 2z 1) where Py, = [C D]

Stability and nominal performance:

[ P(z) is stable
,UA(PSS) <1 < < and
| [Pl < 1.

A = {diag(dlln:caAZ) | 01 €C, Ag € Cnuxny}
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State-space performance test

2

P(z) is stable
pua (Pss) < 1 — < and

A = {diag(61/nz,A2) |01 €C, Ay € C™7 M}

In thi : P.s) = inf oy (D Pss D71
n this case uA (Pss) jof o ( )

(D 0 o
_{[0 d2I].D1—D1>-O,d2>O}

1
Consider (w.l.o.g.) finding D; such that: O rax ([131 ?] [A B] [Dl O]) < 1
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State-space performance test

T
.. : A B X 0||A B X 0
This is equivalent to the LMIs: ([C’ D] [O I] [C D] — [0 I]) < 0,
X =X* =0 (take X = D7)
Bounded real lemma (many equivalent expressions exist)
P(z) is stable and ||P(2)||z, < 1
= there exists X = X* = 0
X 0 ATx (7]
0 —I B'X D7t
such that < 0
XA XB —-X 0
C D 0 —1
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Bound real lemma: (discrete-time)

P(z) is stable and [|P(2)|lc < 7

= there exists Y = Y* = 0

Y
such that = 0

Note that the upper left block contains the condition:

Yy AY

~ 0
VAL Y

Which is equivalent to the discrete-time Lyapunov condition: A VAT — vV <0
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Bound real lemma: (continuous-time)

P(s) is stable and ||P(s)]lco < 7

= there exists P = P* = 0

such that BTPpP
C

‘ATpP+PA PB CT

-1 D7t
D —~?I

<0

The LMI contains the continuous-time Lyapunov condition:

An equivalent form (using Q = P™1) :

QAT + AQ B QCT]

BT

cQ

—1I
D

AP + PA <0

DT <0
_72]

Roy Smith: ACC 2014 Workshop; robust design thed4/



Design 240

Hoo Design (continuous-time)
The bounded real lemmas are used for analysis of a closed-loop system

State feedback:

A | By, By
P(s) = | C. | Doy Doy with (A, B,,) assumed to be stabilizable
1 0 0

F] = P(s) [w] and for state feedback: u = Kax = Ky

A+B,K | B,
Ce + DeyK | Deyy

QAT + FTBT + AQ + B,F B, QCT+ FTDT]
An equivalent LMI: Bl —I Dl <0
i C.() + D, F Dy —~2T |

(this uses the substitution: F' = K Q)
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State feedback H,, Design (continuous-time)

A | B, B, |
P(s) = | C. | Doy Doy with (A, B, ) assumed to be stabilizable
I 0 0

minimize 17
7,Q,F

subject to: @ = QT = 0

QAT + FTBT + AQ + B,F B, QCI+ FTDL]
BT 1 pT. <0
i Ce@ + Dey I Dy —nl |

If this has a solution (7, ), and F') then

K = FQ ' gives F;(P(s),K) stable and ||F; (P(s), K)||s

VA

V1
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State feedback H., Design (continuous-time)

Using cvx:

P = ss(A, [Bw, Bul, [Ce, eye(n,n)], [Dew, Deu; zeros(n,nw+nu)l]);

cvx_begin sdp
variable Q(n,n) symmetric;
variable F(nu,n);
variable eta;

minimize eta;
subject to:
N> 0;
[Q*A’ + F’*xBu’ + AxQ + BuxF, Bw, Q*Ce’ + F’%*Deu’;
Bw’, -eye(nw,nw) , Dew’;
Cex() + DeuxF, Dew, -etaxeye(ne,ne)] < 0;

cvx_end
K = Fxinv(Q) ;

Aclp = A + BuxK;
disp(eig(Aclp)); %» always check that it really is a good controller.
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Hoo Design (continuous-time)

The bounded real lemmas are used for analysis of a closed-loop system

Output feedback:

- A | B, B, |
P(S) — Ce Dew Deu
n Cy Dy’w O i

with (A, B,) assumed to be stabilizable

and (C,, A) assumed to be detectable

[e] — P(s) [w] and for output feedback: u = K(s)y

A B,Ck | By
BLC, Ay BiDyu
Ce DeuCk: Dew A
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Hoo Design (linearizing transformation)

A B,C) | By |
Aclp ‘ Bclp
G(s) = Fi(P(s),K(s)) = | BxCy Ay Bi.Dyu =
Cclp ‘ Dclp
i Ce DeuCk: Dew |
Agpp + PAClp PBp Cg;p
LMI condition (to be applied to the closed-loop): ng P —T Dgl’p <0
i Cclp Dclp _72[_

Partition P as: P = []\)T/T ]r] and P! — [X M]

Define new controller variables via:

A = NAM? + NB,C,X + YB,CprM" + YAX
B = NB;
C = M7
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Hoo Design (linearizing transformation)

AL P+ PAg, PBay, Cg
LMI condition (to be applied to the closed-loop): Bg;p P —I Dgp <0
i Cclp Dclp _721_
: : : . X 1
Define an inertia-preserving transform via: T = uT 0o
(AX + B,C A
Then: TYTPALT = L )
. 'p A YA+BCJ
[ B
T _ w
By = _YBw+BDyJ
CapT = [C.X +D.,C C.
X I
T _
wpr - 51
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Ho Design

Closed-loop LMI conditions:

T 0 0
0 I 0
0O 0 I

(linearizing transformation)

_AT

clp

P+ PAClp

BL P

clp

Cclp

AX + B,C+ XAT + CTBT
AT + A

BT
C.X +D,,C

_AT

ClpP + PAClp PBClp
BY P T
i Cclp Dclp
PBa, C% 0
-1 DY I
Dclp —’)/21 0
A+ AT

CT
DT

clp

clp

—~2]

YA+ ATY + BC, + CTBT

BLY + DI BT

and P > 0.
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Ho Design

minimize 17
n,.X,Y,A,B,C

subject to: [X I] > 0,

I Y
AX + B,C + XAT + CTBT A+ AT By, xcr +oTpl,
AT 4+ A YA+ ATY + BC, + CTBT YB, + BD,, ce 0
) <
BT BTY + DT BT I DT
C.X + D,,C C. Dey —nl

If this has a solution (1, X,Y, A, B and C’) then

PPt =1 — NM' =1 — YX  (solve for M and N)

A = NAMT + NB.C,X + YB,C,MT + YAX
B = NB
C = M7

Solve for Ay, B and C}. from:

Ay, | By
Cr | 0

K(s) = gives JF; (P(s),K(s)) stable and || F; (P(s), K(3))]|cc < /7
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Hs Design
Using cvx:

P = ss(A, [Bw, Bul], [Cz; Cyl, [Dzw, Dzu; Dyw, zeros(ny,nu)l);

cvx_begin sdp
variable X(n,n) symmetric;
variable Y(n,n) symmetric;
variable Ah(n,n);
variable Bh(n,ny);
variable Ch(nu,n);
variable eta;

minimize eta;
subject to:

[X, eye(n,n);
eye(n,n), Y] > 0;

[AxX + BuxCh + X*A’ + Ch’*Bu’, A+Ah’, Bw, X*Ce’ + Ch’*Deu’;
A’+Ah, Y*A + A’xY + Bh*xCy + Cy’*Bh’, Y*Bw + Bh*Dyw, Ce’;
Bw’, Bw’*Y + Dyw’*Bh’, -eye(nw,nw), Dew’;

Ce*X + DeuxCh, Ce, Dew, -etaxeye(ne,ne)] < O;

cvx_end
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Hs Design

Using the robust control toolbox:

P = ss(A, [Bw, Bul, [Ce; Cyl, [Dew, Deu; Dew, zeros(ny,nu)]);
[K,G,clp_norm] = hinfsyn(P,ny,nu);
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‘H> norm characterization

s [|G(s)l[n, <1 7

GO)I2, = 5= [ Trace (GU)G (i) d

— 00

Theorem: G(s) is stable and ||G(s)|7, < 7

— there exists X = X' = 0 such that

Trace (CXCT) < and AX + XAY + BBT <0

1 l\Jy NJITTIUL L. 7 \WNJ\Y LV 1T VYUVUILIZWWI |UP, 1TUNMUUL U\I\Jlull Ll |UW
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H> norm characterization

A|B
Continuous-time: G(s) isstable and [|G(s)|Z, < v G(s) = 7’7
<~ there exists X = X' > 0 such that:
W  CX
AX + XA" + BB' <0, ~ 0 and Trace (W) < ~
xXct X
: : . 9 A| B
Discrete-time: G(z) isstable and |[|G(2)|z, < v G(z) = =T
— there exists X = X' > 0 such that:
- X AX B] WO
XAt X 0| -0 ~ 0 and  Trace (W) < ~
xct X
| BY 0 I
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Hs Design (continuous-time)

State feedback:

A | B, By,
P(s)y =| C.| 0 D, with (A, B,) assumed to be stabilizable
I 0

F] = P(s) [w] and for state feedback: u = Kz = Ky

A+B,K | B,
Ce + Dey K | 0

G(s) is stable and ||G(s)|lz, < 7 <= thereexists X = X' = 0, and F such that:
AX + B, F + XAT + F'BI + B,BL < 0,

|44 CeX + Dy F

= 0 and Trace (W) <
xXcT + FTDT, X W) <7

(this uses the substitution: F = K X)
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Ho Design LQG problem

LQG objective:  J = Y (k)" Qxz(k) + u(k)” Ru(k)
k=0

1/2
Choose: C. = [Q ] and  De, = [R?/2]

RY2u(k)
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Hs Design

(continuous-time)

Output feedback:

A | B, B,
C.| 0 D,
» Cy Dyw O

with (A, B, ) assumed to be stabilizable

and (C,, A) assumed to be detectable

[Z] = P(s) [w] and for output feedback: v = K(s)y =

A B.Cy | By
BLC, Ay BiDyu
Ce DeuCk 0 ]

PRy St s A s = @

AR

P s v g

..206¥82
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Ho Design (linearizing transform)

A B.C: | Bw ]
Aclp ‘ Bclp
G(S) = fl (P(S),K(S)) = BkCy Ak; BkDyw = C ‘ 0
| C.  D..Cylo0 | cp

LMI conditions:

AL P+ PAy, PB.
clp Ip Ip <0, [CMZ{ CfDlp] - 0, P >0, Trace(W) <~
BI P —1I I

» . _|Y N | X M
Partition P as: P = [NT *] and P = [MT *]

Define new controller variables via:

A = NAMT + NB,C,X + YB,CpM* + YAX
B = NB;y
C = CyMT

Roy Smith: ACC 2014 Workshop; robust design theGi§3




Design %04

Hs Design (linearizing transform)

o Ag; P—I—PAClp PBClp W Cclp
LMI conditions: b < 0, = 0, and P > 0
Bg;pP —1I Cg;p P
: : : : X 1
Define an inertia-preserving transform via: T = uT 0o
AX + B,C A
Then: TYTPALT = T .
. 'p A YA+ B(Jy]
[ B
T _ w
P By = VB, + BDyw]
CclpT — :CeX + Deué Ce]
X T
T _
T PT = ¥ Y]
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Hs Design (linearizing transform)
AL P+ PA., PB. W C.
LMI conditions: clp P P < 0, P = 0, and P > O
BY P ~1 ch P
T" 0| |ALP+PAgy PBay| [T 0|
0 I BL P I | |0 I
AX + B,C + XAT + CBT A+ AT By,
A+ AT YA+ BCy+ ATY + CI'B Y By, + BDy,
BT BLY + DI BT —I
W CeX + DeC Ce
I 0 W Capl| [I 0 .
— XCZ + CTDeu X 1
0o Tt Ch, P |0 T
cr I Y
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Ho Design

minimize 7y

subject to: Trace (W) < 7,

_AX+BUCA+XAT+CAB$ A+ AT B,, ]
A+ AT YA+ BCy+ATY +CI'B YBy, + BDy,| <0
B BLY + DI, BT ~I
_ W C.X + DeuC C.
XCT + CTD,, X Iy -0
cT I Y
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Ho Design

If this has a solution (v, X, Y, A, B and é) then

PPt =1 — NM' =1 —YX  (solve for M and N)

Solve for Ay, By, and Cy, from: A = NAMT + NB,.C,X + YB,C,M" + YAX
B = NB,
C = CMT

gives Fi(P(s), K(s)) stable and || F; (P(s), K(s))|#, < V7
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Ho Design
Using CVX:

cvx_begin sdp

variable X(n,n) symmetric;
variable Y(n,n) symmetric;
variable W(ne,ne) symmetric;
variable Ah(n,n);

variable Bh(n,ny);

variable Ch(nu,n);

variable gamma;

minimize gamma;
subject to

trace(W) < gamma;

[W, Ce*X + Deu*Ch, Ce;

X*Ce' + Ch'*Deu', X, eye(n,n);

Ce', eye(n,n), Y] > 0;

[A*X + Bu*Ch + X*A' + Ch'*Bu', A+Ah', Bw;

A'+Ah, Y*A + A'*Y + Bh*Cy + Cy'*Bh', Y*Bw + Bh*Dyw;

Bw', Bw'*Y + Dyw'*Bh', -eye(nw,nw)] < 0;

cvx_end
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Ho Design
Using the Robust Control Toolbox:

P = ss(A,[Bw,Bu],[Ce;Cy],[zeros(ne,nw),Deu;Dyw, zeros(ny,nu)l]);
[K,G,clp norm] = h2syn(P,ny,nu);
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[1 Design problems

Bounding error amplitudes for bounded amplitude inputs

M = su Mx — maXZa--
Ml = sup 3ol = e 3o

Yo mp 0 0 -] [uo

Use impulse response matrices and a Youla parametrisation to set up the design problem:

mcgn |P+UQV|

Robust problems can also be set up and solved as (large) optimisation problems.
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Choose matrices, L = LT € RP*P and M € RP*P

Use these to define a function, fp(z):C — SP*P, fo(z) = L + zM + z*M*

And this is used to define a region of the complex plane: D = {z€C(C| fp(z) < 0}

Example: real(z) < —a

foz) =20 + 2 + 27 (L = 2a, M = 1)

Example: z4+q| < r  disk or radius r centered at (—gq,0)
B —r q-+z I e |01
fo(z) = [quz* —7‘] so L = [q —r] and M = [O O]
Example: z within a conic sector with inner angle 26

fo(z) = [_(Z+Z*)Siﬂ9 (Z—Z*)c:039]

(2 —2)cosf (24 2*)sinb
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LMI conditions for pole region constraints

Now given A € R"™*" and P = PT ¢ R"*™,

define a function, Mp(A,P) = L® P + M ® (AP) + M' ® (PA")

Theorem: cig(A) €D <<=  there exists P = P' = 0, such that Mp(A,P) < 0

Example: All closed-loop poles have real part less than — «

fo(z) =2a + 2z + 27 (L = 2a, M =1)

cig(Aep) €D <= thereexists P = P = 0, 2aP + Ay, P + PAL <0

clp
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< J (¥
e P(s) w
" A | B, B, |
Fi(P(s),K(s)) = G(s) = | C.|D., Da, ’ !
| Ce D¢, 0 i K(S)
ATP, + PLA P,B, CT
H[I 0] G(s) [é] <y <= P =0, BI'P -I DL | -0
Foe C, D,, —°I
0 T T 4 Ce
0 I]G(s) <p <= AP+ PBAY + BB, <0, ~ 0,
1 Lo Cct

Trace (W) <

real(eig(A)) < —a <<= P3 = 0, AP; + P3A" + 2aP; < 0
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Z v
o™ P(s) "
- A | B, B,
Fi(P(s),K(s)) = G(s) = | C.| Dsy Dey ’ ‘
| Ce D¢, 0 i K(S)
For synthesis we further constrain: P = P, = = P
ATP 4+ PA PB, CT ]
H[I 0] G(s) H <7 <= P >0, BlI'P -1 DL | -0
foc C, D,, —~*I
w  C.P
H[o I1G(s) m <f <= AP+ PA" + B,B, <0, - 0,
Lo PCZ P

Trace (W) <

real(eig(A)) < —a <= P = 0, AP + PA' + 2aP < 0
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State feedback

We typically have: Aqp, = A — BK

Define F = KP

Then Agp,P = (A — BK)P = AP — BF

We can express our LMI’s in terms of P and F
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Multiobjective design 376

[ A B,C) | By ]
. o o . Aclp ‘ Bclp
Linearizing transformation o ‘ 0 = BC, Ay BD
cp ' C. DGy |0 |

.. . Y N | X M
Partition P as: P = [NT *] and P~ = [MT *]

Define new controller variables via:

A = NAMT + NB,C,X + YB,C,M" + YAX
B = NB
C = Mt
: : : : X 1
Define an inertia-preserving transform via: T = uT 0o
AX + B,C A B,
Then: TTPAL,T = L . TTPB,, = )
. 'p A YA+BCJ ’ 'p Y B, +BDyw]
i . X T
CapT = |C.X+ D, C C.l, T'PT = | Y]
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Relaxations for structural controller constraints 377

Discrete-time formulation: x(k+1)
y(k) = Cxz(k) + Du(k)

|
I
~—
_|_
I

Fundamental stability result:

P AP
: _ pT
There exists P = P° >0, such that [PAT P ] >
P AG
: _ pT
= there exists P = P* >0 and G such that [GAT G+GT _p >

Fundamental stability result:
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Relaxations for structural controller constraints 378

Structured state-feedback (an almost useless problem - only for illustrative purposes)

If there exists P = P! >0, ,G (diagonal) and F (diagonal) such that

P AG + BF -
ATG+ FBY 2G-P ’
then K = FG~! stabilizes A + BK Note that K = FG~! is diagonal

Arbitrary zero structures can be imposed on K by choice of the F' structure

The Lyapunov variable, P, has no structural constraints.
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Relaxations for structural controller constraints

379

Extended version of the H-infinity LMI characterisation

P(z) is stable and || P(z)||3. <+ if and only if

there exists P = P? and G such that,

The state-feedback and dynamic feedback linearising transformations can be extended

to these LMI conditions.

P AG B 0
GgtAl g+Gt'-pP 0 Gfo?t
BT 0 I D7t
0 CG D ~I

> 0

Roy Smith: ACC 2014 Workshop; robust design thedii@



Relaxations for structural controller constraints 380

Extended version of the H-2 LMI characterisation

P(z) is stable and ||P(z)||n, <~ if and only if,

there exists P = P? and G such that,

W oG P AG B
trace(W) < =, ATOT AT 4 p >0, and |G'AT GT'+G-P 0| >0
e - BT 0 I

The state-feedback and dynamic feedback linearising transformations can be extended
to these LMI conditions.
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4 MathWle(S“

Robust Control is a beautiful theory

Y

Y

~
—_
W
~—
A

ATX, + X A+X, (4 2BBl —-B,BI)X,_ +cfc, =0

p(X,Y,)<y? .
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... based on solid principles:

Think in terms of gains and loop shapes

Take holistic approach to MIMO control

Pay attention to the Gang of Four (or Six?)

Use disk margins rather than gain/phase margins

Account for plant uncertainty
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Yet it has practical limitations

Hard to distill all design goals into one frequency-
weighted He criterion

Produces monolithic, black-box controllers
Controller complexity tends to be high

Convexity often comes at the price of conservatism
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... that make it difficult to apply:

TIME-DOPAIN REQUIREMENTS TOP &

— i/\_/_ M szQ‘zdt

bO—— L e
L h ] . i
thetaref Step Tracking Step Rejection Tranzsient LORALQG
— I-_.__.
%@ FREQUENCY-DOMAIN REQUIREMENTS TOP = — :“u“;w_ —hl?
L . a
phi-ref - WITNAT T C Selector
i D S TR oy | W S
r-ref Gain ariance Tracking Max. Overshoot
Setpoint S -
commands T'r'-,h,-“ ‘-" I'J'I | I I M
[ e i I P bty
Rejection Sensitivity Weighted Gain  Weighted Variance
OPEMN-LOCP SHAPE AND STABILITY MARGIN REQUIREMEMNTS TOP &
_—\ —\ \ r ‘ed variables)
L L L [+ ('—/
—  Min. Loop Gain Max. Loop Gain Loop Shape Margins
POLE REQUIREMEMNTS TOP &
H H
e [
L b4 - H
AR AR 387
Closed-Loop Controller
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SYSTUNE Is a bridge
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‘MathW%A(SE
SYSTUNE is a bridge

between Robust Control theory...

389



&Mathw%(l(f
SYSTUNE is a bridge

between Robust Control theory...

.. and Control Engineering practice
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SYSTUNE in a Nutshell

1. Turn any control structure into Standard Form with
structured C(s)

| PI(s)
PI_L
| Pi(s) v—b Z
||||||||||||||||||
(s)
. N
e )
theta-ref P
> »
E . Pl(s)
phi-ref PI2
T}
PI3
u
C,(s) -
Static Output
Feedback
autopilot for controlling the vertical acceleration of an airfra

@T TFPPF B |
391




J\MathW%;(s*’
SYSTUNE in a Nutshell

2. Automatically turn design goals into H, /H,, cost
functions

I Titewek s e /sl
F VS =T, o,

392
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J\Mathw%:l(s*‘
SYSTUNE in a Nutshell

3. Use optimization to accommodate the demands of multi-
objective, fixed-structure synthesis

min max f; (x)
X l

subject to

max g;(x) <1
J

393
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J\MathW%}(s*’
SYSTUNE in a Nutshell

4. Use specialized solvers that exploit problem nature and
structure to solve it efficiently

Nonsmooth minimax optimization:

Stabilization: min max Re 4; (4(x))
X l

H,, Optimization: min max o; (T(jw, x))
X w,l

394
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SYSTUNE in a Nutshell

5.

Tune controller against multiple models of the plant

4 Matthgil(s&

395
13



SYSTUNE in a Nutshell

5. Tune controller against multiple models of the plant

4 Matthg&s&
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J\Mathw%}(s*‘
Pros and Cons

Nonlinear + nonsmooth + nonconvex = hopeless?
No, as long as:

You can live with a satisfactory design that is not
necessarily globally optimal

Solver is fast and gives coherent answers (to support
iterative design)

397
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Pros and Cons

The simpler the controller, the smaller the search space
No auxiliary variables or Lyapunov matrices

More constraints tend to make problem easier to solve

398
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o DGKF

mu

® Lvis
SYSTUNE

Tractability

Generic
® NLP

Flexibility

Tractability vs. generality tradeoff
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Demo: Helicopter Flight Control

Roll-off filters

|_> 40

+ )

- s+4( | ds
P

theta-ref
1 40 —
>+ - ]
— "‘1'; . ;‘; s+40 i lE
phi-ref PI2 Selector
| . . 40
| H; . "7; s+40 | dT Helicopter
r-ref Pl3
Setpoint
commands
Inner loop
Static Output
CONTROLLER Feedback

Outer loop (regulated variables)

theta
phi

8+6 states, 21 tunable parameters
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J\Mathw%}(sw
SYSTUNE Software

SYSTUNE and the Control System Tuner app live in
Robust Control Toolbox

Interface with Simulink (sITuner) lives in Simulink Control
Design

Contact: Pascal.Gahinet@ mathworks.com

401
19


mailto:Pascal.Gahinet@mathworks.com

J\MathW&)g;(s*‘
Conclusion

Robust Control is not just for PhDs and academics

You don’t have to go back to manual gain tuning once you

leave the classroom

Tools are available to apply Robust Control methodology

to real-world applications

402
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Intro to 1QCs:
A simple State-Space Approach

ACC, June 2014

Copyright 2007-14, MUSYN. This work is licensed under the Creative Commons Attribution-
NonCommercial-ShareAlike 3.0 Unported License. To view a copy of this license, visit
http://creativecommons.org/licenses/by-nc-sa/3.0/ or send a letter to Creative Commons,
444 Castro Street, Suite 900, Mountain View, California, 94041, USA.
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Uncertainty Quantification (UQ) analysis in control

Components

—Relations among variables
*Here, drawn as input/output

d;—

External variables (d)

Selected internal variables (e)

Interconnection
—Equates variables of

— —

“communicating” components & l force
—

e
| e

—Implicitly gives (d/e) relation

UQ question

—Uncertain components

* Uncertainty is quantified at
component level

—Quantify uncertainty in (d/e) relation

!

Aero |,
“coeff” |

aileron

How is uncertainty in a component

quantified?

= List of quadratic (in)equalities that variables
it relates are quaranteed to satisfy

= “Certain”; just a special case of uncertain

= Uncertainty in (d/e) is quantified in same
manner — certify that (d/e) relation always
satisfies specific quadratic inequalities
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Hard IQCs (dynamic supply rates)

Definition: Suppose V¥ is a stable linear system and M is a symmetric
matrix. A bounded operator A satisfies the hard IQC defined by (¥, M)

if

/0 ya, (£) My (t)dt > 0

for all T' and all signals z € L5[0 oo), with

Yo ::@{A'(ZZ)}

z

>

v

-

——> Y

If A is an ODE-based model, then this integral constraint must hold

for all initial conditions set to 0.

Remark: IQCs generalize the dissipative systems model, allowing for
supply rates, g, which are themselves linear dynamical systems
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Example 1: IQC For Saturation

/A Is a saturation

4

2(z(t) —w(t)) z(t) > 0 Vt

¢

AR AT

w s

for all z € L2[0,00) and w = A(z).
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Example 2: IQC For Norm-Bounded LTI Uncertainty

A stable, SISO, and LTI with ||A]| <1

Z U

— Y% For any stable, LTI system d(s),

Causality is used to
show that constraint
holds over all finite
time horizons.

Equivalent to D-
scales in robust
control

[ ) (12G)P = lie)P) do > o

of — 0

holds for all z € L2[0,00) and w = A(z2).

¢

A satisfies the (finite-horizon) hard 1QC
defined by ¥ = [49] and M = |§ Y |.
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Using IQCs to prove |/O stability

/ ¢ G and A in feedback. A is unknown,
but satisfies the IQC defined by (¥, M ).

Define interconnection stable if Lo-gain

w z 54 d
A from (f,d) to (e, z) is bounded

Does there exist v > 0 such that for all d, f € L5[0 c0) and all T

/0 eT(1)e(t) + 2T (1) 2(t)dt < 2 /0 FT0f(8) + dT (1) d(t)dt

Augment with . Since A satisfies the f ° .

IQC defined by (W, M), regardless of |
external signals f and d, the signal y,

is guaranteed to satisfy a constraint, YA e d
namely, for all T’

T
/ y;‘f(t)Myw(t)dt 2 0 > v
0

408
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Three different systems

A |-

System under consideration, with
“unknown” or “troublesome” A

... to reach conclusions here

409

System under consideration, augmented
with known W, which captures “cor-
relations” in input/output of A

J € o

Analyze this... (system model and signal constraint)

Yi

f

(&

G

| g
©
IS

A

Y

Y

Yip

System under consideration, with
“unknown” or “troublesome” A
removed, but known augmented
correllator ¥ (implicitly) provid-

ing information about signals

T
and / Yy (£) My (¢)dt > 0
0
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What are the known constraints?

Y oy T A B x
Yy C D e
w z d n A B B I n ]
— - v = _ _ _
Y C D1 Do 2
w
R y g -
N L / vy (6)Myy(t)dt >0 VT
g 0
Equality constraints Inequality constraint
e Summing junctions, eg., e = f + w o fOT ny(t)MyMt)dt >0
e ODE models of G and ¥ e extra information about z and w

Under what conditions do these constraints actually imply a constraint
between (f,d) and (e, z)? Specifically,

T T
/ el (t)e(t) + 21 (t)z(t)dt <~ / R f(t) +dT(t)d(t)dt
0 0
Use Lyapunov-like construction and S-procedure...
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Look for a generalized storage function

f € a T
a. | T4 B¢ / () Myy(t)dt >0 VT
Y C D e 0
w z d o
— ] v | 7| A By B, "
. Yy C Dy Ds p

Under what conditions is there a finite v > 0 such that the system and
signal constraints actually imply that

/T el (t)e(t) + t)dt < v / fE@) f(t) +d  (H)d(t)dt YT

Lyapunov + S-procedure: If there exists a positive, semidefinite func-
tion V' (x,n) and A > 0 such that

V() + My, Myy <*(f7 f+d"d) — (e"e+2"2)
(V = V,V - (Az + Be) + V,V - (An+ Byz + Bzw))

for all values of x,7n,d, f,w, e, z and y,, constrained only by the inter-
connection, then the desired relation holds.
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Combining integrated inequality with IQC

/ e G o | A B x
Y |l o D €
w z d v - ] . A B B [ n
[ ] ' yd) B C_’ Dl DQ =
z o Yy -
Integrate .
V(z,m) + Ay Myy <7 (f1 f+d"d) — (e"e + 2" 2)

(llell2 2+1212.2) < VA 2+ dl2 ) v<a:<T>,n(T>>][ ) / ygl;(t)ﬂ%(t)ﬂ

( <0 <0

2 2 2 2
(H6H2,T + ”sz,T) < ’72(||f||2,T + Hd||2,T) Invoke hard-IQC on yy,

T
/ Yy () Myy(t)dt >0 VT
0
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Solving the inequality: Finding Vand A

413

S € o
[w_

Interconnection equations
U I O A B g | 7|4 B B g
z Yy ¢ D € Y C D; Do >
> Y ’ T 27 pT T T T
S — V(w,n)+)\way¢§7 (fff+d d)—(ee+2z"2)

For notational purposes, define

c Rna: +n77 +nf +ng+nqw

T
Step 1: Restrict attention to quadratic V(z,n), so V(x,n) := { ;EY ] P [

Inequality in 8 variables (x,n, f,w,d, e, z,yy),
but only (z,n, f,w,d) are independent

Use interconnection
equations, recast as...

Inequality in 5 vari-
ables (z,n, f,w,d), to
hold for all values

7

a

for some P = PT = (. Then
T

P

V(z,n) 2 [ v
7

s’ [Linear in P]s

An+ B1(Cx + D(f +w) + d) + Bow

Az + B(f + w)

413
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Solving the inequality: SDP to find Vand A

f e Interconnection equations
G
- ' A B, B
a. & A B x U Ui ] _ | A4 B b n
" Ly y C D e Yy ¢ Dy Dy || ,
) o e=f+w z=d+y W

v, | Vi(z,n) + Ay Myy <(fTf+d7d) — (eTe+2"2) |,

Inequality in 5 variables (x,n, f,w, d) 8=

V(% n) = s! [Linear in P] s v? (fo -+ de) = sT [72 - Simple Matrix] S

Y vV
LS

1
S A3 8
|

)\yg M1y, = s’ [Linear in \]s el'e = s [Simple Matrix] s

212 = sT [Simple Matrix] s

_]/ M (P, \,~?)
Inequality becomes: s’ [ Linear in P, \, v* ] s <0 Vs e RMetmntnstnatng

IQC Robust Stability Analysis: Does there exist P = PT > 0, A > 0,
and (representing 7?) vs > 0 such that

M(P,/\,’ys) =0,

which is yet another (important) example of a semidefinite program.
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IQCs in the Frequency Domain

- A |

w Z

Let II : jR — C™*™ be Hermitian-valued.

Def.: A satisfies IQC defined by II if

/3@ [ﬁ’@“)} i) [m(jw)} dw = 0
for all z € L2[0,00) and w = A(z).

Ref: Megretski and Rantzer, "System Analysis via Integral Quadratic
Constraints’, TAC, 1997.
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Frequency Domain Stability Condition

Thm: Assume:

@ Interconnection of G and TA is
well-posed V7 € [0, 1]

A 7A € IQC(II) Vr € [0,1].
€ ¢ > 0 such that
[G(}"‘”)} I(jw) [G(jf“)} < —el Vw

Then interconnection is stable.
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Connection Between Time and Frequency Domain
1. Hard Time Domain IQC (TD IQC) defined by (¥, M):

| sty Mys(e)at > 0
0

for all T" > 0 where y,, = ¥ [sz)}.
2. Frequency Domain IQC (FD IQC) defined by II:

/_:: h((ﬁﬂ TI(jw) [,((J ﬂ dw > 0

where w = A(z2).

A non-unique factorization II = V7~ MW connects the
approaches but there are two technical issues.
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“Soft” Infinite Horizon Constraint

262

Freq. Dom. IQC: /

— N

5 i [ 28] a2
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Freq. Dom. IQC: /

“Soft” Infinite Horizon Constraint

i

@ Factorization 1l = W™~ MW

| vty w o) [352) do = [ 5iw) Mo ) 20

(Jw) o

419
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“Soft” Infinite Horizon Constraint

i

Freq. Dom. IQC: /

— 260

@ Factorization Il = W~ MW

/_ m[éﬁiﬂ W (jw)* M (jw) | 20 | dw = f 5, (jw) My (jw) >0

— 2

@ Parseval’s Theorem

"Soft” IQC: - / yu(t) My (t)dt > 0
0

Issue # 1: DI stability test requires “hard” finite-horizon IQC

420
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Sign Indefinite Quadratic Storage

Factorize Il = W™~ MW and define ¥ [§] := [%]
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Sign Indefinite Quadratic Storage
. ~ : 1 . A
Factorize Il = W~ MW and define ¥ [‘H — [ oD ]

(*) KYP LMI:

AP+ PA PB N ct
BIpP 0 Dt

]M[C D| <0
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Sign Indefinite Quadratic Storage

Factorize II = Y™~ MW and define ¥ [?} — [ ? 5 ]

. .
(¥) KYP LMI: !A PP PB] + !O

A ) DT] M|C D|<0

KYP Lemma: dJe > 0 such that Lemma: V = [£]" P[Z] satisfies

o

!G(i{w)] [(jw) !G(jjw)] < eI V(z,m) + Ay, My, <
V(T4 dTd) — (eTe+ 2T2)

iff 3 f‘; — P' satisfying the KYP for some finite v > 0 iff 3 P > 0
LMI (*). satisfying the KYP LMI (*).

Issue # 2: DI stability test requires P > (

423
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Equivalence of Approaches

Def.: IT = U~ MU is a J-Spectral factorization if M = [{ %]
and U, U1 are stable.
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Equivalence of Approaches

Def.: II = U~ MU is a J-Spectral factorization if M = [} ]
and W, U~ are stable.

Thm.: If Il = W~ MW is a J-spectral factorization then:

O If A €lQC(II) then A € IQC(¥, M)
(FD 1QC < Finite Horizon Time-Domain IQC)

® All solutions of KYP LMI satisfy P > 0.

Proof: 1. follows from Megretski (Arxiv, 2010)
2. follows from LQ results by Willems (TAC, 1972) and game
theory results by Engwerda (2005). W

Ref: Seiler, “Stability Analysis with Dissipation Inequalities and

Integral Quadratic Constraints”, Submitted to TAC, 2014.
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Equivalence of Approaches

Def.: II = U~ MV is a J-Spectral factorization if M = [| %]
and U, U~ are stable.

Thm.: If [ = W~ MWV is a J-spectral factorization then:
O If A €lQC(IT) then A € IQC(V, M)
(FD 1QC < Finite Horizon Time-Domain 1QC)
@ All solutions of KYP LMI satisfy P > 0.

Proof: 1. follows from Megretski (Arxiv, 2010)
2. follows from LQ results by Willems (TAC, 1972) and game
theory results by Engwerda (2005). W

. ;7 II*
Thm.: Partition Il = 1121
I12; 1122

111 (jw) > 0 and Iy (jw) < 0 Vw € RU {+00}.
Proof: Use equalizing vectors thm. of Meinsma (SCL, 1995) l.

} . Il has a J-spectral factorization if

Ref: Seiler, “Stability Analysis with Dissipation Inequalities and

Integral Quadratic Constraints”, Submitted to TAC, 2014.
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Basics  Classical Control vs MPC

Two Different Perspectives 431

Classical design: design C MPC: real-time, repeated optimiza-
tion to choose u(t)

2=
1)
@]
O
o
r_
0=

<3
Dominant issues addressed Dominant issues addressed
m Disturbance rejection (d — y) m Control constraints (limits)
m Noise insensitivity (n — y) m Process constraints (safety)
m Model uncertainty (usually in time domain)
(usually in frequency domain) 431

Robust MPC — A Short Introduction

C. Jones, M. Baric, M. Morari, F. Borrelli - June 2014



Constraints in Control 432

All physical systems have constraints:
m Physical constraints, e.g. actuator limits
m Performance constraints, e.g. overshoot
m Safety constraints, e.g. temperature/pressure limits

Optimal operating points are often near constraints.
constraint

jet point

output

Predictive control:
m Constraints included in the design
m Optimal plant operation

output

et point

Robust MPC — A Short Introduction C. Jones, M. Baric, M. Morari, F. Borrelli - June 2014
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1. Basics

1.2 Main ldea

433
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Main Idea 434

Objective:

m Minimize lap time

Constraints:
m Avoid other cars
m Stay on road
m Don't skid

m Limited acceleration

Intuitive approach:

m Look forward and plan path
based on
m Road conditions
m Upcoming corners
m Abilities of car
m etc...
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Optimization-Based Control 435

Minimize (lap time)
while avoid other cars
stay on road

m Solve optimization problem to
compute minimum-time path

435
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Optimization-Based Control 436

Minimize (lap time)
while avoid other cars
stay on road

m Solve optimization problem to
compute minimum-time path
m What to do if something
unexpected happens?
m We didn't see a car around
the corner!
m Must introduce feedback
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Optimization-Based Control 437

Minimize (lap time)
while avoid other cars
stay on road

m Solve optimization problem to
compute minimum-time path

m Obtain series of planned control
actions

m Apply first control action
m Repeat the planning procedure
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Model Predictive Control 438

Objectives Model Constraints

Reference | Optimizer | |nput Output
—> EI > Plant ——>
A
Measurements
Plan |
Plan |
Plan |
Time
Receding horizon strategy introduces feedback. 438
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Basics ~ Mathematical Formulation

MPC: Mathematical Formulation 440
N-1
U/ (z(t)) := argmin q(Teqk, Uttk)
U k=0

subj. to z = z(?) measurement
Tta k1 = ATpyp + Bupyy system model
Ty € X state constraints
U €U input constraints
Up = {ut, Utg1, ..., Uty N—1} optimization variables

Problem is defined by

m Objective that is minimized,

e.g., distance from origin, sum of squared/absolute errors, economic,...
m Internal system model to predict system behavior

e.g., linear, nonlinear, single-/multi-variable, ...

m Constraints that have to be satisfied 440
e.g., on inputs, outputs, states, linear, quadratic,...
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Basics ~ Mathematical Formulation

MPC: Mathematical Formulation 441
N—-1
argmin ZQ($t+kaut+k)

Uy

st. zkt:i (1) u P I a nt Output y(t)

Tpykt1 = ATpyp + Bupyg
Ttk S X, Utk ceu

T Plant State x(t)

At each sample time:
m Measure / estimate current state z(t)
m Find the optimal input sequence for the entire planning window N:
Ut* = {Ufa u:+1a ceey U:Jerl}
m Implement only the first control action uf

441
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1.4 Robust MPC - Model and Constraints
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System Model 443

m consider generic discrete—time dynamical system:
i1 = g, Uk, wi), (1)
where the state and control vector are subject to constraints:
(zg,ur) € X xU (2)
and the perturbation vector wj, assumes its values in a set W:
Wi € W (3)

m the set W is evaluation of a set-valued function W(-), which can be:
m simply a constant set: W = W = const
m time varying: W =W,
m a mapping of the state vector zy, control u; or any other information pattern:
W = W(Ik, Uk, fk—l),
443
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Examples of Uncertain Models 444

Linear Additive Uncertainty

Tpt1 = Az + Bug, + Guy,
(ij,uk) e X x u,

wy € W

m Offset w; unknow at time k. Bounds W known.

m X, U, W are polytopes.

444
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Examples of Uncertain Models 445

Linear Parameter Varying (LPV) / Polytopic Uncertainty

tpp1 = A(w))zy, + B(w})uy, + Bwf
Alw?) = A0+ 5572, Aups, B(u?) = B0+ 02, Brups

1, €X, up, €U, Yt > 0.

m Vectors wi € R™ and wf € R™ are unknown additive disturbances and
parametric uncertainties, respectively.

m The disturbance vector is w = [w®’, wP'] € W C R™
m X, U, W are polytopes.
m Results can be extended to PieceWise Affine LPV

445
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Constrained Robust Control 446

We will discuss two main goals:
Robust reachability/controllablity

m For which initial conditions 2y € X’ can the state vector be
“steered” into a given target set Ay ?

Robust control synthesis

m Select appropriate control laws 7(+) using a suitable optimality
criteria

(min—max, max—min, time—optimal, mean value, ...)

Some classical references: [14, 8, 4, 3, 7, 1]

446
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Basics ~ Robust MPC - Model and Constraints

Constrained Robust Control

Ensure that all possible states
¢i(x0, u, w) satisfy system con-
straints X.

Ensure that all possible states
¢n(x0, u, w) are contained in the
terminal set.

The idea: Compute a set of tighter constraints such that if the nominal system
meets these constraints, then the uncertain system will too.
We then design control law with robustified constraints
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Table of Contents 448

2. Robust Reachability/Controllability
2.1 One-Step Robust Controllable Set
2.2 N-Steps Robust Controllable Set

2.3 Robust Control Invariance

448
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Robust Reachability/Controllability

Robust Constraint Satisfaction

Ensure that all possible states
¢i(x0, u, w) satisfy system con-
straints X.

Ensure that all possible states
¢n(x0, u, w) are contained in the
terminal set.

The idea: Compute a set of tighter constraints such that if the nominal system
meets these constraints, then the uncertain system will too.
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Table of Contents 450

2. Robust Reachability/Controllability
2.1 One-Step Robust Controllable Set

450
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Robust Controllability 451

m for a given target set S we define:

One step controllable sets

Pre(S,W) 2 {z € R" : JuelU st. g(z,u,w) CS, Ywe W}

m Pre(S, W) is the set of states which can be robustly driven into the target
set S in one time step for all admissible disturbances.

451
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Robust Controllability: Example 452

m Consider the second order unstable system!

{x(t+1) _ [1.5 0

1
1 _15 ] z(t) + [ 0 } u(t) + w(t)
subject to the input and state constraints

wt)eU={u : =5<u<5}, Vt>0

:z:(t)eX:{x : [jg]gzg[ig]},\ﬁzo,

452

LClick here to download the Matlab@©) code.
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Robust Reachability/Controllability |One-Step Robust Controllable Set

Robust Controllability: Example 453

m where
wt)eW={{w : —-1<w<1}, Vi>0.

The set Pre(X', W) is computed as follows
X={z : He<h}, U={u : Hyu<h,},

to obtain

Pre(X, W) {zeR?® : Juelst. Az+Bu+weX, VweW}

2 . HA HB| (=x h — Hw
{:IIER : Ju € Rs.t. [0 | Ly < hy )

YV we W},

453
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Robust Reachability/Controllability [SOne-Step Robust Controllable Set

Robust Controllability: Example 454

m The set Pre(X', W) can be compactly written as

Pre(X, W) = {xeR2 . Ju e R sit. [}6’4 gﬂ (2) < [ﬂ},(s)

where

hi: mi

we%(hi - Hiw).

A linear program is required to solve the above. In this example H; and W
9

have simple expressions and we get h = g .
9
m This is called “Robustification”

454
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Robust Controllability: Example 455

m The halfspaces in (5) define a polytope in the state-input space
m 3 u is a projection operation and the set Pre(X,W)N X is

1 0 9.3
-1 0 9.3
1 —-15 9
115 %S9
0 1 10
0 -1 10

455
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Robust Reachability/Controllability [SOne-Step Robust Controllable Set

Robust Controllability: constrained LTI systems 456

For constrained LTI sytems:

Tht1 = Az, + Bug, + Guy,
(:Ck, uk) eXxU
weW

the one—step controllable sets for a given S C X’ can be expressed as:

One-step Robust Controllable Sets, linear case

PreS, W :={(Se GW)& (—BU)} o A

456
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Table of Contents 457

2. Robust Reachability/Controllability

2.2 N-Steps Robust Controllable Set

457
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Robust Reachability/Controllability [SN=Steps Robust Controllable Set

N-Steps Robust Controllable Set 458
Definition (N-Step Robust Controllable Set KCn (S, W))

For a given target set S C X, the N-step robust controllable set Ky (S, W) is
defined recursively as:

’CJ(S,W) = Pre(ICj_l(S,W),W) nx, Ko(S,W) =S, jE {1,. . .,N}.

Figure: One-step controllable sets K;(S) for N=1,2,3,4. The sets are shifted along the
z-axis for a clearer visualization. Download code. 458
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Robust Reachability/Controllability Robust Control Invariance
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2. Robust Reachability/Controllability

2.3 Robust Control Invariance
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Robust Reachability/Controllability |\ Rebust Control Invariance:

Robust Control Invariance 460
We define robust control invariant (RCI) sets as :

Robust Control Invariant Sets

A set R C X is a robust control invariant (RCI) set if for all z € R there exists an
input u € U such that g(z,u, w) € R for all w € W.
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 461

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

u €U x
Yw € W RS
m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCI set).
461
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 462

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCl set).

462
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 463

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCI set).

463
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 464

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCI set).

464
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 465

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCl set).

465
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Robust Reachability/Controllability Robust Control Invariance

Control Invariant Computation 466

m Mapping Pre(:): Pre(X) is the set of states robustly controllable into X'

m Repeat this until:
m Fixed point of Pre(-,-): Robust Control Invariant Set (RCl set).

466
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3. Constrained Robust Control Design

3.1 Goals

3.2 Ingredients

3.3 General Formulation

3.4 Open-Loop Predictions

3.5 Explicit Controller

3.6 Closed Loop Predictions: Parametrization of the Control Policies

467
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3. Constrained Robust Control Design
3.1 Goals

468
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Constrained Robust Control: Goals 469

Design control law u = m(z) such that the closed-loop system:

Satisfies constraints : x;, € X, u, € U for all admissible disturbance
realizations

Convergence: to a terminal set A7,
Optimizes: “performance”
Maximizes the set of xy for which Conditions 1-3

469
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Table of Contents 470

3. Constrained Robust Control Design

3.2 Ingredients

470
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Robust CFTOC: Ingredients 471

m consider robust optimal control over a finite time horizon N
(robust Constrained Finite Time Optimal Control - rCFTOC).

m define, at time instance 0:
m n-step controllable sets:

Xy = &, Xjflzpre(k‘jvw)v jE{N_la“'vO}
m a control policy set Ilp:
o = {71-0(')7 ey ﬂ-N—l(')} )
where 7;(+) are control laws, w; = mi(2;) where
Uo :={uo,...,un—1},
m a sequence of possible disturbances wo:
wo = {wo,...,wn_1}, wjEW

m the cost functional:

JO(Z“O, UO) 471
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Defining a Cost to Minimize 472

Several common options: Given

N—-1

Jw (20, Up, Wo) := | p(an) + Z q(n, ug)
k=0

m Minimize the expected value (requires some assumption on the distribution)
Jo(z0, Uo) := E (Jw (20, Un, Wo))

m Minimize the variance (requires some assumption on the distribution)
Jo(20, Up) := Var (Jw(z0, Uy, o))

m Take the worst-case

J ,Ug) = J, , Uo,
0(960 0) wlgleaWXN W(l"o 0 Wo)

m Take the nominal case

Jo(zo, Up) := Jw(z0, Uo, 0) 472
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3. Constrained Robust Control Design

3.3 General Formulation

473
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Robust CFTOC 474

m The general rCFTOC problem is formally stated as follows:

J(T(‘TO) = min JO(:B()?WO)’

o€y

where:
m Il is the set of admissible control policies:
Iy :={{mo,...,an=1}: mj(z) CU and g(z,m;(z), w) € Xjt1,
V(z,w) € X x W, j€{0,...,N—1}}
m In general, NP-hard

m Several options for Iy and Jy (o, 7o) are used to trade off conservatism and
complexity

474
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3. Constrained Robust Control Design

3.4 Open-Loop Predictions

475
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rCFTOC with open loop predictions and nominal cogtrg

m Iy: optimize over one sequence U, of admissible control inputs

m Jo(20, 7o) : nominal

Robust Open-Loop MPC

ming, Z?;Bl zh Pry + Z,iv:l oy, Quy, + uy Ruy,.
Tit1 = Az + Buy
1 € X © AW?
u; €U
TN € Xf S] ANWN

where A; :=[A° Al ... A7

m We do nominal optimal control, but with tighter constraints on the states
and inputs.

m if the nominal system satisfies the tighter constraints, then the uncertain
system will satisfy the real constraints. 476
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rCFTOC with open loop predictions and nominal cogtr7

m Ily: optimize over one sequence Uy of admissible control inputs:

m Jo(20, 7o) : nominal

Robust Open-Loop MPC

min 21—0 zy Pry + Zk 1 21, Qg + up Ruy.
Tir1 = Az; + Bu;
1 € X © AW?
u; €U
TN € Xf S] ANWN

where A;:=[A° Al ... A7

m All we're doing is tightening the constraints on the nominal system

m Two issues: open-loop MPC has a very small region of attraction! + Need
online optimization !

477
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Solution 478

Jo ((0)) = min (06 =) [ 5 ] 100" =)’

such that Gy Uy < wg + Foxg

m For a given 2y = x(t), U] can be found via a QP solver.

m Example

478
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3. Constrained Robust Control Design

3.5 Explicit Controller
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Constrained Robust Control Design | Explicit Controller

Robust MPC through Explicit Solution 480
OFFLINE ONLINE
— U; (%)
U (z(t)) = argmin z) Pzy + Zz{csz—i—u,'cRuk —

k=0
subj. to zp = z(t)
Tpy1 = Azg + Buy,
T € X@Aiwi, up €U,

oy € X © AyWY U (x®) Plant state X(t)
Plant —>
Output y(t)
m Optimization problem is parameterized by state
m Pre-compute control law as function of state z
m Control law is piecewise affine for linear system/constraints
Result: Online computation dramatically reduced and real-time
Tool: Parametric programming [5] 480
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3. Constrained Robust Control Design

3.6 Closed Loop Predictions: Parametrization of the Control Policies

481
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Parametrization of the Control Policies 482

m rCFTOC problem is, in general, intractable:

Jx = in J
o (7o) Join 0(20,m0),

m one “reasonable” parametrization of the predicted control inputs:

k

ug =Y Liiwi+gi, k€ Npn_y
i=0

m compact notation:
Up=Lz+g, where

Uy = [ué,u{,...,uﬁvfl]l, z=zh,z,. .. 2N,
Loo 0 0 9%
L= : Sl 8=
Ly_10 -+ Ln-in-1 O gn-1| 482
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Parametrizations of the Control Policies 483

m consider the set of admissible parameters:

’Pélg(.’ro): {L,g:IkGX, up €U, k=0,...,N —1, :L’NGXf
Vuwl €W k=0,...,N -1,
where 241 = Az + Buy + Bwf, :Zfzo Ly 2 + gi}

m feasible set:
30 = {a e R P(a0) # 0}

For a given z € X, the set P3?(1p) is non—convex, in general.

m therefore: finding (L, g) for a given xy; may be difficult

483
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Constrained Robust Control Design Closed Loop Predictions: Parametrization of the Control Policies

"Magic” Convex Parametrization 484
m consider parametrization of the predicted control in past disturbances:
k—1
Uy = Z My w; +v;, k€ |N[0’N_1]
i=0

m since we implicitly assumed the full state information:
W = Tht1 — Az, — Bug, ke |N07N_1.

m compact notation:
Up=Mw + v, where

w=[wy wj ... w}v_l]/,

0 0 U

Mo 0 0 :

M = , v= _
My_10 -+ My_in—2 O 'UN'—l 484
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Constrained Robust Control Design Closed Loop Predictions: Parametrization of the Control Policies

Convex Parametrization of Control Policies 485

m also define:

PM(z) = {M,v:a, € X, wy€U, k=0,...,N—1, oy € X;
Vuw, e W*Ek=0,...,N—1, where z311 = Az + Buy + Fw,
up = Y1 g Miiw; + v}

XM — {zp e R™: P (25) # 0}

How is that different form the Lg—parametrization 7

485
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Convex Parametrization of Control Policies 486

m well, it isn't in the sense that

Lg _ yMv
XO - XO

P’ (o) s

486
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Convex Parametrization of Control Policies 487

m well, it isn't in the sense that

Lg _ y Mo
xlo = x|

m except, for a given 7y € XMV:

P (z9) is CONVEX.

487
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Constrained Robust Control Design Closed Loop Predictions: Parametrization of the Control Policies

Convex Parametrization of Control Policies 488

m well, it isn't in the sense that

Lg _ yMv
X = x

m except, for a given 7y € XMV:

P (z9) is CONVEX.

m therefore: for a given 7y € XM? the computation of (M, v) reduces to a
convex optimization problem

488
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Historical Notes 489

Or who thought of it first?

m essentially Youla parametrization for discrete—time linear systems,

m apparently, the idea appears in the work of Gartska & Wets in 1974. in the
context of stochastic optimization [6],

m recently, it re-appeared in robust optimization work by Guslitzer and Ben-Tal
(2002 and 2004) [10, 2],

m in the context of robust MPC: van Hessem & Bosgra 2002, Léfberg 2003,
Goulart & Kerrigan 2006 [13, 12, 9]

489
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Robust Model Predictive Control

Model Predictive Control 491

Objectives Model Constraints

Reference | Optimizer | |nput Output
—> EI > Plant ——>
A
Measurements
Plan |
Plan |
Plan |
Time
Receding horizon strategy introduces feedback. 491
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Robust RHC Synthesis: Main Challenges 492

m Computational issues

m on-line evaluation of the robust MPC law through optimization in space of
feedback policies in general intractable, or computationally demanding,
m explicit computation of optimal control policy limited to few classes of
systems/problems and small dimensions of the state space,
m Stability and feasibility

m how ensures stability of the robust MPC controller?
m how ensures persistent feasibility of the robust MPC controller?

492
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Robust RHC - Stablllty and FeaS|b|||ty (for completness onlg)g3

m we can stabilize the system to a set O C X} (for the concept of set
stabilization see [11]),

m Result: limj_,o d(z(k),0) =0 for all z € Ay, if

(AQ) There exist constants c1, ¢z, ¢3, ca > 0 such that
c1d(z,0) < p(z) < c2d(z,0) Vz € Xy (6)

c3d(z,0) < q(z,u) < cad(z,0) V(z,u) € Xo xU (M)

(A1) The sets X', Xy, U, W are compact.
(A2) Xy and O are robust control invariants, O C X; C X.
(A3) JP(z) <0 Vz € Xy where

JP(z)  =minwey maxy p(z) - p(z) + g(z, u)

subj. to w+€ w
z7 = A(w?)z + B(wP)u + Ew

493

(8)
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Robust Model Predictive Control

Topic not Discussed worth Listing 494

m Stochastic MPC

m Closed-Loop vs Open-Loop Predictions
m Interpretation as games

m References in [5]

494
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Why decentralization?

498

We have no choice

> complexity
> delays

> intermittency

By design

> efficiency

» robustness

> scalability

498
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Sparsity and delays

oS de

Performance under information constraints

500

> sparsity: some links are missing

> delays: transmission is not instantaneous
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Outline
501

» Quadratic invariance and convexification
» The two-player problem

> More general problems

501



A useful abstraction

2 +—— Pu Ppf[+—w

Pa1r Pa

A 4

K

» K belongs to the constraint set S. e.g.
=l ] B
ug Ka1 Koz |y2

» We care about the map w — z.

z= (7711 + 7712/C(I — PQQIC)_IPQl) w

502
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General optimization form (centralizedg03

minimize | P11+ PraK (T - 7322/C)71’P21 |
subject to K stabilizes P
Simple case: Py is stable. Define Q = KC(I — Pak) L.

Fact: [ stabilizes P if and only if Q is stable (Youla).

minimize | P11 + P12QPa||
subject to Q is stable

This is a convex problem! 503



General optimization form (decentralizg&)

minimize (| P11+ Prak (T — 7322]C)717721 |
subject to IC stabilizes P
KeS

Quadratic Invariance (Rotkowitz/Lall '06)
The following are equivalent.

1) KPpKeSforall Ke S
2) K(I-Ppk) ' eSforal Kes

minimize | P11 + P12 QPa||

subject to Q is stable 4
Q€S 50



Example

Y Uy Y2 Uz Y3 u3 Ya Uy

Quadratic invariance if:

1) no delays and plant/controller have same architecture.

2) controller communication is faster than plant interaction
(Dt < Dp)
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Outline

» Quadratic invariance and convexification
> The two-player problem

» More results

506

506
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Two-player state-feedback

507
T1 AH 0 T BH 0 Ul
= - -
|:372] N [Am A2z} l:CCQ] [321 B22} [W] v
with a standard infinite-horizon LQR cost
» uy[k] only measures 1[0 : k]
> uylk] measures both 1[0 : k] and z2[0 : k]
Centralized: First guess: Second guess:
up = Knixy + Kigze w1 = K n=E(z2|z1)

ug = Ko1x1 + Kooxo  up = Kojwy + Koows  up = K121 + Kq21
us = Ko1x1 + Koows

507

None of these methods work!

11



Two-player state-feedback

I A | B R e R
xa|,  [A21 A |22 B Baa| |us

with a standard infinite-horizon LQR cost

508

» wui[k] only measures z1[0 : k]

» ug[k] measures both z1[0 : k| and 3]0 : k]

K is the LQR gain u — x

Optimal Controller: J is the LQR gain up =

» Estimator: n=E(zy|z1)

up = Knry + Kian

» Controller:
uy = Koy + Koon + J(w2 — 1) 508

J. Swigart and S. Lall, ACC'10 -



Proof (column decomposition) c00

1) Youla parameterization is only one-sided

2

: Qu 0
P P
des | + [Qm Q22]
2) Separate by columns
2 2
. I n 0 0
min Pu [0] + P12 [Qm] + ‘ Pu [I] + P12 [I} Qa2

3) Solve separate centralized problems

509

13



Two-player output-feedback
[ RS e A
=16 el B+

> uy[k] only measures y1[0 : k]
> uylk] measures both y1[0 : k] and y2[0 : £]

510

Optimal Controller:
¢=E(z|y)
§=E(z|y1,92)

up = K11¢1 + K202 510
up = Ko1G1 + Koolo + J1(&1 — C1) + J2(§2 — ()

» Estimator:

» Controller:

14



Two-player output-feedback

511
Centralized estimate update (Kalman filter)
u=Kz
L, K are found by solving separate AREs
Two-player estimate update
G =AC+Bi-Ly—-CQ) [ gy )
= K(
€+:A€+-BAU_L(:U_C§) §=E($|y172)
u=K(+K(E—() 511

L, K are the same as before, L, K are computed jointly (easily).

15



Optimal decentralized cost

centralized cost

2
Jopt -

cost of decentralization

512

512
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Proof (person-by-person approach) c1a

1) Youla parameterization is two-sided

2

Quu 0
Q21 922] Pa

P11+ P2 [

min
Qes
2) Fix Qj1, solve remaining centralized problem

i [|(Pu P[4 Pa)+ (P [)]) 12 cslPu

3) Repeat with Qa9 fixed instead

4) Enforce consistency
513
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Outline

» Quadratic invariance and convexification
> The two-player problem

» More results

514

514
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More results
515

Sparsity structures
> State-feedback for arbitrary graphs (Shah/Parrilo and Swigart/Lall)
> Two-player Finite-horizon output feedback (Lessard/Nayyar)
> Output-feedback for broadcast structures (Lessard)
> Output-feedback for chain structures (Tanaka/Parrilo)
Delay structures
> state-feedback with delays only (Lamperski/Doyle)

> output-feedback with delays only (Lamperski/Doyle)
> state-feedback with delays and sparsity (Lamperski/Lessard)

Other cost functions

> Two-player Ho output-feedback via entropy minimization (Lessard)

> Chain structure Hoo output-feedback via LMI approach (Scherer)

515
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Looking ahead
518

Shortcomings

> The real world isn't: linear, quadratically invariant, etc.

» Can't estimate the global state in practice.

What we can do

» Inspire new control algorithms (e.g. EKF)

v

Inform better network design

v

Inspire tighter relaxation techniques

v

Efficiently compute performance bounds

Example: block diagonal plant, with control structure

x 0 0 x 0 0 x 0 0 x 0 0
x x 0] < [x x 0| <min 0 x O0f,|x x O
X X X 0 x x 0 x X 0 0 x 18

22



Thank you!

519

519
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