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Objetivos

O objetivo desta video-aula é analisar o modelo massa-mola-amortecedor para
movimentos na direção vertical: ação da atração gravitacional
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Oscilador Harmônico Amortecido na Vertical

Analisaremos o problema em três etapas:

I. Mola e amortecedor fixos à referência (extremidades livres na posição 0)
II. Massa é presa à mola e amortecedor e é solta “quase” estaticamente. Massa 

desloca-se de uest (deslocamento estático) (equilibrio se verifica na posição 1)
III. Força externa é aplicada à massa e a mesma passa a oscilar em torno da 

posição 1
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<latexit sha1_base64="UDaiGsb/o2MAJmGG+ZmwxpF5CN4=">AAAB8nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9CwIsXIYJ5wCaE2clsMmQey8ysEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5RwZqzvf3uFtfWNza3idmlnd2//oHx41DIq1YQ2ieJKdyJsKGeSNi2znHYSTbGIOG1H49uZ336i2jAlH+0koT2Bh5LFjGDrpDDuZ4JO0Q26H/bLFb/qz4FWSZCTCuRo9Mtf3YEiqaDSEo6NCQM/sb0Ma8sIp9NSNzU0wWSMhzR0VGJBTS+bnzxFZ04ZoFhpV9Kiufp7IsPCmImIXKfAdmSWvZn4nxemNr7uZUwmqaWSLBbFKUdWodn/aMA0JZZPHMFEM3crIiOsMbEupZILIVh+eZW0LqpBrXr5UKvUa3kcRTiBUziHAK6gDnfQgCYQUPAMr/DmWe/Fe/c+Fq0FL585hj/wPn8AZB+Qog==</latexit>

~g

<latexit sha1_base64="lTsTvJuQPfmdOnqw0u8h8xQ1qH4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2A9oQ9lsJ+3SzSbsbgol9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7AST+4XfmaLSPJZPZpagH9GR5CFn1Fip058iy0bzQbniVt0lyCbxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwXuqnGhPKJnSEPUsljVD72fLcObmyypCEsbIlDVmqvycyGmk9iwLbGVEz1uveQvzP66UmvPMzLpPUoGSrRWEqiInJ4ncy5AqZETNLKFPc3krYmCrKjE2oZEPw1l/eJO2bqler1h9rlUYtj6MIF3AJ1+DBLTTgAZrQAgYTeIZXeHMS58V5dz5WrQUnnzmHP3A+fwCWcI+z</latexit>

kuest = Mg

<latexit sha1_base64="fXRnKvdmvkS/3VzB+oywVb6Y6Zg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9CwIsXIYJ5QLKE2UknGTI7u87MBsKS7/DiQRGvfow3/8ZJsgdNLGgoqrrp7gpiwbVx3W8nt7a+sbmV3y7s7O7tHxQPjxo6ShTDOotEpFoB1Si4xLrhRmArVkjDQGAzGN3O/OYYleaRfDSTGP2QDiTvc0aNlfxR0k1Rmym5IfeDbrHklt05yCrxMlKCDLVu8avTi1gSojRMUK3bnhsbP6XKcCZwWugkGmPKRnSAbUslDVH76fzoKTmzSo/0I2VLGjJXf0+kNNR6Ega2M6RmqJe9mfif105M/9pPuYwTg5ItFvUTQUxEZgmQHlfIjJhYQpni9lbChlRRZmxOBRuCt/zyKmlclL1K+fKhUqpWsjjycAKncA4eXEEV7qAGdWDwBM/wCm/O2Hlx3p2PRWvOyWaO4Q+czx8qlJGq</latexit>
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k

<latexit sha1_base64="ETpSH+g3pTZ6PGl2oO5O1osa39k=">AAAB/3icbVBNS8NAEN34WetXVPDiZbEInkoiFb0IBS9ehAr2A9oQNttNu3SzCbsTocQc/CtePCji1b/hzX/jts1BWx8MPN6bYWZekAiuwXG+raXlldW19dJGeXNre2fX3ttv6ThVlDVpLGLVCYhmgkvWBA6CdRLFSBQI1g5G1xO//cCU5rG8h3HCvIgMJA85JWAk3z5M/YxpyPEV7oWK0Ox2kGej3LcrTtWZAi8StyAVVKDh21+9fkzTiEmggmjddZ0EvIwo4FSwvNxLNUsIHZEB6xoqScS0l03vz/GJUfo4jJUpCXiq/p7ISKT1OApMZ0RgqOe9ifif100hvPQyLpMUmKSzRWEqMMR4Egbuc8UoiLEhhCpubsV0SEwMYCIrmxDc+ZcXSeus6taq53e1Sr1WxFFCR+gYnSIXXaA6ukEN1EQUPaJn9IrerCfrxXq3PmatS1Yxc4D+wPr8ARVllh0=</latexit>
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<latexit sha1_base64="THHjoVXVjpd8k2ovs4U722sRJ4s=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQEcuMVHQjFN24KVSwD2iHkslk2tDMg+SOUIZ+gRt/xY0LRdy6duffmLaz0OqBhMM5997kHjcWXIFlfRm5peWV1bX8emFjc2t7x9zda6kokZQ1aSQi2XGJYoKHrAkcBOvEkpHAFaztjq6nfvueScWj8A7GMXMCMgi5zykBLfXNkl+GI3yM6wN8gkeJvq56XgRpMsGXuN7z5rxvFq2KNQP+S+yMFFGGRt/81FNoErAQqCBKdW0rBiclEjgVbFLoJYrFhI7IgHU1DUnAlJPO1pngklY87EdSnxDwTP3ZkZJAqXHg6sqAwFAtelPxP6+bgH/hpDyME2AhnT/kJwJDhKfZYI9LRkGMNSFUcv1XTIdEEgo6wYIOwV5c+S9pnVbsauXstlqsVbM48ugAHaIystE5qqEb1EBNRNEDekIv6NV4NJ6NN+N9Xpozsp599AvGxzcisZmr</latexit>

Mü+Bu̇+ ku = f(t) +Mg

<latexit sha1_base64="hA5whuULTgwA+7cobGIRAWqI8tI=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFilBmpKIboejGTaGCvUA7lEwm04ZmLiRnhDL0Cdz4Km5cKOLWtTvfxrQdRFt/CHz855wk53djwRVY1pextLyyurae28hvbm3v7Jp7+00VJZKyBo1EJNsuUUzwkDWAg2DtWDISuIK13OH1pN66Z1LxKLyDUcycgPRD7nNKQFs9s1jrel4EaTLGJ/iq+4PDBF9ivwTHmmv9nlmwytZUeBHsDAooU71nfuqraBKwEKggSnVsKwYnJRI4FWyc7yaKxYQOSZ91NIYkYMpJp+uMcVE7HvYjqU8IeOr+nkhJoNQocHVnQGCg5msT879aJwH/wkl5GCfAQjp7yE8EhghPssEel4yCGGkgVHL9V0wHRBIKOsG8DsGeX3kRmqdlu1I+u60UqpUsjhw6REeohGx0jqroBtVRA1H0gJ7QC3o1Ho1n4814n7UuGdnMAfoj4+MbSb+Zpw==</latexit>

X
~f = M ~̈u

<latexit sha1_base64="Kqlmd/XaUGCI97yrEujg+gyYuwU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRS0Y1QcONGqGAf0JQymUzaoTNJmEehhOzc+CtuXCji1l9w5984TbPQ1gMXDufcy733+AmjUjnOt1VaWV1b3yhvVra2d3b37P2Dtoy1wKSFYxaLro8kYTQiLUUVI91EEMR9Rjr++GbmdyZESBpHD2qakD5Hw4iGFCNlpIF97EnNoTchOA0zeA3vvCCIVZoLOssGdtWpOTngMnELUgUFmgP7ywtirDmJFGZIyp7rJKqfIqEoZiSreFqSBOExGpKeoRHiRPbT/I8MnholgGEsTEUK5urviRRxKafcN50cqZFc9Gbif15Pq/Cqn9Io0YpEeL4o1AyqGM5CgQEVBCs2NQRhQc2tEI+QQFiZ6ComBHfx5WXSPq+59drFfb3aqBdxlMEROAFnwAWXoAFuQRO0AAaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz8Pm5lq</latexit>

u = uest + z

<latexit sha1_base64="3tCDZDmgFQN76K4/p6dxUUXbNfE=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuRPQiBLx4jGAekCzL7KSTDJmdXeYhJEu+xIsHRbz6Kd78GyfJHjSxoKGo6qa7K0o5U9rzvp219Y3Nre3CTnF3b/+g5B4eNVViJIUGTXgi2xFRwJmAhmaaQzuVQOKIQysa3c381hNIxRLxqMcpBDEZCNZnlGgrhW7J4FtswgyUnuILPAndslfx5sCrxM9JGeWoh+5Xt5dQE4PQlBOlOr6X6iAjUjPKYVrsGgUpoSMygI6lgsSggmx++BSfWaWH+4m0JTSeq78nMhIrNY4j2xkTPVTL3kz8z+sY3b8JMiZSo0HQxaK+4VgneJYC7jEJVPOxJYRKZm/FdEgkodpmVbQh+Msvr5LmZcWvVq4equVaNY+jgE7QKTpHPrpGNXSP6qiBKDLoGb2iN2fivDjvzseidc3JZ47RHzifP0j2kio=</latexit>

Mz̈ +Bż + kz = f(t)

<latexit sha1_base64="X+OVtNsu3yw120LkRh9NGl5ZWd4=">AAACCXicbZDLSgMxFIYzXmu9jbp0EyxCRSgzUtGNUHTjRqhgL9AOJZPJtKGZC8kZoR26deOruHGhiFvfwJ1vY9oOoq0/BD7+c06S87ux4Aos68tYWFxaXlnNreXXNza3ts2d3bqKEklZjUYikk2XKCZ4yGrAQbBmLBkJXMEabv9qXG/cM6l4FN7BIGZOQLoh9zkloK2OiW/anhdBOhzhY3zZ/sH+EF9gvwhHHbNglayJ8DzYGRRQpmrH/NS30CRgIVBBlGrZVgxOSiRwKtgo304Uiwntky5raQxJwJSTTjYZ4UPteNiPpD4h4In7eyIlgVKDwNWdAYGemq2Nzf9qrQT8cyflYZwAC+n0IT8RGCI8jgV7XDIKYqCBUMn1XzHtEUko6PDyOgR7duV5qJ+U7HLp9LZcqJSzOHJoHx2gIrLRGaqga1RFNUTRA3pCL+jVeDSejTfjfdq6YGQze+iPjI9vvhKYZQ==</latexit>

z(t)u(t)
uest

Cont. …

M(üest + z̈) +B(u̇est + ż) + k(uest + z) = Mg + f(t)

<latexit sha1_base64="nzlRbNpni2pbaJ+Sf5xxKMLCAL0="></latexit>

Na situação II:

De forma geral:
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