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Por que a base das ciéncias aplicadas € a
distribuicao normal?
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Escalas Tipicas

Muitas coisas que os cientistas medem tem um

tamanho tipico ou escala definida

percentage

T Por exemplo, a altura de seres
humanos adultos variam entre 50
and 272

corresponde a uma razao de 4.8
entre 0 menor € 0o maior ser ja
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Distributicdo fica ao redor do
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Distribuicoes Leis de Poténcia

P(x)=Cx ¢



Distribuicoes Leis de Poténcia P(x) = Cx~

percentage of cities
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Log_log |C>|O’r P(x)=Cx“
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power law exponent o

/

P(x) =Cx“

normalization
constant (probabilities over
all x must sumto 1)




* Lei de Zipf ]((X):X—l

+ A segunda palavra no raking (x) tem a metade da
probabilidade de ocorréncia que a primeira.




+ Lel de Pareto

The ltallan economist Vilfredo Pareto was
iInterested in the distnbution of Income.

Fareto's law I1s expressed in terms of the cumulative
distnibution

— the probability that a person eams X or more

P[X > x] ~ x°¥

Here we recognize k as just o -1, where o 1s the power-
law exponent
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Scientific Collaboration Network

+ 400,000 nodes,
authors in

Mathematical Reviews - .=

database

» An edge between two .- Uiy

authors if they have a
joint paper

» Just 676,000 edges



Redes Social

Albert and Barabasi (1999)
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Table 1. Scaling exponents for urban indicators vs. city size

Y B 95% Cl Adj-R?  Observations Country-year
New patents 1.27 [1.25,1.29] 0.72 331 L.S. 2001
Inventors 1.25 [1.22,1.27] 0.76 331 u.s. 2001
Private R&D employment 134 [1.29,1.39] 0.92 266 .5, 2002
“Supercreative” employment 115 [1.11,1.18] 0.89 287 .S, 2003

R&D establishments 1.19 [1.14,1.22] 0.77 287 L.S. 1997

R&D employment 1.26 [1.18,1.43] 0.93 295 China 2002
Total wages 112 [1.09,1.13] 0.96 361 .S, 2002
Total bank depaosits 1.08 [1.03,1.11] 0.91 267 U.S. 1996

GDP 1.15  [1.06,1.23] 0.96 295 China 2002
GDP 1.26 [1.09,1.46] 0.64 196 EU 1999-2003
GDP 113 [1.03,1.23] 0.94 37 Germany 2003
Total electrical consumption 1.07 [1.03,1.11] 0.88 392 Germany 2002
New AIDS cases 1.23 [1.18,1.29] 0.76 93 U.S. 2002-2003
Serious crimes 1.16 [1.11, 1.18] 0.89 287 U.s. 2003
Total housing 1.00 [0.99,1.01] 0.99 316 .S, 1990
Total employment 1.01 [0.99,1.02] 0.98 331 LS. 2001
Household electrical consumption 1.00 [0.94,1.06] 0.88 377 Germany 2002
Household electrical consumption 1.05 [0.89,1.22] 0.91 295 China 2002
Household water consumption 1.01 [0.89,1.11] 0.96 295 China 2002
Gasoline stations 0.77 [0.74,0.81] 0.93 318 s, 2001
Gasoline sales 0.79 [0.73,0.80] 0.94 318 1J.S. 2001
Length of electrical cables 0.87 [0.82,0.92] 0.75 380 Germany 2002
Road surface 0.83 [0.74,0.92] 0.87 29 Germany 2002

MNata canrrae ara chnam in 8 Tavt © ranfidoncs intornsals AdiLR? adinctad B9 GNP arnce dnmaoctic nradnet
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Example: City Populations

« Power law exponent: ¢ =0.74
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Log-log scale plot of straight binning of the data
m Same bins, but plotted on a log-log scale
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\\ Noise in the tail:
Here we have 0, 1 or 2 observations
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integer value :
Actually don't see all the zero

values because log(0) = o«



Log-log scale plot of straight binning of the data
m Fitting a straight line to it via least squares regression will

give values of the exponent a that are too low
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What goes wrong with straightforward binning

+ Noise in the tail skews the regression result

10 = I . . e - S
; _ -
. . have few bins ¢ data :
B w="1.61fit A
Wik . here

|

have many more bins here




First solution: Imgarlthmlc binning
bin data into exponentially wider bins:

—1.2.4.816 32, _
normalize by the width of the bin
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m disadvantage: binning smoothes out data but also loses information






Fitting via regression to the cumulative distribution

+ fitted exponent (2.43) much closer to actual (2.5)
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« Distribution of citations to papers
« power law is evident only in the tall
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Source: MEJ Newman, ‘Power laws, Pareto distributions and Zipf's law



1.1 Estimating o

For the moment, let’s assume we already know oy, In that case, we can use the method of
maximum likelihood to derive an MLE for a.

il ()]

() ()

InL{{2} | @, Zmin) =

Now solving 0L /da = 0 for « vields

. zm(%) )

and the standard error estimate in the MLE can be shown to be ¢ = (& —1)/,/n.




THE KOLMOGOROV-SMIRNOV STATISTIC

The KS statistic is simply the maximum distance between the CDFs of the data
and the fitted model:

D = £1:1;1x|5(1] - P{x:}|.

Here S(x) is the CDF of the data for the observations with value at least x__.
and P(x) is the CDF for the power-law model that best fits the data in the region
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NORMALIZATION

The constant C is given by the normalization requirement that

1= J‘f p(x)dx = (_J‘T x“dx = L[r"“”}

w0

This only makes sense 1If a > 1, since otherwise the nght-hand side of the
equation would diverge: power laws with exponents less than unity cannot be
normalized and don’t normally occur in nature. Ifa > 1 then C = (a-1)x2;
and the correct normalized expression for the power law itself is

P{-T_)ZH_I[ X }_
X

Nemin \ Xmin

Some distributions follow a power law for part of their range but are cut off at
high values of x. That is, above some value they deviate from the power law
and fall off quickly towards zero. If this happens, then the distribution may be

normalized no matter what the value of the exponent .
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MOMENTS

The mean value of the power-law distributed quantity x i1s given by

X) = r xp(x)dx = CE; x“dx

Xmm

Note that this expression becomes infinite if a = 2. Power laws with such low
values of a have no finite mean: if we were to repeat our finite experiment many
times and calculate the mean for each repetition, then the mean of those many
means Is itself also formally divergent, since it i1s simply equal to the mean we
would calculate if all the repetitions were combined into one large experiment.
This implies that, while the mean may take a relatively small value on any
particular repetition of the experiment, it must occasionally take a huge value, in
order that the overall mean diverge as the number of repetitions does. Thus
there must be very large fluctuations in the value of the mean, and this is what
the divergence really implies.
We can also calculate higher moments of the distribution pix).

[x™) = @1 "

Vi g 1em
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