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Objetivos

Objetivo da presente aula é apresentar elementos teóricos para a modelagem 
de Sistemas Fluídicos no contexto da Dinâmica de Sistemas. Os seguintes 
elementos serão estudados:

• Resistência Fluídica
• Capacitância Fluídica
• Inércia Fluídica

Bibliografia:

1 Felício, L. C., Modelagem da Dinâmica de Sistemas e Estudo da Resposta, Rima, 2010
2 Doebelin, E. O., System Dynamics, Modeling, Analysis, Simulation, Design, M. Dekker, 1998
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Introdução

Embora para sistemas mecânicos, elétricos e eletromecânicos a abordagem de 
modelagem por parâmetros concentrados (lumped) conduza a modelos confiáveis,
no caso de sistemas fluídicos (e também os térmicos) requer-se um tratamento
mais aprofundado. Algumas características dos sistemas fluídicos:

ü Seguem um comportamento padrão similar aos sistemas mecânicos
ü Surgem dificuldades em se aplicar o conceito de parâmetros concentrados, 

principalmente pelo fato do fluído não possuir forma definida
ü Modelos mais acurados são necessários (modelagem CFD)

Para o presente estudo as variáveis físicas de interesse são:

ü Pressão média do fluído [Pa = N/m2]
ü Vazão do fluído (taxa de variação volumétrica) [m3/s]
ü Área de secção transversal do conduto [m2]
ü Velocidade média do fluxo [m/s]
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207 System €lements, Fluid and Thermal 

Fluid and thermal systems are generally less familiar than mechanical and 
electrical ones to engineering students at the sophomore level, since mass/spring 
oscillators and simple electrical circuits are often introduced in beginning physics 
courses. As a prelude to our detailed discussion of the fluid and thermal elements, we 
thus want to show and explain some practical examples of actual hardware which 
has been successfully studied using system dynamics tools. Figure 4-1 shows the 
propellant feed system for a liquid-fueled rocket engine.' Such rocket engines may 
exhibit undesired unstable oscillatory behavior of several types; the one called chug-
ging refers to relatively low-frequency (1 00-500 Hz) combustion-chamber pressure 
oscillation. A dynamic model of this system is needed to allow analytical prediction 
of those sets of system parameters which result in stable operation and those which 
will be unstable. Also, it is desired to investigate the feasibility of adding oscillation- 
suppression devices to unstable systems to stabilize them. The model used in this 
study had to take into account the inertia, springiness (fluid compliance), at the 
turbopump inlet due to cavitation, and at the combustion chamber injector dome, 

Pump-Inle t- Suction Line, 40 ft Long 
Compliance 

Accumulator 

Discharge Lin; Engine 

Combustion Chamber 

Figure 4-1 Rocket fuel feed system. 

'D. J. Wood and R. G. Dorsch, Effect of Propellant-Feed-System Coupling and Hydraulic 
Parameters on Analysis of Chugging, NASA TN-D-3896, 1967. 

212 Chapter 4 

L.  
Vertebral 

Figure4-5 (a) Human arterial flow system, (b) lumped fluid model. 

such as heart valves and even complete hearts. Figure 4-55 shows a rather compre- 
hensive model of the human systemic arterial system based on lumped-parameter 
modeling methods. The diagram of Fig. 4-5b looks like an electric circuit, but only 
because the symbols for electrical resistance, capacitance, and inductance were used 

5M.F. Snyder, V. C. Rideout, and R. J. Hillestad, Computer modeling of the human systemic 
arterial tree, J .  Biomechanics, vol. 1, 1968, pp. 341-353. 

Dois Exemplos

(a) Modelo de sistema de abastecimento
de combustível de um foguete1

(b)  Modelo de sistema de fluxo arterial humano1

1 Doebelin, E. O., System Dynamics, Modeling, Analysis, Simulation, Design, M. Dekker, 1998 -



5
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Modelo de Fluxo Uni-Dimensional

Adotaremos o modelo de fluxo abaixo:
perfíl de 
velocidade e 
pressão

n - 2 n - 1 n

Pn

vn-1 vn

l

Pressão

Velocidade

pn

vn

pn-1

vn-1

pn-2

vn-2

• Velocidade e pressão constantes em qualquer ponto da secção transversal

lumps
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Cont. ...

Para a descrição de um elemento discreto (lump) aplicaremos: 

• Lei da Conservação da Massa e 2a Lei de Newton
• Durante um intervalo de tempo dt para um determinado elemento:

• De forma análoga a resultantes de forças (PA) entre os extremos de um 
elemento deve-se igualar à componente inercial do elemento (ma). 

• Ao aplicarmos a conservação da massa teremos que levar em consideração
a compressibilidade do fluído, através da propriedade denominada Bulk 

Modulus, que é entendida como uma medida da compressibilidade e dada por

Fluxo de Massa
in

Fluxo de Massa
out

Massa 
Armazenada- =

B = � �P

�V/V

<latexit sha1_base64="wCbYp8giYUI18qWBCYiwB+VIIKc="></latexit>
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O Elemento Resistência Fluídica

Efeito físico: modelagem da dissipação de energia sob a forma de atrito

Partido-se de um modelo fenomenológico, mostramos abaixo um fluxo em conduto
reto

p1 p2

+ -

q q

Geralmente, a relação entre p e q é não linear

q

p



8
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Cont. ...

O elemento resistência fluídica puro e ideal é definido pela seguinte relação entre 
pressão e vazão

Rf =
�p

q
=

p1 � p2
q

<latexit sha1_base64="6rc6BXtDaMxNNhgE4XB7+aGvGdw="></latexit>

Sua representação e curva característica são mostradas abaixo
q

p

Dp

q

-+

q q

p1 p2

Rf



9
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Cont. ...

Para a definição da F.T. inicialmente aplicamos a T.L. à relação i/o

L(�p) = L(Rfq)

<latexit sha1_base64="FZG7iRFbHFc03KAsTApfS3ygXJU="></latexit>

�P (s) = RfQ(s)

<latexit sha1_base64="2ESbP8ozp7ZnJlpD4Sg4J3Eggsw="></latexit>

E, então podemos definir duas F.T. 

q Dp

Resistência fluídica: Elemento de ordem zero (ganho constante !)

qDp
Rf

<latexit sha1_base64="ErvkI006nnPIbDFWBFRGECW+i5A=">AAACMXicbVDLagIxFM3Yl7UvbTeFbkKl0JXMiNB2J3TTpX34ABXJZO6MwUwyJJmCiJ/Qbfsh/Rp3pdv+RDPqomovBA7nwb05fsKZNq47c3Jb2zu7e/n9wsHh0fFJsXTa0jJVFJpUcqk6PtHAmYCmYYZDJ1FAYp9D2x/dZ3r7FZRmUryYcQL9mESChYwSY6nnp0E4KJbdijsfvAm8JSij5TQGJee8F0iaxiAM5UTrrucmpj8hyjDKYVropRoSQkckgq6FgsSg+5P5rVN8ZZkAh1LZJwyes38TExJrPY5964yJGep1LSP/1UAzYab/h3w9thlf8gBHCmCEMxfO1kiuV+814W1/wkSSGhB0cW6YcmwkzurDAVNADR9bQKhi9seYDoki1NiSC7ZLb725TdCqVrxa5e6xVq5Xl63m0QW6RNfIQzeojh5QAzURRRF6Q+/ow/l0Zs6X872w5pxl5gytjPPzC4AeqT8=</latexit>

1

Rf

<latexit sha1_base64="cxVl7fanSGJO/IM/2cjHnCsoQo8=">AAACO3icbVDLSgMxFM34rPXV6kZwEyyCqzIjBXVXcOOyin1AO5RMeqeGZpIxyQhlmO9wqx/ih7h2J27dm2m7sI8LgcN5cG9OEHOmjet+OmvrG5tb24Wd4u7e/sFhqXzU0jJRFJpUcqk6AdHAmYCmYYZDJ1ZAooBDOxjd5nr7BZRmUjyacQx+RIaChYwSYym/FypCUy9LH/ph1i9V3Ko7GbwMvBmooNk0+mXnpDeQNIlAGMqJ1l3PjY2fEmUY5ZAVe4mGmNARGULXQkEi0H46uTrD55YZ4FAq+4TBE/Z/IiWR1uMosM6ImCe9qOXkSg00EyZbHQr02GYCyQd4qABGOHfhfI3kev5eE177KRNxYkDQ6blhwrGROC8SD5gCavjYAkIVsz/G9InYOo2tu2i79BabWwaty6pXq97c1yr1y1mrBXSKztAF8tAVqqM71EBNRNEzekVv6N35cL6cb+dnal1zZpljNDfO7x9rRq28</latexit>
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Cont. ...

Experimentalmente podemos obter uma estimativa da Rf através de um experimento
simples:

Dispositivo o qual 
deseja-se medir

a Rf

Q Q
pi po

E, a partir das medições de pressão e vazão constrói-se um gráfico e a partir dele
obtem-se o valor da Rf do circuito, que pode-se aproximar da Rf do dispositivo

System Elements, Fluid and Thermal 2 2 g  

When a (one-dimensional) fluid flow is steady (velocity and pressure at any 
given point not changing with time), the inertance and compliance cannot manifest 
themselves (even though they exist), and only the resistance effect remains. We can 
thus experimentally determine fluid resistance by steady-flow measurements of 
volume flow rate and pressure drop, as in Fig. 4-1 1, or, if we attempt to calculate 
fluid resistance from theory, we must analyze a steady-flow situation and find the 

Device Whose 
Resistance q-
Is To Be 
Found 

Flow Areas at p i  and p o  Must Be Equal 

1 Real Resistance 

Power 

-
Time 

' 14 

c  

Symbol 

Figure 4-1 1 The fluid resistance element. 

1 Doebelin, E. O., System Dynamics, Modeling, Analysis, Simulation, Design, M. Dekker, 1998 -
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Cont. ...

Podemos também estimar a resistência fluídica teóricamente. Par isto, precisamos
determinar as condições do fluxo, a saber: 

(a) Fluxo Laminar

• Baixas velocidades
• Movimento ordenado do fluxo
• Governado por efeitos viscosos
• Efeitos inerciais desprezados

(b) Fluxo Turbulento

• Velocidades mais altas
• Movimento desordenado
• Governado por efeitos inerciais

NR =
⇢Dv

µ

<latexit sha1_base64="hMkGstOlaTKHxCnIC5w+IhGoSRw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkohuhoAtXUsU+oAllMp20Q2cyYWZSKCHgxl9x40IRt/6EO//GaZuFth64cDjnXu69J4gZVdpxvq3C0vLK6lpxvbSxubW9Y+/uNZVIJCYNLJiQ7QApwmhEGppqRtqxJIgHjLSC4dXEb42IVFRED3ocE5+jfkRDipE2Utc+uO3ew0vohRLh1JMDAa/hKEs9nmRdu+xUnCngInFzUgY56l37y+sJnHASacyQUh3XibWfIqkpZiQreYkiMcJD1CcdQyPEifLT6Q8ZPDZKD4ZCmoo0nKq/J1LElRrzwHRypAdq3puI/3mdRIcXfkqjONEkwrNFYcKgFnASCOxRSbBmY0MQltTcCvEAmTi0ia1kQnDnX14kzdOKW62c3VXLtWoeRxEcgiNwAlxwDmrgBtRBA2DwCJ7BK3iznqwX6936mLUWrHxmH/yB9fkDtreW6g==</latexit>

Número de Reynolds

razão entre forças
inerciais e viscosas

NR < 2000 – Laminar
NR > 4000 - Turbulento
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Cont. ...

q =
⇡D4

128µL
�p

<latexit sha1_base64="SDhX2Q1Aw69Rk6Q17JC+r1tuXlU=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaRE7EYo2IULFxXsA5pYJtNJO3QyiTMToYT8ght/xY0LRdy6c+ffOG2z0NYDFw7n3Mu99/gxo1JZ1rexsrq2vrFZ2Cpu7+zu7ZsHh20ZJQKTFo5YJLo+koRRTlqKKka6sSAo9Bnp+OPLqd95IELSiN+qSUy8EA05DShGSkt9s3wPL6AbCIRTN6awcedkqV2tQTdM4HUGXeg2CFMIxn2zZFWsGeAysXNSAjmaffPLHUQ4CQlXmCEpe7YVKy9FQlHMSFZ0E0lihMdoSHqachQS6aWzjzJ4qpUBDCKhiys4U39PpCiUchL6ujNEaiQXvan4n9dLVFDzUsrjRBGO54uChEEVwWk8cEAFwYpNNEFYUH0rxCOk41E6xKIOwV58eZm0qxXbqZzdOKW6k8dRAMfgBJSBDc5BHVyBJmgBDB7BM3gFb8aT8WK8Gx/z1hUjnzkCf2B8/gDBqZsN</latexit>

Rf =
�p

q
=

128µL

⇡D4

<latexit sha1_base64="JJ4hWhf2ydRlrzRI+HE0t9BUKPs=">AAACHnicbVDLSsNAFJ34rPUVdelmsAiuSlJS7EYo2IULF1XsA5oYJtNJO3TycGYilJAvceOvuHGhiOBK/8ZpG0RbD1w4nHMv997jxYwKaRhf2tLyyuraemGjuLm1vbOr7+23RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcbnU/8zj3hgkbhjRzHxAnQIKQ+xUgqydWr164Pz6Dtc4RTu0GYRDDO0rvsRzQrNWgHCbyEWWrHFDZurczVS0bZmAIuEjMnJZCj6eofdj/CSUBCiRkSomcasXRSxCXFjGRFOxEkRniEBqSnaIgCIpx0+l4Gj5XSh37EVYUSTtXfEykKhBgHnuoMkByKeW8i/uf1EunXnJSGcSJJiGeL/IRBGcFJVrBPOcGSjRVBmFN1K8RDpEKRKtGiCsGcf3mRtCtl0ypXr6xS3crjKIBDcAROgAlOQR1cgCZoAQwewBN4Aa/ao/asvWnvs9YlLZ85AH+gfX4DFeOgjw==</latexit>

Logo, para este duto

r – densidade do fluído
D – Diâmetro do tubo
v – velocidade do fluxo
µ – viscosidade do fluído
q – vazão do fluído

Condições de fluxo laminar produzem resistências fluídicas muito próximas do 
comportamento linear, podendo ser calculadas teóricamente. Exemplo: Um tubo
capilar liso, reto e de secção circular temos

Para escoamentos turbulentos

�p =
0, 242Lµ0,25⇢0,75

D4,75
q1,75

<latexit sha1_base64="CZJUu+I4lO452dTXFJeSPkvpJwo="></latexit>
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System Elements, Fluid and Thermal 225 

A p  psi 

I  

t 

12pLR f  = 

2h 

i f w > > h :  

R --12pL 
c <<r  

f - wh3 

Figure 4-1 2 Laminar-flow fluid resistances. 

(4- 18) 

(4- 19) 

(4-20) 

For noncircular pipes, use the hydraulic diameter [Eq. (4-16)] in place of D for 
estimating pressure drops and flow resistances. 

When we say that the response of q to an applied Ap is instantaneous for the 
laminar and turbulent pipe-flow resistance elements discussed above, it is important 
to remember that the bodies of fluid within the pipe length L also have compliance 
arid inertance. Thus if one applies a sudden Ap to the fluid at rest, it does not 
suddenly achieve a flow rate q, since friction is not the only effect present. A simple 
frequency-response study may be helpful in illustrating this point, 

Cont. ... Resistências fluídicas para fluxo em regime laminar

1 Doebelin, E. O., System Dynamics, Modeling, Analysis, Simulation, Design, M. Dekker, 1998 -
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O Elemento Capacitância Fluídica

Efeito Físico: Armazenamento de energia (massa) fluídica

• Um fluído por si só apresenta o efeito da capacitância: Compressibilidade
• Dispositivos mecânicos podem gerar efeitos capacitivos
• Em geral um elemento fluídico no qual a energia armazenada é função da 

pressão pode ser pensado como uma capacitância fluídica, análoga à elétrica
e mecânica

O elemento capacitância fluídica puro e ideal  Cf pode ser definido como

Cf =
V

�p

<latexit sha1_base64="Vbb+cQCzW4dqId+tES8ixYr1VvQ="></latexit>

Como buscamos uma relação entre pressão e vazão podemos escrever

V =

ˆ t

t0

q dt

<latexit sha1_base64="Eg6Cn3iV0JqdMZrarexAPNv30gY="></latexit>

Cf =
�V

�p

<latexit sha1_base64="JaFlSIkMoLrYgKB1zIV4Zn91gCM="></latexit>
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Cont. ..

E, combinando estas duas expressões temos

�p =
1

Cf

ˆ t

t0

q dt

<latexit sha1_base64="eFvmXAE3Ir7rXkko4Zf96BI8smQ="></latexit>

onde Cf é o valor da capacitância fluídica, V o volume armazenado, Dp o diferencial
de pressão e q a vazão. Sua representação

//\
\

//\
\

Cfq,p

q,p

Cf

94
CHAPTER 1

FUNDAMENTALS OF VIBRATION

1.21
Figure 1.77shows a U-tube manometer open at both ends and containing a column of liquid

mercury of length land specific weight 
Considering a small displacement xof the

manometer meniscus from its equilibrium position (or datum), determine the equivalent

spring constant associated with the restoring force.

g
.

k2

k1

mg

O

l 4

l 2

l

FIGURE 1.76
Rigid bar connected by

springs.xDatum

Area, A

x

FIGURE 1.77
U-tube

manometer.

m
k3

k4

k1
k2

d2

x0

d3
d3

d4

FIGURE 1.75
Mass connected by springs.

M01_RAO8193_05_SE_C01.QXD  8/21/10  2:06 PM  Page 94



16
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Cont. ..

Curva característica e F.T. para o elemento capacitância fluídica

Dp

ˆ
q dt

<latexit sha1_base64="+4ty0Ae4Yu5fEBCi4P422RuNisw=">AAACOXicbVDLSsNAFJ34rPXV6kZwM1gEVyWRgroruHFZwT6gCWUyuW2HTjJxZiKE0M9wqx/il7h0J279ASdtFvZxYOBw7j3MucePOVPatj+tjc2t7Z3d0l55/+Dw6LhSPekokUgKbSq4kD2fKOAsgrZmmkMvlkBCn0PXn9zn8+4LSMVE9KTTGLyQjCI2ZJRoI/VdFmn8jF0c6EGlZtftGfAqcQpSQwVag6p15gaCJiFEmnKiVN+xY+1lRGpGOUzLbqIgJnRCRtA3NCIhKC+bZZ7iS6MEeCikeSbDTP3vyEioVBr6ZjMkeqyWZ7m4dgbK3DRdb/JVajy+4AEeSYAJzrdw/o3gajGvHt56GYviRENE53GHCcda4LxGHDAJVPPUEEIlMxdjOiaSUG3KLpsuneXmVknnuu406nePjVqzUbRaQufoAl0hB92gJnpALdRGFAn0it7Qu/VhfVnf1s98dcMqPKdoAdbvH134rCY=</latexit>

�P (s) =
1

Cf
L
✓ˆ t

t0

q dt

◆
=

1

Cf

Q(s)

s

<latexit sha1_base64="r+Yr56JPLDcwl3riQDpMeRpQ6lA="></latexit>

q Dp qDp1

Cf s

<latexit sha1_base64="3I0VSyllNnwFEq5ODR0bzfMvdBA=">AAACQXicbVDLSgMxFM3UV62vVjeCm2ARXJUZKai7QjcuK9gHtKVk0jttaCYZkoxShvkUt/ohfoWf4E7cujHTdmEfFwKH8+DeHD/iTBvX/XRyW9s7u3v5/cLB4dHxSbF02tIyVhSaVHKpOj7RwJmApmGGQydSQEKfQ9uf1DO9/QxKMymezDSCfkhGggWMEmOpQbHUCxShiZcm9UGAe1ing2LZrbizwevAW4AyWkxjUHLOe0NJ4xCEoZxo3fXcyPQTogyjHNJCL9YQETohI+haKEgIup/Mbk/xlWWGOJDKPmHwjP2fSEio9TT0rTMkZqxXtYzcqIFmwqSbQ76e2owv+RCPFMAEZy6crZFcL99rgrt+wkQUGxB0fm4Qc2wkzurEQ6aAGj61gFDF7I8xHRNbqbGlF2yX3mpz66B1U/GqlfvHarlWXbSaRxfoEl0jD92iGnpADdREFL2gV/SG3p0P58v5dn7m1pyzyJyhpXF+/wBhW68X</latexit>

Cf s

<latexit sha1_base64="6ZpmZ8lYlbHf/4Uw6ohJrMWqgb0=">AAACNXicbVDLSgMxFM34rPXV6kZwEyyCqzIjBXVX6MZlBfuAtpRMeqcNzSRDkhGGoR/hVj/Eb3HhTtz6C2baWdjHhcDhPLg3x48408Z1P52t7Z3dvf3CQfHw6PjktFQ+a2sZKwotKrlUXZ9o4ExAyzDDoRspIKHPoeNPG5neeQGlmRTPJolgEJKxYAGjxFiq0xgGuI/1sFRxq+588DrwclBB+TSHZeeiP5I0DkEYyonWPc+NzCAlyjDKYVbsxxoiQqdkDD0LBQlBD9L5vTN8bZkRDqSyTxg8Z/8nUhJqnYS+dYbETPSqlpEbNdBMmNnmkK8Tm/ElH+GxApjizIWzNZLr5XtNcD9ImYhiA4Iuzg1ijo3EWYV4xBRQwxMLCFXM/hjTCVGEGlt00XbprTa3Dtq3Va9WfXiqVeq1vNUCukRX6AZ56A7V0SNqohaiaIpe0Rt6dz6cL+fb+VlYt5w8c46Wxvn9A+XYqmk=</latexit>
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O Elemento Inércia Fluídica

//\\\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\

\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\//\\////\\

L

q q

r A

Efeito Físico: Modelagem da propriedade da inércia do fluxo

perfil de velocidades

Hipóteses Simplificadoras:

• Elementos discretos de tamanho finito
• Fluxo uni-dimensional com perfíl de velocidades constante e idênticas
• Elemento discreto tratado como um “corpo rígido”

m = ⇢AL

<latexit sha1_base64="7q7qa6EQo3Nu9qvNWGKaNe3pZ+k=">AAACOnicbVDLSgMxFM34rPXV6kZwEyyCqzIjBXUhVNy4cFHBPqAtJZO504ZmkiHJCKX0N9zqh/gjbt2JWz/ATDsL+7gQOJwH9+b4MWfauO6ns7a+sbm1ndvJ7+7tHxwWikcNLRNFoU4ll6rlEw2cCagbZji0YgUk8jk0/eF9qjdfQGkmxbMZxdCNSF+wkFFiLNWJ8C3uqIHEd/ixVyi5ZXc6eBl4GSihbGq9onPSCSRNIhCGcqJ123Nj0x0TZRjlMMl3Eg0xoUPSh7aFgkSgu+Pp0RN8bpkAh1LZJwyesv8TYxJpPYp864yIGehFLSVXaqCZMJPVIV+PbMaXPMB9BTDEqQunayTX8/ea8Lo7ZiJODAg6OzdMODYSpz3igCmgho8sIFQx+2NMB0QRamzbedult9jcMmhclr1K+eapUqpWslZz6BSdoQvkoStURQ+ohuqIohi9ojf07nw4X8638zOzrjlZ5hjNjfP7B/Owq+A=</latexit>

pi pf
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Cont. ...

Para o elemento discreto em seu movimento unidirecional: 

NX

i=1

fi = ma

<latexit sha1_base64="qEmN2zV3UzUck4tddjvksIFLkRA="></latexit>

A resultante de forças está relacionada à diferença de pressão antes e depois do 
elemento tal que

NX

i=1

fi = A�p

<latexit sha1_base64="kpPKAtl2vNrZA5gx1eAWXhqK9dg="></latexit>

A�p = ⇢AL
dv

dt

<latexit sha1_base64="UeeU448Z90/187aW3hEZIV7BMmE="></latexit>

e, levando-se em conta que: 

�p =
⇢L

A

dq

dt

<latexit sha1_base64="rU6yMrleMVdgchwLZ91XKkgRRYU="></latexit>

q = vA

<latexit sha1_base64="zbbGDH2ydwMZfdk1IN+sGOG0OXE=">AAACNHicbVDLSgMxFM3UV62vVjeCm2ARXJUZKagLoeLGZQX7gLaUTHqnjc0kY5IplKH/4FY/xH8R3Ilbv8FM24VtvRA4nAf35vgRZ9q47oeTWVvf2NzKbud2dvf2D/KFw7qWsaJQo5JL1fSJBs4E1AwzHJqRAhL6HBr+8C7VGyNQmknxaMYRdELSFyxglBhL1Z/xDR7ddvNFt+ROB68Cbw6KaD7VbsE5bvckjUMQhnKidctzI9NJiDKMcpjk2rGGiNAh6UPLQkFC0J1keu4En1mmhwOp7BMGT9m/iYSEWo9D3zpDYgZ6WUvJfzXQTJjJ/yFfj23Gl7yH+wpgiFMXTtdIrhfvNcFVJ2Eiig0IOjs3iDk2EqcN4h5TQA0fW0CoYvbHmA6IItTYnnO2S2+5uVVQvyh55dL1Q7lYKc9bzaITdIrOkYcuUQXdoyqqIYqe0At6RW/Ou/PpfDnfM2vGmWeO0MI4P7/yE6nt</latexit>

If =
⇢L

A

<latexit sha1_base64="zNgvIAUkhjYbgVEnfZLBsPsAQiU="></latexit>

�p = If
dq

dt

<latexit sha1_base64="O9Cmwna4hefxNVMlpvggiWhZe9k="></latexit>
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Cont. ...

L(�p) = �P (s) = IfL
✓
dq

dt

◆
= IfsQ(s)

<latexit sha1_base64="IYOCpw0EwjBG2fEU1Z1hyF7GspU="></latexit>

Para a F.T. aplicamos a T. L. à esta última equação obtendo assim

q Dp qDp

Dp

dq

dt

<latexit sha1_base64="OYImXHHNwb9lf5TnX4CkKRZnnzk=">AAACO3icbVDLSgMxFM34rPWtG8FNsAiuyowU1J3gxmUFq4V2KJnMnRqaScbkjlCG+Q63+iF+iGt34ta9mdqFj14IHM6De3OiTAqLvv/qzc0vLC4t11bqq2vrG5tb2zs3VueGQ4drqU03YhakUNBBgRK6mQGWRhJuo9FFpd8+gLFCq2scZxCmbKhEIjhDR4X9xDBexPdlEWM52Gr4TX8y9D8IpqBBptMebHt7/VjzPAWFXDJre4GfYVgwg4JLKOv93ELG+IgNoeegYinYsJhcXdJDx8Q00cY9hXTC/kwULLV2nEbOmTK8s3+1ipypgRUKy9mhyI5dJtIypkMDMKKVi1ZrtLS/78XkNCyEynIExb/PTXJJUdOqSBoLAxzl2AHGjXA/pvyOuTrR1V13XQZ/m/sPbo6bQat5dtVqnLemrdbIPjkgRyQgJ+ScXJI26RBO7skjeSLP3ov35r17H9/WOW+a2SW/xvv8AiKXriM=</latexit>

Ifs

<latexit sha1_base64="0MpuDlHyu8qnCk6vkYLnZYDFW9k=">AAACM3icbVDLSgMxFM34rPXV6kZwEyyCqzIjBXVXcKO7CvYB7VAy6Z02NJMMSUYoQ7/BrX6IHyPuxK3/YKadhX1cCBzOg3tzgpgzbVz309nY3Nre2S3sFfcPDo+OS+WTlpaJotCkkkvVCYgGzgQ0DTMcOrECEgUc2sH4PtPbL6A0k+LZTGLwIzIULGSUGEs1H/sh1v1Sxa26s8GrwMtBBeXT6Jeds95A0iQCYSgnWnc9NzZ+SpRhlMO02Es0xISOyRC6FgoSgfbT2bVTfGmZAQ6lsk8YPGP/J1ISaT2JAuuMiBnpZS0j12qgmTDT9aFAT2wmkHyAhwpgjDMXztZIrhfvNeGtnzIRJwYEnZ8bJhwbibMC8YApoIZPLCBUMftjTEdEEWpszUXbpbfc3CpoXVe9WvXuqVap1/JWC+gcXaAr5KEbVEcPqIGaiCKGXtEbenc+nC/n2/mZWzecPHOKFsb5/QPEv6nf</latexit>

1

Ifs

<latexit sha1_base64="WY4muyNmWh+a+vcbUUZ0Z1bbxLE=">AAACP3icbVDLSgMxFM3UV62PtroR3ASL4KrMSEHdFdzoroJ9QFtKJr3ThmaSIckIZZgvcasf4mf4Be7ErTszbRf2cSFwOA/uzfEjzrRx3U8nt7W9s7uX3y8cHB4dF0vlk5aWsaLQpJJL1fGJBs4ENA0zHDqRAhL6HNr+5D7T2y+gNJPi2Uwj6IdkJFjAKDGWGpSKvUARmnhp8jgIsE4HpYpbdWeD14G3ABW0mMag7Jz1hpLGIQhDOdG667mR6SdEGUY5pIVerCEidEJG0LVQkBB0P5ldnuJLywxxIJV9wuAZ+z+RkFDraehbZ0jMWK9qGblRA82ESTeHfD21GV/yIR4pgAnOXDhbI7levtcEt/2EiSg2IOj83CDm2EiclYmHTAE1fGoBoYrZH2M6JrZQYysv2C691ebWQeu66tWqd0+1Sr22aDWPztEFukIeukF19IAaqIkoitErekPvzofz5Xw7P3NrzllkTtHSOL9/OC6ujQ==</latexit>

+ -Dp

q qIf
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Exemplos de Modelagem
Exemplo 1: A figura mostra um sistema fluídico composto por um tanque aberto
que é alimentado por uma fonte de vazão (qi) e descarga para a atmosfera. Formule
hipóteses simplificadoras para o modelo e determine a F.T. relacionando a altura da 
coluna de fluído ho com a vazão de entrada qi.

#

ho

qi

Hipóteses:

1-) Tubo de descarga é curto: inércia desprezada
2-) Resistência fluídica ao longo do tubo desprezível
3-) Efeitos inerciais e atrito no tanque desprezíveis
4-) Líquido homogêneo e incompressível
5-) Dimensões geométricas constantes
6-) Resistência fluídica concentrada na extremidade
7-) Influências externas invariantes (patm, tatm)
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Exemplo 1: Cont. ...

Portanto, podemos pensar num modelo composto pela capacitância do tanque e 
pela resistência no local de descarga, tendo como entrada a vazão e saída o nível
vertical do fluído no tanque. Para a obtenção do modelo matemático, aplicamos
lei da conservação da massa para o tanque num intervalo dt, ou seja

ṁi dt� ṁo dt = dm

<latexit sha1_base64="VZ68m753zYbwem4Xvkgghb3hwVA="></latexit>

onde mi e mo são respectivamente a massa de fluído que entra e sai do tanque. Devido
à hipótese 2 (incompressibilidade do fluído) podemos trocar a variável massa por 
volume, tendo assim

qi dt� qo dt = dV

<latexit sha1_base64="/1S5LmEteaDJ0CuKUNm3D4bVasg="></latexit>

e como a variação do volume é dada pela variação de ho podemos ainda escrever: 

qi dt� qo dt = Adho

<latexit sha1_base64="kBPFRyKALOAFzok9+YMkPpFLnh0="></latexit>

sendo A a área da secção transversal do tanque. Temos que resolver qo !
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Exemplo 1: Cont. ...

Vamos considerar dois casos para podermos resolver qo:

1o Caso: A descarga para a atmosfera é feita através de uma resistência fluídica
linear (seria uma hipótese a mais feita durante a modelagem !). Assim

qo =
�p

Rf
=

1

Rf
(po � patm)

<latexit sha1_base64="b2NKkeUTiVPRo7aiicutMUpI/2I="></latexit>

qi

Cf
Rf

94
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qo

po

qc

patm

e a pressão no ponto o pode ser escrita usando a propriedade dos pontos isóbaros

#
ho

patm

Portanto:

po = ⇢gho + patm
<latexit sha1_base64="8IJ9NptPhr7qHG7vHHm1nhx7+Yg=">AAACFnicbVDLSgMxFM3UV62vUXe6CRZBEMqMFHQjFNy4rGAf0A5DJk3b0EwyJHeEMhT8DL/ArX6BO3Hr1g/wP0zbWWjrgQsn59zLzT1RIrgBz/tyCiura+sbxc3S1vbO7p67f9A0KtWUNagSSrcjYpjgkjWAg2DtRDMSR4K1otHN1G89MG24kvcwTlgQk4HkfU4JWCl0j5JQ4Wvc1UOFB3hoH+c4CTMC8SR0y17FmwEvEz8nZZSjHrrf3Z6iacwkUEGM6fheAkFGNHAq2KTUTQ1LCB2RAetYKknMTJDNbpjgU6v0cF9pWxLwTP09kZHYmHEc2c6YwNAselPxX48ZLmFhOfSvgozLJAUm6Xx3PxUYFJ5mhHtcMwpibAmhmtvvYzokmlCwSZZsLv5iCsukeVHxvYp/Vy3XqnlCRXSMTtAZ8tElqqFbVEcNRNEjekYv6NV5ct6cd+dj3lpw8plD9AfO5w/0WZ5e</latexit><latexit sha1_base64="8IJ9NptPhr7qHG7vHHm1nhx7+Yg=">AAACFnicbVDLSgMxFM3UV62vUXe6CRZBEMqMFHQjFNy4rGAf0A5DJk3b0EwyJHeEMhT8DL/ArX6BO3Hr1g/wP0zbWWjrgQsn59zLzT1RIrgBz/tyCiura+sbxc3S1vbO7p67f9A0KtWUNagSSrcjYpjgkjWAg2DtRDMSR4K1otHN1G89MG24kvcwTlgQk4HkfU4JWCl0j5JQ4Wvc1UOFB3hoH+c4CTMC8SR0y17FmwEvEz8nZZSjHrrf3Z6iacwkUEGM6fheAkFGNHAq2KTUTQ1LCB2RAetYKknMTJDNbpjgU6v0cF9pWxLwTP09kZHYmHEc2c6YwNAselPxX48ZLmFhOfSvgozLJAUm6Xx3PxUYFJ5mhHtcMwpibAmhmtvvYzokmlCwSZZsLv5iCsukeVHxvYp/Vy3XqnlCRXSMTtAZ8tElqqFbVEcNRNEjekYv6NV5ct6cd+dj3lpw8plD9AfO5w/0WZ5e</latexit><latexit sha1_base64="8IJ9NptPhr7qHG7vHHm1nhx7+Yg=">AAACFnicbVDLSgMxFM3UV62vUXe6CRZBEMqMFHQjFNy4rGAf0A5DJk3b0EwyJHeEMhT8DL/ArX6BO3Hr1g/wP0zbWWjrgQsn59zLzT1RIrgBz/tyCiura+sbxc3S1vbO7p67f9A0KtWUNagSSrcjYpjgkjWAg2DtRDMSR4K1otHN1G89MG24kvcwTlgQk4HkfU4JWCl0j5JQ4Wvc1UOFB3hoH+c4CTMC8SR0y17FmwEvEz8nZZSjHrrf3Z6iacwkUEGM6fheAkFGNHAq2KTUTQ1LCB2RAetYKknMTJDNbpjgU6v0cF9pWxLwTP09kZHYmHEc2c6YwNAselPxX48ZLmFhOfSvgozLJAUm6Xx3PxUYFJ5mhHtcMwpibAmhmtvvYzokmlCwSZZsLv5iCsukeVHxvYp/Vy3XqnlCRXSMTtAZ8tElqqFbVEcNRNEjekYv6NV5ct6cd+dj3lpw8plD9AfO5w/0WZ5e</latexit><latexit sha1_base64="8IJ9NptPhr7qHG7vHHm1nhx7+Yg=">AAACFnicbVDLSgMxFM3UV62vUXe6CRZBEMqMFHQjFNy4rGAf0A5DJk3b0EwyJHeEMhT8DL/ArX6BO3Hr1g/wP0zbWWjrgQsn59zLzT1RIrgBz/tyCiura+sbxc3S1vbO7p67f9A0KtWUNagSSrcjYpjgkjWAg2DtRDMSR4K1otHN1G89MG24kvcwTlgQk4HkfU4JWCl0j5JQ4Wvc1UOFB3hoH+c4CTMC8SR0y17FmwEvEz8nZZSjHrrf3Z6iacwkUEGM6fheAkFGNHAq2KTUTQ1LCB2RAetYKknMTJDNbpjgU6v0cF9pWxLwTP09kZHYmHEc2c6YwNAselPxX48ZLmFhOfSvgozLJAUm6Xx3PxUYFJ5mhHtcMwpibAmhmtvvYzokmlCwSZZsLv5iCsukeVHxvYp/Vy3XqnlCRXSMTtAZ8tElqqFbVEcNRNEjekYv6NV5ct6cd+dj3lpw8plD9AfO5w/0WZ5e</latexit>

qo =
1

Rf
⇢gho

<latexit sha1_base64="LBAuIYNpLgu6PerbDlfMtrxyp0Y=">AAACGXicbZDLSsNAFIYnXmu9RV2KMFgEVyWRgm6EghuXVewFmhAm00kzdDITZyZCCVn5GD6BW30Cd+LWlQ/gezhts9DWHwZ+/nMO58wXpowq7Thf1tLyyuraemWjurm1vbNr7+13lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPR1aTefSBSUcHv9DglfoKGnEYUI22iwD66DwS8hF4kEc7dIr8NosKTsYBDGAcisGtO3ZkKLhq3NDVQqhXY395A4CwhXGOGlOq7Tqr9HElNMSNF1csUSREeoSHpG8tRQpSfT79RwBOTDGAkpHlcw2n6eyJHiVLjJDSdCdKxmq9Nwn9rRFGu55br6MLPKU8zTTie7Y4yBrWAE0xwQCXBmo2NQVhScz7EMTKQtIFZNVzceQqLpnNWd526e9OoNRsloQo4BMfgFLjgHDTBNWiBNsDgETyDF/BqPVlv1rv1MWtdssqZA/BH1ucPUHGgOQ==</latexit><latexit sha1_base64="LBAuIYNpLgu6PerbDlfMtrxyp0Y=">AAACGXicbZDLSsNAFIYnXmu9RV2KMFgEVyWRgm6EghuXVewFmhAm00kzdDITZyZCCVn5GD6BW30Cd+LWlQ/gezhts9DWHwZ+/nMO58wXpowq7Thf1tLyyuraemWjurm1vbNr7+13lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPR1aTefSBSUcHv9DglfoKGnEYUI22iwD66DwS8hF4kEc7dIr8NosKTsYBDGAcisGtO3ZkKLhq3NDVQqhXY395A4CwhXGOGlOq7Tqr9HElNMSNF1csUSREeoSHpG8tRQpSfT79RwBOTDGAkpHlcw2n6eyJHiVLjJDSdCdKxmq9Nwn9rRFGu55br6MLPKU8zTTie7Y4yBrWAE0xwQCXBmo2NQVhScz7EMTKQtIFZNVzceQqLpnNWd526e9OoNRsloQo4BMfgFLjgHDTBNWiBNsDgETyDF/BqPVlv1rv1MWtdssqZA/BH1ucPUHGgOQ==</latexit><latexit sha1_base64="LBAuIYNpLgu6PerbDlfMtrxyp0Y=">AAACGXicbZDLSsNAFIYnXmu9RV2KMFgEVyWRgm6EghuXVewFmhAm00kzdDITZyZCCVn5GD6BW30Cd+LWlQ/gezhts9DWHwZ+/nMO58wXpowq7Thf1tLyyuraemWjurm1vbNr7+13lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPR1aTefSBSUcHv9DglfoKGnEYUI22iwD66DwS8hF4kEc7dIr8NosKTsYBDGAcisGtO3ZkKLhq3NDVQqhXY395A4CwhXGOGlOq7Tqr9HElNMSNF1csUSREeoSHpG8tRQpSfT79RwBOTDGAkpHlcw2n6eyJHiVLjJDSdCdKxmq9Nwn9rRFGu55br6MLPKU8zTTie7Y4yBrWAE0xwQCXBmo2NQVhScz7EMTKQtIFZNVzceQqLpnNWd526e9OoNRsloQo4BMfgFLjgHDTBNWiBNsDgETyDF/BqPVlv1rv1MWtdssqZA/BH1ucPUHGgOQ==</latexit><latexit sha1_base64="LBAuIYNpLgu6PerbDlfMtrxyp0Y=">AAACGXicbZDLSsNAFIYnXmu9RV2KMFgEVyWRgm6EghuXVewFmhAm00kzdDITZyZCCVn5GD6BW30Cd+LWlQ/gezhts9DWHwZ+/nMO58wXpowq7Thf1tLyyuraemWjurm1vbNr7+13lMgkJm0smJC9ECnCKCdtTTUjvVQSlISMdMPR1aTefSBSUcHv9DglfoKGnEYUI22iwD66DwS8hF4kEc7dIr8NosKTsYBDGAcisGtO3ZkKLhq3NDVQqhXY395A4CwhXGOGlOq7Tqr9HElNMSNF1csUSREeoSHpG8tRQpSfT79RwBOTDGAkpHlcw2n6eyJHiVLjJDSdCdKxmq9Nwn9rRFGu55br6MLPKU8zTTie7Y4yBrWAE0xwQCXBmo2NQVhScz7EMTKQtIFZNVzceQqLpnNWd526e9OoNRsloQo4BMfgFLjgHDTBNWiBNsDgETyDF/BqPVlv1rv1MWtdssqZA/BH1ucPUHGgOQ==</latexit>

o
o
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Exemplo 1: Cont. ...

Retornando à equação para o modelo temos

qi dt�
1

Rf
⇢gho dt = A dho

<latexit sha1_base64="QWHXkn9XuLM7I6FcTgkKJC422fA="></latexit>

A
dho

dt
+

1

Rf
⇢g ho = qi

<latexit sha1_base64="nuL7aPMOazTn1zjtW6++QjEA0Iw="></latexit>

e aplicando a T.L. com condições iniciais nulas

✓
As+

1

Rf
⇢g

◆
Ho(s) = Qi(s)

<latexit sha1_base64="78FHJ2otg6F9uwApganDfL0G4bM="></latexit>

da qual obtemos a F.T. desejada

Ho(s)

Qi(s)
=

Rf

⇢g
ARf

⇢g s+ 1

<latexit sha1_base64="wG1+1M/+M+9JFc+dY2nlfJfMoN8="></latexit>
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2o Caso: A descarga para a atmosfera é feita através de um orifício1

Exemplo 1: Cont. ...

228 Chapter 4 

Note that at high frequencies the inertance corresponds to the “physical” mass PAL, 
just as for simple one-dimensional flow. The reference gives plots showing a smooth 
monotonic transition between low and high frequency regions; thus the inertance is 
always bracketed between 4pL/3A and p L / A .  Perhaps the most interesting feature of 
the resistance is that it is frequency-dependent, increasing with o’ .~.  

We now leave pipes, tubing, and hoses (where fluid resistance is distributed 
over a considerable length L) and consider or$ces (where resistance is concentrated 
in a short distance). In Figure 4-14a, a flowing liquid discharges through a sharp- 
edge orifice into atmospheric air. Note that the liquid pressure p drops from the 
upstream value pu  to patover a very short distance. In Figure 4-14b we see the more 
common situation, where an orifice is inserted in a pipe. Downstream of the orifice 
the liquid flow spreads out so that it again fills the pipe. The pressure drop across an 
orifice is basically due to a conversion of energy from the form of “fluid power” 

Figure 4-14 Characteristics of orifice flow. 

1 2
Usando a Equação de Bernoulli

p1q +
⇢v21q

2
= p2q +

⇢v22q

2

<latexit sha1_base64="8839HHQEGWmvTPRJjqZ30d7kSrY="></latexit>

p1 � p2 =
⇢

2

�
v22 � v21

�

<latexit sha1_base64="60kgQUFyOux9iK3AhSA9SaymCDA="></latexit>

Agora como q=A1v1=A2v2 temos

q =
A2r

1�
⇣

A2
A1

⌘2

s
2�p

⇢

<latexit sha1_base64="fTDCFrXAdQ0WlQrXkAefxYmHDgA="></latexit>

q ⇠= CdAo

s
2�p

⇢

<latexit sha1_base64="d/qgcbvMFfNFQuukIFkDHJY8Y0I="></latexit>

1 Doebelin, E. O., System Dynamics, Modeling, Analysis, Simulation, Design, M. Dekker, 1998 -
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Exemplo 1: Cont. ...

Então, para o presente caso

qo = CdAo

s
2(po � patm)

⇢
= CdAo

p
2gho = ko

p
ho

<latexit sha1_base64="VpfQIUBEvL7hWJXf0VtuRSFKSZU="></latexit>

Retornando à EDO temos

qi dt� ko
p

ho dt = A dho

<latexit sha1_base64="vS18uP1MCl9r9FuNvOE20bY1NY4="></latexit>

A
dho

dt
+ ko

p
ho = qi

<latexit sha1_base64="CCAWowUYVP6IhJQKePrg3jEd2dI="></latexit>

Que claramente é uma EDO não linear ! Para a solução da EDO temos duas saídas:

• Resolver a EDO não linear através de técnicas numéricas
• Obter uma EDO linearizada em torno de um ponto de operação (única saída para 

obtermos a F.T. !)
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Exemplo 1: Cont. ...

y = f(x) ⇠= f(xo) +
dy

dx

���
x=xo

(x� xo)

1!

<latexit sha1_base64="q+qbRTWXaSH4TtPAWHE3jADY0IQ="></latexit>

y =
p

ho
⇠=

p
ho,o +

1

2
p

ho,o
(ho � ho,o) =

p
ho,o +

ho,p

2
p
ho,o

<latexit sha1_base64="rxc7AY95YmIdSZhrI0MJt3OJFms="></latexit>

ho

ho,p

qo,pqo

ho,o

qo,o

Escolhemos um ponto de operação (ho,o, qo,o)

Expandimos a função não linear em torno deste ponto: Séries de Taylor

onde: ho,p = ho � ho,o

<latexit sha1_base64="65aN6gsvMwHUtUG8jFTf9DjNZ1U="></latexit>

(perturbação em torno de ho,o)
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Exemplo 1: Cont. ...

Usamos a expansão na EDO 

A
dho

dt
+ ko

p
ho = qi

<latexit sha1_base64="CCAWowUYVP6IhJQKePrg3jEd2dI="></latexit>

ho,p = ho � ho,o

<latexit sha1_base64="65aN6gsvMwHUtUG8jFTf9DjNZ1U="></latexit>

A
d(ho,p + ho,o)

dt
+ ko

 
p

ho,o +
1

2
p

ho,o
ho,p

!
= qi,o + qi,p

<latexit sha1_base64="htY9yEdgP9qXfrefRgvtG11ltVg="></latexit>

qi,o = ko
p
ho,o

<latexit sha1_base64="5+GkcWMj7dooEFNyp8Xh8pMaNR8="></latexit>

Ho,p(s)

Qi,p(s)
=

1
kor

A
kor

s+ 1

<latexit sha1_base64="sRlt1It5AK2gHrxu3OpfSMr0C2I="></latexit>

Obtendo a seguinte equação

Assumindo que no ponto de operação antes da perturbação o nível do tanque era
contante, podemos fazer

e, então

A
dho,p

dt
+ korho,p = qi,p

<latexit sha1_base64="Aobc75x8Bmy9zviCKZBktyQpbaU=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIglJnpKAboeLGZQV7gbYMmUymDc1kxuSMUIZ5DB/DJ3CrT+BKcdv3MG1nodUfAl/+cw4n+b1YcA22/WEVlpZXVteK66WNza3tnfLuXktHiaKsSSMRqY5HNBNcsiZwEKwTK0ZCT7C2N7qZ1tuPTGkeyXsYx6wfkoHkAacEjOWWz65xL1CEpv7QTaPTOMtSHzJ8gkfmqrLcxFf4wU25Ibdcsav2TPgvODlUUK6GW570/IgmIZNABdG669gx9FOigFPBslIv0SwmdEQGrGtQkpDpfjr7WIaPjOPjIFLmSMAz9+dESkKtx6FnOkMCQ71Ym5r/1pjmEhaWQ3DZT7mME2CSzncHicAQ4Wlw2OeKURBjA4Qqbp6P6ZCY6MDEWzK5OIsp/IXWedWxq85drVKv5QkV0QE6RMfIQReojm5RAzURRU/oBb2iN+vZerc+ra95a8HKZ/bRL1mTbxpSp/A=</latexit><latexit sha1_base64="Aobc75x8Bmy9zviCKZBktyQpbaU=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIglJnpKAboeLGZQV7gbYMmUymDc1kxuSMUIZ5DB/DJ3CrT+BKcdv3MG1nodUfAl/+cw4n+b1YcA22/WEVlpZXVteK66WNza3tnfLuXktHiaKsSSMRqY5HNBNcsiZwEKwTK0ZCT7C2N7qZ1tuPTGkeyXsYx6wfkoHkAacEjOWWz65xL1CEpv7QTaPTOMtSHzJ8gkfmqrLcxFf4wU25Ibdcsav2TPgvODlUUK6GW570/IgmIZNABdG669gx9FOigFPBslIv0SwmdEQGrGtQkpDpfjr7WIaPjOPjIFLmSMAz9+dESkKtx6FnOkMCQ71Ym5r/1pjmEhaWQ3DZT7mME2CSzncHicAQ4Wlw2OeKURBjA4Qqbp6P6ZCY6MDEWzK5OIsp/IXWedWxq85drVKv5QkV0QE6RMfIQReojm5RAzURRU/oBb2iN+vZerc+ra95a8HKZ/bRL1mTbxpSp/A=</latexit><latexit sha1_base64="Aobc75x8Bmy9zviCKZBktyQpbaU=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIglJnpKAboeLGZQV7gbYMmUymDc1kxuSMUIZ5DB/DJ3CrT+BKcdv3MG1nodUfAl/+cw4n+b1YcA22/WEVlpZXVteK66WNza3tnfLuXktHiaKsSSMRqY5HNBNcsiZwEKwTK0ZCT7C2N7qZ1tuPTGkeyXsYx6wfkoHkAacEjOWWz65xL1CEpv7QTaPTOMtSHzJ8gkfmqrLcxFf4wU25Ibdcsav2TPgvODlUUK6GW570/IgmIZNABdG669gx9FOigFPBslIv0SwmdEQGrGtQkpDpfjr7WIaPjOPjIFLmSMAz9+dESkKtx6FnOkMCQ71Ym5r/1pjmEhaWQ3DZT7mME2CSzncHicAQ4Wlw2OeKURBjA4Qqbp6P6ZCY6MDEWzK5OIsp/IXWedWxq85drVKv5QkV0QE6RMfIQReojm5RAzURRU/oBb2iN+vZerc+ra95a8HKZ/bRL1mTbxpSp/A=</latexit><latexit sha1_base64="Aobc75x8Bmy9zviCKZBktyQpbaU=">AAACK3icbZDLSgMxFIYz9VbrrerSTbAIglJnpKAboeLGZQV7gbYMmUymDc1kxuSMUIZ5DB/DJ3CrT+BKcdv3MG1nodUfAl/+cw4n+b1YcA22/WEVlpZXVteK66WNza3tnfLuXktHiaKsSSMRqY5HNBNcsiZwEKwTK0ZCT7C2N7qZ1tuPTGkeyXsYx6wfkoHkAacEjOWWz65xL1CEpv7QTaPTOMtSHzJ8gkfmqrLcxFf4wU25Ibdcsav2TPgvODlUUK6GW570/IgmIZNABdG669gx9FOigFPBslIv0SwmdEQGrGtQkpDpfjr7WIaPjOPjIFLmSMAz9+dESkKtx6FnOkMCQ71Ym5r/1pjmEhaWQ3DZT7mME2CSzncHicAQ4Wlw2OeKURBjA4Qqbp6P6ZCY6MDEWzK5OIsp/IXWedWxq85drVKv5QkV0QE6RMfIQReojm5RAzURRU/oBb2iN+vZerc+ra95a8HKZ/bRL1mTbxpSp/A=</latexit>
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Exemplo 1: Cont. ...

Ainda supondo que a resistência fluídica seja linear, podemos resolver o problema
de outra maneira

qi
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Rf qo

po

qc

Escrevemos inicialmente

qi = qc + qo

<latexit sha1_base64="Bkjtn2lkKmxdkzpSIV+w+0bQXyc=">AAACP3icbVDLSgMxFM34rPXRVjeCm2ARBKHMSEFdCAU3LivYB7RlyKS3bWgmmSYZoZR+iVv9ED/DL3Anbt2ZaWdhHxcSDufcQ05OEHGmjet+OhubW9s7u5m97P7B4VEuXziuaxkrCjUquVTNgGjgTEDNMMOhGSkgYcChEQwfEr3xAkozKZ7NOIJOSPqC9RglxlJ+PjfyGb7HI5/iK3tLP190S+5s8CrwUlBE6VT9gnPa7koahyAM5UTrludGpjMhyjDKYZptxxoiQoekDy0LBQlBdyaz5FN8YZku7klljzB4xv53TEio9TgM7GZIzEAvawm5VgPNhJmuNwV6bD2B5F3cVwBDnGzh5BnJ9WJe07vtTJiIYgOCzuP2Yo6NxEmZuMsUUMPHFhCqmP0xpgOiCDW28qzt0ltubhXUr0teuXT3VC5WymmrGXSGztEl8tANqqBHVEU1RFGMXtEbenc+nC/n2/mZr244qecELYzz+wcexa1m</latexit>

sendo qc o acúmulo de fluído devido à
capacitância do tanque. Usando a T.L. 

Qi(s)�Qo(s) = Qc(s)

<latexit sha1_base64="qKYh8Wz3CVw9y4FklBxPGsqu+MM="></latexit>

E sabemos: 
Qo(s) =

1

Rf
�P (s) =

1

Rf
⇢gHo(s)

<latexit sha1_base64="9+oRBt12GKEsq3WxDwgqjFfVkM4="></latexit>

Qc(s) = AsHo(s)

<latexit sha1_base64="opkMvqU32LWOcD8qIKFPEAKPlLM=">AAACQXicbVDLSgMxFM34rPXV6kZwEyxC3ZQZKagLoeKmyxbsA9oyZNLbNjSTDElGKaWf4lY/xK/wE9yJWzdm2i7s40LgcB7cmxNEnGnjup/OxubW9s5uai+9f3B4dJzJntS1jBWFGpVcqmZANHAmoGaY4dCMFJAw4NAIho+J3ngGpZkUT2YUQSckfcF6jBJjKT+Trfo0r6/wPX7QZV9a6GdybsGdDl4F3hzk0HwqftY5a3cljUMQhnKidctzI9MZE2UY5TBJt2MNEaFD0oeWhYKEoDvj6e0TfGmZLu5JZZ8weMr+T4xJqPUoDKwzJGagl7WEXKuBZsJM1ocCPbKZQPIu7iuAIU5cOFkjuV681/RuO2MmotiAoLNzezHHRuKkTtxlCqjhIwsIVcz+GNMBUYQaW3raduktN7cK6tcFr1i4qxZzpeK81RQ6Rxcojzx0g0qojCqohih6Qa/oDb07H86X8+38zKwbzjxzihbG+f0D/hWtyQ==</latexit>

Substituindo-se vem: 
Ho(s)

Qi(s)
=

Rf

⇢g
ARf

⇢g s+ 1

<latexit sha1_base64="wG1+1M/+M+9JFc+dY2nlfJfMoN8="></latexit>
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Exemplo 2

Para o sistema de transferência de gás obter a F.T. Po(s)/Pi(s)

Hipóteses Simplificadoras

• Todas as paredes são rígidas
• Para o tubo considero resistência e inércia
• Gás ideal
• Volume do tubo pequeno comparado ao do tanque
• Variações muito lentas de temperatura (isotérmico)
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Cont. ...

Então podemos aplicar a conservação de massa para o tanque

ṁin dt� ṁout dt = dm

<latexit sha1_base64="Y91/vXTWYQC0wF2LgC4zWNfthGc="></latexit>

Ou também

=0

⇢q dt = dm

<latexit sha1_base64="FcqlR/ls1ESydARFxjGXKrVfouA=">AAACQHicbVDLSgMxFM34rPXV6kZwEyyCqzIjBXUhFNy4VLCtYEvJZG7b0EwyJncKQ+mfuNUP8S/8A3fi1pWZOgtfFwKH8+DenDCRwqLvv3gLi0vLK6ultfL6xubWdqW607Y6NRxaXEttbkNmQQoFLRQo4TYxwOJQQiccX+R6ZwLGCq1uMEugF7OhEgPBGTqqX6l0zUjTe9qlEdJzGsX9Ss2v+/Ohf0FQgBop5qpf9fa6keZpDAq5ZNbeBX6CvSkzKLiEWbmbWkgYH7Mh3DmoWAy2N52fPqOHjonoQBv3FNI5+z0xZbG1WRw6Z8xwZH9rOfmvBlYonP0fCm3mMqGWER0agDHNXTRfo6X9eS8OTntToZIUQfGvcweppKhp3iaNhAGOMnOAcSPcjykfMcM4us7Lrsvgd3N/Qfu4HjTqZ9eNWrNRtFoi++SAHJGAnJAmuSRXpEU4mZAH8kievGfv1Xvz3r+sC16R2SU/xvv4BABfrdU=</latexit>

Podemos resolver o lado esquerdo da igualdade através do balanço de pressão no 
ponto de ligação entre Rf e If

pi � p = Rfq

p� po = If
dq

dt

<latexit sha1_base64="4irxXnv40JukZzekyk9ESs+tQD0="></latexit>
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q

Precisamos agora resolver para dm, ou seja para a massa de gás acumulada no 
tanque. Neste caso, pela hipótese do gás ideal podemos escrever

poV = mRT

<latexit sha1_base64="G/8obeaVy9/msFcE4DU3DB0w8Yo=">AAACOHicbVDLSgMxFM3UV62vVjeCm2ARXJUZKagLoeDGZZW+sC0lk7nThmaSIckIpfQv3OqH+Cfu3Ilbv8BM24V9XAgczoN7c/yYM21c99PJbGxube9kd3N7+weHR/nCcUPLRFGoU8mlavlEA2cC6oYZDq1YAYl8Dk1/eJ/qzRdQmklRM6MYuhHpCxYySoylnuOebOA7HD3VevmiW3Kng1eBNwdFNJ9qr+CcdgJJkwiEoZxo3fbc2HTHRBlGOUxynURDTOiQ9KFtoSAR6O54evIEX1gmwKFU9gmDp+z/xJhEWo8i3zojYgZ6WUvJtRpoJsxkfcjXI5vxJQ9wXwEMcerC6RrJ9eK9JrzpjpmIEwOCzs4NE46NxGmLOGAKqOEjCwhVzP4Y0wFRhBrbdc526S03twoaVyWvXLp9LBcr5XmrWXSGztEl8tA1qqAHVEV1RJFAr+gNvTsfzpfz7fzMrBlnnjlBC+P8/gFA16uU</latexit>

dm =
V

RT
dpo

<latexit sha1_base64="5+u1kbIHA+grfQF6fWrvbBxDDFM="></latexit>
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Cont. ...

⇢q =
V

RT

dpo
dt

<latexit sha1_base64="4kV/Uw0BWlRituV3UZPWc4A/4cY="></latexit>

Logo a EDO para o tanque fica escrita como

Aplicamos Laplace à todas as equações

⇢Q(s) =
V

RT
s Po(s)

<latexit sha1_base64="P//k/DMsmorh3beKdaIcwJxd6No="></latexit>

Pi(s)� P (s) = RfQ(s)

P (s)� Po(s) = Ifs Q(s)

<latexit sha1_base64="0z902AGXc/Waa+JJ76mu+drX+fs="></latexit>

+

Pi(s)� Po(s) = (Ifs+Rf )Q(s)

<latexit sha1_base64="JWXLHrdOn60FMpdjIRH38PVNvd4="></latexit>

E combinando as duas equações resultantes temos

Po(s)

Pi(s)
=

1
V If
⇢RT s

2 + V Rf

⇢RT s+ 1

<latexit sha1_base64="2CrOSDyN6tFD1vIvUnxms7ntFpE="></latexit>
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