
Root Strings
<latexit sha1_base64="qAIt7Z1Lc3UtPOwqEW/VXYxTROg=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPJVNRdveil481kcf0JaSTbNtaDZZkqxQ1h78K148KOLVv+HNf2O2raCiA4Fh5vuSyfgRZ9p43oeTWVhcWl7JrubW1jc2t9ztnYaWsSK0TiSXquVjTTkTtG6Y4bQVKYpDn9OmPzpP/eYtVZpJcWPGEe2GeCBYwAg2Vuq5ex0hmehTYeCVlAZeG8XEQPfcvFfwPA8hBFOCSqeeJZVKuYjKEKWWRR7MUeu5752+JHFoLyIca91GXmS6CVaGEU4nuU6saYTJCA9o21KBQ6q7yTT/BB5apQ8DqeyxQabq940Eh1qPQ99OhtgM9W8vFf/y2rEJyt2EiSg2VJDZQ0HMoZEwLQP2maLE8LElmChms0IyxAoTYyvL2RK+fgr/J41iAR0XTi6L+erZvI4s2AcH4AggUAJVcAFqoA4IuAMP4Ak8O/fOo/PivM5GM858Zxf8gPP2CUnflks=</latexit>

↵
<latexit sha1_base64="SHCY3qbja8J7pvZnYDMuMXGcbdY=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkl9tN0V3bisYFuhHUomzbSxmWRIMkIZ+g9uXCji1v9x59+YaSuo6IELh3Pu5d57glhwYxH68HJLyyura/n1wsbm1vZOcXevbVSiKWtRJZS+DYhhgkvWstwKdhtrRqJAsE4wvsz8zj3Thit5Yycx8yMylDzklFgntXtExCPSL5ZQGSGEMYYZwdVz5Ei9XqvgGsSZ5VACCzT7xffeQNEkYtJSQYzpYhRbPyXacirYtNBLDIsJHZMh6zoqScSMn86uncIjpwxgqLQraeFM/T6RksiYSRS4zojYkfntZeJfXjexYc1PuYwTyySdLwoTAa2C2etwwDWjVkwcIVRzdyukI6IJtS6gggvh61P4P2lXyvikfHZ9WmpcLOLIgwNwCI4BBlXQAFegCVqAgjvwAJ7As6e8R+/Fe5235rzFzD74Ae/tE9q7j1U=</latexit>

� + ↵
<latexit sha1_base64="jEqdtR++asneLmJUByFbiItJsyw=">AAAB83icdVBNSwMxEM3Wr1q/qh69BIsgCGVTP9reil48VrC10F3KbJptQ7O7IckKpfRvePGgiFf/jDf/jdm2goo+GHi8N8PMvEAKro3rfji5peWV1bX8emFjc2t7p7i719ZJqihr0UQkqhOAZoLHrGW4EawjFYMoEOwuGF1l/t09U5on8a0ZS+ZHMIh5yCkYK3lewAyceCDkEHrFklt2XZcQgjNCqheuJfV6rUJqmGSWRQkt0OwV371+QtOIxYYK0LpLXGn8CSjDqWDTgpdqJoGOYMC6lsYQMe1PZjdP8ZFV+jhMlK3Y4Jn6fWICkdbjKLCdEZih/u1l4l9eNzVhzZ/wWKaGxXS+KEwFNgnOAsB9rhg1YmwJUMXtrZgOQQE1NqaCDeHrU/w/aVfK5LR8fnNWalwu4sijA3SIjhFBVdRA16iJWogiiR7QE3p2UufReXFe5605ZzGzj37AefsECGKRtA==</latexit>

� + 2↵
<latexit sha1_base64="Ak7ZakWSrtPdyZfWoHijkVl0FXM=">AAAB+HicdVDJSgNBEO2JW4xLoh69NAZBUMJ0XJLcgl48RjALZIZQ0+lJmvQsdPcIMeRLvHhQxKuf4s2/sSeJoKIPCh7vVVFVz4sFV9q2P6zM0vLK6lp2PbexubWdL+zstlSUSMqaNBKR7HigmOAha2quBevEkkHgCdb2Rlep375jUvEovNXjmLkBDELucwraSL1C3vGYhuOyc+KAiIfQKxTtkm3bhBCcElK5sA2p1aplUsUktQyKaIFGr/Du9COaBCzUVIBSXWLH2p2A1JwKNs05iWIx0BEMWNfQEAKm3Mns8Ck+NEof+5E0FWo8U79PTCBQahx4pjMAPVS/vVT8y+sm2q+6Ex7GiWYhnS/yE4F1hNMUcJ9LRrUYGwJUcnMrpkOQQLXJKmdC+PoU/09a5RI5LZ3fnBXrl4s4smgfHaAjRFAF1dE1aqAmoihBD+gJPVv31qP1Yr3OWzPWYmYP/YD19gkUlpK9</latexit>

� � ↵
<latexit sha1_base64="ebhOs8XjJT9QjOSxHw9QGfSzOtY=">AAAB83icdVBNSwMxEM3Wr1q/qh69BIvgxbKpH21vRS8eK9ha6C5lNs22odndkGSFUvo3vHhQxKt/xpv/xmxbQUUfDDzem2FmXiAF18Z1P5zc0vLK6lp+vbCxubW9U9zda+skVZS1aCIS1QlAM8Fj1jLcCNaRikEUCHYXjK4y/+6eKc2T+NaMJfMjGMQ85BSMlTwvYAZOPBByCL1iyS27rksIwRkh1QvXknq9ViE1TDLLooQWaPaK714/oWnEYkMFaN0lrjT+BJThVLBpwUs1k0BHMGBdS2OImPYns5un+MgqfRwmylZs8Ez9PjGBSOtxFNjOCMxQ//Yy8S+vm5qw5k94LFPDYjpfFKYCmwRnAeA+V4waMbYEqOL2VkyHoIAaG1PBhvD1Kf6ftCtlclo+vzkrNS4XceTRATpEx4igKmqga9RELUSRRA/oCT07qfPovDiv89acs5jZRz/gvH0CC3aRtg==</latexit>

� � 2↵
<latexit sha1_base64="aO42JGlFljSwrGHR+Eo5G/D3txs=">AAAB+HicdVDJSgNBEO2JW4xLoh69NAbBg4bpuCS5Bb14jGAWyAyhptOTNOlZ6O4RYsiXePGgiFc/xZt/Y08SQUUfFDzeq6KqnhcLrrRtf1iZpeWV1bXsem5jc2s7X9jZbakokZQ1aSQi2fFAMcFD1tRcC9aJJYPAE6ztja5Sv33HpOJReKvHMXMDGITc5xS0kXqFvOMxDSdl59gBEQ+hVyjaJdu2CSE4JaRyYRtSq1XLpIpJahkU0QKNXuHd6Uc0CVioqQClusSOtTsBqTkVbJpzEsVioCMYsK6hIQRMuZPZ4VN8aJQ+9iNpKtR4pn6fmECg1DjwTGcAeqh+e6n4l9dNtF91JzyME81COl/kJwLrCKcp4D6XjGoxNgSo5OZWTIcggWqTVc6E8PUp/p+0yiVyWjq/OSvWLxdxZNE+OkBHiKAKqqNr1EBNRFGCHtATerburUfrxXqdt2asxcwe+gHr7RMXsJK/</latexit>

� � 3↵
<latexit sha1_base64="N/ITtdFZ/3/7MtEigwh7PGU4dJ8=">AAAB+HicdVDLSgNBEJz1GeMjUY9eBoPgQcNOoia5Bb14jGAekF1C72Q2GTL7YGZWiCFf4sWDIl79FG/+jbNJBBUtaCiquunu8mLBlbbtD2tpeWV1bT2zkd3c2t7J5Xf3WipKJGVNGolIdjxQTPCQNTXXgnViySDwBGt7o6vUb98xqXgU3upxzNwABiH3OQVtpF4+53hMw2nZOXFAxEPo5Qt20bZtQghOCalc2IbUatUSqWKSWgYFtECjl393+hFNAhZqKkCpLrFj7U5Aak4Fm2adRLEY6AgGrGtoCAFT7mR2+BQfGaWP/UiaCjWeqd8nJhAoNQ480xmAHqrfXir+5XUT7VfdCQ/jRLOQzhf5icA6wmkKuM8lo1qMDQEqubkV0yFIoNpklTUhfH2K/yetUpGUi+c3Z4X65SKODDpAh+gYEVRBdXSNGqiJKErQA3pCz9a99Wi9WK/z1iVrMbOPfsB6+wQZPJLA</latexit>

�
<latexit sha1_base64="tKpebZMJu561zT5IxLsguKoZDNk=">AAAB7HicdVBNSwMxEM3Wr1q/qh69BIvgqWzqR9tb0YvHCm5baJeSTbNtaDa7JLNCKf0NXjwo4tUf5M1/Y7atoKIPBh7vzTAzL0ikMOC6H05uZXVtfSO/Wdja3tndK+4ftEycasY9FstYdwJquBSKeyBA8k6iOY0CydvB+Drz2/dcGxGrO5gk3I/oUIlQMApW8noBB9ovltyy67qEEJwRUr10LanXaxVSwySzLEpoiWa/+N4bxCyNuAImqTFd4ibgT6kGwSSfFXqp4QllYzrkXUsVjbjxp/NjZ/jEKgMcxtqWAjxXv09MaWTMJApsZ0RhZH57mfiX100hrPlToZIUuGKLRWEqMcQ4+xwPhOYM5MQSyrSwt2I2opoysPkUbAhfn+L/SatSJmfli9vzUuNqGUceHaFjdIoIqqIGukFN5CGGBHpAT+jZUc6j8+K8LlpzznLmEP2A8/YJEx+O4Q==</latexit>



� + s↵
<latexit sha1_base64="pXCREvBA/MY2xqu8QqoWKb8IeYk=">AAAB+nicdVDJSgNBEO1xjXFL9OilMQiCEqbjkuQW9OIxglkgE0JNpydp0rPQ3aOEMZ/ixYMiXv0Sb/6NPUkEFX1Q8Hiviqp6biS40rb9YS0sLi2vrGbWsusbm1vbufxOU4WxpKxBQxHKtguKCR6whuZasHYkGfiuYC13dJn6rVsmFQ+DGz2OWNeHQcA9TkEbqZfLY8dlGo6Uc+yAiIaAe7mCXbRtmxCCU0LK57Yh1WqlRCqYpJZBAc1R7+XenX5IY58FmgpQqkPsSHcTkJpTwSZZJ1YsAjqCAesYGoDPVDeZnj7BB0bpYy+UpgKNp+r3iQR8pca+azp90EP120vFv7xOrL1KN+FBFGsW0NkiLxZYhzjNAfe5ZFSLsSFAJTe3YjoECVSbtLImhK9P8f+kWSqSk+LZ9WmhdjGPI4P20D46RASVUQ1doTpqIIru0AN6Qs/WvfVovVivs9YFaz6zi37AevsEK/GTUg==</latexit>

� + (r + 1)↵ . . .� + p↵
<latexit sha1_base64="GMq7PNQmngc6EiVw4Zbd7Rqo2+4=">AAACFHicdVDJSgNBEO2Je9yiHr00BiESCdNxSbyJXjwqmAUyIdR0OkmTnoXuGiEEP8KLv+LFgyJePXjzb+zRCCr6oODxXhVV9fxYSYOu++ZkpqZnZufmF7KLS8srq7m19bqJEs1FjUcq0k0fjFAyFDWUqEQz1gICX4mGPzxN/caV0EZG4SWOYtEOoB/KnuSAVurkitTzBUKxoItsx9v1QMUDoJ7qRmgmVvwld3J5t+S6LmOMpoRVDl1Ljo6qZValLLUs8mSC807u1etGPAlEiFyBMS3mxtgeg0bJlbjOeokRMfAh9EXL0hACYdrjj6eu6bZVurQXaVsh0g/1+8QYAmNGgW87A8CB+e2l4l9eK8FetT2WYZygCPnnol6iKEY0TYh2pRYc1cgS4FraWykfgAaONsesDeHrU/o/qZdLbK90cLGfPz6ZxDFPNskWKRBGKuSYnJFzUiOc3JA78kAenVvn3nlynj9bM85kZoP8gPPyDj2JnSE=</latexit>

no roots
<latexit sha1_base64="pFezY71a75sm669r+GugtNlmMOc=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4KklF2+6KblxWsA9oh5JJM21oJhmTjFCG/oQbF4q49Xfc+Tdm2goqeuDC4Zx7ufeeIBbcWIQ+vNzK6tr6Rn6zsLW9s7tX3D9oG5VoylpUCaW7ATFMcMlallvBurFmJAoE6wSTq8zv3DNtuJK3dhozPyIjyUNOiXVSVyqolbJmUCyhMkIIYwwzgqsXyJF6vVbBNYgzy6EElmgOiu/9oaJJxKSlghjTwyi2fkq05VSwWaGfGBYTOiEj1nNUkogZP53fO4MnThnCUGlX0sK5+n0iJZEx0yhwnRGxY/Pby8S/vF5iw5qfchknlkm6WBQmAloFs+fhkGtGrZg6Qqjm7lZIx0QTal1EBRfC16fwf9KulPFZ+fymUmpcLuPIgyNwDE4BBlXQANegCVqAAgEewBN49u68R+/Fe1205rzlzCH4Ae/tE2cmkDk=</latexit>













Height of a root
<latexit sha1_base64="GEqmSUJpzRVnnfh2fuiGEiL4ctA=">AAAB+nicdVBNSwMxEM36WevXVo9egkXwVDYVbXsreumxgv2AtpRsmm1Ds5slmVVK7U/x4kERr/4Sb/4bs20FFX0w8Hhvhpl5fiyFAc/7cFZW19Y3NjNb2e2d3b19N3fQNCrRjDeYkkq3fWq4FBFvgADJ27HmNPQlb/njq9Rv3XJthIpuYBLzXkiHkQgEo2ClvpurcTEcAVYBplgrBbjv5r2C53mEEJwSUrrwLKlUykVSxiS1LPJoiXrffe8OFEtCHgGT1JgO8WLoTakGwSSfZbuJ4TFlYzrkHUsjGnLTm85Pn+ETqwxwoLStCPBc/T4xpaExk9C3nSGFkfntpeJfXieBoNybiihOgEdssShIJAaF0xzwQGjOQE4soUwLeytmI6opA5tW1obw9Sn+nzSLBXJWOL8u5quXyzgy6Agdo1NEUAlVUQ3VUQMxdIce0BN6du6dR+fFeV20rjjLmUP0A87bJ0pak2M=</latexit>

↵ =
rX

a=1

na ↵a

<latexit sha1_base64="vsD4HhZdHAfybNSfSQKAosm9LtQ=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KGXGB7opFN24rGAf0BmHO2nahmYyQ5IRytAPcOOvuHGhiFs/wJ1/Y9rOQlsPBA7nnMvNPUHMmdK2/W3llpZXVtfy64WNza3tneLuXlNFiSS0QSIeyXYAinImaEMzzWk7lhTCgNNWMLye+K0HKhWLxJ0exdQLoS9YjxHQRvKLJRd4PICqq5LQT6HqjO+lW8bCB7c8s3wwKbtiT4EXiZOREspQ94tfbjciSUiFJhyU6jh2rL0UpGaE03HBTRSNgQyhTzuGCgip8tLpMWN8ZJQu7kXSPKHxVP09kUKo1CgMTDIEPVDz3kT8z+skunfppUzEiaaCzBb1Eo51hCfN4C6TlGg+MgSIZOavmAxAAtGmv4IpwZk/eZE0TyrOaeX89qxUu8rqyKMDdIiOkYMuUA3doDpqIIIe0TN6RW/Wk/VivVsfs2jOymb20R9Ynz/RTZrW</latexit>

h(↵) =
rX

a=1

na

<latexit sha1_base64="OnvhmjbiZfwCH1aa2BINrrYdiuU=">AAACBXicbVDJSgNBEO2JW4zbqEc9NAYhgoQZF/QSCHrxGMEskIlDTaeTNOnpGbp7hDDk4sVf8eJBEa/+gzf/xs5y0MQHBY/3qqiqF8ScKe0431ZmYXFpeSW7mltb39jcsrd3aipKJKFVEvFINgJQlDNBq5ppThuxpBAGnNaD/vXIrz9QqVgk7vQgpq0QuoJ1GAFtJN/e7xU84HEPjkqeSkI/hZI7vJfeMRY++HbeKTpj4HniTkkeTVHx7S+vHZEkpEITDko1XSfWrRSkZoTTYc5LFI2B9KFLm4YKCKlqpeMvhvjQKG3ciaQpofFY/T2RQqjUIAxMZwi6p2a9kfif10x057KVMhEnmgoyWdRJONYRHkWC20xSovnAECCSmVsx6YEEok1wOROCO/vyPKmdFN3T4vntWb58NY0ji/bQASogF12gMrpBFVRFBD2iZ/SK3qwn68V6tz4mrRlrOrOL/sD6/AEAx5ef</latexit>

Highest root  
<latexit sha1_base64="3UN9wp1+RgzIRcYJ0H8CN6xfwGI=">AAAB/HicdVBNS0JBFJ1nX2Zfr1y2GdKglbwxSt1JbVwa5AeoyLxx1MF5bx4z9wUi9lfatCiibT+kXf+meWpQUQcuHM65l3vv8SMpDHjeh5NaW9/Y3EpvZ3Z29/YP3MOjplGxZrzBlFS67VPDpQh5AwRI3o40p4EvecufXCd+645rI1R4C9OI9wI6CsVQMApW6rvZmhiNuQGslQKc70ZG5Ptuzit4nkcIwQkhpUvPkkqlXCRlTBLLIodWqPfd9+5AsTjgITBJjekQL4LejGoQTPJ5phsbHlE2oSPesTSkATe92eL4OT61ygAPlbYVAl6o3ydmNDBmGvi2M6AwNr+9RPzL68QwLPdmIoxi4CFbLhrGEoPCSRJ4IDRnIKeWUKaFvRWzMdWUgc0rY0P4+hT/T5rFAjkvXNwUc9WrVRxpdIxO0BkiqISqqIbqqIEYmqIH9ISenXvn0XlxXpetKWc1k0U/4Lx9AgtwlGQ=</latexit>

 =
rX

a=1

ma ↵a

<latexit sha1_base64="I3E/aS0RGSFHa9HJpoaEEDvxnUQ=">AAACCnicbVA9SwNBEN2LXzF+RS1tVoNgEcKdH2gTCNpYRjCJkIvH3GYvWbJ7d+zuCeFIbeNfsbFQxNZfYOe/cZNcoYkPBh7vzTAzz485U9q2v63cwuLS8kp+tbC2vrG5VdzeaaookYQ2SMQjeeeDopyFtKGZ5vQulhSEz2nLH1yN/dYDlYpF4a0exrQjoBeygBHQRvKK+26sWNVVifBSqDqje+mWsfDALbvA4z544BVLdsWeAM8TJyMllKHuFb/cbkQSQUNNOCjVduxYd1KQmhFORwU3UTQGMoAebRsagqCqk05eGeFDo3RxEElTocYT9fdECkKpofBNpwDdV7PeWPzPayc6uOikLIwTTUMyXRQkHOsIj3PBXSYp0XxoCBDJzK2Y9EEC0Sa9ggnBmX15njSPK85J5ezmtFS7zOLIoz10gI6Qg85RDV2jOmoggh7RM3pFb9aT9WK9Wx/T1pyVzeyiP7A+fwBSt5oH</latexit>

h( ) is maximum
<latexit sha1_base64="1zr+iWhmRa8EJCCQAd0ilIIOvqI=">AAAB/XicbVDLSsNAFL3xWesrPnZuBluhbkpSEV0W3bisYB/QhjKZTtqhM0mYmYg1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj/mTGnH+baWlldW19ZzG/nNre2dXXtvv6GiRBJaJxGPZMvHinIW0rpmmtNWLCkWPqdNf3g98Zv3VCoWhXd6FFNP4H7IAkawNlLXPiwOSp1YsdMiYgoJ/MBEIrp2wSk7U6BF4makABlqXfur04tIImioCcdKtV0n1l6KpWaE03G+kygaYzLEfdo2NMSCKi+dXj9GJ0bpoSCSpkKNpurviRQLpUbCN50C64Ga9ybif1470cGll7IwTjQNyWxRkHCkIzSJAvWYpETzkSGYSGZuRWSAJSbaBJY3IbjzLy+SRqXsnpXPbyuF6lUWRw6O4BhK4MIFVOEGalAHAo/wDK/wZj1ZL9a79TFrXbKymQP4A+vzB+MvlDs=</latexit>

Coxeter Number
<latexit sha1_base64="SjseI/7ZVq4qkkb5EWWI0EKKHDw=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgKexENMktmIsniWAekKxhdtKbDJl9MDOrhiX/4cWDIl79F2/+jbNJBBUtaCiquunuciPBlbbtDyuztLyyupZdz21sbm3v5Hf3WiqMJYMmC0UoOy5VIHgATc21gE4kgfqugLY7rqd++xak4mFwrScROD4dBtzjjGoj3dTDe9Ag8WXsuyD7+YJdtG2bEIJTQspntiHVaqVEKpiklkEBLdDo5997g5DFPgSaCapUl9iRdhIqNWcCprlerCCibEyH0DU0oD4oJ5ldPcVHRhlgL5SmAo1n6veJhPpKTXzXdPpUj9RvLxX/8rqx9ipOwoMo1hCw+SIvFliHOI0AD7gEpsXEEMokN7diNqKSMpOEypkQvj7F/5NWqUhOiqdXpULtfBFHFh2gQ3SMCCqjGrpADdREDEn0gJ7Qs3VnPVov1uu8NWMtZvbRD1hvn6xekqQ=</latexit>

coxeter = h( ) + 1
<latexit sha1_base64="x8T+lCkNdWkTnguu9I8vihYUUck=">AAACBHicbVDLSsNAFJ34rPUVddnNYBEqQkl8oBuh6MZlBfuAJpTJ9LYdOsmEmYlYQhdu/BU3LhRx60e482+ctllo64ELh3Pu5d57gpgzpR3n21pYXFpeWc2t5dc3Nre27Z3duhKJpFCjggvZDIgCziKoaaY5NGMJJAw4NILB9dhv3INUTER3ehiDH5JexLqMEm2ktl1IPRliKh5Agxxd4n7JixU7xEfYxW276JSdCfA8cTNSRBmqbfvL6wiahBBpyolSLdeJtZ8SqRnlMMp7iYKY0AHpQcvQiISg/HTyxAgfGKWDu0KaijSeqL8nUhIqNQwD0xkS3Vez3lj8z2slunvhpyyKEw0RnS7qJhxrgceJ4A6TQDUfGkKoZOZWTPtEEmoSUXkTgjv78jypH5fdk/LZ7WmxcpXFkUMFtI9KyEXnqIJuUBXVEEWP6Bm9ojfryXqx3q2PaeuClc3soT+wPn8APmOWhw==</latexit>

dimG = (coxeter + 1)rankG
<latexit sha1_base64="7y7NZAOrd1X41Wa+7QaYhAvUVhM=">AAACKHicbVDLSgMxFM3Ud32NunQTLIKilBkf6EYUXeiyglWhU0omvbWhSWZIMmIZ5nPc+CtuRBTp1i8xnXZRrQcCh3PO5eaeMOZMG8/rOYWJyanpmdm54vzC4tKyu7J6q6NEUajSiEfqPiQaOJNQNcxwuI8VEBFyuAs7F33/7hGUZpG8Md0Y6oI8SNZilBgrNdzTNFACN5nIcLCL04ASji+zk61cptETGFAZ3sH+Ns4lRWQnG0k23JJX9nLgceIPSQkNUWm470EzookAaSgnWtd8Lzb1lCjDKIesGCQaYkI75AFqlkoiQNfT/NAMb1qliVuRsk8anKujEykRWndFaJOCmLb+6/XF/7xaYlrH9ZTJODEg6WBRK+HYRLjfmi1IATW8awmhitm/YtomilBbjy7aEvy/J4+T272yv18+vD4onZ0P65hF62gDbSEfHaEzdIUqqIooekav6AN9Oi/Om/Pl9AbRgjOcWUO/4Hz/AMDUpJE=</latexit>

Curiosity
<latexit sha1_base64="TsEpG55q+D3uwkTyjhJQ0Hd8noM=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJalo212xG5cV7EPaoWTSTBuaZIYkIwylX+HGhSJu/Rx3/o2ZtoKKHrhwOOde7r0niAU3FqEPb2V1bX1jM7eV397Z3dsvHBy2TZRoylo0EpHuBsQwwRVrWW4F68aaERkI1gkmjczv3DNteKRubRozX5KR4iGnxDrprpFoHhlu00GhiEoIIYwxzAiuXCJHarVqGVchziyHIliiOSi894cRTSRTlgpiTA+j2PpToi2ngs3y/cSwmNAJGbGeo4pIZvzp/OAZPHXKEIaRdqUsnKvfJ6ZEGpPKwHVKYsfmt5eJf3m9xIZVf8pVnFim6GJRmAhoI5h9D4dcM2pF6gihmrtbIR0TTah1GeVdCF+fwv9Ju1zC56WLm3KxfrWMIweOwQk4AxhUQB1cgyZoAQokeABP4NnT3qP34r0uWle85cwR+AHv7RN0v5Da</latexit>



Cartan Matrix from Dynkin Diagram
<latexit sha1_base64="ug9CmO6xsiT1QxEfZUWSWyGKSRY=">AAACCnicdVBNSwMxEM3Wr1q/Vj16iRbBU9lUtPUm6sGLoGCt0JYym2bb0CS7JFmxlJ69+Fe8eFDEq7/Am//GrFZQ0QcDj/dmmJkXJoIbGwRvXm5icmp6Jj9bmJtfWFzyl1cuTJxqymo0FrG+DMEwwRWrWW4Fu0w0AxkKVg/7h5lfv2La8Fid20HCWhK6ikecgnVS218/BG1B4ROwml/jSMcSHw1Unyt8xKGrQbb9YlAKgoAQgjNCKruBI3t71TKpYpJZDkU0xmnbf212YppKpiwVYEyDBIltDd0eTgUbFZqpYQnQPnRZw1EFkpnW8OOVEd50SgdHsXalLP5Qv08MQRozkKHrlGB75reXiX95jdRG1daQqyS1TNHPRVEqsI1xlgvucM2oFQNHgGrubsW0BxqodekVXAhfn+L/yUW5RLZLO2fl4v7BOI48WkMbaAsRVEH76Bidohqi6AbdoQf06N16996T9/zZmvPGM6voB7yXd8HymlQ=</latexit>

21 3

SO(7)
<latexit sha1_base64="ey7XSZZEoMT1z+myGJVdx/avN7k=">AAAB7nicdVDLSgMxFM34rPVVdekm2Ap1U5KKtt0V3bizon1AO5RMmmlDM5khyQhl6Ee4caGIW7/HnX9jpq2gogcuHM65l3vv8SLBtUHow1laXlldW89sZDe3tnd2c3v7LR3GirImDUWoOh7RTHDJmoYbwTqRYiTwBGt748vUb98zpXko78wkYm5AhpL7nBJjpXbh9rpYOSn0c3lUQghhjGFKcOUcWVKrVcu4CnFqWeTBAo1+7r03CGkcMGmoIFp3MYqMmxBlOBVsmu3FmkWEjsmQdS2VJGDaTWbnTuGxVQbQD5UtaeBM/T6RkEDrSeDZzoCYkf7tpeJfXjc2ftVNuIxiwySdL/JjAU0I09/hgCtGjZhYQqji9lZIR0QRamxCWRvC16fwf9Iql/Bp6eymnK9fLOLIgENwBIoAgwqogyvQAE1AwRg8gCfw7ETOo/PivM5bl5zFzAH4AeftE5Igjm0=</latexit>



Roots from Cartan Matrix
<latexit sha1_base64="xdO9pn8lj2n4yuYCBmjDs6If8wQ=">AAACA3icdVBNSwMxEM3Wr1q/qt70EiyCp7KpaNtbsRcvgorVQi0lm2bb0GyyJLNiKQUv/hUvHhTx6p/w5r8xqxVU9MHA472ZZOYFsRQWfP/Ny0xNz8zOZedzC4tLyyv51bVzqxPDeINpqU0zoJZLoXgDBEjejA2nUSD5RTCop/7FFTdWaHUGw5i3I9pTIhSMgpM6+Y1TrcHi0OgI16kBqvARBSOuMe7kC37R931CCE4JKe/7jlSrlRKpYJJaDgU0wXEn/3rZ1SyJuAImqbUt4sfQHrlXBZN8nLtMLI8pG9AebzmqaMRte/RxwxhvO6WLQ21cKcAf6veJEY2sHUaB64wo9O1vLxX/8loJhJX2SKg4Aa7Y50dhIjFonAaCu8JwBnLoCGVGuF0x61NDGbjYci6Er0vx/+S8VCS7xb2TUqF2MIkjizbRFtpBBJVRDR2iY9RADN2gO/SAHr1b79578p4/WzPeZGYd/YD38g4IVJcj</latexit>

21 3



21 3



Chevalley Basis
<latexit sha1_base64="we6+vxeVYXg2BcrvuX4v35CNUww=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAbBU9iJaJJbSC4eI5gHJEuYnXSSIbMPZmYDy5I/8eJBEa/+iTf/xtkkgooWNBRV3XR3eZHgSjvOh5Xb2Nza3snvFvb2Dw6P7OOTjgpjyaDNQhHKnkcVCB5AW3MtoBdJoL4noOvNmpnfnYNUPAzudRKB69NJwMecUW2koW03pzCnQkCCG1RxhYd20Sk5jkMIwRkhlRvHkFqtWiZVTDLLoIjWaA3t98EoZLEPgWaCKtUnTqTdlErNmYBFYRAriCib0Qn0DQ2oD8pNl5cv8IVRRngcSlOBxkv1+0RKfaUS3zOdPtVT9dvLxL+8fqzHVTflQRRrCNhq0TgWWIc4iwGPuASmRWIIZZKbWzGbUkmZNmEVTAhfn+L/SadcIlel67tysd5Yx5FHZ+gcXSKCKqiOblELtRFDc/SAntCzlVqP1ov1umrNWeuZU/QD1tsnHH2TVQ==</latexit>







N�+p↵ ,�↵ N�+(p�1)↵ ,↵
<latexit sha1_base64="/oArsvVAAQKbz0NDcMiOoBWsjM0="></latexit>

= 2
↵ · (� + p↵)

↵2
<latexit sha1_base64="sd6ddrDcmVQCiY0QkuiVZQz4jO8="></latexit>

[[E�+n↵ , E�↵] , E↵]� [[E�+n↵ , E↵] , E�↵] = [[E↵ , E�↵] , E�+n↵]
<latexit sha1_base64="UGxbyciVCanCoYwGT+r/QYwO/LQ="></latexit>

N�+(p�1)↵ ,�↵ N�+(p�2)↵ ,↵
<latexit sha1_base64="vCZ4sV6zu0nkWcLLv0u5H4GLrBg="></latexit>

�N�+(p�1)↵ ,↵ N�+p↵ ,�↵
<latexit sha1_base64="hnUhv+ykeAWYX7sMuE3d2HIX/2o="></latexit>

= 2
↵ · (� + (p� 1)↵)

↵2
<latexit sha1_base64="ALvhTXSWkF+vrTqSHvIYhcUisBg="></latexit>

N�+(p�2)↵ ,�↵ N�+(p�3)↵ ,↵
<latexit sha1_base64="GKyWoaKSCjBjrJuRI/BqFxoYAiY="></latexit>

�N�+(p�2)↵ ,↵ N�+(p�1)↵ ,�↵
<latexit sha1_base64="eMjaWkITgf5mlVeY6THUt144964="></latexit>

= 2
↵ · (� + (p� 2)↵)

↵2
<latexit sha1_base64="oVQxDRj6sipJW4uqvtf+CE3fkVo="></latexit>

N�+↵ ,�↵ N� ,↵
<latexit sha1_base64="QsVPkQF6C2bwe/DGd4z0dlzomZw="></latexit>

�N�+↵ ,↵ N�+2↵ ,�↵
<latexit sha1_base64="2nrkfyaZSjidouoLAQuDdMdwIr8="></latexit>

= 2
↵ · (� + ↵)

↵2
<latexit sha1_base64="OPtd+ZByyZM7Dxt7dThLM5vU1JQ="></latexit>

...
<latexit sha1_base64="fTFIVftjWbHI/e3TfC2mhjgv+As=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkl9tN0V3bisYB/QDiWTybSxmcmQZApl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WLBtUHow8mtrK6tb+Q3C1vbO7t7xf2DtpaJoqxFpZCq6xHNBI9Yy3AjWDdWjISeYB1vfJ35nQlTmsvozkxj5oZkGPGAU2Ks1O5PfGn0oFhCZYQQxhhmBFcvkSX1eq2CaxBnlkUJLNEcFN/7vqRJyCJDBdG6h1Fs3JQow6lgs0I/0SwmdEyGrGdpREKm3XR+7QyeWMWHgVS2IgPn6veJlIRaT0PPdobEjPRvLxP/8nqJCWpuyqM4MSyii0VBIqCRMHsd+lwxasTUEkIVt7dCOiKKUGMDKtgQvj6F/5N2pYzPyhe356XG1TKOPDgCx+AUYFAFDXADmqAFKLgHD+AJPDvSeXRenNdFa85ZzhyCH3DePgEauI9/</latexit>

...
<latexit sha1_base64="fTFIVftjWbHI/e3TfC2mhjgv+As=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkl9tN0V3bisYB/QDiWTybSxmcmQZApl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WLBtUHow8mtrK6tb+Q3C1vbO7t7xf2DtpaJoqxFpZCq6xHNBI9Yy3AjWDdWjISeYB1vfJ35nQlTmsvozkxj5oZkGPGAU2Ks1O5PfGn0oFhCZYQQxhhmBFcvkSX1eq2CaxBnlkUJLNEcFN/7vqRJyCJDBdG6h1Fs3JQow6lgs0I/0SwmdEyGrGdpREKm3XR+7QyeWMWHgVS2IgPn6veJlIRaT0PPdobEjPRvLxP/8nqJCWpuyqM4MSyii0VBIqCRMHsd+lwxasTUEkIVt7dCOiKKUGMDKtgQvj6F/5N2pYzPyhe356XG1TKOPDgCx+AUYFAFDXADmqAFKLgHD+AJPDvSeXRenNdFa85ZzhyCH3DePgEauI9/</latexit>

...
<latexit sha1_base64="fTFIVftjWbHI/e3TfC2mhjgv+As=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4Kkl9tN0V3bisYB/QDiWTybSxmcmQZApl6D+4caGIW//HnX9jpq2gogcuHM65l3vv8WLBtUHow8mtrK6tb+Q3C1vbO7t7xf2DtpaJoqxFpZCq6xHNBI9Yy3AjWDdWjISeYB1vfJ35nQlTmsvozkxj5oZkGPGAU2Ks1O5PfGn0oFhCZYQQxhhmBFcvkSX1eq2CaxBnlkUJLNEcFN/7vqRJyCJDBdG6h1Fs3JQow6lgs0I/0SwmdEyGrGdpREKm3XR+7QyeWMWHgVS2IgPn6veJlIRaT0PPdobEjPRvLxP/8nqJCWpuyqM4MSyii0VBIqCRMHsd+lwxasTUEkIVt7dCOiKKUGMDKtgQvj6F/5N2pYzPyhe356XG1TKOPDgCx+AUYFAFDXADmqAFKLgHD+AJPDvSeXRenNdFa85ZzhyCH3DePgEauI9/</latexit>





p = �2↵ · �
�2

�2

↵2
=

�2

↵2
<latexit sha1_base64="EVYBXduuFwF4wU/XxZDTB/xN2H4="></latexit>
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2.14 Finding the cocycles "(↵, �)

As we have seen the Dynkin diagram of an algebra contains all the necessary
information to construct the commutation relations (2.216)-( 2.218). However
that information is not enough to determine the cocycles "(↵, �) defined in
( 2.218). For that we need the Jacobi identity. We now explain how to use
such identities to determine the cocycles. We will show that the consistency
conditions imposed on the cocycles are such that they can be split into a
number of sets equal to the number of positive non simple roots. The sign of
a cocycle in a given set completly determines the signs of all other cocycles of
that set, but has no influence in the determination of the cocycles in the other
sets. Therefore the cocycles "(↵, �) are determined by the Jacobi identities up
to such “gauge freedom” in fixing independently the signs of the cocycles of
di↵erent sets.

From the antisymmetry of the Lie bracket the cocycles have to satisfy

"(↵, �) = �"(�,↵) (2.221)

In addition, from the choice made in (2.206) one has

"(↵, �) = �"(�↵,��) (2.222)

Consider three roots ↵, � and � such that their sum vanishes. The Jacobi
identity for their corresponding step operators yields, using (2.216) - (2.218)

0 = [[E↵, E�], E�] + [[E�, E↵], E�] + [[E�, E�], E↵]

= �((q↵� + 1)"(↵, �)
2�.H

�2
+ (q�↵ + 1)"(�,↵)

2�.H

�2

+(q�� + 1)"(�, �)
2↵.H

↵2
)

= �(((q�� + 1)"(�, �)�
↵2

�2
(q↵� + 1)"(↵, �))

2↵.H

↵2

+((q�↵ + 1)"(�,↵)�
�2

�2
(q↵� + 1)"(↵, �))

2�.H

�2
) (2.223)

Since the integers q0s are non negative we get

"(↵, �) = "(�, �) = "(�,↵) (2.224)

and also
1

�2
(q↵� + 1) =

1

↵2
(q�� + 1) =

1

�2
(q�↵ + 1) (2.225)
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from the root system of the algebra and also from the Jacobi identity . Let us
explain now how to do that.

Notice that from the antisymmetry of the Lie bracket

N↵� = �N�↵ (2.200)

for any pair of roots ↵ and �. The structure constants N↵� are defined up to
rescaling of the step operators. If we make the transformation

E↵ ! ⇢↵E↵ (2.201)

keeping the Cartan subalgebra generators unchanged, then from (2.199) the
structure constants N↵� must transform as

N↵� !
⇢↵⇢�
⇢↵+�

N↵� (2.202)

and
⇢↵⇢�↵ = 1 (2.203)

As we have said in section 2.9, any symmetry of the root diagram can be ele-
vated to an automorphism of the corresponding Lie algebra. In any semisimple
Lie algebra the transformation ↵ ! �↵ is a symmetry of the root diagram
since if ↵ is a root so is �↵. We then define the transformation � : G ! G as

�(Ha) = �Ha ; �(E↵) = ⌘↵E�↵ (2.204)

and �2 = 1. From the commutation relations (2.196), (2.197) and (2.199) one
sees that such transformation is an automorphism if

⌘↵⌘�↵ = 1

N↵� =
⌘↵⌘�
⌘↵+�

N�↵,�� (2.205)

Using the freedom to rescale the step operators as in (2.202) one sees that it is
possible to satisfy (2.205) and make (2.204) an automorphism. In particular
it is possible to choose all ⌘↵ equals to �1 and therefore

N↵� = �N�↵,�� (2.206)

Consider the ↵-root string through � given by (2.181). Using the Jacobi
identity for the step operators E↵, E�↵ and E�+n↵, where p > n > 1 and p is
the highest integer such that � + p↵ is a root, we obtain from (2.199) that

N�+n↵,�↵N�+(n�1)↵,↵ �N�+n↵,↵N�+(n+1)↵,�↵ =
2↵.(� + n↵)

↵2
(2.207)
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2.14 Finding the cocycles "(↵, �)

As we have seen the Dynkin diagram of an algebra contains all the necessary
information to construct the commutation relations (2.216)-( 2.218). However
that information is not enough to determine the cocycles "(↵, �) defined in
( 2.218). For that we need the Jacobi identity. We now explain how to use
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number of sets equal to the number of positive non simple roots. The sign of
a cocycle in a given set completly determines the signs of all other cocycles of
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to such “gauge freedom” in fixing independently the signs of the cocycles of
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From the antisymmetry of the Lie bracket the cocycles have to satisfy

"(↵, �) = �"(�,↵) (2.221)

In addition, from the choice made in (2.206) one has

"(↵, �) = �"(�↵,��) (2.222)

Consider three roots ↵, � and � such that their sum vanishes. The Jacobi
identity for their corresponding step operators yields, using (2.216) - (2.218)

0 = [[E↵, E�], E�] + [[E�, E↵], E�] + [[E�, E�], E↵]

= �((q↵� + 1)"(↵, �)
2�.H

�2
+ (q�↵ + 1)"(�,↵)

2�.H

�2

+(q�� + 1)"(�, �)
2↵.H

↵2
)

= �(((q�� + 1)"(�, �)�
↵2

�2
(q↵� + 1)"(↵, �))

2↵.H

↵2

+((q�↵ + 1)"(�,↵)�
�2

�2
(q↵� + 1)"(↵, �))

2�.H

�2
) (2.223)

Since the integers q0s are non negative we get

"(↵, �) = "(�, �) = "(�,↵) (2.224)

and also
1

�2
(q↵� + 1) =

1

↵2
(q�� + 1) =

1

�2
(q�↵ + 1) (2.225)

�<latexit sha1_base64="XR1BGoi3btxZu5Jdp+DSduShQRA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbDrAz0GvXhMwDwgCWF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHd1O/+YRK80g+mHGM3ZAOJA84o8ZKtbNeseSW3RnIMvEyUoIM1V7xq9OPWBKiNExQrdueG5tuSpXhTOCk0Ek0xpSN6ADblkoaou6ms0Mn5MQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgpptyGScGJZsvChJBTESmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyXvYvyVe2yVLnN4sjDERzDKXhwDRW4hyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD3bRjLg=</latexit>

�<latexit sha1_base64="XR1BGoi3btxZu5Jdp+DSduShQRA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbDrAz0GvXhMwDwgCWF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7/FhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGplk81Ci6xbrgR2IoV0tAX2PRHd1O/+YRK80g+mHGM3ZAOJA84o8ZKtbNeseSW3RnIMvEyUoIM1V7xq9OPWBKiNExQrdueG5tuSpXhTOCk0Ek0xpSN6ADblkoaou6ms0Mn5MQqfRJEypY0ZKb+nkhpqPU49G1nSM1QL3pT8T+vnZjgpptyGScGJZsvChJBTESmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyXvYvyVe2yVLnN4sjDERzDKXhwDRW4hyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD3bRjLg=</latexit>
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Further relations are found by considering Jacobi identities for three step op-
erators corresponding to roots adding up to a fourth root. Now such identities
yield relations involving products of two cocycles. However, in many situations
there are only two non vanishing terms in the Jacobi identity. Consider three
roots ↵, � and � such that ↵ + �, � + � and ↵ + � + � are roots but ↵ + �
is not a root. Then the Jacobi identity for the corresponding step operators
yields

0 = [[E↵, E�], E�] + [[E�, E↵], E�] + [[E�, E�], E↵]

= (q↵� + 1)(q↵+�,� + 1)"(↵, �)"(↵ + �, �)

+(q�� + 1)(q�+�,↵ + 1)"(�, �)"(� + �,↵) (2.226)

Therefore one gets

"(↵, �)"(↵ + �, �) = "(�, �)"(↵, � + �) (2.227)

and
(q↵� + 1)(q↵+�,� + 1) = (q�� + 1)(q�+�,↵ + 1) (2.228)

There remains to consider the cases where the three terms in the Jacobi identity
for three step operators do not vanish. Such thing happens when we have three
roots ↵, � and � such that ↵ + �, ↵ + �, � + � and ↵ + � + � are roots as
well. We now classify all cases where that happens. We shall denote long roots
by µ, ⌫, ⇢, ... and short roots by e, f , g, ... . From the properties of roots
discussed in section 2.8 one gets that 2µ.⌫

µ2 , 2µ.e
µ2 , 2e.f

e2
= 0, ±1. Let us consider

the possible cases:

1. All three roots are long. If µ + ⌫ is a root then (µ+⌫)2

µ2 = 2 + 2µ.⌫
µ2 . Since

µ+ ⌫ can not be a longer than µ one gets 2µ.⌫
µ2 = �1. So µ+ ⌫ is a long

root and if µ+ ⌫ + ⇢ is also a root one gets by the same argument that
2(µ+⌫).⇢

µ2 = �1. Therefore µ+⇢ and ⌫+⇢ can not be roots simultaneously

since that would imply, by the same arguments, 2µ.⇢
µ2 = 2⌫.⇢

µ2 = �1 which
is a contradiction with the result above.

2. Two roots are long and one short. If µ + e is a root then (µ+e)2

µ2 =

1+ e
2

µ2+
2µ.e
µ2 . Since µ+e can not be longer than µ it follows that 2µ.e

µ2 = �1.

Therefore µ + e is a short root since (µ + e)2 = e2. So, if µ + e + ⌫ is

a root then (µ+e+⌫)2

⌫2
= 1 + (µ+e)2

µ2 + 2(µ+e).⌫
⌫2

and therefore 2(µ+e).⌫
⌫2

= �1.
Consequently µ+ ⌫ and ⌫+ e can not be roots simultaneously since that
would imply, by the same arguments, 2µ.⌫

⌫2
= 2⌫.e

⌫2
= �1.
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3. Two roots are short and one long. Analogously if e+ f and µ+ e+ f are
roots one gets 2(e+f).µ

µ2 = �1 independently of e+ f being shost or long.
So, it is impossible for µ+ e and µ+ f to be both roots since one would
get 2µ.e

µ2 = 2µ.f
µ2 = �1.

4. All three roots are short. If e + f is a root then (e+f)2

e2
= 2 + 2e.f

e2
and

there exists three possibilities:

(a) 2e.f
e2

= �1 and e+ f is a short root.

(b) 2e.f
e2

= 1 and (e+f)2

e2
= 3 (can only happen in G2).

(c) 2e.f
e2

= 0 and (e+f)2

e2
= 2 (can only happen in Bn, Cn and F4).

In section 2.8 we have seen that the possible ratios of squared length of the
roots are 1, 2 and 3. Therefore there can not exists roots with three di↵erent
lengths in the same irreducible root system since if ↵

2

�2 = 2 and �
2

�2 = 3 then
�
2

↵2 = 3
2 .

Consider the case 4.b and let g be the third short root. Then if e + g is a
root we have (e+g)2

(e+f)2 = 2
3 +

2e.g
(e+f)2 = 1 or 1

3 . But this is impossible since 2e.g
(e+f)2

would not be an integer. So the second case is ruled out since we would not
have e+ f , e+ g, f + g and e+ f + g all roots.

Consider the case 4.c. If e + g is a root then (e+g)2

(e+f)2 = 1 + 1
2
2e.g
g2

= 1 or
1
2 . Therefore 2e.g

g2
= 0 or �1. Similarly if f + g is a root we get 2f.g

g2
= 0

or �1. But if e + f + g is also a root then it has to be a short root since
(e+f+g)2

(e+f)2 = 3
2 +

2(e+f).g
(e+f)2 . Consequently 2(e+f).g

(e+f)2 = �1 and (e+f+g)2

(e+f)2 = 1
2 . It then

follows that 2e.g
g2

+ 2f.g
g2

= 2(e+f).g
(e+f)2

(e+f)2

g2
= �2. Therefore in the case 4.c we can

have e+ f , e+ g, f + g and e+ f + g all roots if e.f = 0, 2e.g
g2

= 2f.g
g2

= �1.

Consider the case 4.a. Again if e+ g is a root then (e+g)2

g2
= 2+ 2e.g

g2
= 1 or

2. So, 2e.g
g2

= 0 or �1. Similarly if f + g is a root 2f.g
g2

= 0 or �1. If e+ f + g is

also a root then (e+f+g)2

g2
= 2 + 2(e+f).g

g2
= 1 or 2. Therefore 2(e+f).g

g2
= 0 or �1.

Consequently 2e.g
g2

and 2f.g
g2

can not be both �1. Suppose then 2e.g
g2

= 0 and

consequently e+ g is a long root, i.e. (e+g)2

g2
= 2. According to the arguments

used in case 4.c we get e+ f + g is a short root and then 2f.g
g2

= �1.
We then conclude that the only possibility for the ocurrence of three short

roots e, f and g such that the sum of any two of them and e+f+g are all roots
is that two of them are ortoghonal, let us say e.f = 0 and 2e.g

g2
= 2f.g

g2
= �1.

This can only happen in the algebras Cn or F4. Therefore none of the three
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terms in the Jacobi identity for the corresponding step operators will vanish.
We have

0 = [[Ee, Ef ], Eg] + [[Eg, Ee], Ef ] + [[Ef , Eg], Ee]

= (qef + 1)(qe+f,g + 1)"(e, f)"(e+ f, g)

+(qge + 1)(qg+e,f + 1)"(g, e)"(g + e, f)

+(qfg + 1)(qf+g,e + 1)"(f, g)"(f + g, e) (2.229)

According to the discussion in section 2.12 any root string in an algebra where
the ratio of the squared lengths of roots is 1 or 2 can have at most 3 roots.
From (2.187) we see that qef = 1 and qge = qfg = qe+f,g = qg+e,f = qf+g,e = 0.
Therefore

"(e, f)"(e+ f, g) = "(g, e)"(f, g + e) = "(f, g)"(e, f + g) (2.230)

We can then determine the cocycles using the following algorithm:

1. The cocycles involving two negative roots, "(�↵,��) with ↵ and � both
positive, is determined from those involving two positive roots through
the relation (2.222).

2. The cocycles involving one positive and one negative root, "(�↵, �) with
both ↵ and � both positive, are also determined from those involving
two positive roots through the relations (2.224) and (2.222). Indeed, if
�↵ + � is a positive root we write �↵ + � = � and if it is negative we
write �↵+� = �� with � positive in both cases. Therefore from (2.224)
and (2.222) it follows "(�↵, �) = "(��,�↵) = �"(�,↵) in the first case,
and "(�↵, �) = "(�, �) in the second case.

3. Let ⇢ be a positive non simple root which can be written as ⇢ = ↵+� =
� + � with ↵, �, � and � all positive roots. Then the cocycles "(↵, �)
and "(�, �) can be related to each other by using combinations of the
relations (2.227)

Using such algorithm one can then verify that there will be one cocycle to
be chosen freely, for each positive non-simple root of the algebra. Once those
cocycles are chosen, all the other are uniquely determined.
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Figure 2.2: The root diagram of A2 (SU(3) or SL(3))

Therefore the roots of su(3) are

↵1 = (
p

2, 0) ; ↵2 = (�

p
2

2
,

s
3

2
) ; ↵3 = (

p
2

2
,

s
3

2
) (2.141)

and the corresponding negative ones.
Notice that all roots have the same lenght (↵2 = 2) and the angle between

any two of them is a multiple of ⇡

3 . The six roots of su(3) form a regular
diagram shown in figure 2.2. This is called the root diagram for su(3). The
root diagram of a Lie algebra lives in an Euclidean space of the same dimension
as the Cartan subalgebra, i.e., the rank of the algebra. The root diagram is
very useful in understanding the structure of the algebra. For instance, from
(2.125) and the diagram 2.2 one sees that

[E↵1 , E↵3 ] = [E↵3 , E↵2 ] = [E↵2 , E�↵1 ] = 0

[E�↵1 , E�↵3 ] = [E�↵3 , E�↵2 ] = [E�↵2 , E↵1 ] = 0 (2.142)

and also

[E↵1 , E�↵1 ] =
p

2H1

[E↵2 , E�↵2 ] = �

p
2

2
H1 +

s
3

2
H2

[E↵3 , E�↵3 ] =

p
2

2
H1 +

s
3

2
H2 (2.143)

Whenever the sum of two roots is a root of the diagram we know, from (2.125),
that the corresponding step operators do not commute. One can check that

2↵1 · ↵2

↵2
2

=
2↵1 · ↵2

↵2
1

= �1
<latexit sha1_base64="E+VncQ6w4usdcggbiXd/YET+CCk=">AAACP3icjVDNS8MwHE39nPOr6tFLcQheHG1V9CIMvXic4D5grSVN0y0sbUqSCqP0P/Piv+DNqxcPinj1ZrpV0M2DDwIv770fye/5CSVCmuaTNje/sLi0XFmprq6tb2zqW9ttwVKOcAsxynjXhwJTEuOWJJLibsIxjHyKO/7wsvA7d5gLwuIbOUqwG8F+TEKCoFSSp7edkEOU2Q6kyQB6loMCJsuLnWff7NbOz/+VtIrkoeXpNbNujmHMEqskNVCi6emPTsBQGuFYIgqF6FlmIt0MckkQxXnVSQVOIBrCPu4pGsMICzcb758b+0oJjJBxdWJpjNWfExmMhBhFvkpGUA7EtFeIf3m9VIZnbkbiJJU4RpOHwpQakhlFmUZAOEaSjhSBiBP1VwMNoKpJqsqrqgRreuVZ0rbr1lH95Pq41rgo66iAXbAHDoAFTkEDXIEmaAEE7sEzeAVv2oP2or1rH5PonFbO7IBf0D6/ANPWr/U=</latexit>
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↵2
3

=
2↵2 · ↵3

↵2
3

= 1
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[H1 , H2] = 0
<latexit sha1_base64="SuAFY6bz5NMBYxq6gyON88+77oE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBRSlJVXQjFN10WcG2QhLCZDpph04ezNwIJRTc+CtuXCji1p9w5984fSy09cCFwzn3cu89QSq4Asv6NgpLyyura8X10sbm1vaOubvXVkkmKWvRRCTyPiCKCR6zFnAQ7D6VjESBYJ1gcDP2Ow9MKp7EdzBMmReRXsxDTgloyTcPXMFCcBq+7VYqbqXh11zJe33wrizfLFtVawK8SOwZKaMZmr755XYTmkUsBiqIUo5tpeDlRAKngo1KbqZYSuiA9JijaUwiprx88sMIH2uli8NE6ooBT9TfEzmJlBpGge6MCPTVvDcW//OcDMJLL+dxmgGL6XRRmAkMCR4HgrtcMgpiqAmhkutbMe0TSSjo2Eo6BHv+5UXSrlXt0+r57Vm5fj2Lo4gO0RE6QTa6QHXUQE3UQhQ9omf0it6MJ+PFeDc+pq0FYzazj/7A+PwBtVqWSQ==</latexit>

[Ha , E↵b ] =
2↵a · ↵b

↵2
a

E↵b

<latexit sha1_base64="hnK2jf97NpcqLoZfhHcbzTAbip8="></latexit>

[H1 , E↵1 ] = 2E↵1
<latexit sha1_base64="/juJ3/wvFCE1NPBjzxnNxsur4J4=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4KCWpim6EoghdVrAPSEKYTCft0MmDmRuhhH6HG3/FjQtF3Ikb/8Zpm4VtPXDhcM693HuPn3AmwTR/tMLK6tr6RnGztLW9s7un7x+0ZZwKQlsk5rHo+lhSziLaAgacdhNBcehz2vGHtxO/80iFZHH0AKOEuiHuRyxgBIOSPN1yOA3AbniWU6k4lTsvczBPBtizxo5g/QG417V52dPLZtWcwlgmVk7KKEfT07+cXkzSkEZAOJbStswE3AwLYITTcclJJU0wGeI+tRWNcEilm01fGxsnSukZQSxURWBM1b8TGQ6lHIW+6gwxDOSiNxH/8+wUgis3Y1GSAo3IbFGQcgNiY5KT0WOCEuAjRTARTN1qkAEWmIBKs6RCsBZfXibtWtU6q17cn5frN3kcRXSEjtEpstAlqqMGaqIWIugJvaA39K49a6/ah/Y5ay1o+cwhmoP2/QuUF5/8</latexit>

[H1 , E↵2 ] = �E↵2
<latexit sha1_base64="mKz68N7+WnhgViIEE4zuf3Q9Udw=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXtSRV0Y1QFKHLCvYBSQiT6aQdOnkwcyOU0O9w46+4caGIO3Hj3zhts7CtBy4czrmXe+/xE84kmOaPtrS8srq2Xtgobm5t7+zqe/stGaeC0CaJeSw6PpaUs4g2gQGnnURQHPqctv3B7dhvP1IhWRw9wDChboh7EQsYwaAkT7ccTgOw657llMtO+c7LHMyTPvaqI0ewXh/c69NZ2dNLZsWcwFgkVk5KKEfD07+cbkzSkEZAOJbStswE3AwLYITTUdFJJU0wGeAetRWNcEilm01eGxnHSukaQSxURWBM1L8TGQ6lHIa+6gwx9OW8Nxb/8+wUgis3Y1GSAo3IdFGQcgNiY5yT0WWCEuBDRTARTN1qkD4WmIBKs6hCsOZfXiStasU6q1zcn5dqN3kcBXSIjtAJstAlqqE6aqAmIugJvaA39K49a6/ah/Y5bV3S8pkDNAPt+xePXp/5</latexit>

[H1 , E↵3 ] = E↵3
<latexit sha1_base64="fGkCYqNm7e6xPo78yQPsuZ35CMI=">AAACGXicbVDLSsNAFJ3UV62vqEs3wSK4KCWxim6EoghdVrAPSEKYTCft0MmDmRuhhP6GG3/FjQtFXOrKv3HaZmFbD1w4nHMv997jJ5xJMM0frbCyura+UdwsbW3v7O7p+wdtGaeC0BaJeSy6PpaUs4i2gAGn3URQHPqcdvzh7cTvPFIhWRw9wCihboj7EQsYwaAkTzcdTgOwG57lVCpO5c7LHMyTAfZqY0ew/gDc63nV08tm1ZzCWCZWTsooR9PTv5xeTNKQRkA4ltK2zATcDAtghNNxyUklTTAZ4j61FY1wSKWbTT8bGydK6RlBLFRFYEzVvxMZDqUchb7qDDEM5KI3Ef/z7BSCKzdjUZICjchsUZByA2JjEpPRY4IS4CNFMBFM3WqQARaYgAqzpEKwFl9eJu2zqlWrXtyfl+s3eRxFdISO0Smy0CWqowZqohYi6Am9oDf0rj1rr9qH9jlrLWj5zCGag/b9Cxpan8Q=</latexit>

[H2 , E↵3 ] = E↵3
<latexit sha1_base64="D1STQdPde9jqQ3/T6u2EkRKh32Y=">AAACGXicbVDLSsNAFJ34rPUVdekmWAQXpSStohuhKEKXFewDkhAm00k7dPJg5kYoob/hxl9x40IRl7ryb5y2WdjWAxcO59zLvff4CWcSTPNHW1ldW9/YLGwVt3d29/b1g8O2jFNBaIvEPBZdH0vKWURbwIDTbiIoDn1OO/7wduJ3HqmQLI4eYJRQN8T9iAWMYFCSp5sOpwHYDa/qlMtO+c7LHMyTAfZqY0ew/gDc63nV00tmxZzCWCZWTkooR9PTv5xeTNKQRkA4ltK2zATcDAtghNNx0UklTTAZ4j61FY1wSKWbTT8bG6dK6RlBLFRFYEzVvxMZDqUchb7qDDEM5KI3Ef/z7BSCKzdjUZICjchsUZByA2JjEpPRY4IS4CNFMBFM3WqQARaYgAqzqEKwFl9eJu1qxapVLu7PS/WbPI4COkYn6AxZ6BLVUQM1UQsR9IRe0Bt61561V+1D+5y1rmj5zBGag/b9CxwFn8U=</latexit>

[H2 , E↵2 ] = 2E↵2
<latexit sha1_base64="avylRO8v4ZPfs1thyM4CNi2HSOA=">AAACGnicbVDLSsNAFJ3UV62vqEs3wSK4KCWJim6EoghdVrAPaEKYTCfN0MmDmRuhhH6HG3/FjQtF3Ikb/8bpY2FbD1w4nHMv997jp5xJMM0frbCyura+UdwsbW3v7O7p+wctmWSC0CZJeCI6PpaUs5g2gQGnnVRQHPmctv3B7dhvP1IhWRI/wDClboT7MQsYwaAkT7ccTgPo1j3bqVScyp2XO5inIfbskSNYPwT32p6XPb1sVs0JjGVizUgZzdDw9C+nl5AsojEQjqXsWmYKbo4FMMLpqORkkqaYDHCfdhWNcUSlm09eGxknSukZQSJUxWBM1L8TOY6kHEa+6owwhHLRG4v/ed0Mgis3Z3GaAY3JdFGQcQMSY5yT0WOCEuBDRTARTN1qkBALTEClWVIhWIsvL5OWXbXOqhf35+XazSyOIjpCx+gUWegS1VAdNVATEfSEXtAbeteetVftQ/uctha02cwhmoP2/QuY5J//</latexit>

[H2 , E↵1 ] = �E↵1
<latexit sha1_base64="Im2KFv/WaZ5PUeVNmXGhQupA1Ak=">AAACGnicbVDLSsNAFJ34rPUVdekmWAQXtSRV0Y1QFKHLCvYBSQiT6aQdOnkwcyOU0O9w46+4caGIO3Hj3zhts7CtBy4czrmXe+/xE84kmOaPtrS8srq2Xtgobm5t7+zqe/stGaeC0CaJeSw6PpaUs4g2gQGnnURQHPqctv3B7dhvP1IhWRw9wDChboh7EQsYwaAkT7ccTgOw617VKZed8p2XOZgnfexZI0ewXh/c69NZ2dNLZsWcwFgkVk5KKEfD07+cbkzSkEZAOJbStswE3AwLYITTUdFJJU0wGeAetRWNcEilm01eGxnHSukaQSxURWBM1L8TGQ6lHIa+6gwx9OW8Nxb/8+wUgis3Y1GSAo3IdFGQcgNiY5yT0WWCEuBDRTARTN1qkD4WmIBKs6hCsOZfXiStasU6q1zcn5dqN3kcBXSIjtAJstAlqqE6aqAmIugJvaA39K49a6/ah/Y5bV3S8pkDNAPt+xeN6Z/4</latexit>
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Figure 2.2: The root diagram of A2 (SU(3) or SL(3))

Therefore the roots of su(3) are

↵1 = (
p

2, 0) ; ↵2 = (�

p
2

2
,

s
3

2
) ; ↵3 = (

p
2

2
,

s
3

2
) (2.141)

and the corresponding negative ones.
Notice that all roots have the same lenght (↵2 = 2) and the angle between

any two of them is a multiple of ⇡

3 . The six roots of su(3) form a regular
diagram shown in figure 2.2. This is called the root diagram for su(3). The
root diagram of a Lie algebra lives in an Euclidean space of the same dimension
as the Cartan subalgebra, i.e., the rank of the algebra. The root diagram is
very useful in understanding the structure of the algebra. For instance, from
(2.125) and the diagram 2.2 one sees that

[E↵1 , E↵3 ] = [E↵3 , E↵2 ] = [E↵2 , E�↵1 ] = 0

[E�↵1 , E�↵3 ] = [E�↵3 , E�↵2 ] = [E�↵2 , E↵1 ] = 0 (2.142)

and also

[E↵1 , E�↵1 ] =
p

2H1

[E↵2 , E�↵2 ] = �

p
2

2
H1 +

s
3

2
H2

[E↵3 , E�↵3 ] =

p
2

2
H1 +

s
3

2
H2 (2.143)

Whenever the sum of two roots is a root of the diagram we know, from (2.125),
that the corresponding step operators do not commute. One can check that

[E↵1 , E↵2 ] = "(1 , 2)E↵3
<latexit sha1_base64="lleKZizYKj2s2lCGwfKvjph04L8="></latexit>

[E↵1 , E�↵3 ] = "(1 , �3)E�↵2
<latexit sha1_base64="RHkBLhVQ22EK3MBpvi1Bnbf/dZI="></latexit>

[E↵2 , E�↵3 ] = "(2 , �3)E�↵1
<latexit sha1_base64="CHF9wtBSMigShwtNyoqCsO+kPGQ="></latexit>

"(a , b) = �"(�a , �b)
<latexit sha1_base64="TgOWUXzzDDgj5pm6V9G6a/E8I3Q=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC2lJvKAboejGZQV7gSaUyXTSDp1MwsykUEJfwo2v4saFIm4Fd76N0zaL2vrDwM93zuHM+f2YUals+8dYWV1b39jMbeW3d3b39s2Dw4aMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cHdpN4cEiFpxB/VKCZeiHqcBhQjpVHHtNwhEiSWlEW8iFzLci2/dFOep+UZLvuljlmwK/ZUcNk4mSmATLWO+e12I5yEhCvMkJRtx46VlyKhKGZknHcTSWKEB6hH2tpyFBLppdOrxvBUky4MIqEfV3BK5ydSFEo5Cn3dGSLVl4u1Cfyv1k5UcO2llMeJIhzPFgUJgyqCk4hglwqCFRtpg7Cg+q8Q95FAWOkg8zoEZ/HkZdM4qzjnlcuHi0L1NosjB47BCSgCB1yBKrgHNVAHGDyBF/AG3o1n49X4MD5nrStGNnME/sj4+gVm1J0M</latexit>

"(�1 , �2) = �"(1 , 2)
<latexit sha1_base64="9yVUILrOP+tWUsXVwcx17PEFCXE=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARWkhLUhXdCEU3LivYCzShTKbTduhkEmYmhRL6Em58FTcuFHEruPNtnLZZ1NYfBn6+cw5nzu9HjEpl2z9GZm19Y3Mru53b2d3bPzAPjxoyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9Id303pzRISkIX9U44h4Aepz2qMYKY06puWOkCCRpCzkhZLjWpZrlSrFm9Iin+NKsWPm7bI9E1w1TmryIFWtY3673RDHAeEKMyRl27Ej5SVIKIoZmeTcWJII4SHqk7a2HAVEesnsqgk806QLe6HQjys4o4sTCQqkHAe+7gyQGsjl2hT+V2vHqnftJZRHsSIczxf1YgZVCKcRwS4VBCs21gZhQfVfIR4ggbDSQeZ0CM7yyaumUSk75+XLh4t89TaNIwtOwCkoAAdcgSq4BzVQBxg8gRfwBt6NZ+PV+DA+560ZI505Bn9kfP0CMV+cTA==</latexit>

"(�1 , 3) = �"(1 , �3)
<latexit sha1_base64="dXoOiZ8B6g39jDVAfzdV334dbFE=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARWkhLYhXdCEU3LivYCzShTKbTduhkEmYmhRL6Em58FTcuFHEruPNtnLZZ1NYfBn6+cw5nzu9HjEpl2z9GZm19Y3Mru53b2d3bPzAPjxoyjAUmdRyyULR8JAmjnNQVVYy0IkFQ4DPS9Id303pzRISkIX9U44h4Aepz2qMYKY06puWOkCCRpCzkhZLjWpZrVYo3pUU8p6VKsWPm7bI9E1w1TmryIFWtY3673RDHAeEKMyRl27Ej5SVIKIoZmeTcWJII4SHqk7a2HAVEesnsqgk806QLe6HQjys4o4sTCQqkHAe+7gyQGsjl2hT+V2vHqnftJZRHsSIczxf1YgZVCKcRwS4VBCs21gZhQfVfIR4ggbDSQeZ0CM7yyaumcV52KuXLh4t89TaNIwtOwCkoAAdcgSq4BzVQBxg8gRfwBt6NZ+PV+DA+560ZI505Bn9kfP0CN5ucTg==</latexit>

"(�2 , 3) = �"(2 , �3)
<latexit sha1_base64="+VtRrJl8goS93qvEjC2ol+mZ2R4=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC2lJWkU3QtGNywr2Ak0ok+m0HTqZhJlJoYS+hBtfxY0LRdwK7nwbp20WtfWHgZ/vnMOZ8/sRo1LZ9o+xtr6xubWd2cnu7u0fHJpHxw0ZxgKTOg5ZKFo+koRRTuqKKkZakSAo8Blp+sO7ab05IkLSkD+qcUS8APU57VGMlEYd03JHSJBIUhbyfLHsWpZrVQo3xUU8p8VKoWPm7JI9E1w1TmpyIFWtY3673RDHAeEKMyRl27Ej5SVIKIoZmWTdWJII4SHqk7a2HAVEesnsqgk816QLe6HQjys4o4sTCQqkHAe+7gyQGsjl2hT+V2vHqnftJZRHsSIczxf1YgZVCKcRwS4VBCs21gZhQfVfIR4ggbDSQWZ1CM7yyaumUS45ldLlw0WuepvGkQGn4AzkgQOuQBXcgxqoAwyewAt4A+/Gs/FqfBif89Y1I505AX9kfP0COsmcUA==</latexit>

↵1 + ↵2 + (�↵3) = 0
<latexit sha1_base64="SjJuKt7d/BT+oBQ8s+Cs2jzwNfU=">AAACCHicbZDLSsNAFIZP6q3WW9SlC4NFqBRL0iq6EYpuXFawF2hDmEyn7dDJJMxMhBK6dOOruHGhiFsfwZ1v47TNQlt/GPj4zzmcOb8fMSqVbX8bmaXlldW17HpuY3Nre8fc3WvIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x/eTOrNByIkDfm9GkXEDVCf0x7FSGnLMw87iEUD5DnFFMrFwmmKlZMr2zPzdsmeyloEJ4U8pKp55lenG+I4IFxhhqRsO3ak3AQJRTEj41wnliRCeIj6pK2Ro4BIN5keMraOtdO1eqHQjytr6v6eSFAg5SjwdWeA1EDO1ybmf7V2rHqXbkJ5FCvC8WxRL2aWCq1JKlaXCoIVG2lAWFD9VwsPkEBY6exyOgRn/uRFaJRLTqV0fneWr16ncWThAI6gAA5cQBVuoQZ1wPAIz/AKb8aT8WK8Gx+z1oyRzuzDHxmfP/QUmAI=</latexit>

"(1 , 2) = "(2 , �3) = "(�3 , 1)
<latexit sha1_base64="fdmaLdqaGtjlMUwF/2DbmzsEOv4=">AAACKXicbZDLSsNAFIYn9VbrLerSTbAILbQlaRXdCEU3LivYCzShTKaTduhkEmYmhRL6Om58FTcKirr1RZymWfTiDwM/3zmHM+d3Q0qENM1vLbOxubW9k93N7e0fHB7pxyctEUQc4SYKaMA7LhSYEoabkkiKOyHH0Hcpbruj+1m9PcZckIA9yUmIHR8OGPEIglKhnl63x5DjUBAasIJll0p2qVq8XYTVBJZry7RcS7BV7Ol5s2ImMtaNlZo8SNXo6e92P0CRj5lEFArRtcxQOjHkkiCKpzk7EjiEaAQHuKssgz4WTpxcOjUuFOkbXsDVY9JI6OJEDH0hJr6rOn0oh2K1NoP/1bqR9G6cmLAwkpih+SIvooYMjFlsRp9wjCSdKAMRJ+qvBhpCDpFU4eZUCNbqyeumVa1YtcrV42W+fpfGkQVn4BwUgAWuQR08gAZoAgSewSv4AJ/ai/amfWk/89aMls6cgiVpv3+X76O2</latexit>








