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1. O sistema de coordenadas “pseudo-toroidal” (r, 8, @) é definido em termos do
sistema de coordenadas cilindricas (R, ¢, z) pelas relagbes
R=Ry+r1rcosf,z=rsinb, ¢ =—¢

onde R, é raio de um eixo toroidal com relagao ao qual a distancia r é medida (veja
figura).

a) Determine as métricas (hr, hg,h(p) neste sistema de coordenadas, tal que os
elementos de comprimento associados as coordenadas sejam

e, = h.dr;dty = hedf; de, = h,dg

b) Determine as expressdes para as derivadas dos versores é,; &g; €, em relagdo
as coordenadas (1, 6, @).
o
c) Determine a expressao para V - B neste sistema de coordenadas.
d) Considere agora uma situa¢cao de simetria axial, isto &, a = 0, e um campo
de

magnético dado por B(r,0) = Bgég + B,é,. Demonstre que a componente,
denominada “poloidal”, desse campo deve necessariamente ser da forma

f@r)

0 " Ry +71cosh

onde f(r) é uma fungdo qualquer da coordenada radial.

e) Demonstre que a componente azimutal do potencial vetor associado ao campo
do item anterior é dada por

A, = v
0=
21 (Ry + r cos B)




onde P é o fluxo do campo magnético através da area do circulo de raio r, conforme
indicado na figura a seguir.

2. No curso de eletromagnetismo da graduagao é visto que o vetor intensidade de

campo magnético H tem que satisfazer as seguintes condi¢des de contorno na interface
entre dois meios (Jackson; se¢ao 1.5 ou Griffiths; se¢ao 7.3.6)

(HZ_Hl)'ﬁZO; Higno — Higny = K X7

onde |I?| = dI/d¥ é a densidade de corrente superficial na interface, ou seja, corrente
por unidade de comprimento na dire¢do perpendicular a diregdo de fluxo, Higpj;j =
1,2 é a componente do campo em cada meio tangente a interface e 1 a normal a
interface, indo do meio 1 para o meio 2 (veja sentidos dos campos na figura a seguir).
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No vacuo, a Lei de Ampere para o vetor intensidade de campo magnético é dada por

VxH=7+ 0
X H= €0—=
] 03¢
a) Demonstre que, em regime estacionario (0/0t = 0) e em regides sem corrente

de condugdo (J = 0), o vetor intensidade de campo magnético pode ser obtido de um
potencial escalar magnético, isto é,

H=-v¢,

Considere agora uma superficie esférica de raio a carregada uniformemente com uma
carga total g e girando em torno do eixo vertical com velocidade angular constante w.

b) Considerando que toda a carga em um anel de largura adf da uma volta
completa em torno do eixo em um periodo de rotacdo (veja figura), mostre que a
densidade de corrente superficial sobre a superficie esférica é dada por



\ 1
N 1
!
5
c) Considerando que a condi¢cao V- H = 0 impde que o potencial magnético ¢,,
deve satisfazer a equagdo de Laplace na regidao livre de corrente e utilizando as
condicOes de contorno apropriadas para H emr — 0;r = a;r — oo, calcule a expressao

— —
para o vetor intensidade de campo magnético dentro, H;;,;, e fora, H,,, da esfera.

OBS: ao aplicar as condi¢des de contorno, é mais conveniente impor a continuidade de
H e a condicdo de contorno para a componente tangencial, na interface.

d) Mostre que o campo ﬁmt é constante e aponta na dire¢do do eixo.

3. No problema de Sturm-Liouville, estudamos a solucdo da equacao diferencial

d d
o+ @+ W@ =0 as<z<b,

sujeita as condig¢des de contorno cyy(a) + c,Y'(a) =0; dy(b) +d,p'(b) =0 e
mostramos que as solu¢Bes dessa equagdo para distintos auto valores 4;sdo ortogonais,
isto é

b
[ r@w@wd =0 2, = 2,
a
A versdo ndo homogénea da Equacdo de Liouville é

d d
2@+ e + @@ = -p

Neste problema, vamos ver que esta equacdo também pode ser resolvida pelo método
da Funcdo de Green.

a) Mostre que, para quaisquer duas fungdes ¢(z) e Y(z) continuas no intervalo
(a, b), a seguinte relacdo € vélida

b
Lb[¢%(pj_lﬁ)_¢%<pd7¢)]dz= [P((ﬁj_f_ Ccll_f)] a

Este resultado corresponde ao Teorema de Green em uma dimensao.

b) Demonstre que, definindo a Fun¢do de Green como solucdo da equacao

d d
P [p(z)EG(z, Z’)] +[q(2) + ir(2)]G(z,z") = —6(z — ),

com as condi¢cGes de contorno

d d
c,G(a,z") + CZEG(CL,Z’) =0; dG(b,2)+ dZEG(b'Z,) =0,



a solucdo da equacdo ndo homogénea é dada por
b

Y(2) =f G(z,2z)p(z)dZ
a
c) Demonstre que a func¢do unidimensional de Green é simétrica, G(z,z') =
G(z', 2).
d) Mostre que a fungao unidimensional de Green pode ser escrita em termos das

auto fungdes da Equacao de Sturm-Liouville como

N ¢n(2)¢n(2') b
G(z,Z) = —;(2)=frz 2(z2)dz
( ) i (/‘{n —A)(IIJTZJ lpn a ( )lpn( )
4. Problema 15.1 do livro A. Zangwill; Modern Electrodynamics

151 Continuous Creation An early competitor of the Big Bang theory postulates the “contimious creation”
of charged rmatter at a (very small) constant rate R at every point in space. In such a theory, the continuity
aquation iz replaced by

8o
V.j4+ 2L _ g
LR

(a) Forthis to be true, it is necassary to altar the source terms in the Maxwell squations. Show that it is
sufficient to modify Gauss’ law to

V-E:p/eo—)ugo

and the Armpére-Mazwell law to

1 8E
VxB=pj+—-— —rA
fiol T ot 8t
Here, Lisaconstant and ¢ and A arsetheusnal scalar and vector potentials. Is this theory gauge invariant?
(b) Confirmthat a spherically symimetric solution of the new equations exists with

Alnt)=rf(nt) and plr, 1) =g

whets F(r, 1) 2 a scalar function and ¢ 8 a constant,

(e} Show that the only non-singular solution to the partial differential equation satisfied by F(r, 1) iz a
constant,

(d) Show that the velocity of the chatge created by thistheory, ¥ = j/p, is a linear function of r. This agrzes
with Hubble’s farnous observations,

5. Problema 15.11 do livro A. Zangwill; Modern Electrodynamics

1511 A Charged Particle in a Static Electromagnetic Field A particle with charge ¢ and mass m moves in
static external flelds Eo(r) and Bo(r). If go(r,) is the slectrostatic potential at the position of the particle,
and there is negligible radiation, the usual statement of conservation of energy for this system is

1
Emv2 + gnlr,) = const,

Show that this equation agress with the power balance representaed by Poynting’s theorem only if one adds
to the latter the power supplied by an external energy source to maintain Ey and By against the work done
on thair sourcas by the fields produced by the patticls. Why is the latter work non-zero?

6. Consideremos uma cole¢do de cargas pontuais q; em movimento ndo
relativistico. Lembrando que a funcdo delta em trés dimensfes tem a dimensdo de
inverso de volume, podemos escrever a densidade de momento do conjunto como



- d—{
G b) = z 8 (7 = 7)) my;(6); 5;(t) = d_:{
J

Podemos também definir o tensor densidade de corrente de momento, ou seja, a taxa
de transporte de momento em todas as dire¢des como

TG0 =) 8(7-5©)m©5©
J
Nessa defini¢cdo, estamos utilizando a notacdo de diada; por exemplo mv, v, da a taxa
de transporte de momento mv, na dire¢do y. Usando a relagao

2 5(7-7) =8 (7 - 7®) 7

at
Mostre que
a - > - - - =/ >, B2
aG +V-T=f f=p@F t)E,t)+jFt) X B(,t)
7. Trés cargas pontuais estdo localizadas ao longo do eixo vertical z dentro e uma

esfera condutora aterrada de raio R = b, como indicado na figura aseguir.

O potencial dentro da esfera condutora pode ser calculado pelo método das imagens e
o resultado é

. 2 1 1 2 b/a b/a
) = —— |- S o+ T - 5~ >
dmey| r |[F—aé,| |F+aé, b |, b*, 5 b%,
r— 762 r+ Eez
a) Desenvolva esta expressdo para o potencial em Polindbmios de Legendre,
utilizando o método descrito na sec¢do 3.3 do Jackson.
b) Escreva explicitamente a expressao para r > a e mostre que, no limite a — 0,
mantendo Q = ga? constante, o potencial é dado por
#,0) = 2 [1- (3) | Geeos0? ~ 1)
r,0)= — |- cos —
Amreyr3 b
8. Em anexo a esta prova estd uma cdpia de um artigo de autoria de I. Campos, J.L.

Jiménez e M.A. Lopez-Marifio sobre o equilibrio de momento eletromagnético em meios



materiais, publicado na Revista Brasileira de Ensino de Fisica em 2012. Faca uma leitura
critica do artigo, fazendo todas as passagens que nao sejam triviais, e no final comente
se o trabalho traz alguma contribuicdo original, ndo disponivel em livros textos, e se ela
faz sentido fisico.
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We present a momentum balance equation derived directly from Maxwell’s equations. This equation con-
tains a force density, which we call Maxwell’s force density, which generalizes the Lorentz force density, now
including total fields rather than only external fields, and arbitrary charge and current distributions. As a test
for this balance equation we derive for gases the electrostatic and magnetostatic Helmholtz force densities. This
deduction will be useful for advanced undergraduates and graduate students, as well as for specialists interested
in the conceptual aspects of electromagnetism.

Keywords: Maxwell’s equations, Balance equation, electromagnetic force density.

Apresentamos uma equagdo de balango do momento eletromagnético deduzida diretamente das equagdes de
Maxwell. Esta equagdo contém uma densidade de forga, por nés chamada de densidade de forga de Maxwell,
que generaliza aquela de Lorentz, incluindo neste caso os campos totais e ndo apenas os externos, bem como
distribuicoes arbitrarias de cargas e correntes. Como teste desta equagdo deduzimos as forcas de densidade
magnetostatica e eletrostatica de Helmholtz para o caso de gases. Estas dedugoes sao tuteis para estudantes
avangados de graduagao e pds-graduagao, bem como especialistas interessados em aspectos conceituais do ele-

tromagnetismo.

Palavras-chave: equagoes de Maxwell, equacao de balango, densidade de forca eletromagnética.

1. Introduction

Classical electromagnetism deals with the relation
between charges and currents and electromagnetic fi-
elds in a given region of physical space that may
contain material media. The fundamental equations,
Maxwell’s equations, give us the electromagnetic fields
if the charge and current densities are given as functi-
ons of space, usually in a defined finite region, and time.
These solutions constitute the inhomogeneous solutions
of the equations, but there are also homogeneous solu-
tions that are not related to the charge and currents
in the region. The homogeneous plus inhomogeneous
solutions must satisfy given boundary conditions and
constitute the solution to a given problem.

The question of how these fields act on charges and
currents is answered with the Lorentz force law

IE-mail: iecampos@prodigy.net.mx.
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F:q@+%xB) (1)

where the fields E and B are not produced by ¢ and
are assumed known; these external fields are identified
with homogeneous solutions, i.e., external fields [1, 2
p. 236, 572).

This force law has been considered an additional
postulate to the Maxwell equations. However, in relati-
vity it has been considered a consequence of the Lorentz
transformations [1].

In the present work we show that the Lorentz law
can be deduced from Maxwell’s equations, but appea-
ring in the law the total fields, external and self-fields.
To this end we develop an electromagnetic momentum
balance equation, and show that in the static case this
balance equation contains, for gases, Helmholtz’s force
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density. This balance equation permits also analyze the
concept of test charges.

2. The momentum balance

Now we proceed to deduce the momentum balance
equation with the method used to deduce the energy
balance in a previous work [3]. The central point of the
method is to use only Maxwell’s equations and avoid
the use of Lorentz’s law, since the fields appearing in
the law are only the external fields, i.e., not produced
by pand J [1, 2 p. 236, 572]. Self-interaction appears as
the interaction of infinitesimal charges acting on other
infinitesimal charges of the charge distribution, as Lo-
rentz [4] (see also Refs. [2, 5, 6]) does in his treatment
of radiation reaction.

The derivation of the momentum balance equation
we present in this work is straightforward and, since we
do not use Lorentz’s law the fields involved are the total
fields. Thus the stress-energy tensor, which integrated
over a closed surface that contains a charge-current dis-
tribution gives the electromagnetic force on this distri-
bution, will include the fields associated to the charge
and current distributions outside the closed surface, as
well as the self fields of the charges and currents in-
side, i.e., the total fields. Then the present deduction
differs of the one usually given in standard texts, like
Jackson’s [2, 7].

We start with the macroscopic Maxwell equati-
ons [3]

V.D =dnp, (2)
V.-B=0, 3)
10B
47 10D

Now we multiply Eq. (2) by E, Eq. (3) by H,
and multiply vectorially on the left, Eq. (4) by D,
and Eq. (5) by B. Adding these results and rearran-
ging terms leads to the expression

%[E(V'D)fDx(VxE)+H(V-B)f
Bx(VxH)}—ﬁ%(DXB):pE+%xB. (6)

Since we want to express this equation as a balance
equation it is necessary to rewrite the first four terms
on the left, and it is convenient to define

E(V-D)-Dx (VXE)=T, (7)
and

H(V-B)-Bx (VxH)=T,. (8)
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It is important to note that these expressions exhibit
the symmetry between the fields E and H, and between
D and B inherent in the macroscopic Maxwell equati-
ons. The fields E and H appear in line integrals or in
rotationals, while the fields D and B appear in surface
integrals or in divergences. These features hold trough
the entire deduction, then it is enough to show how to
rewrite T since Ts can be rewritten in the same way.

We need the following vector identities,

Vi(u)=v(V-u)+(u-V) v, (9)

Vu-v)=(u-V)v+(v-V)
utux (Vxv)+vx(Vxu), (10)

ux (Vxv)=(Vv)-u—(u-V)v, (11)

Equation (9) refers to a tensor or dyadic product.

With these identities we avoid Jackson’s [2, 7] proce-
dure, which uses Maxwell’s equations in terms of com-
ponents. If we use Egs. (10) and (11) with u = D and
v = E, we have

T1:E(V-D)—%DX(V><E)—

lD><(V><E)=E(V-D)—%V(D~E)+

(D-V)E4+(E-V)D+4+E x (VxD)]—

NN =N

[(VE)-D - (D-V) E] . (12)

The trick of expressing D x (V x E) as

(Dx(VXE))+ - (D x(VxE))

1 1
2 2
is useful since this term appears both, in Eq. (10) and
Eq.(11), then we assign an equal contribution to each
equation.

Now, in order to avoid the term E x (V x D) we use
the identity (11) with u = E, and v = D. This permits
us regrouping the terms obtaining

T1:E(V-D)—%V(D~E)+1(D-V)E+

1(VD)~E—%(VE)-D+%(D-V)E:

(V~D)+(D~V)E73V(D~E)+

TS o I

(VD) -E - (VE)-D]. (13)
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Finally we use Eq. (9), which permits us regroup
some terms and obtain the result we were looking for

1
T1:V~(DE—2D~EI>—|—

(VD) -E - (VE) D], (14)

NN

Proceeding analogously with the magnetic fields, we
obtain

1
T2:V~(BH—2B-HI>+

(VB)-H - (VH) - B]. (15)

N |

With the results obtained for Ty and T4 in Eqgs. (14)
and (15) we can transform Eq. (6) into the expression

IV'{DE+BH1(D'E+B'H)I}
47 2

%m%(DxB):pEJr%xBJr
é{(VE).Df(VDyEJr(VHyB—
(VB) - H}, (16)

which is the momentum balance equation we were loo-
king for. It is convenient to write it as

08
T——===f azwell 17
\Y 9t Mazwell (17)
where, evidently,
= iD x B (18)
EM = ire ’

which is the momentum density of the electromagne-
tic field proposed by Minkowski. The stress tensor in
terms of dyadics is

_ L

T
47

1
DE+BH - (D-E+B-H)I|, (19)

and the force density happens to be

J 1
frragwenr = ,OE + E x B+ g {(VE) -D—
(VD)-E+(VH)-B - (VB) -H}, (20)
which we call the Mazwell force density. This force den-

sity includes, besides the Lorentz force with total fields,
other force densities, like Helmholtz’s, for gases.
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On the other hand, it can be shown that in static
conditions a finite point charge is acted on only by ex-
ternal fields. That the forces on charges and currents
are transmitted by stresses associated to the electro-
magnetic fields is Faraday’s original idea, later formali-
zed by Maxwell. This view can be illustrated by some
examples in electrostatics. We have so that Coulomb’s
force law can be derived by surface integration of the
stress tensor [5, p. 106-107 and p. 116, problem 1),
which contains the field of the charge inside the clo-
sed surface, the proper field, and the field asociated to
charges outside the closed surfaces i.e. the external fi-
eld thus the total field is involved. Another example is
given in Konopinski’s textbook [8, p. 164-166], where
a finite point charge is in an initially constant field.
Again the stress tensor involves the total fields, though
by symmetry the self field does not exert a force on
a point or spherically symmetric charge, and the usual
Lorentz force results. Thus, in electrostatics finite point
charges can play the role of test charges. Thus in elec-
trostatics the concept of test charge as an infinitesimal
point charge is unnecessary. Let us note that non elec-
tromagnetic forces are involved in the mechanical equi-
librium of a system of finite point charges. However for
charges in motion this is not the case due to the effects
of retardation.

3. The momentum balance equation
and the Helmholtz force density

Now we show what these general results obtained from
Maxwell’s equations imply in particular cases. Let us
consider the electrostatic case. In these static conditi-
ons the momentum balance equation reduces to

v-{éfﬂ[ED—;(D-EI)HZ,OEJr
%{(VE)'D—(VDyE}. (21)

Now, if we use the constitutive relation

D=cE (22)

in the right hand side of Eq. (21), while in the scalar
product in the left term we use the constitutive relation
now expressed as

D =E + 47P, (23)

we obtain immediatly

v-{;ﬁ [DE—;EZI} —%(P~E) I}:

1
pE — 87E2v5 (24)

or
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1 I 1
v {477 {DE 2EI}}—pE 87TE Ve +
1
\% (2P . E) . (25)
It is also satisfied that, for linear media,

P = \E, (26)

then, Eq. (25) can be written as

1 1
{— |ED—--E’1 |} =pE—
R I

o E2V5+V< XE2> . (27)

Furthermore, if we consider a fluid for which

1 Oe
= —pm=— 28
X = P (28)
holds [7], then we can write Eq. (27) in the form
1 1
V- DE - -E’I | =pE -
e [Pe a7} =0
1 1 Oe
— F? — o —— E? 29
8m V€+87rv <p 0pm ) (29)

which is the balance equation Eq. (24), but in the
right hand side appears the force density obtained by
Helmholtz.

Given the symmetry with which the fields E and H
appear in Eq. (16), it is immediate to see that for the
magnetic field H the following balance equation results,

1
BH- ‘|l =ty B_
v{M[H : H Ly

1 ou
L —V | pmm—H?
8 Vit 871'v (p 0pm, ) (30)

With these results we obtain that the original ba-
lance equation can be written as

1 1
V- {4 [DE+BH—2 (E*+H?) I ]}:
1
= pE + J><B—8—(E2V5+H2Vu)+

1 Oe ou
—EQ H2 1

These results are not free of criticisms, and authors
like Robinson [9] consider this kind of deductions

Campos et al.

mere identities, and so he considers that the “cor-
rect” Helmholtz force density is the one deduced from
Maxwell’s equations and fluid mechanics [5, 10]. But
we can see that both expressions, Egs. (29) and (30)
are contained in what we call Maxwell’s force density.
For a deeper discussion see Jiménez et al. [12].

Other authors, like Panofsky and Phillips [5] and
Jackson [2], try to incorporate the Helmholtz force den-
sity in a momentum balance equation of the type

0ga

V- -T" - =fHeim 32
Ot Hel ( )
by rewritting the stress tensor, as T = T, + T},

where

. 1 I m O€
To = o [DE— 5 (E-D) <1 - ”éapﬂ (33)

and

. 1 1 _ Pm Op
Truag = 7 [BH (B-H) <1 . 8pm)]. (34)

We can see from the present deduction that this is
not necessary, since the electromagnetic tensor T al-
ready contains the pertinent information for gases or
fluids obeying Eq. (28), and it is not necessary to re-
write it. This is an important point to note, and there-
fore the criticism by Robinson [9] is not well founded,
contrasting it with the generality of the present appro-
ach.

4. Conclusions

We have shown in the present work that, by using the
vectorial identities, Eqs. (9)-(11), it is possible to ob-
tain directly from Maxwell’s equations the momentum
balance equation, identifying in it a force density that
we have called Maxwell’s force density. Robinson’s cri-
ticism [9] that this type of deduction is a mere identity
does not constitute a demerit; otherwise we would have
to blame also the continuity equation of charge and cur-
rent, since it also results from an identity derived from
Maxwell’s equations. It is also clear from this deduc-
tion that the usual Lorentz force is an approximation for
very small charges and corresponding currents, which
permits to neglect the self fields. Therefore the genera-
lized Lorentz force, including total fields, is implicit in
Maxwell’s equations. The inclusion of total fields is es-
sential to the study of radiation reaction. On the other
hand such a general result like this must be tested with
particular models and experiments. In this sense is re-
markable that the Helmholtz force density for fluids is
contained, as a particular case, in the Maxwell balance
equation. This is a relevant result not appearing in the
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literature. A final point, relevant for teaching, is the use
of vector identities, not all familiar to students that per-
mit a straightforward deduction, avoiding in this way
the tricky deductions with components that obscure the
deduction and make it repellent to the reader.

References

[1] M Bunge, Foundations of Physics (Springer, Berlin,
1967).

[2] J.D. Jackson, Classical Electrodynamics (Wiley, New
York, 1975), 2"¢ ed.

[3] I. Campos and J.L. Jiménez, Eur. J. Phys. 13, 117
(1992).

[4] H.A. Lorentz, The Theory of Electrons and Its Applica-

tions to Phenomena of Light and Radiant Heat (Dover,
New York, 1952), 2" ed. In 1916 Teubner published
the second edition of Lectures delivered by the author
at Columbia University, New York, in 1906.

(5]

[11]

[12]

2303-5

W.K.H. Panofsky and M. Phillips, Classical Electricity
and Magnetism (Addison-Wesley Publishing Company
Massachussetts, 1962), 2" ed.

J. Vanderlinde, Classical Electromagnetic
(Springer-Verlag, New York, 2004), 2™ ed.

Theory

J.D. Jackson, Classical Electrodynamics (Wiley, New
York, 1999), 37 ed.

E.J. Konopinski, Electromagnetic Fields and Relativis-
tic Particles (McGraw-Hill Book Company, New York,
1981).

F.N.H. Robinson, Phys. Report. C 16, 313 (1975).

L.D. Landau, E.M. Lifshitz and L.P. Pitaevski Flec-
trodynamics of Continuous Media (Pergamon Press,
Oxford,1984).

J.A. Stratton, Electromagnetic Theory (McGraw-Hill,
New York, 1941).

J.L. Jiménez, I. Campos, M.A. Lépez-Marifio A new
perspective on the Abraham—Minkowski controversy,
Eur. Phys. J. — Plus 126 50 (2011).



