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Exemplo # 1 

Considere o modelo físico abaixo:

Obtenha as F.T. relacionando as saídas uo1(t) e uo2(t) com as entradas fi1(t) e 
fi2(t). Todos os elementos são puros e ideais.
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M1

uo1(t)

k2(uo1 � u
o2)

<latexit sha1_base64="WA1HToqRx6QxhwQIXXiWrHOjkzY=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6sKSlIouC25cVrAXaEOYTCft0MlMmJkINQRfxY0LRdz6Hu58GydtFtr6w8DHf87hnPmDmFGlHefbWlldW9/YLG2Vt3d29/btg8OOEonEpI0FE7IXIEUY5aStqWakF0uCooCRbjC5yevdByIVFfxeT2PiRWjEaUgx0sby7eOJX68mfircDF7AHOrZuW9XnJozE1wGt4AKKNTy7a/BUOAkIlxjhpTqu06svRRJTTEjWXmQKBIjPEEj0jfIUUSUl86uz+CZcYYwFNI8ruHM/T2RokipaRSYzgjpsVqs5eZ/tX6iw2svpTxONOF4vihMGNQC5lHAIZUEazY1gLCk5laIx0girE1gZROCu/jlZejUa26jdnnXqDQbRRwlcAJOQRW44Ao0wS1ogTbA4BE8g1fwZj1ZL9a79TFvXbGKmSPwR9bnD5vllAA=</latexit>

�k2(uo1 � u
o2)

<latexit sha1_base64="3XNTX065ATZl6SzlcquC+o3tCas=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1EVLUiq6LLhxWcFeoA1hMp20QyczYWYilBDwVdy4UMStz+HOt3HSZqGtPwx8/Occzpk/iBlV2nG+rbX1jc2t7dJOeXdv/+DQPjruKpFITDpYMCH7AVKEUU46mmpG+rEkKAoY6QXT27zeeyRSUcEf9CwmXoTGnIYUI20s3z6tTf1GNfFT4WawBnNoZJe+XXHqzlxwFdwCKqBQ27e/hiOBk4hwjRlSauA6sfZSJDXFjGTlYaJIjPAUjcnAIEcRUV46Pz+DF8YZwVBI87iGc/f3RIoipWZRYDojpCdquZab/9UGiQ5vvJTyONGE48WiMGFQC5hnAUdUEqzZzADCkppbIZ4gibA2iZVNCO7yl1eh26i7zfrVfbPSahZxlMAZOAdV4IJr0AJ3oA06AIMUPINX8GY9WS/Wu/WxaF2zipkT8EfW5w8I1ZQ3</latexit>

�B2(u̇o1 � u̇
o2)

<latexit sha1_base64="WofZaKcBBqz75LKAeYjaDM9avzk=">AAACCnicbVBLSwMxGMzWV62vVY9eokWoh5bdUtFj0YvHCvYB7bJk07QNzSZLkhXKsmcv/hUvHhTx6i/w5r8xbRfU1oHAZOYbkm+CiFGlHefLyq2srq1v5DcLW9s7u3v2/kFLiVhi0sSCCdkJkCKMctLUVDPSiSRBYcBIOxhfT/32PZGKCn6nJxHxQjTkdEAx0kby7ePylV8t9fpCJ3HqJ8JNYRn+XKvpmW8XnYozA1wmbkaKIEPDtz9NHsch4RozpFTXdSLtJUhqihlJC71YkQjhMRqSrqEchUR5yWyVFJ4apQ8HQprDNZypvxMJCpWahIGZDJEeqUVvKv7ndWM9uPQSyqNYE47nDw1iBrWA015gn0qCNZsYgrCk5q8Qj5BEWJv2CqYEd3HlZdKqVtxa5fy2VqzXsjry4AicgBJwwQWogxvQAE2AwQN4Ai/g1Xq0nq03630+mrOyzCH4A+vjG+Mambw=</latexit>

B2(u̇o1 � u̇
o2)

<latexit sha1_base64="HKNZhn/NnI4zqxscF9tcZkzv2FQ=">AAACCXicbVBLSwMxGMzWV62vVY9egkWoB8tuqeix6MVjBfuAdlmyabYNzSZLkhXKslcv/hUvHhTx6j/w5r8xbRfU1oHAZOYbkm+CmFGlHefLKqysrq1vFDdLW9s7u3v2/kFbiURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxhfT/3OPZGKCn6nJzHxIjTkNKQYaSP5Nrzya5X+QOg0yfxUuBk8gz/XWnbq22Wn6swAl4mbkzLI0fTtT5PHSUS4xgwp1XOdWHspkppiRrJSP1EkRniMhqRnKEcRUV462ySDJ0YZwFBIc7iGM/V3IkWRUpMoMJMR0iO16E3F/7xeosNLL6U8TjTheP5QmDCoBZzWAgdUEqzZxBCEJTV/hXiEJMLalFcyJbiLKy+Tdq3q1qvnt/Vyo57XUQRH4BhUgAsuQAPcgCZoAQwewBN4Aa/Wo/VsvVnv89GClWcOwR9YH990BZmF</latexit>

�B1u̇o1

<latexit sha1_base64="5/JncTqd/ub10ot9Kq/bwjWeClU=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgEL5Zdqeix6MVjBWsL7bJk02wbmk2WJFsoS/+JFw+KePWfePPfmLZ70NaBwDDzhvcyUcqZNp737ZTW1jc2t8rblZ3dvf0D9/DoSctMEdoikkvVibCmnAnaMsxw2kkVxUnEaTsa3c389pgqzaR4NJOUBgkeCBYzgo2VQte9uA39Xl+aPJuGufSnoVv1at4caJX4BalCgWboftk4yRIqDOFY667vpSbIsTKMcDqt9DJNU0xGeEC7lgqcUB3k88un6MwqfRRLZZ8waK7+TuQ40XqSRHYywWaol72Z+J/XzUx8E+RMpJmhgiwWxRlHRqJZDajPFCWGTyzBRDF7KyJDrDAxtqyKLcFf/vIqebqs+fXa1UO92qgXdZThBE7hHHy4hgbcQxNaQGAMz/AKb07uvDjvzsditOQUmWP4A+fzBxvSk0s=</latexit>

�k1uo1

<latexit sha1_base64="IieO7bHsno4PYGH+fNofxz+p4nY=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBC8GHYloseAF48RzAOSZZmdzCZDZmeWeQhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo7bWlpFaItILlU3xppyJmjLMMNpN1MUpzGnnXh8N/M7T1RpJsWjmWQ0TPFQsIQRbJzUvxxHQW6nUS6DaVSp+jV/DrRKgoJUoUAzqnz1B5LYlApDONa6F/iZCXOsDCOcTst9q2mGyRgPac9RgVOqw3x+8xSdO2WAEqlcCYPm6u+JHKdaT9LYdabYjPSyNxP/83rWJLdhzkRmDRVksSixHBmJZgGgAVOUGD5xBBPF3K2IjLDCxLiYyi6EYPnlVdK+qgX12vVDvdqoF3GU4BTO4AICuIEG3EMTWkAgg2d4hTfPei/eu/exaF3zipkT+APv8wfBIZF4</latexit>

M2

uo2(t)

//

//

//

//

N1 N2

P1
P2

fi1
fi2

Diagrama de Corpo Livre 

NX

r=1

~fr = Mr~̈ur

<latexit sha1_base64="1QZ1vkyt1tdrBWIjH6ktHZ7aEKY="></latexit>

f
i1 �B1u̇o1 �K1uo1 �B2(u̇o1 � u̇

o2)�K2(uo1 � u
o2) = M1üo1

<latexit sha1_base64="tsbBIHXidbJdByCyQT06ei8GwoM="></latexit>

f
i2 +B2(u̇o1 � u̇

o2) +K2(uo1 � u
o2) = M2üo2

<latexit sha1_base64="7GP1Xu2jvPmMutvHFZB5rjM/lXg="></latexit>
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f
i1 �B1u̇o1 �K1uo1 �B2(u̇o1 � u̇

o2)�K2(uo1 � u
o2) = M1üo1

<latexit sha1_base64="tsbBIHXidbJdByCyQT06ei8GwoM="></latexit>

f
i2 +B2(u̇o1 � u̇

o2) +K2(uo1 � u
o2) = M2üo2

<latexit sha1_base64="7GP1Xu2jvPmMutvHFZB5rjM/lXg="></latexit>

Cont. …

Rearranjando as equações para M1 e M2 temos:

M1üo1 +B1u̇o1 +K1uo1 +B2(u̇o1 � u̇
o2) +K2(u̇o1 � u̇

o2) = f
i1

<latexit sha1_base64="bHAPpyzR8KpUrH/seLsmzaP0VSI="></latexit>

M2üo2 +B2u̇o2 +K2u̇o2 �B2u̇o1 �K2uo1 = f
i2

<latexit sha1_base64="RWnAAak0qff9x65TZLnlb8fbjyI="></latexit>

M1üo1 + (B1 +B2)u̇o1 + (K1 +K2)uo1 �B2u̇o2 �K2uo2 = f
i1

<latexit sha1_base64="k0FBk/AGuCD+e75Bb0/CGedb4zY="></latexit>

M2üo2 +B2u̇o2 +K2uo2 �B2u̇o1 �K2uo1 = f
i2

<latexit sha1_base64="a03560f2kX4Rj6miyuWRB4a8VtU="></latexit>

M1

M2
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Equações de Movimento

Como já partimos do modelo físico e considerando elementos puros e ideais, 
as hipóteses simplificadoras já estão definidas, restando apenas considerar que 
as entradas são conhecidas e independentes do sistema. Então, as equações de 
movimento no domínio do tempo são obtidas a partir da aplicação da segunda
lei do movimento de Newton às massas M1 e M2, ou seja:

M1üo1 + (B1 +B2)u̇o1 + (K1 +K2)uo1 �B2u̇o2 �K2uo2 = f
i1

<latexit sha1_base64="k0FBk/AGuCD+e75Bb0/CGedb4zY="></latexit>

M2üo2 +B2u̇o2 +K2uo2 �B2u̇o1 �K2uo1 = f
i2

<latexit sha1_base64="a03560f2kX4Rj6miyuWRB4a8VtU="></latexit>

NX

r=1

~fr = Mrür

<latexit sha1_base64="/7lrrewpekVXQWpPXzfsBQKT2No=">AAACH3icbVDJSgNBEO1xN25Rj14ag+ApzEhcLoGAFy+KgjGBTBx6emq0sWehuyYwDPMnXvwVLx4UEW/5GzvLwe1BFY/3quiu56dSaLTtoTUzOze/sLi0XFlZXVvfqG5u3egkUxzaPJGJ6vpMgxQxtFGghG6qgEW+hI7/cDryOwNQWiTxNeYp9CN2F4tQcIZG8qpHbiB0KlmuMZfg6izyCtV0ytvioqTuAHgRlp6iTXpuuhsECRaZEbxqza7bY9C/xJmSGpni0qt+ukHCswhi5JJp3XPsFPsFUyi4hLLiZhpSxh/YHfQMjVkEul+M7yvpnlECGibKVIx0rH7fKFikdR75ZjJieK9/eyPxP6+XYXjSL0ScZggxnzwUZpJiQkdh0UAo4ChzQxhXwvyV8numGEcTacWE4Pw++S+5Oag7jfrhVaPWakzjWCI7ZJfsE4cckxY5I5ekTTh5JM/klbxZT9aL9W59TEZnrOnONvkBa/gFWtajuQ==</latexit>

As equações de movimento acima podem ser escritas na forma matricial:

M1

M2
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Cont. …


M1 0
0 M2

�⇢
ü
o1

ü
o2

�
+


B1 +B2 �B2

�B2 B2

�⇢
u̇
o1

u̇
o2

�
+


K1 +K2 �K2

�K2 K2

�⇢
u
o1

u
o2

�
=

⇢
f
i1

f
i2

�

<latexit sha1_base64="wYnQJHoF43ldJ4oQZeWQzqPn3kc=">AAADdHicjZJba9RAFMdnEy813rb64IM+jC4VoXRJthV9KZT1RVgKFdy2sLuEyeRkO3QyCXMpLiFfwI/nWz+GLz47ubDWrKIDIf9z5vznd2Y4Uc6Z0r5/3XPcW7fv3N26591/8PDR4/72k1OVGUlhSjOeyfOIKOBMwFQzzeE8l0DSiMNZdPmh2j+7AqlYJj7rVQ6LlCwFSxgl2qbC7d7XeQRLJoooJVqyL6V3HAb4NfbxfO75Vh yHI28OIv5V0BrG6ziOM12YMiyyoKxsNxKjsjGvi3dxlze2vF08DkcWtlf97Al7TTj+D3YX/Xey1yVPavKkIU9achNO/kk2a6apabiDO9xwJGHBGkelNh1e2B/4Q79eeFMErRigdp2E/W/2vtSkIDTlRKlZ4Od6URCpGeVgezYKckIvyRJmVgqSgloU9dCUeMdmYpxk0n5C4zp701GQVKlVGtlK2+GF6u5VyT/tzYxO3i8KJnKjQdAGlBiOdYarCcQxk0A1X1lBqGS2V0wviCRU2zmtHiHoXnlTnI6GwcHw7aeDwdF++xxb6Dl6hd6gAL1DR+gjOkFTRHvfnWcOdl46P9wX7sDdaUqdXut5in5b7vAnUHER4Q==</latexit>
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