
Aula 7

Probabilidades e valor médio  

Operadores escada

Exemplos

Autoestados de Sy



Para estudar o formalismo de spin vamos usar :
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Operadores de spin 

Ŝ+ = Ŝx + i Ŝy
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levantamento

abaixamento

Operadores escada 
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Sistema de equações lineares  
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Autoestados de Sy
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<latexit sha1_base64="lzX4A69h7x7Zpyk2Bb9vpP7CJrs="></latexit><latexit sha1_base64="lzX4A69h7x7Zpyk2Bb9vpP7CJrs="></latexit><latexit sha1_base64="lzX4A69h7x7Zpyk2Bb9vpP7CJrs="></latexit><latexit sha1_base64="lzX4A69h7x7Zpyk2Bb9vpP7CJrs="></latexit>
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Normalização

↵⇤↵+ �⇤� = |↵|2 + |�|2 = 1
<latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit>

|↵|2 = |�|2
<latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit>

2 |↵|2 = 1
<latexit sha1_base64="n9GDzUqX926+/IJR0lNbqnuiTcE="></latexit><latexit sha1_base64="n9GDzUqX926+/IJR0lNbqnuiTcE="></latexit><latexit sha1_base64="n9GDzUqX926+/IJR0lNbqnuiTcE="></latexit><latexit sha1_base64="n9GDzUqX926+/IJR0lNbqnuiTcE="></latexit>
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<latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit>

i↵ = �
<latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit>
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<latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit><latexit sha1_base64="XxhHGs5vypPUcQcI+1hh+SVK+9g="></latexit>

i↵ = �
<latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit><latexit sha1_base64="Iv+JCliZAxW1hXrjbU44iKV+M9o="></latexit>
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<latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit>
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<latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit>
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<latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit>
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<latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit>

⇥(�1)
<latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit>

⇥(�1)
<latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit>

Todos estes estados são equivalentes ! 
O sinal e o ”i” não fazem diferença !

⇥(i)
<latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit>

⇥(i)
<latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit><latexit sha1_base64="mM35pSGqxtiJm1do16aqt7o0giI="></latexit>
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↵⇤↵+ �⇤� = |↵|2 + |�|2 = 1
<latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit><latexit sha1_base64="yahioW4yIsn/G05ocu6A9GzO/uA="></latexit>

|↵|2 = |�|2
<latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit><latexit sha1_base64="SW1+YEMJG3BwxhFJ9EZEMeJe7As="></latexit>

2 |�|2 = 1
<latexit sha1_base64="rkBAVFdWiic+DSEarCDgmLOpp1s="></latexit><latexit sha1_base64="rkBAVFdWiic+DSEarCDgmLOpp1s="></latexit><latexit sha1_base64="rkBAVFdWiic+DSEarCDgmLOpp1s="></latexit><latexit sha1_base64="rkBAVFdWiic+DSEarCDgmLOpp1s="></latexit>
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<latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit>
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<latexit sha1_base64="myyTV8xcv4Pix15foh1SEkMFS0Y="></latexit><latexit sha1_base64="myyTV8xcv4Pix15foh1SEkMFS0Y="></latexit><latexit sha1_base64="myyTV8xcv4Pix15foh1SEkMFS0Y="></latexit><latexit sha1_base64="myyTV8xcv4Pix15foh1SEkMFS0Y="></latexit>

↵ = �i�
<latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit>
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<latexit sha1_base64="zL8D+AxhpKOG3axnMCye7MZO/aA="></latexit><latexit sha1_base64="zL8D+AxhpKOG3axnMCye7MZO/aA="></latexit><latexit sha1_base64="zL8D+AxhpKOG3axnMCye7MZO/aA="></latexit><latexit sha1_base64="zL8D+AxhpKOG3axnMCye7MZO/aA="></latexit>

|y+i =
�1p
2

✓
i
�1

◆

<latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit>
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<latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit><latexit sha1_base64="xNNaNqWwrc+QNMHadBVeYiQ0MCg="></latexit>
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<latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit><latexit sha1_base64="T1bxd8r9P8dCsQ+37mQb81tQ+94="></latexit>
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<latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit><latexit sha1_base64="+08Kgj50vI2M0ZNPHGrE6SIsQyk="></latexit>

|y+i =
�1p
2

✓
i
�1

◆

<latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit><latexit sha1_base64="qo3o6mTLXgkc48ztn4SGXm+0kWc="></latexit>

⇥(�1)
<latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit>

⇥(�1)
<latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit><latexit sha1_base64="xzZNAjhSPDm02o8AuL6xp1zQNRg="></latexit>

⇥(�i)
<latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit>

⇥(�i)
<latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit><latexit sha1_base64="giZKs22RDPvMn0FRObT6cZq3DBY="></latexit>

Todos estes estados são equivalentes ! 
O sinal e o ”i” não fazem diferença !
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<latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit><latexit sha1_base64="qBFCuR7ZTZK/yo+NHJ/cxunrIVI="></latexit>

↵ = �i�
<latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit><latexit sha1_base64="tDIlDtu3nDD+DhEU6a1m73JV8ZE="></latexit>
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Probabilidades  
Já temos três conjuntos completos de  autoestados (autovetores) : 
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São três bases ! Cada uma com dois estados: |�+ i |�� i
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(ortonormais)

|z+ i =
<latexit sha1_base64="wg1iy9EA6a7drkW+V38E035INNU="></latexit><latexit sha1_base64="wg1iy9EA6a7drkW+V38E035INNU="></latexit><latexit sha1_base64="wg1iy9EA6a7drkW+V38E035INNU="></latexit><latexit sha1_base64="wg1iy9EA6a7drkW+V38E035INNU="></latexit>

|z� i =
<latexit sha1_base64="7zwTy4hsERPuuCxmGh0YONKmbUE="></latexit><latexit sha1_base64="7zwTy4hsERPuuCxmGh0YONKmbUE="></latexit><latexit sha1_base64="7zwTy4hsERPuuCxmGh0YONKmbUE="></latexit><latexit sha1_base64="7zwTy4hsERPuuCxmGh0YONKmbUE="></latexit>



Para um estado genérico |� i

|� i = a+ |�+ i + a� |�� i =
X

i

ai |�ii

|ai|2 =  probabilidade de  que o estado esteja em |�ii

Para encontrar            basta multiplicar o estado por  a+

h�+|� i = a+ h�+|�+ i + a� h�+|�� i

h�+|

h�+|� i = a+

1 0

Pa+ = |a+|2 = |h�+|� i|2



Valor médio de um operador  

hA i = h� |Â |� i

Exemplo: medidas da componente do spin na direção x quando
o sistema está no estado  | " i

z
x

Média dos valores medidos da grandeza A no estado |� i
(o número de medidas deve ser infinito)



Na experiência vemos que :  

50 %

50 %

x



h Ŝx i = h " |Ŝx | " i
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~
2
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Em metade das medidas encontramos +
~
2

Em metade das medidas encontramos � ~
2

| " i =
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◆
h " | = ( 1 0 )

(”sanduiche”)

hŜxi =
~
2
( 1 0 )

✓
0 1
1 0

◆ ✓
1
0

◆
= 0



Luis Raul Abramo
(presidente da comissão
de pós-graduação)

Essa vai cair no EUF !!!

Exercício !!!   



Um elétron se encontra no estado de spin dado por

|� i =
1p
6

✓
1 + i
2

◆

Mostre que o  estado está normalizado:
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Qual é o valor médio de Sz neste estado ?
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