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Deflection of beams
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Deflection of beams

Deslocamento transversal (vertical)

v 0Kt
MD 5(x) = v(x)

I
x P| v(x) = Deflection
(i.e., displacement)

Heavy load

|_ ow clearance
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Deflexdes em vigas

* Hipoteses
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Problema é independente do tempo.

O formato da viga € um prisma reto, cujo comprimento € muito
maior gue as outras dimensdes (Esbelta).

A viga é constituida de um material linearmente elastico.
O efeito Poisson é negligenciavel.
A secao transversal é simétrica em relagao ao plano vertical.

Planos perpendiculares a linha neutra permanecem quase planos
e perpendiculares ao eixo deformado depois da deformacao
(Navier).

O angulo de rotacao da secao transversal € muito pequeno.

O efeitos de momento de inércia da rotacao é desprezado.

A viga é constituida de material homogéneo .

The distribution of flexural stress on a given cross section is not affected by
the deformation due to shear.

Distorcao da secao transversal & pequena o suficiente para ser desprezada!
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https://pt.wikipedia.org/wiki/Prisma
https://pt.wikipedia.org/wiki/Coeficiente_de_Poisson

Deflexdoes em vigas

 Caminho
1. Relacao Momento- curvatura
2. Equacao diferencial relacionando v(x) — M(x)
3. Condicoes de contorno



Deflexdoes em vigas

 Férmula
werie
_/,{ Bg =v(L)
L
------- o
El ———=M (x)g

5/14/2020



Deflexdes em vigas

. 1
Curvatura k@) = )
ds=pdo —> | k=2
\U’ | as |
\
\_as
"‘—""x,‘/
plll”a,\\
|T2x 51
} X dx

f a beam (a) / (b)

Flexdo de umaviga > deflexdo vertical + rotagao
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Deflexdes em vigas

1

* Curvatura k() =

\&/ s | o)

Positive ds Negative
'L:Ir.1r._{[|_]r.|_ ______________ curvature
L L1} N
i) X 0
(a) (b)
M+ M-

Flexdo de umaviga > deflexdo vertical + rotagao
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Deflexdes em vigas
* Momento-curvatura

. __ in +y fibers.
of VN

curvature \\ \ +p = center of curvature EI p ( x)

on +y side of beam.

Contor \’ +M = compression M ( X) B 1

\ P() |
+v = displacement

\ | in +v direction. M (x)

__ N Mx) —_
v, v(x) %\* { El ( )
v(x)
— ¢
g 1 K(x) = ——




* Momento-curvatura

| —
| bk
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Deflexdes em vigas

M
+y (side) \
C.C
v, v(x) + l
AL :

< M positive —

-y (side) ——>

M(x) 1
El ~ px)
()—i
REPYE

Concavidade (+/-)!!!
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Deflexdes em vigas

* Inclinacdo 0 p(x)
e Center of curvature dU (X )

~ _— p(x) = Radius of curvature

Deflection

curve \

1. 6(x) = Slope  Buildings, automobiles, aircraft, and ships, undergo

' relatively small changes in shape while in service

v(x) = Deflection

‘ Pequenas deflexdes

A

very small angles of rotation, very small
deflections, and very small curvatures.

¥/ |2 dv(x) ~ g dv(x) K
A dx - dx

dx dv _ dx
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Deflexdes em vigas
* Inclinacdo 6 p(x)

o«— Center of curvature .
very small angles of rotation, very small

deflections, and very small curvatures.

_ p(x) = Radius of curvature

5'.;}(:«-) - Slope 6 < 15°

v(x) = Deflection 0° |O[rad]| tan® | cos O
‘ 5 0.087 | 0.087 | 0.996
10 0.175 1 0.176 | 0.985
15 0.262 | 0.268 | 0.966

M(x) de dx

= — ds
EI dx ~_ 4o v

dx
5/14/2020
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T

Deflection

curve \
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Deflexdes em vigas

: ~ K(x) = x)
* Inclinacao 0 P
_4— Center of curvature very small angles of rotation, very small
y () deflections, and very small curvatures.

__ plx) = Radius of curvature

Degﬁfg@?\ Tc‘*ﬁf M (x) . dé
| El  dx

v(x) = Deflection i

Moment-deflection equation

dx 13
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Deflexdes em vigas
Inclinacdo 6 p(x)

__o— Center of curvature
¥, v(x)

_ plx) = Radius of curvature

— -
W
W

Deflection

curve \

g very small angles of rotation, very small
| 8(x) = Slope deflections, and very small curvatures.

v(x) = Deflection

’ Load-deflection equation
d2v(x) 3 ' dMoo) . :
EI = 5= M) — EI1 70 y(xy— E1=52=q(x)

dx? / dx3 / _____________ ___(_l_ _______

dM av

F —V(x) o= —q(x)
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Deflexdes em vigas

¥, v(x)

i L L ¥  J

(N x
A
' B e —
X
- b ft bft
(0 < x < Bf) (6ft < x < 12ft)
py(x) = -40 Ib/ft pylx) = —40(23) b/t
¥, (x) = (220 — 40x) Ib Volx) = |-140 + “?'{12 x}E] Ib
My(x) = (220x - 20x%) 1b - ft My(x) = 14012 -x) - {‘IE x) ] Ib - ft
v1(x) = deflection in interval 1 v5(x) = deflection in interval 2

Boundary Conditions and Continuity Conditions

v;(0) = v,(12) = 0

v1(6) = v,(6)

5/15/2020

d4v(x)

El ——=q(x)

0, (6) = 0, (6)
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Deflexdes em vigas

Boundary Conditions and Continuity Conditions

TABLE 7.1 Boundary Conditions
Type Symbol* 2nd Order dth Order
/ v =10 v=0
Fixed end o' =0 o =0
Simple - — V—0 v=10
support M=10
1 .: Lf = U
BC | Free end - No BC M=0
Py )
Concentrated 1 . No BC V="~
force | { M =0
C rated | 2 V0
‘oncentrate __ J =
couple ( O No BC M=—-M,

*These boundary conditions also apply if the boundary under consideration is
the other end of the beam (1.e.,x = L).

5/15/2020

El

d4v(x)_

dx?

q(x)
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Deflexdes em vigas

Boundary Conditions and Continuity Conditions
TABLE 7.2 Continuity Conditions*

Type Symbol 2nd Order dth Order
@ ——@ vy =1 =10 vy =1 =10
Roller ) ; Vi = v3 vy = 3
' ) J'HIJ = 1’”3
i - B v = U=
DISCGHIIHHII}-‘ ,H ¥ I v = vl v = vh
in load f1 V.=V,
function — M, = .ﬁj
P v = 1, vy =1, U=
CC | Concentrated ’ Ual — qu _V, = JIP _
force - M, = .@IL i
J,. = 5 - Ty P = |l‘.l
Concentrated % non ) y} e
couple ) . e =V,
P - M,— M,= —M,
- P, vy =1y
Pin, with ‘;—t v = v, Vo—Vi=PF
force [ ;:( My =M,=10

*The displacement (v) and slope (v") continuity conditions that are listed in Table 7.2 are
obtained by inspection, that is, by simply looking at the figures in the “Symbol” column.
The continuity conditions on shear force (V) and bending moment (M) are obtained by
taking a local free-body diagram of the “jm

(1) and (2).

" that 15 common to beam segments

El ——

d4v(x)

——=q(x)
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Deflexdes em vigas
Exemplo 1

¥, vix)
| ”

ET = const M,
A B 5

N M(x) d*v(x)
D EI  dx?
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