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Chapter 3

Representation theory
of Lie algebras

3.1 Introduction

In this chapter we shall develop further the concepts introduced in section 1.5
for group representations. The concept of a representation of a Lie algebra
is analogous to that of a group. A set of operators D1, D2, . . . acting on
a vector space V is a representation of a Lie algebra in the representation
space V if we can define an operation between any two of these operators such
that it reproduces the commutation relations of the Lie algebra. We will be
interested mainly on matrix representations and the operation will be the usual
commutator of matrices. In addition we shall consider the representations of
compact Lie algebras and Lie groups only, since the representation theory of
non compact Lie groups is beyond the scope of these lecture notes.

Some results on the representation theory of finite groups can be extended
to the case of compact Lie groups. In some sense this this is true because the
volume of the group space is finite for the case of compact Lie groups, and
therefore the integration over the group elements converge. We state without
proof two important results on the representation theory of compact Lie groups
which are also true for finite groups:

Theorem 3.1 A finite dimensional representation of a compact Lie group is
equivalent to a unitary one.

Theorem 3.2 A unitary representation can be decomposed into unitary irre-
ducible representations.
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We then see that the irreducible representations (irreps.) constitute the
building blocks for constructing finite dimensional representations of compact
Lie groups. The aim of this chapter is to show how to classify and construct
the irreducible representations of compact Lie groups and Lie algebras.

3.2 The notion of weights

We have defined in section 2.6 (see definition 2.12) the Cartan subalgebra of a
semisimple Lie algebra as the maximal abelian subalgebra wich can be diago-
nalized simultaneously. Therefore we can take the basis of the representation
space V as the eigenstates of the Cartan subalgebra generators. Then we have

Hi | µi = µi | µi i = 1, 2, 3...r(rank) (3.1)

The eigenvalues of the Cartan subalgebra generators constitute r-component
vectors and they are called weights. Like the roots, the weights live in a r-
dimensional Euclidean space. There can be more than one base state associated
to a single weight. So the base states can be degenerated.

In section 2.8 we have seen that the operator H↵ = 2↵ ·H/↵2, has integer
eigenvalues. Therefore from (3.1) we have

H↵ | µi =
2↵ · µ

↵2
| µi (3.2)

and consenquently we have that

2↵ · µ

↵2
is an integer for any root ↵ (3.3)

Any vector µ satisfying this condition is a weight, and in fact this is the
only condition a weight has to satisfy. From (2.148) we see that any root is a
weight but the converse is not true. Notice that 2↵·µ

µ2 does not have to be an
integer and therefore the table 2.2 does not apply to the weights.

A weight is called dominant if it lies in the Fundamental Weyl Chamber or
on its borders. Obviously a dominant weight has a non negative scalar product
with any positive root. It is possible to find among the dominant weights, r
weights �a, a = 1, 2...r, satisfying

2�a · ↵b

↵2
b

= �ab for any simple root ↵b (3.4)
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In orther words we can find r dominant weights which are orthogonal to all
simple roots except one. These weights are called fundamental weights. They
play an important role in representation theory as we will see below.

Consider now a simple root ↵a and any weight µ. From (3.3) we have that

2µ · ↵a

↵2
a

= ma = integer (3.5)

Using (3.4) we have
2↵a

↵2
a

·

 

µ�

rX

a=1

ma�a

!

= 0 (3.6)

Since the simple roots constitute a basis of an r-dimensional Euclidean space
we conclude that

µ =
rX

a=1

ma�a (3.7)

Therefore any weight can be written as a linear combination of the funda-
mental weights with integer coe�cients. We now want to show that any vector
formed by an integer linear combination of the fundamental weights is also a
weight, i.e., it satisfies the condition (3.3). In order to do that we introduce
the concept of co-root , which is a root devided by its squared lenght

↵v
⌘

↵

↵2
(3.8)

Since

(↵v)2 =
1

↵2
(3.9)

and
2↵v

· �v

(↵v)2
=

2↵ · �

�2
(3.10)

one sees that the co-roots satisfy all the properties of roots and consequently
are also roots. However the co-roots of a given algebra G are the roots of
another algebra G

v , called the dual algebra to G. The simply laced algebras,
su(N) (AN1), so(2N) (DN), E6 , E7 and E8, together with the exceptional
algebras G2 and F4 are self-dual algebras, in the sense that G = G

v . However
so(2N+1) (BN) is the dual algebra to sp(N) (CN) and vice versa. The Cartan
matrix of the dual algebra G

v is the transpose of the Cartan matrix of G since

(Kab)
v =

2↵v

a
· ↵v

b

(↵v

b
)2

=
2↵a · ↵b

↵2
a

= Kba (3.11)
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where we have used the fact that the simple co-roots are given by

↵v

a
=

↵a

↵2
a

(3.12)

Any co-root can be written as a linear combination of the simple co-roots with
integer coe�cients all of the same sign. To show that we observe from theorem
2.7 that

↵v =
↵

↵2
=

rX

a=1

na

↵2
a

↵2
↵v

a
(3.13)

and from (3.4) we get

na =
2�a · ↵

↵2
a

(3.14)

Therefore

↵v =
rX

a=1

2�a · ↵

↵2
↵v

a
⌘

rX

a=1

ma↵
v

a
(3.15)

since from (3.3) we have that 2�a·↵
↵2 is an integer. In additon these integers are

all of the same sign since all �a’s lie on the Fundamental Weyl Chamber or on
its border.

Let ⌫ be a vector defined by

⌫ =
rX

a=1

ka�a (3.16)

where �a are the fundamental weights and ka are arbitrary integers. Using
(3.15) and (3.4) we get

2↵ · ⌫

↵2
= 2↵v

· ⌫ =
X

a,b

makb
2�b · ↵a

↵2
a

=
X

a

maka (3.17)

Therefore ⌫ is a weight. So we have shown that any integer linear combination
of the fundamental weights is a weigtht and that all weights are of this form.
Consequently the weights constitute a lattice ⇤ called the weight lattice. This
quantized spectra of weights is a consequence of the fact that H↵ has integer
eigenvalues and is an important feature of representation theory of compact
Lie algebras.

As we have said any root is a weight and consequently belong to ⇤. We can
also form a lattice by taking all vectors which are integer linear combinations
of the simple roots. This lattice is called the root lattice and is denoted by ⇤r .
All points in ⇤r are weights and therefore ⇤r is a sublattice of ⇤. The weight
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lattice forms an abelian group under the addition of vectors. The root lattice is
an invariant subgroup and consequently the coset space ⇤/⇤r has the structure
of a group (see section 1.4). One can show that ⇤/⇤r corresponds to the center
of the covering group corresponding to the algebra which weight lattice is ⇤.
We will show that all the weights of a given irreducible representation of a
compact Lie algebra lie in the same coset.

Before giving some examples we would like to discuss the relation between
the simple roots and the fundamental weights, which constitute two basis for
the root (or weight) space. Since any root is a weight we have that the simple
roots can be written as integer linear combination of the fundamental weights.
Using (3.4) one gets that the integer coe�cients are the entries of the Cartan
matrix, i.e.

↵a =
X

b

Kab�b (3.18)

and then
�a =

X

b

K�1
ab

↵b (3.19)

So the fundamental weights are not, in general, written as integer linear com-
bination of the simple roots.

Example 3.1 SU(2) has only one simple root and consequently only one fun-
damental weight. Choosing a normalization such that ↵ = 1, we have that

2� · ↵

↵2
= 1 and so � =

1

2
(3.20)

Therefore the weight lattice of SU(2) is formed by the integers and half integer
numbers and the root lattice only by the integers. Then

⇤/⇤r = ZZ2 (3.21)

which is the center of SU(2).

Example 3.2 SU(3) has two fundamental weights since it has rank two. They
can be constructed solving (3.4) or equivalently (3.19). The Cartan matrix of
SU(3) and its inverse are given by (see example 2.13)

K =

 
2 �1

�1 2

!

K�1 =
1

3

 
2 1
1 2

!

(3.22)

So, from (3.19), we get that fundamental weights are

�1 =
1

3
(2↵1 + ↵2) �2 =

1

3
(↵1 + 2↵2) (3.23)
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<latexit sha1_base64="qiht+77ZsdnNOeqWcQJRG87k8Hw=">AAACB3icdVBNSwMxEM36WetX1aMgwSJ4kLKpou2hUPTisYJVoVuX2TS1wWx2SbKFsvTmxb/ixYMiXv0L3vw3ZtsKKvpg4PHeDDPzglhwbVz3w5manpmdm88t5BeXlldWC2vrFzpKFGVNGolIXQWgmeCSNQ03gl3FikEYCHYZ3J5k/mWfKc0jeW4GMWuHcCN5l1MwVvILW31f1TydhH4KNTK8Vlj64O15IOIe+OAXim7JdV1CCM4IOTp0LalWK2VSwSSzLIpogoZfePc6EU1CJg0VoHWLuLFpp6AMp4IN816iWQz0Fm5Yy1IJIdPtdPTHEO9YpYO7kbIlDR6p3ydSCLUehIHtDMH09G8vE//yWonpVtopl3FimKTjRd1EYBPhLBTc4YpRIwaWAFXc3oppDxRQY6PL2xC+PsX/k4tyieyXymcHxfrxJI4c2kTbaBcRdITq6BQ1UBNRdIce0BN6du6dR+fFeR23TjmTmQ30A87bJ68NmTQ=</latexit>

• Weight Lattice ⇤
<latexit sha1_base64="hWXjz9DbK154mrT75YD3KWO6UCE=">AAACC3icdVC7SgNBFJ31GeMramkzJBGswk4EE7ugjUWKCCYRsiHMTm6SwdkHM3eFsNjb+Cs2ForY+gN2/o2zGkFFDwwczrmPucePlTToum/O3PzC4tJybiW/ura+sVnY2u6YKNEC2iJSkb7wuQElQ2ijRAUXsQYe+Aq6/uVJ5nevQBsZhec4jaEf8HEoR1JwtNKgUCx7fqIUYJl2QY4nSJscUQqgZa9pxwx5eVAouRXXdRljNC OsduhacnRUr7I6ZZllUSIztAaFV28YiSSAEIXixvSYG2M/5drOVXCd9xIDMReXfAw9S0MegOmnH7dc0z2rDOko0vaFSD/U7x0pD4yZBr6tDDhOzG8vE//yegmO6v1UhnGCEIrPRaNEUYxoFgwdSg0C1dQSLrS0f6ViwjUXaOPL2xC+LqX/k061wg4q1bNqqXE8iyNHdkmR7BNGaqRBTkmLtIkgN+SOPJBH59a5d56c58/SOWfWs0N+wHl5Bx4EmdY=</latexit>

v =
rX

a=1

ma �a

<latexit sha1_base64="hbG/niVtC85GQW7mBP55GDHaeqA=">AAACBnicdVBNSwMxEM36WevXqkcRgkXwIGVTRdtDoejFo4K1hW5dZtNUQ5PdJckKZenJi3/FiwdFvPobvPlvzGoFFX0w8HhvJpl5YSK4Np735kxMTk3PzBbmivMLi0vL7srquY5TRVmTxiJW7RA0EzxiTcONYO1EMZChYK1wcJT7rWumNI+jMzNMWFfCZcT7nIKxUuBuXNd9ncoggzoZXSgsA/B3fGEf6EEAgVvyyp7nEUJwTsjBvmdJrVatkComuWVRQmOcBO6r34tpKllkqACtO8RLTDcDZTgVbFT0U80SoAO4ZB1LI5BMd7OPM0Z4yyo93I+VrcjgD/X7RAZS66EMbacEc6V/e7n4l9dJTb/azXiUpIZF9POjfiqwiXGeCe5xxagRQ0uAKm53xfQKFFBjkyvaEL4uxf+T80qZ7JYrp3ulxuE4jgJaR5toGxF0gBroGJ2gJqLoBt2hB/To3Dr3zpPz/Nk64Yxn1tAPOC/vyEWYsw==</latexit>

They are both abelian groups under addition of vectors
<latexit sha1_base64="2eqaur/wjjHR6qk5Ee9We7B7qp4=">AAACH3icdVBNS1tBFJ2n1drUj9Qu3VwaCq7CmwhJ3IluXFowGkhCuG/efcngvJnHzLxACP6Tbvwr3bhQRNz5b5ynKdTSHhg4nHPvHc5JCiWdj+PnaGX1w9r6x41Ptc+bW9s79S+7F86UVlBPGGVsP0FHSmrqeekV9QtLmCeKLpOrk8q/nJF10uhzPy9olONEy0wK9EEa19vnU5oDWoLE+ClgEi6hhok1ZeGg1ClZwDSV1TSYDG YkvLFuXG/EzTiOOedQEd5px4EcHnZbvAu8sgIabImzcf1pmBpR5qS9UOjcgMeFHy3QeikUXdeGpaMCxRVOaBCoxpzcaPGa7xq+ByWFzNjwtIdX9c+NBebOzfMkTObop+5vrxL/5Q1Kn3VHC6mL0pMWbx9lpQJvoCoLUmlDXjUPBIUNJQgQU7QofKi0Fkr4nRT+Ty5aTX7QbP1oNY6Ol3VssD32je0zzjrsiJ2yM9Zjgv1kv9gdu49uotvoIXp8G12Jljtf2TtEzy9QAKMv</latexit>

⇤r is an invariant subgroup of ⇤
<latexit sha1_base64="WPlKLnH6L6O8X0oHH5RrDq18/24=">AAACGnicdVBNSwMxFMz6WetX1aOXYCt4KpsKtt6KXjx4qGBVaJflbZqtwWyyJFmhlP4OL/4VLx4U8SZe/Ddm2woqOhAYZuaR9yZKBTfW9z+8mdm5+YXFwlJxeWV1bb20sXlhVKYpa1MllL6KwDDBJWtbbgW7SjWDJBLsMro5zv3LW6YNV/LcDlIWJNCXPOYUrJPCEql0T126B6GuYG4wSMzlLWgO0mKTRX2tshSrGH/lKmGp7F d93yeE4JyQ+oHvyOFho0YamOSWQxlN0QpLb92eolnCpKUCjOkQP7XBELTlVLBRsZsZlgK9gT7rOCohYSYYjk8b4V2n9HCstHtuo7H6fWIIiTGDJHLJBOy1+e3l4l9eJ7NxIxhymWaWSTr5KM4EtgrnPeEe14xaMXAEqOZuV0yvQQO1rs2iK+HrUvw/uahVyX61dlYrN4+mdRTQNtpBe4igOmqiE9RCbUTRHXpAT+jZu/cevRfvdRKd8aYzW+gHvPdPeo2f6w==</latexit>

Factor group ⇤/⇤r ! center of covering group
<latexit sha1_base64="GcHzxBW97iaGR3deCkPXr+DJF7c=">AAACMHicdVDLSgMxFM34rPVVdekm2Aqu6qSCbXdFQV24qGAf0JaSSTPT0EwyJBmllH6SGz9FNwqKuPUrzLQVVPRucjjnnpt7jxdxpo3rPjtz8wuLS8uplfTq2vrGZmZru65lrAitEcmlanpYU84ErRlmOG1GiuLQ47ThDU4TvXFDlWZSXJthRDshDgTzGcHGUt3M+RkmRioYKBlHMNe+tNYePpy9XZWznGJB32Cl5G0OEioMVV D6kEg7l4lgau1msm7edV2EEEwAKh67FpTLpQIqQZRItrJgVtVu5qHdkyQO7TzCsdYt5EamM8LKMMLpON2ONY0wGeCAtiwUOKS6M5ocPIb7lulB3+7tS2HghP3uGOFQ62Ho2c4Qm77+rSXkX1orNn6pM2Iiig0VZPqRH3NoJEzSgz2mKDF8aAEmitldIeljZTO0GadtCF+Xwv9BvZBHR/nCVSFbOZnFkQK7YA8cAASKoAIuQBXUAAF34BG8gFfn3nly3pz3aeucM/PsgB/lfHwCm1qpZA==</latexit>
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lattice forms an abelian group under the addition of vectors. The root lattice is
an invariant subgroup and consequently the coset space ⇤/⇤r has the structure
of a group (see section 1.4). One can show that ⇤/⇤r corresponds to the center
of the covering group corresponding to the algebra which weight lattice is ⇤.
We will show that all the weights of a given irreducible representation of a
compact Lie algebra lie in the same coset.

Before giving some examples we would like to discuss the relation between
the simple roots and the fundamental weights, which constitute two basis for
the root (or weight) space. Since any root is a weight we have that the simple
roots can be written as integer linear combination of the fundamental weights.
Using (3.4) one gets that the integer coe�cients are the entries of the Cartan
matrix, i.e.

↵a =
X

b

Kab�b (3.18)

and then
�a =

X

b

K�1
ab

↵b (3.19)

So the fundamental weights are not, in general, written as integer linear com-
bination of the simple roots.

Example 3.1 SU(2) has only one simple root and consequently only one fun-
damental weight. Choosing a normalization such that ↵ = 1, we have that

2� · ↵

↵2
= 1 and so � =

1

2
(3.20)

Therefore the weight lattice of SU(2) is formed by the integers and half integer
numbers and the root lattice only by the integers. Then

⇤/⇤r = ZZ2 (3.21)

which is the center of SU(2).

Example 3.2 SU(3) has two fundamental weights since it has rank two. They
can be constructed solving (3.4) or equivalently (3.19). The Cartan matrix of
SU(3) and its inverse are given by (see example 2.13)

K =

 
2 �1

�1 2

!

K�1 =
1

3

 
2 1
1 2

!

(3.22)

So, from (3.19), we get that fundamental weights are

�1 =
1

3
(2↵1 + ↵2) �2 =

1

3
(↵1 + 2↵2) (3.23)

0
<latexit sha1_base64="k0D05+bV3gB6CFj3h9eDStqywdY=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hZkoJrkFvXhMwDwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MIKlrQUFR1093lxVJog/GHs7K6tr6xmdvKb+/s7u0XDg7bOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjO/c8+VFlF4a6YxdwM6CoUvGDVWauJBoYhLGGNCCMoIqVxiS2q1aplUEcksiyIs0RgU3vvDiCUBDw2TVOsewbFxU6qMYJLP8v1E85iyCR3xnqUhDbh20/mhM3RqlSHyI2UrNGiufp9IaaD1NPBsZ0DNWP/2MvEvr5cYv+qmIowTw0O2WOQnEpkIZV+joVCcGTm1hDIl7K2IjamizNhs8jaEr0/R/6RdLpHzUrl5UaxfLePIwTGcwBkQqEAdbqABLWDA4QGe4Nm5cx6dF+d10briLGeO4Aect0/HXYzu</latexit>

1/2
<latexit sha1_base64="lNswKKGNjJ3EFFPsP6APN2KIdM4=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8xZlVTHILevEY0TwgWcLsZDYZMvtgZlYIIZ/gxYMiXv0ib/6Ns0kEFS1oKKq66e7yEym0wfjDWVpeWV1bz23kN7e2d3YLe/tNHaeK8QaLZazaPtVciog3jDCStxPFaehL3vJHV5nfuudKizi6M+OEeyEdRCIQjBor3ZJTt1co4hLGmBCCMkLKF9iSarXikgoimWVRhAXqvcJ7tx+zNOSRYZJq3SE4Md6EKiOY5NN8N9U8oWxEB7xjaURDrr3J7NQpOrZKHwWxshUZNFO/T0xoqPU49G1nSM1Q//Yy8S+vk5qg4k1ElKSGR2y+KEglMjHK/kZ9oTgzcmwJZUrYWxEbUkWZsenkbQhfn6L/SdMtkbOSe3NerF0u4sjBIRzBCRAoQw2uoQ4NYDCAB3iCZ0c6j86L8zpvXXIWMwfwA87bJ6ZPjWQ=</latexit>

�1/2
<latexit sha1_base64="gNmCZbqkNxDzZO4wmNhSfLr4Ibg=">AAAB63icdVDLSgMxFM34rPVVdekmWAQ31mQU2+6KblxWsA9oh5JJM21okhmSjFBKf8GNC0Xc+kPu/BszbQUVPXDhcM693HtPmAhuLEIf3tLyyuraem4jv7m1vbNb2NtvmjjVlDVoLGLdDolhgivWsNwK1k40IzIUrBWOrjO/dc+04bG6s+OEBZIMFI84JTaTTvGZ3ysUUQkhhDGGGcHlS+RItVrxcQXizHIoggXqvcJ7tx/TVDJlqSDGdDBKbDAh2nIq2DTfTQ1LCB2RAes4qohkJpjMbp3CY6f0YRRrV8rCmfp9YkKkMWMZuk5J7ND89jLxL6+T2qgSTLhKUssUnS+KUgFtDLPHYZ9rRq0YO0Ko5u5WSIdEE2pdPHkXwten8H/S9Ev4vOTfXhRrV4s4cuAQHIETgEEZ1MANqIMGoGAIHsATePak9+i9eK/z1iVvMXMAfsB7+wQQAY2b</latexit>

�3/2
<latexit sha1_base64="k3WElChQ4lfWBJxJCf5nqmBXJBo=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4sSZTse2u6MZlBfuAdiiZNNOGZjJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/fe48eCa4PQh5NbWV1b38hvFra2d3b3ivsHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k+vM79wzpXkk78w0Zl5IRpIHnBKTSWeVc3dQLKEyQghjDDOCq5fIknq95uIaxJllUQJLNAfF9/4woknIpKGCaN3DKDZeSpThVLBZoZ9oFhM6ISPWs1SSkGkvnd86gydWGcIgUrakgXP1+0RKQq2noW87Q2LG+reXiX95vcQENS/lMk4Mk3SxKEgENBHMHodDrhg1YmoJoYrbWyEdE0WosfEUbAhfn8L/Sdst40rZvb0oNa6WceTBETgGpwCDKmiAG9AELUDBGDyAJ/DshM6j8+K8LlpzznLmEPyA8/YJEw2NnQ==</latexit>

�5/2
<latexit sha1_base64="4P6krPg1pYtqYV/A/SdMOKOcaI8=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4sSbjo+2u6MZlBfuAdiiZNNOGZjJDkhHK0F9w40IRt/6QO//GTFtBRQ9cOJxzL/fe48eCa4PQh5NbWl5ZXcuvFzY2t7Z3irt7LR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv74+vMb98zpXkk78wkZl5IhpIHnBKTSScXp26/WEJlhBDGGGYEVy6RJbVa1cVViDPLogQWaPSL771BRJOQSUMF0bqLUWy8lCjDqWDTQi/RLCZ0TIasa6kkIdNeOrt1Co+sMoBBpGxJA2fq94mUhFpPQt92hsSM9G8vE//yuokJql7KZZwYJul8UZAIaCKYPQ4HXDFqxMQSQhW3t0I6IopQY+Mp2BC+PoX/k5Zbxmdl9/a8VL9axJEHB+AQHAMMKqAObkADNAEFI/AAnsCzEzqPzovzOm/NOYuZffADztsnFhmNnw==</latexit>

5/2
<latexit sha1_base64="7HZj4zfGelaxqFQR19BjNS9yvls=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4qsn4aLsrunFZ0T6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8x01ZQ0QMXDufcy733+LHg2iD04eSWlldW1/LrhY3Nre2d4u5eS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Crz2/dMaR7JOzOJmReSoeQBp8RY6fb8xO0XS6iMEMIYw4zgygWypFarurgKcWZZlMACjX7xvTeIaBIyaaggWncxio2XEmU4FWxa6CWaxYSOyZB1LZUkZNpLZ6dO4ZFVBjCIlC1p4Ez9PpGSUOtJ6NvOkJiR/u1l4l9eNzFB1Uu5jBPDJJ0vChIBTQSzv+GAK0aNmFhCqOL2VkhHRBFqbDoFG8LXp/B/0nLL+LTs3pyV6peLOPLgAByCY4BBBdTBNWiAJqBgCB7AE3h2hPPovDiv89acs5jZBz/gvH0CrGeNaA==</latexit>

3/2
<latexit sha1_base64="UwxclEJoadJFGYWs8t1g0FPgcVc=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4qslUbLsrunFZ0T6gHUomzbShmcyQZIQy9BPcuFDErV/kzr8x01ZQ0QMXDufcy733+LHg2iD04eRWVtfWN/Kbha3tnd294v5BW0eJoqxFIxGprk80E1yyluFGsG6sGAl9wTr+5CrzO/dMaR7JOzONmReSkeQBp8RY6bZy5g6KJVRGCGGMYUZw9QJZUq/XXFyDOLMsSmCJ5qD43h9GNAmZNFQQrXsYxcZLiTKcCjYr9BPNYkInZMR6lkoSMu2l81Nn8MQqQxhEypY0cK5+n0hJqPU09G1nSMxY//Yy8S+vl5ig5qVcxolhki4WBYmAJoLZ33DIFaNGTC0hVHF7K6Rjogg1Np2CDeHrU/g/abtlXCm7N+elxuUyjjw4AsfgFGBQBQ1wDZqgBSgYgQfwBJ4d4Tw6L87rojXnLGcOwQ84b5+pW41m</latexit>

1
<latexit sha1_base64="XydNwYriFehQ42AawEAHwZ069FQ=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hZkoJrkFvXhMwDwgWcLspDcZM/tgZlYIS77AiwdFvPpJ3vwbZ5MIKlrQUFR1093lxVJoQ8iHs7K6tr6xmdvKb+/s7u0XDg7bOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5zvzOPSgtovDWTGNwAzYKhS84M1Zq0kGhSEqEEEopzgitXBJLarVqmVYxzSyLIlqiMSi894cRTwIIDZdM6x4lsXFTpozgEmb5fqIhZnzCRtCzNGQBaDedHzrDp1YZYj9StkKD5+r3iZQFWk8Dz3YGzIz1by8T//J6ifGrbirCODEQ8sUiP5HYRDj7Gg+FAm7k1BLGlbC3Yj5minFjs8nbEL4+xf+TdrlEz0vl5kWxfrWMI4eO0Qk6QxRVUB3doAZqIY4APaAn9OzcOY/Oi/O6aF1xljNH6Aect0/I4Yzv</latexit>�1

<latexit sha1_base64="QdG1yjML2gqj5DEIwPm5XoiOPmU=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBiyWpYttb0YvHKrYW2qVk02wbmv0gyQpl6T/w4kERr/4jb/4bs20FFX0w8Hhvhpl5XiyFNhh/OLml5ZXVtfx6YWNza3unuLvX1lGiGG+xSEaq41HNpQh5ywgjeSdWnAae5Hfe+DLz7+650iIKb80k5m5Ah6HwBaPGSjcnpF8s4TLGmBCCMkKq59iSer1WITVEMsuiBAs0+8X33iBiScBDwyTVuktwbNyUKiOY5NNCL9E8pmxMh7xraUgDrt10dukUHVllgPxI2QoNmqnfJ1IaaD0JPNsZUDPSv71M/MvrJsavuakI48TwkM0X+YlEJkLZ22ggFGdGTiyhTAl7K2IjqigzNpyCDeHrU/Q/aVfK5LRcuT4rNS4WceThAA7hGAhUoQFX0IQWMPDhAZ7g2Rk7j86L8zpvzTmLmX34AeftEzI1jSY=</latexit>�2
<latexit sha1_base64="xpnMRfi0EjX1fc86lz8m4JL8Zks=">AAAB6XicdVBNSwMxEJ2tX7V+VT16CRbBiyWpYttb0YvHKrYW2qVk02wbmv0gyQpl6T/w4kERr/4jb/4bs20FFX0w8Hhvhpl5XiyFNhh/OLml5ZXVtfx6YWNza3unuLvX1lGiGG+xSEaq41HNpQh5ywgjeSdWnAae5Hfe+DLz7+650iIKb80k5m5Ah6HwBaPGSjcnlX6xhMsYY0IIygipnmNL6vVahdQQySyLEizQ7Bffe4OIJQEPDZNU6y7BsXFTqoxgkk8LvUTzmLIxHfKupSENuHbT2aVTdGSVAfIjZSs0aKZ+n0hpoPUk8GxnQM1I//Yy8S+vmxi/5qYijBPDQzZf5CcSmQhlb6OBUJwZObGEMiXsrYiNqKLM2HAKNoSvT9H/pF0pk9Ny5fqs1LhYxJGHAziEYyBQhQZcQRNawMCHB3iCZ2fsPDovzuu8NecsZvbhB5y3TzO5jSc=</latexit>

2
<latexit sha1_base64="EVA824EtYqFMj8FJgJuYUVSUDMs=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hZkoJrkFvXhMwDwgWcLspDcZM/tgZlYIS77AiwdFvPpJ3vwbZ5MIKlrQUFR1093lxVJoQ8iHs7K6tr6xmdvKb+/s7u0XDg7bOkoUhxaPZKS6HtMgRQgtI4yEbqyABZ6Ejje5zvzOPSgtovDWTGNwAzYKhS84M1ZqlgeFIikRQiilOCO0ckksqdWqZVrFNLMsimiJxqDw3h9GPAkgNFwyrXuUxMZNmTKCS5jl+4mGmPEJG0HP0pAFoN10fugMn1pliP1I2QoNnqvfJ1IWaD0NPNsZMDPWv71M/MvrJcavuqkI48RAyBeL/ERiE+HsazwUCriRU0sYV8LeivmYKcaNzSZvQ/j6FP9P2uUSPS+VmxfF+tUyjhw6RifoDFFUQXV0gxqohTgC9ICe0LNz5zw6L87ronXFWc4coR9w3j4BymWM8A==</latexit>
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lattice forms an abelian group under the addition of vectors. The root lattice is
an invariant subgroup and consequently the coset space ⇤/⇤r has the structure
of a group (see section 1.4). One can show that ⇤/⇤r corresponds to the center
of the covering group corresponding to the algebra which weight lattice is ⇤.
We will show that all the weights of a given irreducible representation of a
compact Lie algebra lie in the same coset.

Before giving some examples we would like to discuss the relation between
the simple roots and the fundamental weights, which constitute two basis for
the root (or weight) space. Since any root is a weight we have that the simple
roots can be written as integer linear combination of the fundamental weights.
Using (3.4) one gets that the integer coe�cients are the entries of the Cartan
matrix, i.e.

↵a =
X

b

Kab�b (3.18)

and then
�a =

X

b

K�1
ab

↵b (3.19)

So the fundamental weights are not, in general, written as integer linear com-
bination of the simple roots.

Example 3.1 SU(2) has only one simple root and consequently only one fun-
damental weight. Choosing a normalization such that ↵ = 1, we have that

2� · ↵

↵2
= 1 and so � =

1

2
(3.20)

Therefore the weight lattice of SU(2) is formed by the integers and half integer
numbers and the root lattice only by the integers. Then

⇤/⇤r = ZZ2 (3.21)

which is the center of SU(2).

Example 3.2 SU(3) has two fundamental weights since it has rank two. They
can be constructed solving (3.4) or equivalently (3.19). The Cartan matrix of
SU(3) and its inverse are given by (see example 2.13)

K =

 
2 �1

�1 2

!

K�1 =
1

3

 
2 1
1 2

!

(3.22)

So, from (3.19), we get that fundamental weights are

�1 =
1

3
(2↵1 + ↵2) �2 =

1

3
(↵1 + 2↵2) (3.23)112 CHAPTER 3. REPRESENTATION THEORY OF LIE ALGEBRAS
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In example 2.10 we have seen that the simple roots of SU(3) are given by

↵1 = (1, 0) and ↵2 =
⇣
�1/2,

p
3/2

⌘
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3

3
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(3.24)

The vectors representing the fundamental weights are given in figure 3.1.

The root lattice, ⇤r , generated by the simple roots ↵1 and ↵2, corresponds
to the points on the intersection of lines shown in the figure 3.2. The weight
lattice, generated by the fundamental weights �1 and �2 , are all points of ⇤r

plus the centroid of the triangles, shown by circles and plus signs on the figure
3.2.

The points of the weight lattice can be obtained from the origin, �1 and �2

by adding to them all points of the root lattice. Therefore the coset space ⇤/⇤r

has three points which can be represented by 0, �1 and �2. Since �1 + �2 =
↵1 + ↵2 and 3�1 = 2↵1 + ↵2 lie in the same coset as 0, we see that ⇤/⇤r has
the structure of the cyclic group ZZ3 which is the center of SU(3).

3.3 The highest weight state

In a irreducible representation one can obtain all states of the representation
by starting with a given state and applying sequences of step operators on it.
If that was not possible the representation would have an invariant subspace
and therefore would not be irreducible.
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Consider a state with weight µ satisfying (3.1). The state defined by

| µ0
i ⌘ E↵ | µi (3.25)

satisfies

Hi | µ
0
i = HiE↵ | µi

= (E↵Hi + [Hi , E↵ ]) | µi

= (µi + ↵i)E↵ | µi (3.26)

and therefore it has weight µ+ ↵. Therefore the state

E↵1E↵2 . . . E↵n | µi (3.27)

has weight µ+ ↵1 + . . .+ ↵n.
For this reason the weights in an irreducible representation di↵er by a sum

of roots, and consequently they all lie in the same coset in ⇤/⇤r. Since that
is the center of the covering group we see that the weights of an irreducible
representation is associated to only one element of the center.

In a finite dimensional representation, the number of weights is finite, since
this is at most the number of base states (remember the weights can be degen-
erated). Therefore, by applying sequences of step operators corresponding to
positive roots on a given state we will eventually get zero. So, an irreducible
finite dimensional representation possesses a state such that

E↵ | �i = 0 for any ↵ > 0 (3.28)

This state is called the highest weight state of the representation, and � is the
highest weight. It is possible to show that there is only one highest weight
in an irrep. and only one highest weight state associated to it. That is, the
highest weight is unique and non degenerate.

All other states of the representation are obtained from the highest weight
state by the application of a sequence of step operators corresponding to neg-
ative roots. The state defined by

| µi ⌘ E�↵1E�↵2 . . . E�↵n | �i (3.29)

according to (3.26) has weight �� ↵1 � ↵2 . . .� ↵n. All the basis states are of
the form (3.29). If one applies a positive step operator on the state (3.29) the
resulting state of the representation can be written as a linear combination of
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states of the form (3.29). To see this, let � be a a positive root and ↵ any of
the negative roots appearing in (3.29). Then we have

E� | µi = (E�↵1E� + [E� , E�↵1 ])E�↵2 . . . E�↵n | �i (3.30)

In the cases where ��↵1 is a negative root or it is not a root or even ��↵1 = 0,
we obtain that the second term on the r.h.s. of (3.30) is a state of the form of
(3.29). In the case � � ↵1 is a positive root we contiunue the process until all
positive step operators act directly on the highest state | �i, and consequently
annihilate it. Therefore the state (3.30) is a linear combination of the states
(3.29).

The weight lattice ⇤ is invariant by the Weyl group. If µ is a weight, and
therefore satisfies (3.3), it follows that �� (µ) also satisfies (3.3) for any root
�, and so is a weight. To show this we use the fact that �� (x) · �� (y) = x · y
and �2

�
= 1. Then (denoting � = �� (↵))

2↵ · �� (µ)

↵2
=

2µ · �� (↵)

�� (↵)
2 =

2� · µ

�2
= integer (3.31)

However we can show that the set of weights of a given representation, which
is a finite subset of ⇤, is invariant by the Weyl group. The state defined by

| µ̄i ⌘ S↵ | µi (3.32)

where | µi is a state of the representation and S↵ is defined in (2.154), is also
a state of the representation since it is obtained from | µi by the action of an
operator of the representation. Using (2.155) we get

x ·H | µ̄i = S↵S
�1
↵

x ·HS↵ | µi

= S↵�↵ (x) ·H | µi

= �↵ (x) · µ | µ̄i

= �↵ (µ) · x | µ̄i (3.33)

Since the vector x is arbitrary we obtain that the state | µ̄i has, weight �↵ (µ)

Hi | µ̄i = HiS↵ | µi = �↵ (µ)i S↵ | µi = �↵ (µ)i | µ̄i (3.34)

Therefore if µ is a weight of the representation so is �↵ (µ) for any root ↵.
One can easily check that the root lattice ⇤r is also invariant by the Weyl
reflections.
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2.9 The Weyl group

In the section 2.8 we have shown that to each pair of roots ↵ and �↵ of a
semisimple Lie algebra we can construct a sl(2) (or su(2)) subalgebra generated
by the operators H↵ , E↵ and E�↵ (see eq. (2.145)). We now define the
hermitian operators:

T1(↵) =
1

2
(E↵ + E�↵)

T2(↵) =
1

2i
(E↵ � E�↵) (2.152)

which satisfy the commutation relations

[Hi, T1(↵)] = i↵iT2(↵)

[Hi, T2(↵)] = �i↵iT1(↵)

[T1(↵), T2(↵)] =
i

2
H↵ (2.153)

The operator T2(↵) is the generator of rotations about the 2-axis, and a rota-
tion by ⇡ is generated by the element

S↵ = exp(i⇡T2(↵)) (2.154)

Using (2.27) and (2.153) one can check that

S↵(x.H)S�1
↵

= x.H + x.↵T1(↵) sin ⇡ +
x.↵

↵2
↵.H(cos ⇡ � 1)

=
✓
xi � 2

x.↵

↵2
↵i

◆
Hi

= �↵(x).H (2.155)

where we have defined the operator �↵, acting on the root space, by

�↵(x) ⌘ x� 2
x.↵

↵2
↵ (2.156)

This operator corresponds to a reflection w.r.t the plane perpendicular to ↵.
Indeed, if ✓ is the angle between x and ↵ then x.↵

↵2 ↵ =| x | cos ✓ ↵

|↵| . Therefore

�↵(x) is obtained from x by subtracting a vector parallel (or anti-parallel)
to ↵ and with lenght twice the projection of x in the direction of ↵. These
reflections are called Weyl reflections on the root space.
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A consequence of the above result is that the highest weight � of an irrep.
is a dominant weight. By taking its Weyl reflection

�↵ (�) = ��
2� · ↵

↵2
↵ (3.35)

one obtains that 2� · ↵ has to be non negative if ↵ is a positive root, since
�↵ (�) is also a weight of the representation and consequenlty can not exceed
� by a multiple of a positive root. Therefore

� · ↵ � 0 for any positive root ↵ (3.36)

and the highest weight � is a dominant weight.
The highest weight � can be used to label the representation. This is one

of the consequences of the following theorem which we state without proof.

Theorem 3.3 There exists a unique irreducible representation of a compact
Lie algebra (up to equivalence) with highest weight state | �i for each � of the
weight lattice in the Fundamental Weyl Chamber or on its border.

The importance of this theorem is that it provides some sort of classifica-
tion of all irreps. of a compact Lie algebra. All other reducible representations
are constructed from these ones. The irreps. can be labelled by their high-
est weight � as D� or D(n1,n2,...nr) where the na’s are non-negative integers
appearing in the expansion of � in terms of the fundamental weights �a, i.e.
� =

P
r

a=1 na�a, and na =
2�·↵a
↵2
a
.

An irrep. is called a fundamental representation when its highest weight is
a fundamental weight. Therefore the number of fundamental representations
of a semisimple compact Lie algebra is equal to its rank.

The highest weight of the adjoint representation is the highest positive root
(see section 2.13). It follows that the weights of the adjoint representation are
all roots of the algebra together with zero which is a weight r-fold degenerated
(r= rank).

We say a weight µ is a minimal weight if it satisfies

2µ · ↵

↵2
= 0 or ±1 for any root ↵ (3.37)

The representation for which the highest weight is minimal is said to be a
minimal representation. These representations play an important role in grand
unified theories (GUT) in the sense that the constituent fermions prefer, in
general, to form multiplets in such minimal representations.



116 CHAPTER 3. REPRESENTATION THEORY OF LIE ALGEBRAS

A consequence of the above result is that the highest weight � of an irrep.
is a dominant weight. By taking its Weyl reflection

�↵ (�) = ��
2� · ↵

↵2
↵ (3.35)

one obtains that 2� · ↵ has to be non negative if ↵ is a positive root, since
�↵ (�) is also a weight of the representation and consequenlty can not exceed
� by a multiple of a positive root. Therefore

� · ↵ � 0 for any positive root ↵ (3.36)

and the highest weight � is a dominant weight.
The highest weight � can be used to label the representation. This is one

of the consequences of the following theorem which we state without proof.

Theorem 3.3 There exists a unique irreducible representation of a compact
Lie algebra (up to equivalence) with highest weight state | �i for each � of the
weight lattice in the Fundamental Weyl Chamber or on its border.

The importance of this theorem is that it provides some sort of classifica-
tion of all irreps. of a compact Lie algebra. All other reducible representations
are constructed from these ones. The irreps. can be labelled by their high-
est weight � as D� or D(n1,n2,...nr) where the na’s are non-negative integers
appearing in the expansion of � in terms of the fundamental weights �a, i.e.
� =

P
r

a=1 na�a, and na =
2�·↵a
↵2
a
.

An irrep. is called a fundamental representation when its highest weight is
a fundamental weight. Therefore the number of fundamental representations
of a semisimple compact Lie algebra is equal to its rank.

The highest weight of the adjoint representation is the highest positive root
(see section 2.13). It follows that the weights of the adjoint representation are
all roots of the algebra together with zero which is a weight r-fold degenerated
(r= rank).

We say a weight µ is a minimal weight if it satisfies

2µ · ↵

↵2
= 0 or ±1 for any root ↵ (3.37)

The representation for which the highest weight is minimal is said to be a
minimal representation. These representations play an important role in grand
unified theories (GUT) in the sense that the constituent fermions prefer, in
general, to form multiplets in such minimal representations.



3.3. THE HIGHEST WEIGHT STATE 117

Example 3.3 In the example 3.1 we have seen that the only fundamental
weight of SU(2) is � = 1

2 . Therefore the dominant weights of SU(2) are
the positive integers and half integers. Each one of these dominant weights
corresponds to an irreducible representation of SU(2). Then we have that
� = 0 corresponds to the scalar representation, � = 1

2 the spinorial rep. which
is the fundamental rep. of SU(2) (dim = 2), � = 1 is the vectorial rep. which
is the adjoint of SU(2) (dim = 3) and so on.

Example 3.4 In the case of SU(3) we have two fundamental representations
with highest weights �1, and �2 (see example 3.2. They are respectively the
triplet and antitriplet representations of SU(3). The rep. with highest weight
�1+�2 = ↵3 is the adjoint. All representations with highest weight of the form
with � = n1�1 + n2�2, with n1 and n2 non negative integers are irreducible
representations of SU(3). 0
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Example 3.3 In the example 3.1 we have seen that the only fundamental
weight of SU(2) is � = 1

2 . Therefore the dominant weights of SU(2) are
the positive integers and half integers. Each one of these dominant weights
corresponds to an irreducible representation of SU(2). Then we have that
� = 0 corresponds to the scalar representation, � = 1

2 the spinorial rep. which
is the fundamental rep. of SU(2) (dim = 2), � = 1 is the vectorial rep. which
is the adjoint of SU(2) (dim = 3) and so on.

Example 3.4 In the case of SU(3) we have two fundamental representations
with highest weights �1, and �2 (see example 3.2. They are respectively the
triplet and antitriplet representations of SU(3). The rep. with highest weight
�1+�2 = ↵3 is the adjoint. All representations with highest weight of the form
with � = n1�1 + n2�2, with n1 and n2 non negative integers are irreducible
representations of SU(3).

+ + + + +
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3.4 Weight strings and multiplicities

If we apply the step operator E↵ or E�↵, for a fixed root ↵, successively on a
state of weight µ of a finite dimensional representation, we will eventually get
zero. That means that there exist positive integer numbers p and q such that

E↵ | µ+ p↵i and E�↵ | µ� q↵i (3.38)

p and q are the greatest positive integers for which µ+p↵ and µ�q↵ are weights
of the representation. One can show that all vectors of the form µ + n↵ with
n integer and �q < n < p , are weights of the representation. Therefore the
weights form unbroken strings, called weight strings , of the form

µ+ p↵ ;µ+ (p� 1)↵ ; . . . µ+ ↵ ;µ ;µ� ↵ ; . . . µ� q↵ (3.39)

We have shown in the last section that the set of weights of a representation is
invariant under the Weyl group. The e↵ect of the action of the Weyl reflection
�↵ on a weight is to add or subtract a multiple of the root ↵, since �↵ (µ) =
µ� 2µ·↵

↵2 ↵, and from (3.3) we have that 2µ·↵
↵2 is an integer. Therefore the weight

string (3.39) is invariant by the Weyl reflection �↵. In fact, �↵ reverses the
string (3.39) and consenquently we have that

�↵ (µ+ p↵) = µ� q↵ = µ�
2µ · ↵

↵2
↵� p↵ (3.40)

and so
2µ · ↵

↵2
= q � p (3.41)

This result is similar to (2.187) which was obtained for root strings. However,
notice that the possible values of q � p , in this case, are not restrict to the
values given in (2.187) (q� p can, in principle, have any integer value). In the
case where µ is the highest weight of the representation we have that p is zero if
↵ is a positive root, and q is zero if ↵ is negative. The relation (3.41) provides
a practical way of finding the weights of the representation. In some cases it is
easier to find some weights of a given representation by taking successive Weyl
reflections of the highest weight. However, this method does not provide, in
general, all the weights of the representation.

Once the weights are known one has to calculate their multiplicities. There
exists a formula, due to Kostant, which expresses the multiplicities directly as
a sum over the elements of the Weyl group. However, it is not easy to use
this formula in practice. There exists a recursive formula, called Freudenthal’s
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↵2 ↵, and from (3.3) we have that 2µ·↵
↵2 is an integer. Therefore the weight

string (3.39) is invariant by the Weyl reflection �↵. In fact, �↵ reverses the
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a practical way of finding the weights of the representation. In some cases it is
easier to find some weights of a given representation by taking successive Weyl
reflections of the highest weight. However, this method does not provide, in
general, all the weights of the representation.

Once the weights are known one has to calculate their multiplicities. There
exists a formula, due to Kostant, which expresses the multiplicities directly as
a sum over the elements of the Weyl group. However, it is not easy to use
this formula in practice. There exists a recursive formula, called Freudenthal’s
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formula , which is much easier to use. According to it the multiplicity m (µ)
of a weight µ in an irreducible representation of highest weight � is given
recursively as (see sections 22.3 and 24.2 of [HUM 72])

⇣
(�+ �)2 � (µ+ �)2

⌘
m (µ) = 2

X

↵>0

p(↵)X

n=1

↵ · (µ+ n↵)m (µ+ n↵) (3.42)

where

� ⌘
1

2

X

↵>0

↵ (3.43)

The first summation on the l.h.s. is over the positive roots and the second one
over all positive integers n such that µ+ n↵ is a weight of the representation,
and we have denoted by p (↵) the highest value of n. By starting withm (�) = 1
one can use (3.43) to calculate the multiplicities of the weights from the higher
ones to the lower ones.

If the states | µi1 and | µi2 have the same weight, i.e., µ is degenerated,
then the weight �↵ (µ) is also degenerate and has the same multiplicity as µ.
Using (3.32) we obtain that the states

| �↵ (µ)i1 = S↵ | µi1 and | �↵ (µ)i2 = S↵ | µi2 (3.44)

have weight �↵ (µ) and their linear independence follows from the linear inde-
pendence of | µi1 and | µi2. Indeed,

0 = x1 | �↵ (µ)i1 + x2 | �↵ (µ)i2 = S↵ (x1 | µi1 + x2 | µi2) (3.45)

So, if | µi1 and | µi2 are linearly independent one gets that one must have
x1 = x2 = 0 and so, | �↵ (µ)i1 and | �↵ (µ)i2 are also linearly independent.

Therefore all the weights of a representation which are conjugate under the
Weyl group have the same multiplicity. This fact can be used to make the
Freudenthal’s formula more e�cient in the calculation of the multiplicities.

Example 3.5 Using the results of example 2.14 we have that the Cartan ma-
trix of so(5) ond its inverse are

K =

 
2 �1
�2 2

!

K�1 =
1

2

 
2 1
2 2

!

(3.46)

Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)
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Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)
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| �↵ (µ)i1 = S↵ | µi1 and | �↵ (µ)i2 = S↵ | µi2 (3.44)

have weight �↵ (µ) and their linear independence follows from the linear inde-
pendence of | µi1 and | µi2. Indeed,

0 = x1 | �↵ (µ)i1 + x2 | �↵ (µ)i2 = S↵ (x1 | µi1 + x2 | µi2) (3.45)

So, if | µi1 and | µi2 are linearly independent one gets that one must have
x1 = x2 = 0 and so, | �↵ (µ)i1 and | �↵ (µ)i2 are also linearly independent.

Therefore all the weights of a representation which are conjugate under the
Weyl group have the same multiplicity. This fact can be used to make the
Freudenthal’s formula more e�cient in the calculation of the multiplicities.

Example 3.5 Using the results of example 2.14 we have that the Cartan ma-
trix of so(5) ond its inverse are

K =

 
2 �1
�2 2

!

K�1 =
1

2

 
2 1
2 2

!

(3.46)

Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)
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where ↵1 and ↵2 are the simple roots of so(5). Let us consider the fundamen-
tal representation with highest weight �1. The scalar products of �1 with the
positive roots of so(5) are
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↵2
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= 1
2�1 · ↵2

↵2
2

= 0

2�1 · (↵1 + ↵2)

(↵1 + ↵2)
2 = 1

2�1 · (2↵1 + ↵2)

(2↵1 + ↵2)
2 = 1 (3.48)

Therefore using (3.41) (with p = 0 since �1 is the highest weight) we get that

�1 ; (�1 � ↵1) ; (�1 � ↵1 � ↵2) ; (�1 � 2↵1 � ↵2) (3.49)

are weights of the representation. By taking Weyl reflections of these weights
or using (3.41) further one can check that these are the only weights of the
fundamental rep. with highest weight �1.

Since all weights are conjugate under the Weyl group they all have the same
multiplicity as �1 , which is one. Therefore they are not degenerate and the
representation has dimension 4. This is the spinor representation of so(5).
One can check that the weights of the fundamental representation of so(5) with
highest weight �2 are

�2 ; �2 � ↵2 = ↵1 ; �2 � ↵1 � ↵2 = 0 ; (3.50)

�2 � 2↵1 � ↵2 = �↵1 ; �2 � 2↵1 � 2↵2 = � (↵1 + ↵2)
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3.4 Weight strings and multiplicities

If we apply the step operator E↵ or E�↵, for a fixed root ↵, successively on a
state of weight µ of a finite dimensional representation, we will eventually get
zero. That means that there exist positive integer numbers p and q such that

E↵ | µ+ p↵i and E�↵ | µ� q↵i (3.38)

p and q are the greatest positive integers for which µ+p↵ and µ�q↵ are weights
of the representation. One can show that all vectors of the form µ + n↵ with
n integer and �q < n < p , are weights of the representation. Therefore the
weights form unbroken strings, called weight strings , of the form

µ+ p↵ ;µ+ (p� 1)↵ ; . . . µ+ ↵ ;µ ;µ� ↵ ; . . . µ� q↵ (3.39)

We have shown in the last section that the set of weights of a representation is
invariant under the Weyl group. The e↵ect of the action of the Weyl reflection
�↵ on a weight is to add or subtract a multiple of the root ↵, since �↵ (µ) =
µ� 2µ·↵

↵2 ↵, and from (3.3) we have that 2µ·↵
↵2 is an integer. Therefore the weight

string (3.39) is invariant by the Weyl reflection �↵. In fact, �↵ reverses the
string (3.39) and consenquently we have that

�↵ (µ+ p↵) = µ� q↵ = µ�
2µ · ↵

↵2
↵� p↵ (3.40)

and so
2µ · ↵

↵2
= q � p (3.41)

This result is similar to (2.187) which was obtained for root strings. However,
notice that the possible values of q � p , in this case, are not restrict to the
values given in (2.187) (q� p can, in principle, have any integer value). In the
case where µ is the highest weight of the representation we have that p is zero if
↵ is a positive root, and q is zero if ↵ is negative. The relation (3.41) provides
a practical way of finding the weights of the representation. In some cases it is
easier to find some weights of a given representation by taking successive Weyl
reflections of the highest weight. However, this method does not provide, in
general, all the weights of the representation.

Once the weights are known one has to calculate their multiplicities. There
exists a formula, due to Kostant, which expresses the multiplicities directly as
a sum over the elements of the Weyl group. However, it is not easy to use
this formula in practice. There exists a recursive formula, called Freudenthal’s
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are weights of the representation. By taking Weyl reflections of these weights
or using (3.41) further one can check that these are the only weights of the
fundamental rep. with highest weight �1.

Since all weights are conjugate under the Weyl group they all have the same
multiplicity as �1 , which is one. Therefore they are not degenerate and the
representation has dimension 4. This is the spinor representation of so(5).
One can check that the weights of the fundamental representation of so(5) with
highest weight �2 are
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Again these weights are not degenerate and the representation has dimension
5. This is the vector representation of so(5).

Example 3.6 Consider the irrep. of su(3) with highest weight � = ↵3 =
↵1 + ↵2 , i.e., the highest positive root. Using (3.41) and performing Weyl
reflections one can check that the weights of such rep. are all roots plus the
zero weight. Since the roots are conjugated to ↵3 = � under the Weyl group we
conclude that they are non degenerated weights. The multiplicity of the zero
weight can be calculated from the Freundenthal’s formula. From (3.43) we have
that, in this case, � = ↵3 and so from (3.42) we get

⇣
4↵2

3 � ↵2
3

⌘
m (0) = 2

⇣
m (↵1)↵

2
1 +m (↵2)↵

2
2 +m (↵3)↵

2
3

⌘
(3.51)

Since m (↵1) = m (↵2) = m (↵3) = 1 and ↵2
1 = ↵2

2 = ↵2
3 we obtain that

m (0) = 2. So there are two states with zero weight and consequently the
representation has dimension 8. This is the adjoint of su(3).

3.5 The weight �

A vector which plays an important role in the representation theory of Lie
algebras is the vector � defined in (3.43). It is half of the sum of all positive
roots. In same cases � is a root, but in general that is not so. However � is
always a dominant weight of the algebra. In other to show that we need some
results which we now prove.

Let ↵a be a simple root and let � be a positive root non proportional to
↵a. If we write � =

P
r

b=1 nb↵b we have that nb 6= 0 for some b 6= a. Now,
the coe�cient of ↵b in �↵a (�) is still nb, and consequently �↵a (�) has at least
one positive coe�cient. So, �↵a (�) is a positive root, and it is di↵erent from
↵a, since ↵a is the image of �↵a under �↵a . Therefore we have proved the
following lemma.

Lemma 3.1 If ↵a is a simple root, then �↵a permutes the positive roots other
than ↵a.

From this lemma it follows that

�↵a (�) = � � ↵a (3.52)

and consequently

2� · ↵a

↵2
a

= 1 for any simple root ↵a (3.53)
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formula , which is much easier to use. According to it the multiplicity m (µ)
of a weight µ in an irreducible representation of highest weight � is given
recursively as (see sections 22.3 and 24.2 of [HUM 72])

⇣
(�+ �)2 � (µ+ �)2

⌘
m (µ) = 2

X

↵>0

p(↵)X

n=1

↵ · (µ+ n↵)m (µ+ n↵) (3.42)

where

� ⌘
1

2

X

↵>0

↵ (3.43)

The first summation on the l.h.s. is over the positive roots and the second one
over all positive integers n such that µ+ n↵ is a weight of the representation,
and we have denoted by p (↵) the highest value of n. By starting withm (�) = 1
one can use (3.43) to calculate the multiplicities of the weights from the higher
ones to the lower ones.

If the states | µi1 and | µi2 have the same weight, i.e., µ is degenerated,
then the weight �↵ (µ) is also degenerate and has the same multiplicity as µ.
Using (3.32) we obtain that the states

| �↵ (µ)i1 = S↵ | µi1 and | �↵ (µ)i2 = S↵ | µi2 (3.44)

have weight �↵ (µ) and their linear independence follows from the linear inde-
pendence of | µi1 and | µi2. Indeed,

0 = x1 | �↵ (µ)i1 + x2 | �↵ (µ)i2 = S↵ (x1 | µi1 + x2 | µi2) (3.45)

So, if | µi1 and | µi2 are linearly independent one gets that one must have
x1 = x2 = 0 and so, | �↵ (µ)i1 and | �↵ (µ)i2 are also linearly independent.

Therefore all the weights of a representation which are conjugate under the
Weyl group have the same multiplicity. This fact can be used to make the
Freudenthal’s formula more e�cient in the calculation of the multiplicities.

Example 3.5 Using the results of example 2.14 we have that the Cartan ma-
trix of so(5) ond its inverse are

K =

 
2 �1
�2 2

!

K�1 =
1

2

 
2 1
2 2

!

(3.46)

Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)
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So, if | µi1 and | µi2 are linearly independent one gets that one must have
x1 = x2 = 0 and so, | �↵ (µ)i1 and | �↵ (µ)i2 are also linearly independent.

Therefore all the weights of a representation which are conjugate under the
Weyl group have the same multiplicity. This fact can be used to make the
Freudenthal’s formula more e�cient in the calculation of the multiplicities.
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trix of so(5) ond its inverse are
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Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)



3.5. THE WEIGHT � 121

Again these weights are not degenerate and the representation has dimension
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A vector which plays an important role in the representation theory of Lie
algebras is the vector � defined in (3.43). It is half of the sum of all positive
roots. In same cases � is a root, but in general that is not so. However � is
always a dominant weight of the algebra. In other to show that we need some
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Let ↵a be a simple root and let � be a positive root non proportional to
↵a. If we write � =

P
r
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one positive coe�cient. So, �↵a (�) is a positive root, and it is di↵erent from
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following lemma.
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than ↵a.
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formula , which is much easier to use. According to it the multiplicity m (µ)
of a weight µ in an irreducible representation of highest weight � is given
recursively as (see sections 22.3 and 24.2 of [HUM 72])

⇣
(�+ �)2 � (µ+ �)2

⌘
m (µ) = 2

X

↵>0

p(↵)X

n=1

↵ · (µ+ n↵)m (µ+ n↵) (3.42)

where

� ⌘
1

2

X

↵>0

↵ (3.43)

The first summation on the l.h.s. is over the positive roots and the second one
over all positive integers n such that µ+ n↵ is a weight of the representation,
and we have denoted by p (↵) the highest value of n. By starting withm (�) = 1
one can use (3.43) to calculate the multiplicities of the weights from the higher
ones to the lower ones.

If the states | µi1 and | µi2 have the same weight, i.e., µ is degenerated,
then the weight �↵ (µ) is also degenerate and has the same multiplicity as µ.
Using (3.32) we obtain that the states

| �↵ (µ)i1 = S↵ | µi1 and | �↵ (µ)i2 = S↵ | µi2 (3.44)

have weight �↵ (µ) and their linear independence follows from the linear inde-
pendence of | µi1 and | µi2. Indeed,

0 = x1 | �↵ (µ)i1 + x2 | �↵ (µ)i2 = S↵ (x1 | µi1 + x2 | µi2) (3.45)

So, if | µi1 and | µi2 are linearly independent one gets that one must have
x1 = x2 = 0 and so, | �↵ (µ)i1 and | �↵ (µ)i2 are also linearly independent.

Therefore all the weights of a representation which are conjugate under the
Weyl group have the same multiplicity. This fact can be used to make the
Freudenthal’s formula more e�cient in the calculation of the multiplicities.

Example 3.5 Using the results of example 2.14 we have that the Cartan ma-
trix of so(5) ond its inverse are

K =

 
2 �1
�2 2
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1
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2 1
2 2

!

(3.46)

Then, using (3.19), we get that the fundamental weights of so(5) are

�1 =
1

2
(2↵1 + ↵2) �2 = ↵1 + ↵2 (3.47)
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From the definition (3.43) it follows that � is a vector on the root (or weight)
space and therefore can be written in terms of the simple roots or the funda-
mental weights. Writing

� =
rX

b=1

xb�b (3.54)

we get from (3.4) and (3.53) that

2� · ↵a

↵2
a

= 1 =
rX

b=1

xb

2�b · ↵a

↵2
a

= xa (3.55)

So we have shown that

� =
rX

b=1

�b (3.56)

and consequently � is a dominant weight.
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3.6 Casimir operators

Let �s1s2...sn be a tensor invariant under the adjoint representation of a Lie
group G. By that we mean

�s1s2...sn = ds1
s
0
1
(g) ds2

s
0
2
(g) . . . dsn

s0n
(g) �s

0
1s

0
2...s

0
n (3.57)

for any g 2 G, and where d
sj

s
0
j
(g) is the matrix representing g in the adjoint

representation, i.e. gTsg�1 = Ts0ds
0
s
(g) (see (2.31)).

Consider now a representation D of G and construct the operator

C(D)
n

⌘ �s1s2...sn D (Ts1)D (Ts2) . . . D (Tsn) (3.58)

Notice that such operator can only be defined on a given representation since
it involves the product of operators and not Lie brackets of the generators.

We then have

D (g)C(D)
n

= �s1s2...sn D
⇣
gTs1g

�1
⌘
D

⇣
gTs2g

�1
⌘
. . . D

⇣
gTsng

�1
⌘
D (g)

= ds
0
1
s1
(g) . . . ds

0
n
sn
(g) �s1...snD

⇣
Ts

0
1

⌘
. . . D

⇣
Ts0n

⌘
D (g)

= �s
0
1...s

0
nD

⇣
Ts

0
1

⌘
. . . D

⇣
Ts0n

⌘
D (g)

= C(D)
n

D (g) (3.59)

So, we have shown that C(D)
n

commutes with any matrix of the representation

h
C(D)

n
, D (g)

i
= 0 (3.60)

We are interested in operators that can not be reduced to lower orders.
That implies that the tensor �s1s2...sn has to be totally symmetric. Indeed,
suppose that �s1s2...sn has an antisymmetric part in the indices sj and sj+1.
Then we write

D
⇣
Tsj

⌘
D

⇣
Tsj+1

⌘
=

1

2
{D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘
}+

1

2

h
D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘ i

=
1

2
{D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘
}+ f t

sjsj+1
D (Tt) (3.61)

and so, C(D)
n

will have terms involving the product of (n�1) operators. There-
fore, by totally symmetrizing the tensor �s1s2...sn we get operators C(D)

n
which

are monomials of order n in D (Ts)’s. Such operators are called Casimir opera-
tors, and n is called their order. They play an important role in representation
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it involves the product of operators and not Lie brackets of the generators.

We then have

D (g)C(D)
n

= �s1s2...sn D
⇣
gTs1g

�1
⌘
D

⇣
gTs2g

�1
⌘
. . . D

⇣
gTsng

�1
⌘
D (g)

= ds
0
1
s1
(g) . . . ds

0
n
sn
(g) �s1...snD
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Ts

0
1

⌘
. . . D

⇣
Ts0n

⌘
D (g)

= �s
0
1...s

0
nD

⇣
Ts

0
1

⌘
. . . D

⇣
Ts0n

⌘
D (g)

= C(D)
n

D (g) (3.59)

So, we have shown that C(D)
n

commutes with any matrix of the representation

h
C(D)

n
, D (g)

i
= 0 (3.60)

We are interested in operators that can not be reduced to lower orders.
That implies that the tensor �s1s2...sn has to be totally symmetric. Indeed,
suppose that �s1s2...sn has an antisymmetric part in the indices sj and sj+1.
Then we write

D
⇣
Tsj

⌘
D

⇣
Tsj+1

⌘
=

1

2
{D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘
}+

1

2

h
D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘ i

=
1

2
{D

⇣
Tsj

⌘
, D

⇣
Tsj+1

⌘
}+ f t

sjsj+1
D (Tt) (3.61)

and so, C(D)
n

will have terms involving the product of (n�1) operators. There-
fore, by totally symmetrizing the tensor �s1s2...sn we get operators C(D)

n
which

are monomials of order n in D (Ts)’s. Such operators are called Casimir opera-
tors, and n is called their order. They play an important role in representation
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Ar SU(r + 1) 2, 3, 4, . . . r + 1
Br SO(2r + 1) 2, 4, 6, . . . 2r
Cr Sp(r) 2, 4, 6 . . . 2r
Dr SO(2r) 2, 4, 6 . . . 2r � 2, r
E6 2, 5, 6, 8, 9, 12
E7 2, 6, 8, 10, 12, 14, 18
E8 2, 8, 12, 14, 18, 20, 24, 30
F4 2, 6, 8, 12
G2 2, 6

Table 3.1: The orders of the Casimir operators for the simple Lie Groups

theory. From Schur’s lemma 1.1 it follows that in an irreducible representation
the Casimir operators have to be proportional to the identity.

One way of constructing tensors which are invariant under the adjoint
representation, is by considering traces of products of generators in a given
representation D0, since

Tr (D0 (Ts1Ts2 . . . Tsn)) = Tr
⇣
D0

⇣
gTs1g

�1gTs2g
�1 . . . gTsng

�1
⌘⌘

(3.62)

Then taking

�s1s2...sn ⌘
1

n!

X

permutations

Tr (D0 (Ts1Ts2 . . . Tsn)) (3.63)

we get Casimir operators. However, one finds that after the symetrization pro-
cedure very few tensors of the form above survive. It follows that a semisimple
Lie algebra of rank r possesses r invariant Casimir operators functionally in-
dependent. Their orders, for the simple Lie algebras, are given in table 3.1.

3.6.1 The Quadratic Casimir operator

Notice from table 3.1 that all simple Lie groups have a quadratic Casimir
operator. That is because all such groups have an invariant symmetric tensor
of order two which is the Killing form (see section 2.4)

⌘st = Tr (d (Ts) d (Tt)) (3.64)

and
C(D)

2 ⌘ ⌘stD (Ts)D (Tt) (3.65)
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where ⌘st is the inverse of ⌘st.
Using the normalization (2.134) of the Killing form, we have that the

Casimir operator in the Cartan-Weyl basis is given by

C(D)
2 =

rX

i=1

D (Hi)D (Hi)+
X

↵>0

↵2

2
(D (E↵)D (E�↵) +D (E�↵)D (E↵)) (3.66)

Since the Casimir operator commutes with all generators, we have from the
Schur’s lemma 1.1 that in an irreducible representation it must be propor-
tional to the unit matrix. Denoting by � the highest weight of the irreducible
representation D we have

C(D)
2 | �i =

 
rX

i=1

�2
i
+
X

↵>0

↵2

2
[D (E↵) , D (E�↵) ]

!

| �i

=

 

�2 +
X

↵>0

↵2

2
H2

↵

!

| �i

=

 

�2 +
X

↵>0

↵ · �

!

| �i (3.67)

where we have used (3.28) and (2.125). So, if D, with highest weight �, is
irreducible, we can write using (3.43) that

C(D)
2 = � · (�+ 2�) 1l =

⇣
(�+ �)2 � �2

⌘
1l (3.68)

where 1l is the unit matrix in the representation D under consideration.

Example 3.7 In the case of SU(2) the quadratic operator is J2 , i.e., the
square of the angular momentum. Indeed, from example 3.1 we have that
↵ = 1, and then � = 1/2 and therefore C(D)

2 = � (�+ 1). Since � is a positive
integer or half integer we see that these are really the eigenvalues of J2.

3.7 Characters

In definition 1.13 we defined the character of an element g of a group G in a
given finite dimensional representation of G, with highest weight �, as being
the trace of the matrix that represents that element, i.e.

�� (g) ⌘ Tr (D (g)) (3.69)

Obviously equivalent representations (see section 1.5) have the same charac-
ters. Analogously, two conjugate elements, g1 = g3g2g

�1
3 , have the same char-

acter in all representations. Therefore the conjugacy classes can be labelled
by the characters.








