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Exemplo # 1 

Considere o modelo físico abaixo:

Obtenha as F.T. relacionando as saídas uo1(t) e uo2(t) com as entradas fi1(t) e 
fi2(t). Todos os elementos são puros e ideais.

M1 M2

k1

B1

k2

B2

uo1(t) uo2(t)

fi2(t)
fi1(t)
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Hipóteses Simplificadoras 

M1 M2

k1

B1

k2

B2

uo1(t) uo2(t)

fi2(t)
fi1(t)

Como já partimos de um modelo físico, as hipóteses
simplificadoras resumem-se em:

• Todos os elementos são puros e ideais
• Não existe atrito entre as massas e a superfície horizontal. Ou de forma

equivalente, considera-se que todos os fenômenos dissipativos estejam
concentrados nos elementos amortecedores de constantes B1 e B2.

• As entradas fi1(t) e fi2(t) são conhecidas e independentes do sistema.

Em seguida, faremos algumas considerações adicionais importantes
sobre as relações entrada/saída para o nosso modelo !
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Relações Entrada/Saída (Quais F.T. queremos ?) 

Iniciamos a solução reconhecendo que trata-se de um sistema com 02 entradas
e  02 saídas e, de acordo com a visão sistêmica discutida em sala de aula temos

fi1(t)

fi2(t)

uo1(t)

uo2(t)

H11
H12

H21
H22

Como ilustrado acima, notamos que existem 04 combinações possíveis entre 
as entradas e saídas do sistema. Vale aqui lembrarmos o conceito de F.T. discutido
nas aulas presenciais

F. T..: Razão entre as transformadas de Laplace 
de uma dada variável de saída e de uma dada entrada, 
considerando-se nulas todas as condições iniciais
do problema bem como as demais entradas.



5
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Equações de Movimento

Como já partimos do modelo físico e considerando elementos puros e ideais, 
as hipóteses simplificadoras já estão definidas, restando apenas considerar que 
as entradas são conhecidas e independentes do sistema. Então, as equações de 
movimento no domínio do tempo são obtidas a partir da aplicação da segunda
lei do movimento de Newton às massas M1 e M2, ou seja:

M1üo1 + (B1 +B2)u̇o1 + (K1 +K2)uo1 �B2u̇o2 �K2uo2 = f
i1

<latexit sha1_base64="k0FBk/AGuCD+e75Bb0/CGedb4zY="></latexit>

M2üo2 +B2u̇o2 +K2uo2 �B2u̇o1 �K2uo1 = f
i2

<latexit sha1_base64="a03560f2kX4Rj6miyuWRB4a8VtU="></latexit>

NX

r=1

~fr = Mrür

<latexit sha1_base64="/7lrrewpekVXQWpPXzfsBQKT2No=">AAACH3icbVDJSgNBEO1xN25Rj14ag+ApzEhcLoGAFy+KgjGBTBx6emq0sWehuyYwDPMnXvwVLx4UEW/5GzvLwe1BFY/3quiu56dSaLTtoTUzOze/sLi0XFlZXVvfqG5u3egkUxzaPJGJ6vpMgxQxtFGghG6qgEW+hI7/cDryOwNQWiTxNeYp9CN2F4tQcIZG8qpHbiB0KlmuMZfg6izyCtV0ytvioqTuAHgRlp6iTXpuuhsECRaZEbxqza7bY9C/xJmSGpni0qt+ukHCswhi5JJp3XPsFPsFUyi4hLLiZhpSxh/YHfQMjVkEul+M7yvpnlECGibKVIx0rH7fKFikdR75ZjJieK9/eyPxP6+XYXjSL0ScZggxnzwUZpJiQkdh0UAo4ChzQxhXwvyV8numGEcTacWE4Pw++S+5Oag7jfrhVaPWakzjWCI7ZJfsE4cckxY5I5ekTTh5JM/klbxZT9aL9W59TEZnrOnONvkBa/gFWtajuQ==</latexit>

As equações de movimento acima podem ser escritas na forma matricial:

M1

M2
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Cont. …


M1 0
0 M2

�⇢
ü
o1

ü
o2

�
+


B1 +B2 �B2

�B2 B2

�⇢
u̇
o1

u̇
o2

�
+


K1 +K2 �K2

�K2 K2

�⇢
u
o1

u
o2

�
=

⇢
f
i1

f
i2

�

<latexit sha1_base64="wYnQJHoF43ldJ4oQZeWQzqPn3kc=">AAADdHicjZJba9RAFMdnEy813rb64IM+jC4VoXRJthV9KZT1RVgKFdy2sLuEyeRkO3QyCXMpLiFfwI/nWz+GLz47ubDWrKIDIf9z5vznd2Y4Uc6Z0r5/3XPcW7fv3N26591/8PDR4/72k1OVGUlhSjOeyfOIKOBMwFQzzeE8l0DSiMNZdPmh2j+7AqlYJj7rVQ6LlCwFSxgl2qbC7d7XeQRLJoooJVqyL6V3HAb4NfbxfO75Vh yHI28OIv5V0BrG6ziOM12YMiyyoKxsNxKjsjGvi3dxlze2vF08DkcWtlf97Al7TTj+D3YX/Xey1yVPavKkIU9achNO/kk2a6apabiDO9xwJGHBGkelNh1e2B/4Q79eeFMErRigdp2E/W/2vtSkIDTlRKlZ4Od6URCpGeVgezYKckIvyRJmVgqSgloU9dCUeMdmYpxk0n5C4zp701GQVKlVGtlK2+GF6u5VyT/tzYxO3i8KJnKjQdAGlBiOdYarCcQxk0A1X1lBqGS2V0wviCRU2zmtHiHoXnlTnI6GwcHw7aeDwdF++xxb6Dl6hd6gAL1DR+gjOkFTRHvfnWcOdl46P9wX7sDdaUqdXut5in5b7vAnUHER4Q==</latexit>

Algumas observações importantes sobre as EDOs do sistema:

• São lineares e não homogêneas
• Parâmetros constantes (Mr, Br, Kr)
• São acopladas no domínio do tempo
• As matrizes dos coeficientes são simétricas

O próximo passo é transformar as EDOs do sistema para o domínio de Laplace. 
Para isto definimos:

U
o1(s) = L (u

o1(t))

<latexit sha1_base64="DqJiLGhiJVaN7bcKfws42wfi8vE="></latexit>

U
o2(s) = L (u

o2(t))

<latexit sha1_base64="BVo14XHBYsT0wU+uhqWAheu9Fvc="></latexit>

Fi1(s) = L (fi1(t))

<latexit sha1_base64="V9QR3wOLgsPB8HzXzT8JUpPt5KA="></latexit>

Fi2(s) = L (fi2(t))

<latexit sha1_base64="APdzlykYAmGxBrwLrHzVHIIuB3s="></latexit>
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Cont. …

E, ainda, considerando-se nulas as condições iniciais para todas as variáveis obtemos
as seguintes equações algébricas no domínio de Laplace


M1s2 + (B1 +B2)s+K1 +K2 �(B2s+K2)

�(B2s+K2) M2s2 +B2s+K2

�⇢
U
o1(s)

U
o2(s)

�
=

⇢
F
i1(s)

F
i2(s)

�

<latexit sha1_base64="rjxw4rHdfddm6DN98yesgQvx5cg="></latexit>

ou de forma compacta

[A(s)]{U
o

(s)} = {F
i

(s)}

<latexit sha1_base64="ImysT+W4wj/Nf/7Aj1V/bSZnFZc=">AAACBnicbZDNSsNAFIUn9a/Wv6hLEQaLUDclkYpuhIogLiuYtpCEMJlO2qGTSZiZCCV05cZXceNCEbc+gzvfxmmbhbYeGPg4917u3BOmjEplWd9GaWl5ZXWtvF7Z2Nza3jF399oyyQQmDk5YIrohkoRRThxFFSPdVBAUh4x0wuH1pN55IELShN+rUUr8GPU5jShGSluBeehe1eSJ7+VOkGjwxvDSy28COuPArFp1ayq4CHYBVVCoFZhfXi/BWUy4wgxJ6dpWqvwcCUUxI+OKl0mSIjxEfeJq5Cgm0s+nZ4zhsXZ6MEqEflzBqft7IkexlKM41J0xUgM5X5uY/9XcTEUXfk55minC8WxRlDGoEjjJBPaoIFixkQaEBdV/hXiABMJKJ1fRIdjzJy9C+7RuN+pnd41qs1HEUQYH4AjUgA3OQRPcghZwAAaP4Bm8gjfjyXgx3o2PWWvJKGb2wR8Znz9Z55ca</latexit>

A solução do sistema de equações acima fornece as respectivas expressões para 
as variáveis de saída do sistema. Usaremos a regra de Krammer. 
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Cont. …

Solução para Uo1(s) e Uo2(s): 

onde: 

�(s) = M1M2s
4 + (M1B2 +M2 (B1 +B2)) s

3+

(M1K2 +B1B2 +M2 (K1 +K2)) s
2 + (B1K2 +B2K1) s+K1K2

<latexit sha1_base64="8kaDCYi/+btfY3/8nRmk7ejZETc="></latexit>

U
o2(s) =

�
o2(s)

�(s)

<latexit sha1_base64="HISjHDKonL1tdgpTaeoxnPWtzws=">AAACFXicbZBNS8MwGMfT+TbnW9Wjl+AQJshox8RdhIEePE6w22AtJc3SLSx9IUmFUfolvPhVvHhQxKvgzW9julXQzT8Efvk/z0Py/L2YUSEN40srrayurW+UNytb2zu7e/r+QVdECcfEwhGLeN9DgjAaEktSyUg/5gQFHiM9b3KV13v3hAsahXdyGhMnQKOQ+hQjqSxXP7PcNGpkNXEKL6Htc4RT+5owiX7srLjn6OpVo27MBJfBLKAKCnVc/dMeRjgJSCgxQ0IMTCOWToq4pJiRrGIngsQIT9CIDBSGKCDCSWdbZfBEOUPoR1ydUMKZ+3siRYEQ08BTnQGSY7FYy83/aoNE+i0npWGcSBLi+UN+wqCMYB4RHFJOsGRTBQhzqv4K8RipaKQKsqJCMBdXXoZuo2426+e3zWq7VcRRBkfgGNSACS5AG9yADrAABg/gCbyAV+1Re9betPd5a0krZg7BH2kf364RneM=</latexit>

�
o2(s) =

����
M1s2 + (B1 +B2)s+ (K1 +K2) F

i1(s)
�(B2s+K2) F

i2(s)

����

<latexit sha1_base64="+X/a19i2PSegSTYkJcr40McaIts="></latexit>

�
o1(s) =

����
F
i1(s) �(B2s+K2)

F
i2(s) M2s2 +B2s+K2(s)

����

<latexit sha1_base64="SHishSPbJgT4cNjnvR31qUUwvZA="></latexit>

Polinômio Característico do Modelo

U
o1(s) =

�
o1(s)

�(s)

<latexit sha1_base64="kqXi/2eSPau1HDEE/Z1wbpc2XFQ=">AAACFHicbZBPS8MwGMbT+W/Of1WPXoJDmAijlYm7CAM9eJxgt8FaRpqlW1ialiQVRumH8OJX8eJBEa8evPltTLcedPOBwC/P+74k7+PHjEplWd9GaWV1bX2jvFnZ2t7Z3TP3DzoySgQmDo5YJHo+koRRThxFFSO9WBAU+ox0/cl1Xu8+ECFpxO/VNCZeiEacBhQjpa2BeeYM0sjOavL0CrqBQDh1bwhTKHe1mWXFPeeBWbXq1kxwGewCqqBQe2B+ucMIJyHhCjMkZd+2YuWlSCiKGckqbiJJjPAEjUhfI0chkV46WyqDJ9oZwiAS+nAFZ+7viRSFUk5DX3eGSI3lYi03/6v1ExU0vZTyOFGE4/lDQcKgimCeEBxSQbBiUw0IC6r/CvEY6WiUzrGiQ7AXV16GznndbtQv7hrVVrOIowyOwDGoARtcgha4BW3gAAwewTN4BW/Gk/FivBsf89aSUcwcgj8yPn8ATPidtw==</latexit>

�(s) =

����
M1s2 + (B1 +B2)s+K1 +K2 �(B2s+K2)

�(B2s+K2) M2s2 +B2s+K2

����

<latexit sha1_base64="ymOy+h74Zy22dDjhkz6Se0wxvbo="></latexit>
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Cont. …

Logo temos para as soluções

e, que podem ser reescritas como: 

U
o1(s) =

F
i1(s)(M2s2 +B2s+K2)

�(s)
+

F
i2(s)(B2s+K2)

�(s)

<latexit sha1_base64="XXj1EPpZXxt1a1DF+UHFigZEc/4="></latexit>

U
o1(s) = H11(s)Fi1(s) +H12Fi2(s)

<latexit sha1_base64="x96dZ6i0Drs3yByFa7Dq3AkI7rs=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkJJSsVuhIIgXVYwbaENYTKdtEMnF2YmQgl5Dje+ihsXirgTN76NkzQLbf1h4Oc753Dm/G7EqJCG8a2V1tY3NrfK25Wd3b39A/3wqCfCmGNi4ZCFfOAiQRgNiCWpZGQQcYJ8l5G+O7vJ6v0HwgUNg3s5j4jto0lAPYqRVMjRTctJQjOtiXN4DTtOYub+1knoAl7ksJFmpJETR68adSMXXDVmYaqgUNfRP0fjEMc+CSRmSIihaUTSThCXFDOSVkaxIBHCMzQhQ2UD5BNhJ/lpKTxTZAy9kKsXSJjT3xMJ8oWY+67q9JGciuVaBv+rDWPpteyEBlEsSYAXi7yYQRnCLCc4ppxgyebKIMyp+ivEU8QRlirNigrBXD551fQadbNZv7xrVtutIo4yOAGnoAZMcAXaoAO6wAIYPIJn8AretCftRXvXPhatJa2YOQZ/pH39AIY0nWk=</latexit>

U
o2(s) = H21(s)Fi1(s) +H22Fi2(s)

<latexit sha1_base64="9lg0n/FRe7rom/Vs+VMIjtDjKBk=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkJJQsVuhIIgXVYwbaENYTKdtkMnF2YmQgl5Dje+ihsXirgTN76NkzQLbf1h4OM/53Dm/F7EqJCG8a2V1tY3NrfK25Wd3b39A/3wqCvCmGNi45CFvO8hQRgNiC2pZKQfcYJ8j5GeN7vJ6r0HwgUNg3s5j4jjo0lAxxQjqSxXN203Ca20Js7hNWy7iWVmfOsmNAd4kZtWmjmLNlevGnUjF1wFs4AqKNRx9c/hKMSxTwKJGRJiYBqRdBLEJcWMpJVhLEiE8AxNyEBhgHwinCQ/LYVnyhnBccjVCyTM3d8TCfKFmPue6vSRnIrlWmb+VxvEctx0EhpEsSQBXiwaxwzKEGY5wRHlBEs2V4Awp+qvEE8RR1iqNCsqBHP55FXoWnWzUb+8a1RbzSKOMjgBp6AGTHAFWqANOsAGGDyCZ/AK3rQn7UV71z4WrSWtmDkGf6R9/QCLGZ1s</latexit>

U
o2(s) =

F
i1(s)(B2s+K2)

�(s)
+

F
i2(s)(M1M2s2 + (B1 +B2)s+ (K1 +K2))

�(s)

<latexit sha1_base64="SgmPnCUt6FZTqAf81oVvAwbyUvo="></latexit>
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Cont. …

Na forma matricial: 

⇢
U
o1(s)

U
o2(s)

�
=


H11(s) H12(s)
H21(s) H22(s)

�⇢
F
i1(s)

F
i2(s)

�

<latexit sha1_base64="eV8qA19M4D+vHZ55IyUJ73g8iVs="></latexit>

H11(s) =
M2s

2 +B2s+K2

�(s)

<latexit sha1_base64="C55Llbg/+eue9CLaZwpQPd48hgc=">AAACGnicbVBLSwMxGMzWV62vVY9egkWoCGV3qdiLUNRDQYQK9gHdumTTbBuafZBkhbLs7/DiX/HiQRFv4sV/Y9ruQVsHQoaZ+Ui+cSNGhTSMby23tLyyupZfL2xsbm3v6Lt7LRHGHJMmDlnIOy4ShNGANCWVjHQiTpDvMtJ2R5cTv/1AuKBhcCfHEen5aBBQj2IkleToZt1JTDMtiWN4Dm2PI5zcOJa4t+AJvFBEXdeOlSb2FWESqVjq6EWjbEwBF4mZkSLI0HD0T7sf4tgngcQMCdE1jUj2EsQlxYykBTsWJEJ4hAakq2iAfCJ6yXS1FB4ppQ+9kKsTSDhVf08kyBdi7Lsq6SM5FPPeRPzP68bSq/YSGkSxJAGePeTFDMoQTnqCfcoJlmysCMKcqr9CPESqH6naLKgSzPmVF0nLKpuV8ultpVirZnXkwQE4BCVggjNQA3XQAE2AwSN4Bq/gTXvSXrR37WMWzWnZzD74A+3rB9HOnaA=</latexit>

H12(s) =
B2s+K2

�(s)

<latexit sha1_base64="cXvyd8XrlFgeo4hvQ+Jcq/UNUog=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoCCUJFbsRiroouKlgH9CEMJlO2qGTBzMToYT8ght/xY0LRdy6c+ffOG2z0NYDFw7n3Mu993gxo0IaxrdWWFldW98obpa2tnd29/T9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuPrqd99IFzQKLyXk5g4ARqG1KcYSSW5eqXppqaVVcQpvIS2zxFOr1xLwDN461pZat8QJpFyM1cvG1VjBrhMzJyUQY6Wq3/ZgwgnAQklZkiIvmnE0kkRlxQzkpXsRJAY4TEakr6iIQqIcNLZRxk8UcoA+hFXFUo4U39PpCgQYhJ4qjNAciQWvan4n9dPpF93UhrGiSQhni/yEwZlBKfxwAHlBEs2UQRhTtWtEI+QikWqEEsqBHPx5WXSsapmrXp+Vys36nkcRXAEjkEFmOACNEATtEAbYPAInsEreNOetBftXfuYtxa0fOYQ/IH2+QOXD5r7</latexit>

H21(s) =
B2s+K2

�(s)

<latexit sha1_base64="LICBAC13Yra4RuMu+/Snk0RfyuM=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoCCUJFbsRiroouKlgH9CEMJlO2qGTBzMToYT8ght/xY0LRdy6c+ffOG2z0NYDFw7n3Mu993gxo0IaxrdWWFldW98obpa2tnd29/T9g46IEo5JG0cs4j0PCcJoSNqSSkZ6MSco8BjpeuPrqd99IFzQKLyXk5g4ARqG1KcYSSW5eqXpppaZVcQpvIS2zxFOr1xLwDN461pZat8QJpFyM1cvG1VjBrhMzJyUQY6Wq3/ZgwgnAQklZkiIvmnE0kkRlxQzkpXsRJAY4TEakr6iIQqIcNLZRxk8UcoA+hFXFUo4U39PpCgQYhJ4qjNAciQWvan4n9dPpF93UhrGiSQhni/yEwZlBKfxwAHlBEs2UQRhTtWtEI+QikWqEEsqBHPx5WXSsapmrXp+Vys36nkcRXAEjkEFmOACNEATtEAbYPAInsEreNOetBftXfuYtxa0fOYQ/IH2+QOXEJr7</latexit>

H22(s) =
M1s

2 + (B1 +B2)s+ (K1 +K2)

�(s)

<latexit sha1_base64="P6Iq2iC9BM5SA0II8slkUY3hcGw="></latexit>

Com: 



11
Prof. Paulo S. Varoto

SEM 0533 SEM 0232 
Prof. Luiz A. M. Gonçalves

Cont. …

H11(s)

H12(s)

H21(s)

H22(s)

X

X

fi1

fi2

xo1

xo2

U
o1(s) = H11(s)Fi1(s) +H12Fi2(s)

<latexit sha1_base64="x96dZ6i0Drs3yByFa7Dq3AkI7rs=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkJJSsVuhIIgXVYwbaENYTKdtEMnF2YmQgl5Dje+ihsXirgTN76NkzQLbf1h4Oc753Dm/G7EqJCG8a2V1tY3NrfK25Wd3b39A/3wqCfCmGNi4ZCFfOAiQRgNiCWpZGQQcYJ8l5G+O7vJ6v0HwgUNg3s5j4jto0lAPYqRVMjRTctJQjOtiXN4DTtOYub+1knoAl7ksJFmpJETR68adSMXXDVmYaqgUNfRP0fjEMc+CSRmSIihaUTSThCXFDOSVkaxIBHCMzQhQ2UD5BNhJ/lpKTxTZAy9kKsXSJjT3xMJ8oWY+67q9JGciuVaBv+rDWPpteyEBlEsSYAXi7yYQRnCLCc4ppxgyebKIMyp+ivEU8QRlirNigrBXD551fQadbNZv7xrVtutIo4yOAGnoAZMcAXaoAO6wAIYPIJn8AretCftRXvXPhatJa2YOQZ/pH39AIY0nWk=</latexit>

U
o2(s) = H21(s)Fi1(s) +H22Fi2(s)

<latexit sha1_base64="9lg0n/FRe7rom/Vs+VMIjtDjKBk=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkJJQsVuhIIgXVYwbaENYTKdtkMnF2YmQgl5Dje+ihsXirgTN76NkzQLbf1h4OM/53Dm/F7EqJCG8a2V1tY3NrfK25Wd3b39A/3wqCvCmGNi45CFvO8hQRgNiC2pZKQfcYJ8j5GeN7vJ6r0HwgUNg3s5j4jjo0lAxxQjqSxXN203Ca20Js7hNWy7iWVmfOsmNAd4kZtWmjmLNlevGnUjF1wFs4AqKNRx9c/hKMSxTwKJGRJiYBqRdBLEJcWMpJVhLEiE8AxNyEBhgHwinCQ/LYVnyhnBccjVCyTM3d8TCfKFmPue6vSRnIrlWmb+VxvEctx0EhpEsSQBXiwaxwzKEGY5wRHlBEs2V4Awp+qvEE8RR1iqNCsqBHP55FXoWnWzUb+8a1RbzSKOMjgBp6AGTHAFWqANOsAGGDyCZ/AK3rQn7UV71z4WrSWtmDkGf6R9/QCLGZ1s</latexit>

Representação em diagrama de blocos: 

+

+

+

+
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⇢
U
o1(s)

U
o2(s)

�
=


H11(s) H12(s)
H21(s) H22(s)

�⇢
F
i1(s)

F
i2(s)

�

<latexit sha1_base64="wMtC8vVpmvFRlPOVwIVv0F7ku74="></latexit>

[A(s)]{U
o

(s)} = {F
i

(s)}

<latexit sha1_base64="ImysT+W4wj/Nf/7Aj1V/bSZnFZc=">AAACBnicbZDNSsNAFIUn9a/Wv6hLEQaLUDclkYpuhIogLiuYtpCEMJlO2qGTSZiZCCV05cZXceNCEbc+gzvfxmmbhbYeGPg4917u3BOmjEplWd9GaWl5ZXWtvF7Z2Nza3jF399oyyQQmDk5YIrohkoRRThxFFSPdVBAUh4x0wuH1pN55IELShN+rUUr8GPU5jShGSluBeehe1eSJ7+VOkGjwxvDSy28COuPArFp1ayq4CHYBVVCoFZhfXi/BWUy4wgxJ6dpWqvwcCUUxI+OKl0mSIjxEfeJq5Cgm0s+nZ4zhsXZ6MEqEflzBqft7IkexlKM41J0xUgM5X5uY/9XcTEUXfk55minC8WxRlDGoEjjJBPaoIFixkQaEBdV/hXiABMJKJ1fRIdjzJy9C+7RuN+pnd41qs1HEUQYH4AjUgA3OQRPcghZwAAaP4Bm8gjfjyXgx3o2PWWvJKGb2wR8Znz9Z55ca</latexit>

RESPOSTA DO 
SISTEMA

PROPRIEDADES DO
SISTEMA

ENTRADAS
DO SISTEMA= X

Sumarizando:

Lembrando que a solução para os deslocamentos de M1 e M2 veio da solução de

[A(s)]�1

<latexit sha1_base64="Dw2uaDa2wWyaWrZHeKH3avtBcoA=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7UrHHihePFewHbNeSTdM2NJssSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZF8acaeO6305ubX1jcyu/XdjZ3ds/KB4etbRMFKFNIrlUnRBrypmgTcMMp51YURyFnLbD8e3Mbz9RpZkUD2YS0yDCQ8EGjGBjJd+/Kevz4DG98Ka9YsmtuHOgVeJlpAQZGr3iV7cvSRJRYQjHWvueG5sgxcowwum00E00jTEZ4yH1LRU4ojpI5ydP0ZlV+mgglS1h0Fz9PZHiSOtJFNrOCJuRXvZm4n+en5hBLUiZiBNDBVksGiQcGYlm/6M+U5QYPrEEE8XsrYiMsMLE2JQKNgRv+eVV0rqseNXK1X21VK9lceThBE6hDB5cQx3uoAFNICDhGV7hzTHOi/PufCxac042cwx/4Hz+AOlGkFc=</latexit>
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Problems 221

4.41 In the system shown in Figure P4.41, the input is the force f and the output is
the displacement xA of point A. When x = xA the spring is at its free length.
Derive the equation of motion.

Figure P4.41

x xA

k A c
m

f

Figure P4.42

c k2k1
m

xy

4.42 In the system shown in Figure P4.42, the input is the displacement y and the
output is the displacement x . When x = y = 0 the springs are at their free
lengths. Derive the equation of motion.

4.43 Figure P4.43 shows a rack-and-pinion gear in which a damping force and a
spring force act against the rack. Develop the equivalent rotational model of
the system with the applied torque T as the input variable and the angular
displacement θ is the output variable. Neglect any twist in the shaft.

Figure P4.43

T

R

x
Ip

!

mr
k

c
Im

Figure P4.44

cT

kT

I2

T1

!3

!1

!2

I1

4.44 Figure P4.44 shows a drive train with a spur-gear pair. The first shaft turns
N times faster than the second shaft. Develop a model of the system including
the elasticity of the second shaft. Assume the first shaft is rigid, and neglect the
gear and shaft masses. The input is the applied torque T1. The outputs are the
angles θ1 and θ3.

4.45 Assuming that θ is small, derive the equations of motion of the systems
shown in parts (a) and (b) of Figure P4.45. When θ = 0 the systems are in
equilibrium. Are the systems stable, neutrally stable, or unstable?

4.46 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.46. The pendulum is in equilibrium when θ = 0. Is the
system stable, neutrally stable, or unstable?

4.47 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.47. The input is y(t) and the output is θ . The equilibrium
corresponds to y = θ = 0, when the springs are at their free lengths. The rod
inertia about the pivot is I .

4.48 Figure P4.48 shows a quarter-car model that includes the mass of the seats
(including passengers). The constants k3 and c3 represent the stiffness and
damping in the seat supports. Derive the equations of motion of this system.

Exemplo # 2

A figura mostra o conhecido mecanismo pinhão cremalheira e que possui várias
aplicações práticas. Uma entrada torque T(t) é aplicada ao cilindro de momento de 
inércia Im, e o movimento é então transmitido para o pinhão,  causando então o 

deslocamento linear x da cremalheira. Determine a F.T. X(s)/T(s). E.H.S.

pinhão

cremalheira

B

atrito entre a superfície inferior da 
cremalheira e a base modelado como viscoso
de constante igual a B

eixo
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Problems 221

4.41 In the system shown in Figure P4.41, the input is the force f and the output is
the displacement xA of point A. When x = xA the spring is at its free length.
Derive the equation of motion.

Figure P4.41

x xA

k A c
m

f

Figure P4.42

c k2k1
m

xy

4.42 In the system shown in Figure P4.42, the input is the displacement y and the
output is the displacement x . When x = y = 0 the springs are at their free
lengths. Derive the equation of motion.

4.43 Figure P4.43 shows a rack-and-pinion gear in which a damping force and a
spring force act against the rack. Develop the equivalent rotational model of
the system with the applied torque T as the input variable and the angular
displacement θ is the output variable. Neglect any twist in the shaft.

Figure P4.43

T

R

x
Ip

!

mr
k

c
Im

Figure P4.44

cT

kT

I2

T1

!3

!1

!2

I1

4.44 Figure P4.44 shows a drive train with a spur-gear pair. The first shaft turns
N times faster than the second shaft. Develop a model of the system including
the elasticity of the second shaft. Assume the first shaft is rigid, and neglect the
gear and shaft masses. The input is the applied torque T1. The outputs are the
angles θ1 and θ3.

4.45 Assuming that θ is small, derive the equations of motion of the systems
shown in parts (a) and (b) of Figure P4.45. When θ = 0 the systems are in
equilibrium. Are the systems stable, neutrally stable, or unstable?

4.46 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.46. The pendulum is in equilibrium when θ = 0. Is the
system stable, neutrally stable, or unstable?

4.47 Assuming that θ is small, derive the equation of motion of the pendulum
shown in Figure P4.47. The input is y(t) and the output is θ . The equilibrium
corresponds to y = θ = 0, when the springs are at their free lengths. The rod
inertia about the pivot is I .

4.48 Figure P4.48 shows a quarter-car model that includes the mass of the seats
(including passengers). The constants k3 and c3 represent the stiffness and
damping in the seat supports. Derive the equations of motion of this system.

1. Elementos Im, Ip e mr rígidos
2. Eixo com massa desprezível e rígido
3. Atrito entre mr e o plano viscoso
4. Contato ideal entre Ip e mr
5. Elementos puros e ideais

Modelo físico: vista 1

vista 2

vista 1 vista 2 liso

Im

Ip

mr

It
R

mr

KB

It = Im + Ip

B

eixo pinhão
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Equações Diferenciais do Modelo

It R
f

f
f – força de contato entre o pinhão e a 

cremalheira

Pela H4, contato ideal significa contato de rolamento
puro, ou seja, não ocorre escorregamento entre o pinhão
e a cremalheira. Neste caso, vale a seguinte relação de 
compatibilidade cinemática entre o pinhão e a cremalheira:

T, q

x

NX

i=1

~T = J ~̈✓

<latexit sha1_base64="zmp9mSgB3PtdpjS3RF6i0bc/I54=">AAACIXicbVBNS8NAEN3Ur1q/qh69LBbBU0mkYi8FwYt4kApWhaaWzWbaLt18sDsRQshf8eJf8eJBEW/in3Ebe9DWBwOP92aYmefFUmi07U+rtLC4tLxSXq2srW9sblW3d250lCgOHR7JSN15TIMUIXRQoIS7WAELPAm33vhs4t8+gNIiCq8xjaEXsGEoBoIzNFK/2nR9oWPJUo2pBFcnQT8TLSe/v6TuA/DsOqcteuH6foRZIb g4AmR53q/W7LpdgM4TZ0pqZIp2v/rh+hFPAgiRS6Z117Fj7GVMoeAS8oqbaIgZH7MhdA0NWQC6lxUf5vTAKD4dRMpUiLRQf09kLNA6DTzTGTAc6VlvIv7ndRMcNHuZCOMEIeQ/iwaJpBjRSVzUFwo4ytQQxpUwt1I+YopxNKFWTAjO7Mvz5Oao7jTqx1eN2mlzGkeZ7JF9ckgcckJOyTlpkw7h5JE8k1fyZj1ZL9a79fHTWrKmM7vkD6yvbyYDpLc=</latexit>

NX

i=1

~

f = mr~̈x

<latexit sha1_base64="2crJ8zlIOhGMv0pteJCKFXW+AzE=">AAACHnicbVDLSsRAEJz4dn2tevQyuAielkQUvQiCF0+i4LoLmzVMJh0dnEnCTEcMIV/ixV/x4kERwZP+jbOPg64WNBRV3XR3hZkUBl33y5mYnJqemZ2bry0sLi2v1FfXLk2aaw4tnspUd0JmQIoEWihQQifTwFQooR3eHvf99h1oI9LkAosMeopdJyIWnKGVgvqeHwmTSVYYLCT4JldBKQ696uqU+nfAy7iih1QF2o+iFMuBdF 9VQb3hNt0B6F/ijUiDjHAW1D/8KOW5ggS5ZMZ0PTfDXsk0Ci6hqvm5gYzxW3YNXUsTpsD0ysF7Fd2ySkTjVNtKkA7UnxMlU8YUKrSdiuGNGff64n9eN8f4oFeKJMsREj5cFOeSYkr7WdFIaOAoC0sY18LeSvkN04yjTbRmQ/DGX/5LLnea3m5z73y3cXQwimOObJBNsk08sk+OyAk5Iy3CyQN5Ii/k1Xl0np03533YOuGMZtbJLzif3wi7o6U=</latexit>

It✓̈ + fR = T

<latexit sha1_base64="K/YXS4eoBClTDX650EUm/xf+gXM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBosgCCWRit0IBTe6q9IXNKFMJpN26OTBzI1QQnHjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv997jJYIrsKxvY2l5ZXVtvbBR3Nza3tk19/ZbKk4lZU0ai1h2PKKY4BFrAgfBOolkJPQEa3vD64nffmBS8ThqwChhbkj6EQ84JaClnnl42wPH92PIHBgwIGN8hoN7fIUbPbNkla0p8CKxc1JCOeo988vxY5qGLAIqiFJd20rAzYgETgUbF51UsYTQIemzrqYRCZlys+kLY3yiFR8HsdQVAZ6qvycyEio1Cj3dGRIYqHlvIv7ndVMIqm7GoyQFFtHZoiAVGGI8yQP7XDIKYqQJoZLrWzEdEEko6NSKOgR7/uVF0jov25XyxV2lVKvmcRTQETpGp8hGl6iGblAdNRFFj+gZvaI348l4Md6Nj1nrkpHPHKA/MD5/AHZQliQ=</latexit>

mrẍ+Bẋ+Kx = f

<latexit sha1_base64="M+98KV1gixmmURTqR0KptqSZE68=">AAACCHicbZDLSgMxFIYzXmu9jbp0YbAIglBmpGI3QtGN4KaCvUA7DJk004YmmSHJSMvQpRtfxY0LRdz6CO58G9N2EG39IfDxn3OSnD+IGVXacb6shcWl5ZXV3Fp+fWNza9ve2a2rKJGY1HDEItkMkCKMClLTVDPSjCVBPGCkEfSvxvXGPZGKRuJOD2PicdQVNKQYaWP59gH3ZbvTiXQ6GMETeNn+wZsBvIChbxecojMRnAc3gwLIVPXtT3MFTjgRGjOkVMt1Yu2lSGqKGRnl24kiMcJ91CUtgwJxorx0ssgIHhmnA8NImiM0nLi/J1LElRrywHRypHtqtjY2/6u1Eh2WvZSKONFE4OlDYcKgjuA4FdihkmDNhgYQltT8FeIekghrk13ehODOrjwP9dOiWyqe3ZYKlXIWRw7sg0NwDFxwDirgGlRBDWDwAJ7AC3i1Hq1n6816n7YuWNnMHvgj6+Mbn9mYZQ==</latexit>

+ T � fR = It✓̈

<latexit sha1_base64="bIipeh8whY7aJuJdY1sGvKApXWM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpJIxW6EghvdVekLmlAmk0k7dPJg5kYoobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xEsEVWNa3sbS8srq2Xtgobm5t7+yae/stFaeSsiaNRSw7HlFM8Ig1gYNgnUQyEnqCtb3h9cRvPzCpeBw1YJQwNyT9iAecEtBSzzxs4DMc3OMrfNsDx/djyBwYMCDjnlmyytYUeJHYOSmhHPWe+eX4MU1DFgEVRKmubSXgZkQCp4KNi06qWELokPRZV9OIhEy52fSFMT7Rio+DWOqKAE/V3xMZCZUahZ7uDAkM1Lw3Ef/zuikEVTfjUZICi+hsUZAKDDGe5IF9LhkFMdKEUMn1rZgOiCQUdGpFHYI9//IiaZ2X7Ur54q5SqlXzOAroCB2jU2SjS1RDN6iOmoiiR/SMXtGb8WS8GO/Gx6x1ychnDtAfGJ8/Xs+WJg==</latexit>

f �Bẋ�Kx = mrẍ

<latexit sha1_base64="VTCGvOdJmfoQq0Tc1vj+rodGMDE=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgpmVGKnYjFN0IbirYVmiHIZNm2tAkMyQZaRm6c+OvuHGhiFt/wZ1/Y9rOQlsPXDicc29y7wliRpV2nG8rt7S8srqWXy9sbG5t79i7e00VJRKTBo5YJO8DpAijgjQ01Yzcx5IgHjDSCgZXE7/1QKSikbjTo5h4HPUEDSlG2ki+fRjCErzsdCOdDsewdDOEF5D7stOdKb5ddMrOFHCRuBkpggx13/4yb+GEE6ExQ0q1XSfWXoqkppiRcaGTKBIjPEA90jZUIE6Ul07vGMNjo3RhGElTQsOp+nsiRVypEQ9MJ0e6r+a9ifif1050WPVSKuJEE4FnH4UJgzqCk1Bgl0qCNRsZgrCkZleI+0girE10BROCO3/yImmelt1K+ey2UqxVszjy4AAcgRPggnNQA9egDhoAg0fwDF7Bm/VkvVjv1sesNWdlM/vgD6zPHy4PmD8=</latexit>

+

x = R✓

<latexit sha1_base64="YU2kDnew49cfObjzsyhoFXrv8EU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqexKxV6EghePVewHbJeSTbNtaDZZklmxLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXpgIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluyExTHDJWsBBsG6iGYlDwTrh+Gbmdx6ZNlzJB5gkLIjJUPKIUwJW8p/wNb7vwYgB6ZcrbtWdA68SLycVlKPZL3/1BoqmMZNABTHG99wEgoxo4FSwaamXGpYQOiZD5lsqScxMkM1PnuIzqwxwpLQtCXiu/p7ISGzMJA5tZ0xgZJa9mfif56cQ1YOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEolG4K3/PIqaV9UvVr18q5WadTzOIroBJ2ic+ShK9RAt6iJWogihZ7RK3pzwHlx3p2PRWvByWeO0R84nz9WlJCf</latexit>

mr

B K
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Determinação da F.T.

Aplicando a T. L. às três equações temos (CIs = 0)

X(s) = R⇥(s)

<latexit sha1_base64="Lm0iqSeejWpBD3EMblrYG35tAF4=">AAAB+nicbVDLSgMxFL3js9bXVJdugkWomzIjFbsRCm5cVukL2qFk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2nrgwsk595J7jx9zprTjfFtr6xubW9u5nfzu3v7BoV04aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/M/PYDlYpFoqEnMfVCPBQsYARrI/XtQqekztE1uu81RlRj8+jbRafszIFWiZuRImSo9+2v3iAiSUiFJhwr1XWdWHsplpoRTqf5XqJojMkYD2nXUIFDqrx0vvoUnRllgIJImhIazdXfEykOlZqEvukMsR6pZW8m/ud1Ex1UvZSJONFUkMVHQcKRjtAsBzRgkhLNJ4ZgIpnZFZERlphok1behOAun7xKWhdlt1K+vKsUa9UsjhycwCmUwIUrqMEt1KEJBB7hGV7hzXqyXqx362PRumZlM8fwB9bnD7LvklQ=</latexit>

Its
2⇥(s) + F (s)R = T (s)

<latexit sha1_base64="Ws1RJl+RZFaiw3pybeokDOm3f5w=">AAACCXicbVDLSgMxFM34rPU16tJNsAgVocyUit0IBUF0V6UvaMchk2ba0MyD5I5QSrdu/BU3LhRx6x+4829M21lo64FwD+fcy809Xiy4Asv6NpaWV1bX1jMb2c2t7Z1dc2+/oaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uJz4zQcmFY/CGgxj5gSkF3KfUwJack184wJW90XcqfUZkLw6waf4Spc7fIFrurpmzipYU+BFYqckh1JUXfOr041oErAQqCBKtW0rBmdEJHAq2DjbSRSLCR2QHmtrGpKAKWc0vWSMj7XSxX4k9QsBT9XfEyMSKDUMPN0ZEOireW8i/ue1E/DLzoiHcQIspLNFfiIwRHgSC+5yySiIoSaESq7/immfSEJBh5fVIdjzJy+SRrFglwpnt6VcpZzGkUGH6AjlkY3OUQVdoyqqI4oe0TN6RW/Gk/FivBsfs9YlI505QH9gfP4AFlWWug==</latexit>

�
mrs

2 +Bs+K
�
X(s) = F (s)

<latexit sha1_base64="cKUIyk3X9D2DXPUy8irEj9YR620=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcpMqdiNUBREcFPBPqBTSybNtKGZB8kdoZR+ght/xY0LRdy6dOffmLaz0NYDuRzOuZebe9xIcAWW9W2klpZXVtfS65mNza3tHXN3r67CWFJWo6EIZdMligkesBpwEKwZSUZ8V7CGO7ic+I0HJhUPgzsYRqztk17APU4JaKljHjuCeZDzOxKr+yI+wRdKlxtH8l4f8s2cyp/jK107ZtYqWFPgRWInJIsSVDvml9MNaeyzAKggSrVsK4L2iEjgVLBxxokViwgdkB5raRoQn6n2aHrQGB9ppYu9UOoXAJ6qvydGxFdq6Lu60yfQV/PeRPzPa8XgldsjHkQxsIDOFnmxwBDiSTq4yyWjIIaaECq5/iumfSIJBZ1hRodgz5+8SOrFgl0qnN6WspVyEkcaHaBDlEM2OkMVdI2qqIYoekTP6BW9GU/Gi/FufMxaU0Yys4/+wPj8AZPImbs=</latexit>

Combinando estas três últimas equações algébricas reduzimos à seguinte expressão
✓

mr +
It
R2

◆
s2 +Bs+K

�
X(s) =

1

R
T (s)

<latexit sha1_base64="g9yPZnal3crPb3hrCDHJId6CROM="></latexit>

Da qual obtemos a F.T. desejada na F.P.

X(s)

T (s)
=

1
KR

1
K

�
mr +

It
R2

�
s2 + B

K s+ 1

<latexit sha1_base64="WvlhGRmrzKPIlbmhoyI5Uqq88dU="></latexit>

(Resp.)
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Considerações adicionais

Adicionalmente, poderíamos aumentar o grau de complexidade do modelo, 
considerando, por exemplo que o eixo que conecta as duas inércias em rotação não
seja rígido, possuindo, por exemplo uma constante elástica torsional igual a Kt:

Im

Ip

mr

Kt

Exercício: Escrevam as equações do novo modelo físico com eixo flexível e 
obtenham a mesma F.T. anteriormente solicitada. 
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