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matrix hi (or of the generators Hi ). The commutation relations (2.112) can
now be written as

[Hi, E↵] = ↵iE↵ (2.116)

The eigenvalues ↵i are the components of a vector of dimension rank G and
they are called the roots of the algebra G . The generators E↵ are called step
operators and they are complex linear combinations of the hermitian generators
Tm. Notice that the roots ↵ are real since they are the eigenvalues of the
hermitian matrices hi.

From (2.113) we see that the matrices hi are antisymmetric, and their o↵
diagonal elements are purely imaginary. So

h†
i
= hi; h⇤

i
= �hi (2.117)

Therefore if v is an eigenstate of the matrix hi then since the eigenvalue ↵i is
real we have

hiv = ↵iv (2.118)

and then
h⇤
i
v⇤ = �hiv

⇤ = ↵iv
⇤ (2.119)

Consenquently if ↵ is a root its negative (�↵ ) is also a root. Thus the roots
always occur in pairs.

We have shown that we can decompose a compact semisimple algebra L as

G = H +
X

↵

G↵ (2.120)

where H is generated by the commuting generators Hi and constitute the
Cartan subalgebra of G. The subspace G↵ is generated by the step operators
E↵. This is called the root space decomposition of G.In addition one can show
that for a semisimple Lie algebra

dim G↵ = 1; for any root ↵ (2.121)

and consequently the roots are not degenerated. So, there are not two step op-
erators E↵ and E 0

↵
corresponding to the same root ↵. Therefore for a semisim-

ple Lie algebra one has

dim G - rank G =
P

↵ dim G↵ = number of roots = even number

Using the Jacobi identity and the commutation relations (2.116) we have that
if ↵ and � are roots then

[Hi, [E↵, E�]] = �[E↵, [E�, Hi]]� [E�, [Hi, E↵]]

= (↵i + �i) [E↵, E�] (2.122)60 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

Since the algebra is closed under the commutator we have that [E↵, E�] must
be an element of the algebra. We have then three possibilities

1. ↵ + � is a root of the algebra and then [E↵, E�] ⇠ E↵+�

2. ↵ + � is not a root and then [E↵, E�] = 0

3. ↵ + � = 0 and consequently [E↵, E�] must be an element of the Cartan
subalgebra since it commutes with all Hi .

Since in a semisimple Lie algebra the roots are not degenerated (see (2.121)),
we conclude from (2.122) that 2↵ is never a root.

We then see that the knowlegde of the roots of the algebra provides all
the information about the commutation relations and consequently about the
structure of the algebra. From what we have learned so far, we can write the
commutation relations of a semisimple Lie algebra G as

[Hi, Hj] = 0 (2.123)

[Hi, E↵] = ↵iE↵ (2.124)

[E↵, E�] =

8
><

>:

N↵�E↵+� if ↵ + � is a root
H↵ if ↵ + � = 0
0 otherwise

(2.125)

where H↵ ⌘ 2↵.H/↵2, i, j = 1, 2, ... rank G (see discussion leading to (2.129)
and (2.130)). The structure constants N↵� will be determined later. The basis
{Hi, E↵} is called the Weyl-Cartan basis of a semisimple Lie algebra.

Using the cyclic property of the trace (2.47) (or equivalently, the invariance
property (2.46)) we get that, in a given representation

Tr([Hi, E↵]E�) = Tr(E↵[E�, Hi]) (2.126)

and so
(↵i + �i)Tr(E↵E�) = 0 (2.127)

The step operators are orthogonal unless they have equal and opposite roots.
In particular E↵ is orthogonal to itself. If it was orthogonal to all others, the
Killing form would have vanishing determinant and the algebra would not be
semisimple. Therefore for semisimple algebras if ↵ is a root then �↵ must also
be a root, and Tr(E↵E�↵) 6= 0. The value of Tr(E↵E�↵) is connected to the
structure constant of the second relation in (2.125). We know that [E↵, E�↵]
must be an element of the Cartan subalgebra. Therefore we write

[E↵, E�↵] = xiHi (2.128)
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Using (2.108) and the cyclic property of the trace we get

Tr(xiHiHj) = xj

= Tr([E↵, E�↵]Hj)

= Tr([Hj, E↵]E�↵)

= ↵jTr(E↵E�↵) (2.129)

Consequently [E↵, E�↵] must be proportional to ↵.H. Normalizing the step
operators such that

Tr(E↵E�↵) =
2

↵2
(2.130)

we obtain the second relation in (2.125).
Again using the invariance property (2.46) we have that

Tr([Hi, E↵]Hj) = Tr([Hj, Hi]E↵) (2.131)

and so
↵iTr(HjE↵) = 0 (2.132)

Since by assumption ↵ is a root and therefore di↵erent from zero we get

Tr(HiE↵) = 0 (2.133)

From the above results and (2.108) we see that we can normalize the Cartan
subalgebra generators Hi and the step operator E↵ such that the Killing form
becomes

Tr(HiHj) = �ij ; i, j = 1, 2, ...rank G

Tr(HiE↵) = 0

Tr(E↵E�) =
2

↵2
�↵+�,0 (2.134)

This is the usual normalization of the Weyl-Cartan basis.
Notice that linear combinations (E↵ ± E�↵) diagonalizes the Killing form

(2.134). However, by taking real linear combinations of Hi, (E↵ + E�↵) and
i(E↵�E�↵) one obtains a compact algebra since the eigenvalues of the Killing
form are all of the same sign. On the hand, if one takes real linear combinations
of Hi, (E↵ + E�↵) and (E↵ � E�↵) one obtains a non compact algebra.

Example 2.6 In section 2.5 we have discussed the algebra of the group SU(2).
In that case the Cartan subalgebra is generated by T3 only. The step operators
are T+ and T� corresponding to the roots +1 and �1 respectively . So the rank
of SU(2) is one. We can represent these roots by the diagram 2.1

[E↵ , E�↵ ] =
2

↵2
↵i Hi
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-� ↵�↵

Figure 2.1: The root diagram of A1 (su(2),so(3) or sl(2))
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2.7 The algebra su(3)

In example 1.17 we defined the groups SU(N). We now discuss in more detail
the algebra of the group SU(3). As we have seen this is defined as the group
of all 3⇥ 3 unitary matrices with unity determinant. If we write an element of
this group as g = exp (iT ) we see that T has to be hermitian in order g to be
unitary. In addition using the fact that det(expA) = exp (TrA) we see that
TrT = 0 in order to detg = 1. So the Lie algebra of SU(3) is generated by
3⇥ 3 hermitian and traceless matrices. Its dimension is 2.32� 32� 1 = 8. The
Cartan subalgebra is generated by the diagonal matrices. Since they have to be
traceless we have only two linearly independent diagonal matrices. Therefore
the rank of SU(3) is two, and consequently it has six roots. The usual basis of
the algebra su(3) is given by the Gell-Mann matrices which are a generalizition
of the Pauli matrices

�1 =

0

B@
0 1 0
1 0 0
0 0 0

1

CA ; �2 =

0

B@
0 �i 0
i 0 0
0 0 0

1

CA ;

�3 =

0

B@
1 0 0
0 �1 0
0 0 0

1

CA ; �4 =

0

B@
0 0 1
0 0 0
1 0 0

1

CA ;

�5 =

0

B@
0 0 �i
0 0 0
i 0 0

1

CA ; �6 =

0

B@
0 0 0
0 0 1
0 1 0

1

CA ;

�7 =

0

B@
0 0 0
0 0 �i
0 i 0

1

CA ; �8 =
1p
3

0

B@
1 0 0
0 1 0
0 0 �2

1

CA (2.135)

The trace form in such matrix representation is given by

Tr(�i�j) = 2�ij (2.136)

with i, j = 1, 2, ...8. The algebra su(3) is simple and therefore according to
theorem 2.4 the Killing form is proportinal to (2.136). Therefore, according to
the definition 2.11 we see su(3) is a compact algebra.

The matrices (2.135) satisfy the commutation relations

[�i,�j] = ifijk�k (2.137)

where the structure constants fijk are completly antisymmetric (see (2.56))
and are given in table 2.1. The diagonal matrices �3 and �8 are the generators

Gell-Mann matrices
<latexit sha1_base64="yf0BQgi7RniRifsPpDw/LqHUFNM="></latexit>

2.7. THE ALGEBRA SU(3) 63

2.7 The algebra su(3)

In example 1.17 we defined the groups SU(N). We now discuss in more detail
the algebra of the group SU(3). As we have seen this is defined as the group
of all 3⇥ 3 unitary matrices with unity determinant. If we write an element of
this group as g = exp (iT ) we see that T has to be hermitian in order g to be
unitary. In addition using the fact that det(expA) = exp (TrA) we see that
TrT = 0 in order to detg = 1. So the Lie algebra of SU(3) is generated by
3⇥ 3 hermitian and traceless matrices. Its dimension is 2.32� 32� 1 = 8. The
Cartan subalgebra is generated by the diagonal matrices. Since they have to be
traceless we have only two linearly independent diagonal matrices. Therefore
the rank of SU(3) is two, and consequently it has six roots. The usual basis of
the algebra su(3) is given by the Gell-Mann matrices which are a generalizition
of the Pauli matrices

�1 =

0

B@
0 1 0
1 0 0
0 0 0

1

CA ; �2 =

0

B@
0 �i 0
i 0 0
0 0 0

1

CA ;

�3 =

0

B@
1 0 0
0 �1 0
0 0 0

1

CA ; �4 =

0

B@
0 0 1
0 0 0
1 0 0

1

CA ;

�5 =

0

B@
0 0 �i
0 0 0
i 0 0

1

CA ; �6 =

0

B@
0 0 0
0 0 1
0 1 0

1

CA ;

�7 =

0

B@
0 0 0
0 0 �i
0 i 0

1

CA ; �8 =
1p
3

0

B@
1 0 0
0 1 0
0 0 �2

1

CA (2.135)

The trace form in such matrix representation is given by

Tr(�i�j) = 2�ij (2.136)

with i, j = 1, 2, ...8. The algebra su(3) is simple and therefore according to
theorem 2.4 the Killing form is proportinal to (2.136). Therefore, according to
the definition 2.11 we see su(3) is a compact algebra.

The matrices (2.135) satisfy the commutation relations

[�i,�j] = ifijk�k (2.137)

where the structure constants fijk are completly antisymmetric (see (2.56))
and are given in table 2.1. The diagonal matrices �3 and �8 are the generators

The group SU(3): 3⇥ 3 complex unitary matrices with unity determinant
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i j k fijk
1 2 3 2
1 4 7 1
1 5 6 -1
2 4 6 1
2 5 7 1
3 4 5 1
3 6 7 -1
4 5 8

p
3

6 7 8
p
3

Table 2.1: Structure constants of su(3)

of the Cartan subalgebra. One can easily check that they satisfy the conditions
of the definition 2.13. We see that the remaining matrices play the role of Tm in
(2.112). Therefore we can construct the step operators as linear combination
of them. However, like the su(2) case, these are complex linear combination
and the step operators are not really generators of su(3). Doing that, and
normalizing the generators conveniently, we obtain the Weyl-Cartan basis for
for such algebra

H1 =
1
p
2
�3 ; H2 =

1
p
2
�8 ;

E±↵1 =
1

2
(�1 ± i�2) ; E±↵2 =

1

2
(�6 ± i�7)

E±↵3 =
1

2
(�4 ± i�5) (2.138)

So they satisfy

Tr(HiHj) = �ij ; Tr(E↵mE�↵n) = �mn (2.139)

with i, j = 1, 2 and m,n = 1, 2, 3. One can check that in such basis the
commutation relations read

[H1, E±↵1 ] = ±

p

2E±↵1 ; [H2, E±↵1 ] = 0 ;

[H1, E±↵2 ] = ⌥

p
2

2
E±↵2 ; [H2, E±↵2 ] = ±

s
3

2
E±↵2 ;

[H1, E±↵3 ] = ±

p
2

2
E±↵3 ; [H2, E±↵3 ] = ±

s
3

2
E±↵3 (2.140)

Cartan subalgebra: �3 and �8
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Therefore the roots of su(3) are

↵1 = (
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2, 0) ; ↵2 = (�

p
2

2
,

s
3

2
) ; ↵3 = (

p
2

2
,

s
3

2
) (2.141)

and the corresponding negative ones.
Notice that all roots have the same lenght (↵2 = 2) and the angle between

any two of them is a multiple of ⇡

3 . The six roots of su(3) form a regular
diagram shown in figure 2.2. This is called the root diagram for su(3). The
root diagram of a Lie algebra lives in an Euclidean space of the same dimension
as the Cartan subalgebra, i.e., the rank of the algebra. The root diagram is
very useful in understanding the structure of the algebra. For instance, from
(2.125) and the diagram 2.2 one sees that

[E↵1 , E↵3 ] = [E↵3 , E↵2 ] = [E↵2 , E�↵1 ] = 0

[E�↵1 , E�↵3 ] = [E�↵3 , E�↵2 ] = [E�↵2 , E↵1 ] = 0 (2.142)

and also

[E↵1 , E�↵1 ] =
p

2H1

[E↵2 , E�↵2 ] = �

p
2

2
H1 +

s
3

2
H2

[E↵3 , E�↵3 ] =

p
2

2
H1 +

s
3

2
H2 (2.143)

Whenever the sum of two roots is a root of the diagram we know, from (2.125),
that the corresponding step operators do not commute. One can check that
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From the root diagram one can read:
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the non vanishing commutators between step operators are

[E↵1 , E↵2 ] = E↵3 ; [E�↵1 , E�↵2 ] = �E�↵3 ;

[E↵1 , E�↵3 ] = �E�↵2 ; [E�↵1 , E↵3 ] = E↵2 ;

[E↵3 , E�↵2 ] = E↵1 ; [E�↵3 , E↵2 ] = �E�↵1 (2.144)

We have seen that the algebra su(3) is generated by real linear combination
of the Gell-Mann matrices (2.135), or equivalently of the matrices Hi, i = 1, 2,
(E↵m+E�↵m) and �i(E↵m�E�↵m), m = 1, 2, 3. These are hermitian matrices.
If one takes real linear combinations of Hi, (E↵m + E�↵m) and (E↵m � E�↵m)
instead, one obtains the algebra sl(3) which is not compact. This is very
similar to the relation between su(2) and sl(2) which we saw in section 2.5.
This generalizes in fact, to all su(N) and sl(N).

2.8 The Properties of roots

We have seen that for a semisimple Lie algebra G, if ↵ is a root then, �↵ is
also a root. This means that for each step operator E↵ there exists a corre-
sponding step operator E↵. Together with H↵ = 2↵.H/↵2 they constitute a
sl(2) subalgebra of G, since from (2.124) and (2.125) one gets

[H↵, E±↵] = ±2E±↵

[E↵, E�↵] = H↵ (2.145)

This subalgebra is isomorphic to sl(2) since H↵ plays the role of 2T3 , E↵

and E�↵ play the role of T+ and T� respectively (see section 2.5). Therefore
to each pair of roots ↵ and �↵ we can construct a sl(2) subalgebra. These
subalgebras, however, do not have to commute among themselves.

We have learned in section 2.5 that T3 , the third component of the angular
momentum, has half integer eigenvalues, and consenquently H↵ (⌘ 2T3 ) must
have integer eigenvalues. From (2.124) we have

[H↵, E�] =
2↵.�

↵2
E� (2.146)

Therefore if | mi is an eigenstate of H↵ with an integer eigenvalue m them the
state E� | mi has eigenvalue m+ 2↵.�

↵2 since

H↵E� | mi = (E�H↵ + [H↵, E�]) | mi

=

 

m+
2↵.�

↵2

!

E� | mi (2.147)
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2↵.�
↵2

2↵.�
�2 ✓ ↵

2

�2

0 0 ⇡

2 undetermined
1 1 ⇡

3 1
�1 �1 2⇡

3 1
1 2 ⇡

4 2
�1 �2 3⇡

4 2
1 3 ⇡

6 3
�1 �3 5⇡

6 3

Table 2.2: The possible scalar products, angles and ratios of squared lenght
for the roots

This implies that
2↵.�

↵2
= integer (2.148)

for any roots ↵ and �. This result is crucial in the study of the structure of
semisimple Lie algebras. In order to satisfy this condition the roots must have
some very special properties. From Schwartz inequality we get (The roots live
in a Euclidean space since they inherit the scalar product from the Killing form
of G restricted to the Cartan subalgebra by ↵.� ⌘ Tr(↵.H�.H) =

P
rankG
i=1 ↵i�i)

↵.� =| ↵ || � | cos ✓ | ↵ || � | (2.149)

where ✓ is the angle between ↵ and �. Consenquently

2↵.�

↵2

2↵.�

�2
= mn = 4(cos ✓)2  4 (2.150)

where m and n are integers according to (2.148), and so

0  mn  4 (2.151)

This condition is very restrictive and from it we get that the possible values
of scalar products, angles and ratio of squared lenghts between any two roots
are those given in table 2.2. For the case of ↵ being parallel or anti-parallel
to � we have cos ✓ = ±1 and consequently mn = 4. In this case the possible
values of m and n are

1. 2↵.�
↵2 = ±2 and 2↵.�

�2 = ±2

2. 2↵.�
↵2 = ±1 and 2↵.�

�2 = ±4
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in a Euclidean space since they inherit the scalar product from the Killing form
of G restricted to the Cartan subalgebra by ↵.� ⌘ Tr(↵.H�.H) =

P
rankG
i=1 ↵i�i)

↵.� =| ↵ || � | cos ✓ | ↵ || � | (2.149)

where ✓ is the angle between ↵ and �. Consenquently

2↵.�

↵2

2↵.�

�2
= mn = 4(cos ✓)2  4 (2.150)

where m and n are integers according to (2.148), and so

0  mn  4 (2.151)

This condition is very restrictive and from it we get that the possible values
of scalar products, angles and ratio of squared lenghts between any two roots
are those given in table 2.2. For the case of ↵ being parallel or anti-parallel
to � we have cos ✓ = ±1 and consequently mn = 4. In this case the possible
values of m and n are

1. 2↵.�
↵2 = ±2 and 2↵.�

�2 = ±2

2. 2↵.�
↵2 = ±1 and 2↵.�

�2 = ±4
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2 undetermined
1 1 ⇡

3 1
�1 �1 2⇡
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1 2 ⇡

4 2
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4 2
1 3 ⇡

6 3
�1 �3 5⇡

6 3

Table 2.2: The possible scalar products, angles and ratios of squared lenght
for the roots
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This condition is very restrictive and from it we get that the possible values
of scalar products, angles and ratio of squared lenghts between any two roots
are those given in table 2.2. For the case of ↵ being parallel or anti-parallel
to � we have cos ✓ = ±1 and consequently mn = 4. In this case the possible
values of m and n are
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�2 = ±2

2. 2↵.�
↵2 = ±1 and 2↵.�
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3. 2↵.�
↵2 = ±4 and 2↵.�

�2 = ±1

In case 1 we have that ↵ = �, which is trivial, or ↵ = �� which is a fact dis-
cussed earlier, i.e., to every root ↵ there corresponds a root �↵ in a semisimple
Lie algebra. In case 2 we have ↵ = ±2� which is impossible to occur in a
semisimple Lie algebra. In (2.121) we have seen that dim G = 1 and therefore
there exist only one step operator corresponding to a root ↵. From (2.122) we
see that 2↵ or �2↵ can not be roots since [E↵, E↵] = [E�↵, E�↵] = 0. The case
3 is similar to 2. Therefore in a semisimple Lie algebra the only roots which
are multiples of ↵ are ±↵.

Notice that there are only three possible values for the ratio of lenghts
of roots, namely 1, 2 and 3 (there are five if one considers the reciprocals 1

2
and 1

3). However for a given simple Lie algebra, where there are no disjoint,
mutually orthogonal set of roots, there can occur only two di↵erent lenght of
roots. The reason is that if ↵, �, and � are roots of a simple Lie algebra and
↵
2

�2 = 2 and ↵
2

�2 = 3 then it follows that �
2

�2 = 2
3 and this is not an allowed value

for the ratio of two roots (see table 2.2).
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3. 2↵.�
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�2 = ±1

In case 1 we have that ↵ = �, which is trivial, or ↵ = �� which is a fact dis-
cussed earlier, i.e., to every root ↵ there corresponds a root �↵ in a semisimple
Lie algebra. In case 2 we have ↵ = ±2� which is impossible to occur in a
semisimple Lie algebra. In (2.121) we have seen that dim G = 1 and therefore
there exist only one step operator corresponding to a root ↵. From (2.122) we
see that 2↵ or �2↵ can not be roots since [E↵, E↵] = [E�↵, E�↵] = 0. The case
3 is similar to 2. Therefore in a semisimple Lie algebra the only roots which
are multiples of ↵ are ±↵.

Notice that there are only three possible values for the ratio of lenghts
of roots, namely 1, 2 and 3 (there are five if one considers the reciprocals 1

2
and 1

3). However for a given simple Lie algebra, where there are no disjoint,
mutually orthogonal set of roots, there can occur only two di↵erent lenght of
roots. The reason is that if ↵, �, and � are roots of a simple Lie algebra and
↵
2

�2 = 2 and ↵
2

�2 = 3 then it follows that �
2

�2 = 2
3 and this is not an allowed value

for the ratio of two roots (see table 2.2).
only two lengths allowed
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2.9 The Weyl group

In the section 2.8 we have shown that to each pair of roots ↵ and �↵ of a
semisimple Lie algebra we can construct a sl(2) (or su(2)) subalgebra generated
by the operators H↵ , E↵ and E�↵ (see eq. (2.145)). We now define the
hermitian operators:

T1(↵) =
1

2
(E↵ + E�↵)

T2(↵) =
1

2i
(E↵ � E�↵) (2.152)

which satisfy the commutation relations

[Hi, T1(↵)] = i↵iT2(↵)

[Hi, T2(↵)] = �i↵iT1(↵)

[T1(↵), T2(↵)] =
i

2
H↵ (2.153)

The operator T2(↵) is the generator of rotations about the 2-axis, and a rota-
tion by ⇡ is generated by the element

S↵ = exp(i⇡T2(↵)) (2.154)

Using (2.27) and (2.153) one can check that

S↵(x.H)S�1
↵

= x.H + x.↵T1(↵) sin ⇡ +
x.↵

↵2
↵.H(cos ⇡ � 1)

=
✓
xi � 2

x.↵

↵2
↵i

◆
Hi

= �↵(x).H (2.155)

where we have defined the operator �↵, acting on the root space, by

�↵(x) ⌘ x� 2
x.↵

↵2
↵ (2.156)

This operator corresponds to a reflection w.r.t the plane perpendicular to ↵.
Indeed, if ✓ is the angle between x and ↵ then x.↵

↵2 ↵ =| x | cos ✓ ↵

|↵| . Therefore

�↵(x) is obtained from x by subtracting a vector parallel (or anti-parallel)
to ↵ and with lenght twice the projection of x in the direction of ↵. These
reflections are called Weyl reflections on the root space.
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We now want to show that if ↵ and � are roots of a given Lie algebra G,
then �↵(�) is also a root. Let us introduce the operator

Ẽ� ⌘ S↵E�S
�1
↵

(2.157)

where E� is a step operator of the algebra and S↵ is defined in (2.154). From
the fact that (see (2.124))

[x.H,E�] = x.�E� (2.158)

we get, using (2.155) that

S↵[x.H,E�]S
�1
↵

= [S↵x.HS�1
↵

, S↵E�S
�1
↵

]

= [�↵(x).H, Ẽ�] (2.159)

= x.�S↵E�S
�1
↵

(2.160)

= x.�Ẽ� (2.161)

and so

[�↵(x).H, Ẽ�] = x.�Ẽ� (2.162)

However, if we perform a reflection twice we get back to where we started, i.e.,
�2 = 1. Therefore denoting �↵(x) by y we get that �↵(y) = x, and then from
(2.162)

[y.H, Ẽ�] = �↵(y).�Ẽ� (2.163)

and so

[Hi, Ẽ�] = �↵(�)iẼ� (2.164)

Therefore Ẽ�, defined in (2.157), is a step operator corresponding to the root
�↵(�). Consequently if ↵ and � are roots, �↵(�) is necessarily a root (similarly
��(↵) ).

Example 2.7 In section 2.7 we have discussed the algebra of the group SU(3).
The root diagram with the planes perpendicular to the roots is given in figure
2.3. One can sees that the root diagram is invariant under Weyl reflections.
We have

�1 : ↵1 $ �↵1 ↵2 $ ↵3 �↵2 $ �↵3

�2 : ↵1 $ ↵3 ↵2 $ �↵2 �↵1 $ �↵3

�3 : ↵1 $ �↵2 ↵2 $ �↵1 ↵3 $ �↵3
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Figure 2.3: The planes orthogonal to the roots of A2 (SU(3) or SL(3))

�1�2 :

(
↵1 ! ↵2 ↵2 ! �↵3 ↵3 ! �↵1

�↵1 ! �↵2 �↵2 ! ↵3 �↵3 ! ↵1

�2�1 :

(
↵1 ! �↵3 ↵2 ! ↵1 ↵3 ! �↵2

�↵1 ! ↵3 �↵2 ! �↵1 �↵3 ! ↵2
(2.165)

Notice that the composition of Weyl reflections is not necessarily a reflection
and that reflections do not commute. In this particular case the operation �2�1

is a rotation by an angle of 2⇡
3 and �1�2 is its inverse. The set of a Weyl

reflexions and the composition of two or more of them form a group called
the Weyl group. It leaves the root diagram of su(3) invariant. This group is
isomorphic to S3 , and in fact the Weyl group of su(N) is SN , the group of
permutations of N elements.

Definition 2.15 The Weyl group of a Lie algebra, or of its root system, is
the finite discrete group generated by the Weyl reflections.

From the considerations above we see that the Weyl group leaves invariant
the root system. However it does not contain all the symmetries of the root
system. The inversion ↵ $ �↵ is certainly a symmetry of the root system of
any semisimple Lie algebra but, in general, it is not an element of Weyl group.
In the case of su(3) discussed in example 2.7 the inversion can not be written
in terms of reflections. In addition, the root diagram of su(3) is invarint under
rotations of ⇡

3 , and this operation is not an element of the Weyl group of su(3).
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Notice that the composition of Weyl reflections is not necessarily a reflection
and that reflections do not commute. In this particular case the operation �2�1

is a rotation by an angle of 2⇡
3 and �1�2 is its inverse. The set of a Weyl

reflexions and the composition of two or more of them form a group called
the Weyl group. It leaves the root diagram of su(3) invariant. This group is
isomorphic to S3 , and in fact the Weyl group of su(N) is SN , the group of
permutations of N elements.

Definition 2.15 The Weyl group of a Lie algebra, or of its root system, is
the finite discrete group generated by the Weyl reflections.

From the considerations above we see that the Weyl group leaves invariant
the root system. However it does not contain all the symmetries of the root
system. The inversion ↵ $ �↵ is certainly a symmetry of the root system of
any semisimple Lie algebra but, in general, it is not an element of Weyl group.
In the case of su(3) discussed in example 2.7 the inversion can not be written
in terms of reflections. In addition, the root diagram of su(3) is invarint under
rotations of ⇡

3 , and this operation is not an element of the Weyl group of su(3).
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�↵ �� , �↵ �� , �� �� . . .
<latexit sha1_base64="lqUGxezxU/yEDZJFMxo+5uj2Yvw=">AAACWXicdVHLSgMxFM2Mttb6qnbpZrAILkqZ8YFCN0U3LivYB3RKuZOmbWgyMyR3hDL0J10I4q+4MG0H0VYvBE7OOfcmOQliwTW67rtlb23n8juF3eLe/sHhUen4pK2jRFHWopGIVDcAzQQPWQs5CtaNFQMZCNYJpg8LvfPClOZR+IyzmPUljEM+4hTQUINS7Gs+ljBIfRDxBOZ+9ZsIGJp9verX//eMQcp1U8ZtDPLFMEI9KFXcmrssZxN4GaiQrJqD0qs/jGgiWYhUgNY9z42xn4JCTgWbF/1EsxjoFMasZ2AIkul+ukxm7pwbZuiMImVWiM6S/dmRgtR6JgPjlIATva4tyL+0XoKju37KwzhBFtLVQaNEOBg5i5idIVeMopgZAFRxc1eHTkABRfMZRROCt/7kTdC+rHlXtZun60rjPoujQE7JGbkgHrklDfJImqRFKHkjn1bOylsftmUX7OLKaltZT5n8Krv8BWjUtoc=</latexit>

�↵ �� �� . . .
<latexit sha1_base64="JtFWC44T0OFfM2YGEo/Du9ZXFD0=">AAACIXicbZDLSgMxFIYz9VbrbdSlm8EiuJAy4wULbopuXFawF+iUciZN29BkZkjOCGXoq7jxVdy4UKQ78WVML4ht/SHw5zvnkJw/iAXX6LpfVmZldW19I7uZ29re2d2z9w+qOkoUZRUaiUjVA9BM8JBVkKNg9VgxkIFgtaB/N67XnpjSPAofcRCzpoRuyDucAhrUsou+5l0JrdQHEfdg6J/9goDh3L0LUhpw44t2hLpl592CO5GzbLyZyZOZyi175LcjmkgWIhWgdcNzY2ymoJBTwYY5P9EsBtqHLmsYG4JkuplONhw6J4a0nU6kzAnRmdC/EylIrQcyMJ0SsKcXa2P4X62RYKfYTHkYJ8hCOn2okwgHI2ccl9PmilEUA2OAKm7+6tAeKKBoQs2ZELzFlZdN9bzgXRSuHi7zpdtZHFlyRI7JKfHINSmRe1ImFULJM3kl7+TDerHerE9rNG3NWLOZQzIn6/sHqdmlEA==</latexit>

It is generated by reflection, but not all elements are reflections
<latexit sha1_base64="+qKD+4O01hf3Ea8a44ZHf2nT1K0=">AAACLHicbVDLSgNBEJz1bXxFPXppDIIHCbuK6DHoRW8KRoUYQu+kNw7Ozi4zvUIIfpAXf0UQD4p49TucjTn4KhgoqrpnpirOtXIchq/B2PjE5NT0zGxlbn5hcam6vHLussJKaspMZ/YyRkdaGWqyYk2XuSVMY00X8c1h6V/cknUqM2fcz6mdYs+oRElkL3Wqh8cMykGPDFlk6kLcB0uJJln6WxAXDCZjQK2BNKVk2AFa+jbkOtVaWA+HgL8kGpGaGOGkU3266mayKC+TGp1rRWHO7QFaVlLTXeWqcJSjvMEetTw1mJJrD4Zh72DDK11IMuuPYRiq3zcGmDrXT2M/mSJfu99eKf7ntQpO9tsDZfKCycivh5JCA2dQNgddZX1g3fcEpVX+ryCv0aJk32/FlxD9jvyXnG/Xo5367ul2rXEwqmNGrIl1sSkisSca4kiciKaQ4l48ihfxGjwEz8Fb8P41OhaMdlbFDwQfn+upqBA=</latexit>

It leaves the root system invariant.
<latexit sha1_base64="gQUM7YWKCUwNkihn0H1kHE0zyO0=">AAACDXicbVC7SkNBEN3rM8ZX1NJmMQpW4V5FtAzaaBfBJEIMYe5mYhb37l525wZCyA/Y+Cs2ForY2tv5N24eha8DA4dzZpiZE6dKOgrDz2Bmdm5+YTG3lF9eWV1bL2xs1pzJrMCqMMrY6xgcKqmxSpIUXqcWIYkV1uO7s5Ff76F10ugr6qfYTOBWy44UQF5qFXYviCuEHjpOXeTWGOKu7wgTLnUPrARNpVahGJbCMfhfEk1JkU1RaRU+btpGZAlqEgqca0RhSs0BWJJC4TB/kzlMQdzBLTY81ZCgaw7G3wz5nlfavGOsL018rH6fGEDiXD+JfWcC1HW/vZH4n9fIqHPSHEidZoRaTBZ1MsXJ8FE0vC0tClJ9T0BY6W/logsWBPkA8z6E6PfLf0ntoBQdlo4uD4rl02kcObbNdtg+i9gxK7NzVmFVJtg9e2TP7CV4CJ6C1+Bt0joTTGe22A8E718dE5uZ</latexit>

But it does not necessarily contain all the symmetries of the root system.
<latexit sha1_base64="Ru0S7UBOlwYd/P09TdniXbKwC6w="></latexit>
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Figure 2.3: The planes orthogonal to the roots of A2 (SU(3) or SL(3))

�1�2 :

(
↵1 ! ↵2 ↵2 ! �↵3 ↵3 ! �↵1

�↵1 ! �↵2 �↵2 ! ↵3 �↵3 ! ↵1

�2�1 :

(
↵1 ! �↵3 ↵2 ! ↵1 ↵3 ! �↵2

�↵1 ! ↵3 �↵2 ! �↵1 �↵3 ! ↵2
(2.165)

Notice that the composition of Weyl reflections is not necessarily a reflection
and that reflections do not commute. In this particular case the operation �2�1

is a rotation by an angle of 2⇡
3 and �1�2 is its inverse. The set of a Weyl

reflexions and the composition of two or more of them form a group called
the Weyl group. It leaves the root diagram of su(3) invariant. This group is
isomorphic to S3 , and in fact the Weyl group of su(N) is SN , the group of
permutations of N elements.

Definition 2.15 The Weyl group of a Lie algebra, or of its root system, is
the finite discrete group generated by the Weyl reflections.

From the considerations above we see that the Weyl group leaves invariant
the root system. However it does not contain all the symmetries of the root
system. The inversion ↵ $ �↵ is certainly a symmetry of the root system of
any semisimple Lie algebra but, in general, it is not an element of Weyl group.
In the case of su(3) discussed in example 2.7 the inversion can not be written
in terms of reflections. In addition, the root diagram of su(3) is invarint under
rotations of ⇡

3 , and this operation is not an element of the Weyl group of su(3).
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�1�2 :

(
↵1 ! ↵2 ↵2 ! �↵3 ↵3 ! �↵1

�↵1 ! �↵2 �↵2 ! ↵3 �↵3 ! ↵1

�2�1 :

(
↵1 ! �↵3 ↵2 ! ↵1 ↵3 ! �↵2

�↵1 ! ↵3 �↵2 ! �↵1 �↵3 ! ↵2
(2.165)

Notice that the composition of Weyl reflections is not necessarily a reflection
and that reflections do not commute. In this particular case the operation �2�1

is a rotation by an angle of 2⇡
3 and �1�2 is its inverse. The set of a Weyl

reflexions and the composition of two or more of them form a group called
the Weyl group. It leaves the root diagram of su(3) invariant. This group is
isomorphic to S3 , and in fact the Weyl group of su(N) is SN , the group of
permutations of N elements.

Definition 2.15 The Weyl group of a Lie algebra, or of its root system, is
the finite discrete group generated by the Weyl reflections.

From the considerations above we see that the Weyl group leaves invariant
the root system. However it does not contain all the symmetries of the root
system. The inversion ↵ $ �↵ is certainly a symmetry of the root system of
any semisimple Lie algebra but, in general, it is not an element of Weyl group.
In the case of su(3) discussed in example 2.7 the inversion can not be written
in terms of reflections. In addition, the root diagram of su(3) is invarint under
rotations of ⇡

3 , and this operation is not an element of the Weyl group of su(3).are symmetries of the SU(3) root system.
<latexit sha1_base64="TakQbW/QKNdDUfOFIAVBu3kiKBs=">AAACFXicbVA9SwNBEN2L3/Hr1NJmMQoRJNwliJZBG0tFYwIxhL3NnFncvT1254QQ8ids/Cs2ForYCnb+GzcxhSY+GHi8N8PMvCiVwmIQfHm5mdm5+YXFpfzyyuraur+xeW11ZjjUuJbaNCJmQYoEaihQQiM1wFQkoR7dnQ79+j0YK3Ryhb0UWordJiIWnKGT2v4BM0BtTylAI8BSHVOKXaC7l7ViZX+XGq3R+RZBlWjbLwSlYAQ6TcIxKZAxztv+501H80xBglwya5thkGKrzwwKLmGQv8kspIzfsVtoOpowBbbVH301oHtO6dBYG1cJ0pH6e6LPlHWXR65TMezaSW8o/uc1M4yPW32RpBlCwn8WxZmkqOkwItoRBjjKniOMG+FupbzLDOPogsy7EMLJl6fJdbkUVkqHF+VC9WQcxyLZJjukSEJyRKrkjJyTGuHkgTyRF/LqPXrP3pv3/tOa88YzW+QPvI9va/WdEw==</latexit>

But do not belong to its Weyl group.
<latexit sha1_base64="0rhflsL2Ig7D48lsqPmTPcXdr9w=">AAACDXicbVC7SgNBFJ31GeMramkzGAWrsBsRLUNsLCOYByQhzE5ukiGzM8vMXSGE/ICNv2JjoYitvZ1/42ySQhMPDBzOuZc754SxFBZ9/9tbWV1b39jMbGW3d3b39nMHhzWrE8OhyrXUphEyC1IoqKJACY3YAItCCfVweJP69QcwVmh1j6MY2hHrK9ETnKGTOrnTcoK0q6nSSEOQWvUpairQ0jqMJO0bncSFTi7vF/wp6DIJ5iRP5qh0cl+truZJBAq5ZNY2Az/G9pgZFFzCJNtKLMSMD1kfmo4qFoFtj6dpJvTMKV3a08Y9hXSq/t4Ys8jaURS6yYjhwC56qfif10ywd90eCxUnCIrPDvUSmQZOq6FdYYCjHDnCuBHur5QPmGEcXYFZV0KwGHmZ1IqF4KJweVfMl8rzOjLkmJyQcxKQK1Iit6RCqoSTR/JMXsmb9+S9eO/ex2x0xZvvHJE/8D5/AA4+mu0=</latexit>



Automorphisms
<latexit sha1_base64="QEYVexH7bXVEug+Bhdz1GEG6LKE=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4KpOKtt1V3bisYB/QDiWTZtrQPMYkUyil3+HGhSJu/Rh3/o2ZtoKKHrhwOOde7r0njDkz1vc/vMzK6tr6RnYzt7W9s7uX3z9oGpVoQhtEcaXbITaUM0kblllO27GmWISctsLRdeq3xlQbpuSdncQ0EHggWcQItk4KLhOrhNLxkBlhevmCX/R9HyEEU4LKF74j1WqlhCoQpZZDASxR7+Xfu31FEkGlJRwb00F+bIMp1pYRTme5bmJojMkID2jHUYkFNcF0fvQMnjilDyOlXUkL5+r3iSkWxkxE6DoFtkPz20vFv7xOYqNKMGUyTiyVZLEoSji0CqYJwD7TlFg+cQQTzdytkAyxxsS6nHIuhK9P4f+kWSqis+L5balQu1rGkQVH4BicAgTKoAZuQB00AAH34AE8gWdv7D16L97rojXjLWcOwQ94b5+pJpKy</latexit>
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2.9 The Weyl group

In the section 2.8 we have shown that to each pair of roots ↵ and �↵ of a
semisimple Lie algebra we can construct a sl(2) (or su(2)) subalgebra generated
by the operators H↵ , E↵ and E�↵ (see eq. (2.145)). We now define the
hermitian operators:

T1(↵) =
1

2
(E↵ + E�↵)

T2(↵) =
1

2i
(E↵ � E�↵) (2.152)

which satisfy the commutation relations

[Hi, T1(↵)] = i↵iT2(↵)

[Hi, T2(↵)] = �i↵iT1(↵)

[T1(↵), T2(↵)] =
i

2
H↵ (2.153)

The operator T2(↵) is the generator of rotations about the 2-axis, and a rota-
tion by ⇡ is generated by the element

S↵ = exp(i⇡T2(↵)) (2.154)

Using (2.27) and (2.153) one can check that

S↵(x.H)S�1
↵

= x.H + x.↵T1(↵) sin ⇡ +
x.↵

↵2
↵.H(cos ⇡ � 1)

=
✓
xi � 2

x.↵

↵2
↵i

◆
Hi

= �↵(x).H (2.155)

where we have defined the operator �↵, acting on the root space, by

�↵(x) ⌘ x� 2
x.↵

↵2
↵ (2.156)

This operator corresponds to a reflection w.r.t the plane perpendicular to ↵.
Indeed, if ✓ is the angle between x and ↵ then x.↵

↵2 ↵ =| x | cos ✓ ↵

|↵| . Therefore

�↵(x) is obtained from x by subtracting a vector parallel (or anti-parallel)
to ↵ and with lenght twice the projection of x in the direction of ↵. These
reflections are called Weyl reflections on the root space.

Conjugation by
<latexit sha1_base64="qteXVQNhCb1Cxhgu5fy4erHbls8=">AAAB+HicbVDLSgMxFM34rPXRUZdugkVwVWYqostiNy4r2Ae0Q8mkmTY2kwx5COPQL3HjQhG3foo7/8Z0OgttPXDh5Jx7yb0nTBhV2vO+nbX1jc2t7dJOeXdv/6DiHh51lDASkzYWTMheiBRhlJO2ppqRXiIJikNGuuG0Ofe7j0QqKvi9ThMSxGjMaUQx0lYaupWm4A9mnL9gmMKhW/VqXg64SvyCVEGB1tD9GowENjHhGjOkVN/3Eh1kSGqKGZmVB0aRBOEpGpO+pRzFRAVZvvgMnlllBCMhbXENc/X3RIZipdI4tJ0x0hO17M3F/7y+0dF1kFGeGE04XnwUGQa1gPMU4IhKgjVLLUFYUrsrxBMkEdY2q7INwV8+eZV06jX/onZ5V682boo4SuAEnIJz4IMr0AC3oAXaAAMDnsEreHOenBfn3flYtK45xcwx+APn8wdZU5Li</latexit>

map
<latexit sha1_base64="D6ugSQniZUYdgaoHKDsrAw7ZqNw=">AAAB63icbVBNSwMxEJ31s9avqkcvwSJ4KrsV0WPRi8cK9gPapWTTbBuaZEOSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMyLFGfG+v63t7a+sbm1Xdop7+7tHxxWjo7bJkk1oS2S8ER3I2woZ5K2LLOcdpWmWEScdqLJXe53nqg2LJGPdqpoKPBIspgRbHNJYIUGlapf8+dAqyQoSBUKNAeVr/4wIamg0hKOjekFvrJhhrVlhNNZuZ8aqjCZ4BHtOSqxoCbM5rfO0LlThihOtCtp0Vz9PZFhYcxURK5TYDs2y14u/uf1UhvfhBmTKrVUksWiOOXIJih/HA2ZpsTyqSOYaOZuRWSMNSbWxVN2IQTLL6+Sdr0WXNauHurVxm0RRwlO4QwuIIBraMA9NKEFBMbwDK/w5gnvxXv3Phata14xcwJ/4H3+ALW+jgU=</latexit>

x ·H ! �↵(x) ·H
<latexit sha1_base64="vmBZEZy2tomP0yC00Q5iN8ZEF30=">AAACF3icbVC7SgNBFJ31GeMramkzGITYhF0faBm0sVQwUciGcHcySYbM7iwzdzVhyV/Y+Cs2ForYauffOEm20MQDA4dzzuXOPUEshUHX/Xbm5hcWl5ZzK/nVtfWNzcLWds2oRDNeZUoqfReA4VJEvIoCJb+LNYcwkPw26F2M/Nt7ro1Q0Q0OYt4IoROJtmCAVmoWyn2ftRTSS+pr0ekiaK0eqG9EJ4Rm6oOMuzAs9Q+yVLNQdMvuGHSWeBkpkgxXzcKX31IsCXmETIIxdc+NsZGCRsEkH+b9xPAYWA86vG5pBCE3jXR815DuW6VF20rbFyEdq78nUgiNGYSBTYaAXTPtjcT/vHqC7bNGKqI4QR6xyaJ2IikqOiqJtoTmDOXAEmBa2L9S1gUNDG2VeVuCN33yLKkdlr2j8sn1cbFyntWRI7tkj5SIR05JhVySK1IljDySZ/JK3pwn58V5dz4m0Tknm9khf+B8/gC7NJ+m</latexit>

E� ! E�↵(�)
<latexit sha1_base64="/LpzRcSPHnwR3eooSq6ZlC5cfdM=">AAACGHicbVDLSgMxFM3UV62vqks3wSLUTZ3xgS6LIrisYB/QlnInTdvQzIPkjlKG+Qw3/oobF4q47c6/MdN2oa0HQg7nnEtyjxtKodG2v63M0vLK6lp2PbexubW9k9/dq+kgUoxXWSAD1XBBcyl8XkWBkjdCxcFzJa+7w5vUrz9ypUXgP+Ao5G0P+r7oCQZopE7+5LYTt1yOkLSU6A8QlAqeaCpq0ffA3CDDASTFSeg46eQLdsmegC4SZ0YKZIZKJz9udQMWedxHJkHrpmOH2I5BoWCSJ7lWpHkIbAh93jTUB4/rdjxZLKFHRunSXqDM8ZFO1N8TMXhajzzXJD3AgZ73UvE/rxlh76odCz+MkPts+lAvkhQDmrZEu0JxhnJkCDAlzF8pG4AChqbLnCnBmV95kdROS85Z6eL+vFC+ntWRJQfkkBSJQy5JmdyRCqkSRp7JK3knH9aL9WZ9Wl/TaMaazeyTP7DGP+TroOw=</latexit>

Those are inner automorphisms
<latexit sha1_base64="Oej0s80QqCyM7KezjbmKIUl4cnI=">AAACBnicbVDLSgNBEJz1GeNr1aMIg0HwFHYjosegF48R8oJkCbOTTjJkHsvMrBBCTl78FS8eFPHqN3jzb5wke9DEgoaiqpvurjjhzNgg+PZWVtfWNzZzW/ntnd29ff/gsG5UqinUqOJKN2NigDMJNcssh2aigYiYQyMe3k79xgNow5Ss2lECkSB9yXqMEuukjn9SHSgDmGjATErQmKRWCaWTATPCdPxCUAxmwMskzEgBZah0/K92V9FUgLSUE2NaYZDYaEy0ZZTDJN9ODSSEDkkfWo5KIsBE49kbE3zmlC7uKe1KWjxTf0+MiTBmJGLXKYgdmEVvKv7ntVLbu47GTCapBUnni3opx1bhaSa4yzRQy0eOEKqZuxXTAdGEWpdc3oUQLr68TOqlYnhRvLwvFco3WRw5dIxO0TkK0RUqoztUQTVE0SN6Rq/ozXvyXrx372PeuuJlM0foD7zPH3ijmSQ=</latexit>

Symmetries of the root system which are not in the Weyl group give rise to
outer automorphisms

<latexit sha1_base64="xMf0NUno7QrFsKthK2IZT3uqVWs="></latexit>
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As we have seen the conjugation by the group element S↵ defined in (2.154)
maps x.H into �↵(x).H and E� into E�↵(�). Therefore, such mapping imitates,
in the algebra, the Weyl reflections of the roots. According to (2.34) this is an
inner automorphism of the algebra. Consequently any transformation of the
Weyl group can be elevated to an inner automorphism of the corresponding
algebra. In fact, any symmetry of the root diagram can be used to construct an
automorphism of the algebra. However those symmetries which do not belong
to the Weyl group give rise to outer automorphisms. We will see later that
the mapping Hi ! �Hi, E↵ ! �E�↵ and E�↵ ! �E↵ is an automorphism
of any semisimple Lie algebra. It is a consequence of the invariance of the root
diagram under the inversion ↵ $ �↵. It will be an inner (outer) automorphism
if the inversion is (is not) an element of the Weyl group.

We can summarize all the results about roots we have obtained so far in
the form of four postulates.

Definition 2.16 A set � of vectors in a Euclidean space is the root system
or root diagram of a semisimple Lie algebra G if

1. � does not contain zero, spans an Euclidean space of the same dimension
as the rank of the Lie algebra G and the number of elements of � is equal
to dim G - rank G.

2. If ↵ 2 � then the only multiples of ↵ in � are ±↵

3. If ↵, � 2 �, then 2↵.�
↵2 is an integer

4. If ↵, � 2 �, then �↵(�) 2 �, i.e., the Weyl group leaves � invariant.

Notice that if the root diagram decomposes into two or more disjoint and
mutually orthogonal subdiagrams then the corresponding Lie algebra is not
simple. Suppose the rank of the algebra is r and that the diagram decomposes
into two orthogonal subdiagrams of dimensions m and n such that m+n = r.
By taking basis vi (i = 1, 2...m) and uk (k = 1, 2...n) in each subdiagram we can
split the generators of the Cartan subalgebra into two subsets of the form Hv ⌘

v.H and Hu = u.H. From (2.158) we see that the generatorsa Hv commute
with all step operators corresponding to roots in the subdiagram generated by
uk , and vice versa. In addition, since the sum of a root of one subdiagram
with a root of the other is not a root, we conclude that the corresponding step
operators commute. Therefore each subdiagram corresponds to an invariant
subalgebra of the Lie algebra which root diagram is their union.

Due to the invariance of root system under ↵ $ �↵
<latexit sha1_base64="phrCSdgpm+a7g986PAtKT2DC7mc="></latexit>

Example:
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As we have seen the conjugation by the group element S↵ defined in (2.154)
maps x.H into �↵(x).H and E� into E�↵(�). Therefore, such mapping imitates,
in the algebra, the Weyl reflections of the roots. According to (2.34) this is an
inner automorphism of the algebra. Consequently any transformation of the
Weyl group can be elevated to an inner automorphism of the corresponding
algebra. In fact, any symmetry of the root diagram can be used to construct an
automorphism of the algebra. However those symmetries which do not belong
to the Weyl group give rise to outer automorphisms. We will see later that
the mapping Hi ! �Hi, E↵ ! �E�↵ and E�↵ ! �E↵ is an automorphism
of any semisimple Lie algebra. It is a consequence of the invariance of the root
diagram under the inversion ↵ $ �↵. It will be an inner (outer) automorphism
if the inversion is (is not) an element of the Weyl group.

We can summarize all the results about roots we have obtained so far in
the form of four postulates.

Definition 2.16 A set � of vectors in a Euclidean space is the root system
or root diagram of a semisimple Lie algebra G if

1. � does not contain zero, spans an Euclidean space of the same dimension
as the rank of the Lie algebra G and the number of elements of � is equal
to dim G - rank G.

2. If ↵ 2 � then the only multiples of ↵ in � are ±↵

3. If ↵, � 2 �, then 2↵.�
↵2 is an integer

4. If ↵, � 2 �, then �↵(�) 2 �, i.e., the Weyl group leaves � invariant.

Notice that if the root diagram decomposes into two or more disjoint and
mutually orthogonal subdiagrams then the corresponding Lie algebra is not
simple. Suppose the rank of the algebra is r and that the diagram decomposes
into two orthogonal subdiagrams of dimensions m and n such that m+n = r.
By taking basis vi (i = 1, 2...m) and uk (k = 1, 2...n) in each subdiagram we can
split the generators of the Cartan subalgebra into two subsets of the form Hv ⌘

v.H and Hu = u.H. From (2.158) we see that the generatorsa Hv commute
with all step operators corresponding to roots in the subdiagram generated by
uk , and vice versa. In addition, since the sum of a root of one subdiagram
with a root of the other is not a root, we conclude that the corresponding step
operators commute. Therefore each subdiagram corresponds to an invariant
subalgebra of the Lie algebra which root diagram is their union.

Root Systems or Root Diagrams
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Example 2.8 The root diagram shown in figure 2.4 is made of two ortoghonal
diagrams. Since each one is the diagram of an su(2) algebra we conclude, from
the discussion above, that it corresponds to the algebra su(2)�su(2). Remember
that the ratio of the squared lenght of the ortoghonal roots are undetermined in
this case (see table 2.2).

2.10 Weyl Chambers and simple roots

The hyperplanes perpendicular to the roots, defined in section 2.9 partition
the root space into finitely many regions. These connected regions (without
the hyperplanes) are called Weyl Chambers . Due to the regularity of the root
systems all the Weyl chambers have the same form and are equivalent.

Example 2.9 In the case of su(2) (or so(3) and sl(2)) there are only two
Weyl chambers, each one corresponding to a half line. These are shown in
figure 2.5. In the case of su(3) there are 6 Weyl chambers. They are shown in
figure 2.6.

Notice that under a Weyl reflection, all points of a Weyl chamber are mapped
into the same Weyl chamber, and therefore the Weyl group takes one Weyl
Chamber into another. In fact the Weyl group acts transitively on Weyl Cham-
bers and its order is the number of Weyl Chambers. In general the number of
roots is bigger than the number of Weyl Chambers.

Since the Weyl Chambers are equivalent one to another, we will choose one
of them and call it the Fundamental Weyl Chamber. Consider now a vector
x inside this particular chamber. The scalar product of x with any root ↵ is
always di↵erent from zero, since if it was zero x would be on the hyperplane

Root diagrams of simple Lie algebras
can not decompose into orthogonal sub-diagrams
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Example 2.8 The root diagram shown in figure 2.4 is made of two ortoghonal
diagrams. Since each one is the diagram of an su(2) algebra we conclude, from
the discussion above, that it corresponds to the algebra su(2)�su(2). Remember
that the ratio of the squared lenght of the ortoghonal roots are undetermined in
this case (see table 2.2).

2.10 Weyl Chambers and simple roots

The hyperplanes perpendicular to the roots, defined in section 2.9 partition
the root space into finitely many regions. These connected regions (without
the hyperplanes) are called Weyl Chambers . Due to the regularity of the root
systems all the Weyl chambers have the same form and are equivalent.

Example 2.9 In the case of su(2) (or so(3) and sl(2)) there are only two
Weyl chambers, each one corresponding to a half line. These are shown in
figure 2.5. In the case of su(3) there are 6 Weyl chambers. They are shown in
figure 2.6.

Notice that under a Weyl reflection, all points of a Weyl chamber are mapped
into the same Weyl chamber, and therefore the Weyl group takes one Weyl
Chamber into another. In fact the Weyl group acts transitively on Weyl Cham-
bers and its order is the number of Weyl Chambers. In general the number of
roots is bigger than the number of Weyl Chambers.

Since the Weyl Chambers are equivalent one to another, we will choose one
of them and call it the Fundamental Weyl Chamber. Consider now a vector
x inside this particular chamber. The scalar product of x with any root ↵ is
always di↵erent from zero, since if it was zero x would be on the hyperplane
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Example 2.8 The root diagram shown in figure 2.4 is made of two ortoghonal
diagrams. Since each one is the diagram of an su(2) algebra we conclude, from
the discussion above, that it corresponds to the algebra su(2)�su(2). Remember
that the ratio of the squared lenght of the ortoghonal roots are undetermined in
this case (see table 2.2).

2.10 Weyl Chambers and simple roots

The hyperplanes perpendicular to the roots, defined in section 2.9 partition
the root space into finitely many regions. These connected regions (without
the hyperplanes) are called Weyl Chambers . Due to the regularity of the root
systems all the Weyl chambers have the same form and are equivalent.

Example 2.9 In the case of su(2) (or so(3) and sl(2)) there are only two
Weyl chambers, each one corresponding to a half line. These are shown in
figure 2.5. In the case of su(3) there are 6 Weyl chambers. They are shown in
figure 2.6.

Notice that under a Weyl reflection, all points of a Weyl chamber are mapped
into the same Weyl chamber, and therefore the Weyl group takes one Weyl
Chamber into another. In fact the Weyl group acts transitively on Weyl Cham-
bers and its order is the number of Weyl Chambers. In general the number of
roots is bigger than the number of Weyl Chambers.

Since the Weyl Chambers are equivalent one to another, we will choose one
of them and call it the Fundamental Weyl Chamber. Consider now a vector
x inside this particular chamber. The scalar product of x with any root ↵ is
always di↵erent from zero, since if it was zero x would be on the hyperplane
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Figure 2.6: The Weyl chambers of A2 (SU(3) or SL(3))

perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)
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perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)
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Figure 2.6: The Weyl chambers of A2 (SU(3) or SL(3))

perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)

74 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

-�

�

�

�

�
��

A

A

A

A

A
AK

�

�

�

�

�

�
�↵

A

A

A

A

A
AU

⌘

⌘

⌘

⌘

⌘

⌘

⌘
⌘

⌘

⌘

⌘

⌘

⌘

⌘

⌘
⌘

Q

Q

Q

Q

Q

Q

Q
Q

Q

Q

Q

Q

Q

Q

Q
Q

HH

H
H

H
HH

H
H
HH

H
H

H
H

H
H

H
HH

H
H

H
H

HH

H
H

H
H

H
H

H
H

H
H

H
H
H

Weyl ChamberP
Pi

↵1

↵2 ↵3 plane 2

plane 3

plane 1

Figure 2.6: The Weyl chambers of A2 (SU(3) or SL(3))

perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)

Simple Roots
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Figure 2.6: The Weyl chambers of A2 (SU(3) or SL(3))

perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)
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perpendicular to ↵ and therefore not inside a Weyl chamber. As we move x
within the chamber the sign of ↵.x does not change, since in order to change
↵.x would have to vanish and therefore x would have to cross a hyperplane.
Therefore the scalar product of a root with any vector inside a Weyl Chamber
has a definite sign.

Definition 2.17 Let x be any vector inside the Fundamental Weyl chamber.
We say ↵ is a positive root if ↵.x > 0 and a negative root if ↵.x < 0.

Definition 2.18 We say a positive root is a simple root if it can not be written
as the sum of two positive roots.

Example 2.10 In the case of su(3), if we choose the Fundamental Weyl
chamber to be the one shown in figure 2.6, then the positive roots are ↵1, ↵2

and ↵3. We see that ↵1 and ↵2 are simple, but ↵3 is not since ↵3 = ↵1 + ↵2.

Theorem 2.5 Let ↵ and � be non proportional roots. Then

1. if ↵.� > 0, ↵� � is a root

2. if ↵.� < 0, ↵ + � is a root

Proof If ↵.� > 0 we see from table 2.2 that either 2↵.�
↵2 or 2↵.�

�2 is equal to 1.

Without loss of generality we can take 2↵.�
↵2 = 1. Therefore

�↵(�) = � �
2↵.�

↵2
↵ = � � ↵ (2.166)2.10. WEYL CHAMBERS AND SIMPLE ROOTS 75

So, from the invariance of the root system under the Weyl group, ��↵ is also
a root, as well as ↵� �. The proof for the case ↵.� < 0 is similar. 2

Theorem 2.6 Let ↵ and � be distinct simple roots. Then ↵� � is not a root
and ↵.�  0.

Proof Suppose ↵� � ⌘ � is a root. If � is positive we write ↵ = � + �, and if
it is negative we write � = ↵ + (��). In both cases we get a contradiction to
the fact ↵ and � are simple. Therefore ↵�� can not be a root. From theorem
2.5 we conclude ↵.�can not be positive. 2

Theorem 2.7 Let ↵1, ↵2,... ↵r be the set of all simple roots of a semisimple
Lie algebra G. Then r = rank G and each root ↵ of G can be written as

↵ =
rX

a=1

na↵a (2.167)

where na are integers, and they are positive or zero if ↵ is a positive root and
negative or zero if ↵ is a negative root.

Proof Suppose the simple roots are linear dependent. Denote by xa and
�ya the positive and negative coe�cients, respectively, of a vanishing linear
combination of the simple roots. Then write

sX

a=1

xa↵a =
rX

b=s+1

yb↵b ⌘ v (2.168)

with each ↵a being di↵erent from each ↵b. Therefore

v2 =
X

ab

xayb↵a.↵b  0 (2.169)

Since v is a vector on an Euclidean space it follows that that the only possibility
is v2 = 0, and so v = 0. But this implies xa = yb = 0 and consequently the
simple roots must be linear independent. Now let ↵ be a positve root. If it is
not simple then ↵ = � + � with � and � both positive. If � and/or � are not
simple we can write them as the sum of two positive roots. Notice that ↵ can
not appear in the expansion of � and/or � in terms of two positive roots, since
if x is a vector of the Fundamental Weyl Chamber we have x.↵ = x.� + x.�.
Since they are all positive roots we have x.↵ > x.� and x.↵ > a.�. Therefore
� or � can not be written as ↵+ � with � a positive root. For the same reason
� and � will not appear in the expansion of any further root appearing in
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this process. Thus, we can continue such process until ↵ is written as a sum
of simple roots, i.e. ↵ =

P
r

a=1 na↵a with each na being zero or a positive
integer. Since, for semisimple Lie algebras, the roots come in pairs (↵ and
�↵) it follows that the negative roots are written in terms of the simple roots
in the same way, with na being zero or negative integers. We then see that
the set of simple roots span the root space. Since they are linear independent,
they form a basis and consequently r = rank G. 2
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2.11 Cartan matrix and Dynkin diagrams

In order to define positive and negative roots and then simple roots we have
chosen one particular Weyl Chamber to play a special role. This was called the
Fundamental Weyl Chamber. However any Weyl Chamber can play such role
since they are all equivalent. As we have seen the Weyl group transforms one
Weyl Chamber into another. In fact, one can show (see pag. 51 of [HUM 72])
that there exists one and only one element of the Weyl group which takes one
Weyl Chamber into any other.

By changing the choice of the fundamental Weyl Chamber one changes the
set of simple roots. This implies that the choices of simple roots are related
by Weyl reflections. From the figure 2.6 we see that in the case of SU(3)
any of the pairs of roots (↵1,↵2), (↵3,�↵1), (↵2,�↵3), (�↵1,�↵2), (�↵3,↵1),
(�↵2,↵3), could be taken as the simple roots. The common features in these
pairs are the angle between the roots and the ratio of their lenghts. (in the
case of SU(3) this is trivial since all roots have the same length, but in other
cases it is not).

Therefore the important information about the simple roots can be encoded
into their scalar products. For this reason we introduce an r ⇥ r matrix (r =
rank G) as

Kab ⌘
2↵a.↵b

↵2
b

(2.170)

(a, b = 1, 2, ... rank G) which is called the Cartan matrix of the Lie algebra. As
we will see it contains all the relevant information about the structure of the
algebra G. Let us see some of its properties:

1. It provides the angle between any two simple roots since

KabKba = 4
↵a.↵b

↵2
b

↵a.↵b

↵2
a

(2.171)

with no summation on a or b, and so

cos ✓ = �
1

2

q
KabKba (2.172)

where ✓ is the angle between ↵a and ↵b. We take the minus sign because,
according to theorem 2.6, the simple roots always form obtuse angles.

2. The Cartan matrix gives the ratio of the lenghts of any two simple roots
since

Kab

Kba

=
↵2
a

↵2
b

(2.173)

a , b = 1, 2, 3 . . . , r ⌘ rank
<latexit sha1_base64="SXmj5eYFVXScCiK9fnOgk1ZozEk=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdhJK0im6EohuXFewDmlAmk0k7dDKJM5NCCf0FN/6KGxeKuHXnzr9x2mahrQcuHM65l3vv8RNGpbLtb2NldW19Y7OwVdze2d3bNw8OWzJOBSZNHLNYdHwkCaOcNBVVjHQSQVDkM9L2hzdTvz0iQtKY36txQrwI9TkNKUZKSz2zjFzLci3/yrGqVg26LIiVhBYULnlI6ShzRQQF4sNJzyzZFXsGuEycnJRAjkbP/HKDGKcR4QozJGXXsRPlZUgoihmZFN1UkgThIeqTrqYcRUR62eyjCTzVSgDDWOjiCs7U3xMZiqQcR77ujJAayEVvKv7ndVMVXnoZ5UmqCMfzRWHKoIrhNB4YUEGwYmNNEBZU3wrxAAmElQ6xqENwFl9eJq1qxalVzu/OSvXrPI4COAYnoAwccAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji3rhj5zBH4A+PzBzRYm3E=</latexit>

SU(2) :
<latexit sha1_base64="TFneAzckQ05BtJ6ffJmhD9jbKtc=">AAAB7XicbVBNTwIxEJ31E/EL9eilkZjgheyiRuOJ6MUjRhdIYEO6pUCl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhTFn2rjut7O0vLK6tp7byG9ube/sFvb261omilCfSC5VM8Saciaob5jhtBkriqOQ00Y4vJn4jSeqNJPiwYxiGkS4L1iPEWysVL/3S5WTq06h6JbdKdAi8TJShAy1TuGr3ZUkiagwhGOtW54bmyDFyjDC6TjfTjSNMRniPm1ZKnBEdZBOrx2jY6t0UU8qW8Kgqfp7IsWR1qMotJ0RNgM9703E/7xWYnqXQcpEnBgqyGxRL+HISDR5HXWZosTwkSWYKGZvRWSAFSbGBpS3IXjzLy+SeqXsnZbP786K1essjhwcwhGUwIMLqMIt1MAHAo/wDK/w5kjnxXl3PmatS042cwB/4Hz+AAxejiI=</latexit>

K = 2
<latexit sha1_base64="YszAcyCJuU0Y7UDvkPjf4d6gSTM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd2o6EUIehG8RDQPSJYwO+lNhszOLjOzQljyCV48KOLVL/Lm3zh5HDSxoKGo6qa7K0gE18Z1v52l5ZXVtfXcRn5za3tnt7C3X9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4GbsN55QaR7LRzNM0I9oT/KQM2qs9HB3Ve4Uim7JnYAsEm9GijBDtVP4andjlkYoDRNU65bnJsbPqDKcCRzl26nGhLIB7WHLUkkj1H42OXVEjq3SJWGsbElDJurviYxGWg+jwHZG1PT1vDcW//NaqQkv/YzLJDUo2XRRmApiYjL+m3S5QmbE0BLKFLe3EtanijJj08nbELz5lxdJvVzyTkvn92fFyvUsjhwcwhGcgAcXUIFbqEINGPTgGV7hzRHOi/PufExbl5zZzAH8gfP5A5cxjVk=</latexit>

SO(4) = SU(2)� SU(2) :
<latexit sha1_base64="K2+o3lRVdNnTvTIW7vNXgGFNV3o=">AAACAXicbZBPSwJBGMZn7Z/Zv60uQZchCfQiu2YUQSB16ZZhq4IuMjvO6uDszjIzG8hil75Klw5FdO1bdOvbNK4eSntg4Mfzvi/vvI8XMSqVZX0bmaXlldW17HpuY3Nre8fc3WtIHgtMHMwZFy0PScJoSBxFFSOtSBAUeIw0veH1pN58IEJSHt6rUUTcAPVD6lOMlLa65kH9tlApXtadQrnY4RGLJUz5omvmrZKVCi6CPYM8mKnWNb86PY7jgIQKMyRl27Yi5SZIKIoZGec6sSQRwkPUJ22NIQqIdJP0gjE81k4P+lzoFyqYur8nEhRIOQo83RkgNZDztYn5X60dK//cTWgYxYqEeLrIjxlUHE7igD0qCFZspAFhQfVfIR4ggbDSoeV0CPb8yYvQKJfsk9LpXSVfvZrFkQWH4AgUgA3OQBXcgBpwAAaP4Bm8gjfjyXgx3o2PaWvGmM3sgz8yPn8AWWuURQ==</latexit>
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3. Kaa = 2. The diagonal elements do not give any information.

4. From the properties of the roots discussed in section 2.8 we see that

KabKba = 4 (cos ✓)2 = 0, 1, 2, 3 (2.174)

we do not get 4 because we are taking a 6= b. But from theorem 2.6 we
have ↵a.↵b  0 and so the o↵ diagonal elements of the Cartan matrix
can take the values

Kab = 0,�1,�2,�3 (2.175)

with a 6= b. From the table 2.2 we see that if Kab = �2 or �3 then we
necessarily have Kba = �1.

5. If ↵a and ↵b are orthogonal, obviously Kab = Kba = 0. At the end of
section 2.9 we have shown that if the root diagram decomponses into
two or more mutually orthogonal subdiagrams then the corresponding
algebra is not simple. As a consequence of that if follows that the Cartan
matrix of a Lie algebra, which is not simple, necessarily has a block-
diagonal form.

6. The Cartan matrix is symmetric only when all roots have the same
lenght.

Example 2.11 The algebra of SO(3) or SU(2) has only one simple root and
therefore its Cartan matrix is trivial, i.e., K = 2.

Example 2.12 The algebra of SO(4) is not simple. It is isomorphic to su(2)�
su(2). Its root diagram is given in figure 2.4. The simple roots are ↵ and �
(for instance) and the ratio of their lenght is not determined. The Cartan
matrix is

K =

 
2 0
0 2

!

(2.176)

Example 2.13 From figure 2.6 we see that the Cartan matrix of A2 (su(3)
or sl(3)) is

K =

 
2 �1
�1 2

!

(2.177)

SU(3) :
<latexit sha1_base64="WZMc/WfwnhcFq940tLTmoSH9SCc=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7IrGo0nohePGF0ggQ3plgKVbrtpuyZkw3/w4kFjvPp/vPlvLLAHRV8yyct7M5mZF8acaeO6X05uaXlldS2/XtjY3NreKe7uNbRMFKE+kVyqVog15UxQ3zDDaStWFEchp81wdD31m49UaSbFvRnHNIjwQLA+I9hYqXHnl6vHl91iya24M6C/xMtICTLUu8XPTk+SJKLCEI61bntubIIUK8MIp5NCJ9E0xmSEB7RtqcAR1UE6u3aCjqzSQ32pbAmDZurPiRRHWo+j0HZG2Az1ojcV//PaielfBCkTcWKoIPNF/YQjI9H0ddRjihLDx5Zgopi9FZEhVpgYG1DBhuAtvvyXNE4qXrVydntaql1lceThAA6hDB6cQw1uoA4+EHiAJ3iBV0c6z86b8z5vzTnZzD78gvPxDQ3kjiM=</latexit>
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3. Kaa = 2. The diagonal elements do not give any information.

4. From the properties of the roots discussed in section 2.8 we see that

KabKba = 4 (cos ✓)2 = 0, 1, 2, 3 (2.174)

we do not get 4 because we are taking a 6= b. But from theorem 2.6 we
have ↵a.↵b  0 and so the o↵ diagonal elements of the Cartan matrix
can take the values

Kab = 0,�1,�2,�3 (2.175)

with a 6= b. From the table 2.2 we see that if Kab = �2 or �3 then we
necessarily have Kba = �1.

5. If ↵a and ↵b are orthogonal, obviously Kab = Kba = 0. At the end of
section 2.9 we have shown that if the root diagram decomponses into
two or more mutually orthogonal subdiagrams then the corresponding
algebra is not simple. As a consequence of that if follows that the Cartan
matrix of a Lie algebra, which is not simple, necessarily has a block-
diagonal form.

6. The Cartan matrix is symmetric only when all roots have the same
lenght.

Example 2.11 The algebra of SO(3) or SU(2) has only one simple root and
therefore its Cartan matrix is trivial, i.e., K = 2.

Example 2.12 The algebra of SO(4) is not simple. It is isomorphic to su(2)�
su(2). Its root diagram is given in figure 2.4. The simple roots are ↵ and �
(for instance) and the ratio of their lenght is not determined. The Cartan
matrix is

K =

 
2 0
0 2

!

(2.176)

Example 2.13 From figure 2.6 we see that the Cartan matrix of A2 (su(3)
or sl(3)) is

K =

 
2 �1
�1 2

!

(2.177)
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2.11 Cartan matrix and Dynkin diagrams

In order to define positive and negative roots and then simple roots we have
chosen one particular Weyl Chamber to play a special role. This was called the
Fundamental Weyl Chamber. However any Weyl Chamber can play such role
since they are all equivalent. As we have seen the Weyl group transforms one
Weyl Chamber into another. In fact, one can show (see pag. 51 of [HUM 72])
that there exists one and only one element of the Weyl group which takes one
Weyl Chamber into any other.

By changing the choice of the fundamental Weyl Chamber one changes the
set of simple roots. This implies that the choices of simple roots are related
by Weyl reflections. From the figure 2.6 we see that in the case of SU(3)
any of the pairs of roots (↵1,↵2), (↵3,�↵1), (↵2,�↵3), (�↵1,�↵2), (�↵3,↵1),
(�↵2,↵3), could be taken as the simple roots. The common features in these
pairs are the angle between the roots and the ratio of their lenghts. (in the
case of SU(3) this is trivial since all roots have the same length, but in other
cases it is not).

Therefore the important information about the simple roots can be encoded
into their scalar products. For this reason we introduce an r ⇥ r matrix (r =
rank G) as

Kab ⌘
2↵a.↵b

↵2
b

(2.170)

(a, b = 1, 2, ... rank G) which is called the Cartan matrix of the Lie algebra. As
we will see it contains all the relevant information about the structure of the
algebra G. Let us see some of its properties:

1. It provides the angle between any two simple roots since

KabKba = 4
↵a.↵b

↵2
b

↵a.↵b

↵2
a

(2.171)

with no summation on a or b, and so

cos ✓ = �
1

2

q
KabKba (2.172)

where ✓ is the angle between ↵a and ↵b. We take the minus sign because,
according to theorem 2.6, the simple roots always form obtuse angles.

2. The Cartan matrix gives the ratio of the lenghts of any two simple roots
since

Kab

Kba

=
↵2
a

↵2
b

(2.173)
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3. Kaa = 2. The diagonal elements do not give any information.

4. From the properties of the roots discussed in section 2.8 we see that

KabKba = 4 (cos ✓)2 = 0, 1, 2, 3 (2.174)

we do not get 4 because we are taking a 6= b. But from theorem 2.6 we
have ↵a.↵b  0 and so the o↵ diagonal elements of the Cartan matrix
can take the values

Kab = 0,�1,�2,�3 (2.175)

with a 6= b. From the table 2.2 we see that if Kab = �2 or �3 then we
necessarily have Kba = �1.

5. If ↵a and ↵b are orthogonal, obviously Kab = Kba = 0. At the end of
section 2.9 we have shown that if the root diagram decomponses into
two or more mutually orthogonal subdiagrams then the corresponding
algebra is not simple. As a consequence of that if follows that the Cartan
matrix of a Lie algebra, which is not simple, necessarily has a block-
diagonal form.

6. The Cartan matrix is symmetric only when all roots have the same
lenght.

Example 2.11 The algebra of SO(3) or SU(2) has only one simple root and
therefore its Cartan matrix is trivial, i.e., K = 2.

Example 2.12 The algebra of SO(4) is not simple. It is isomorphic to su(2)�
su(2). Its root diagram is given in figure 2.4. The simple roots are ↵ and �
(for instance) and the ratio of their lenght is not determined. The Cartan
matrix is

K =

 
2 0
0 2

!

(2.176)

Example 2.13 From figure 2.6 we see that the Cartan matrix of A2 (su(3)
or sl(3)) is

K =

 
2 �1
�1 2

!

(2.177)
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Figure 2.8: The root diagram and Fundamental Weyl Chamber of G2

a and b). These integers can be encoded in a diagram called Dynkin diagram
which is constructed in the following way:

1. Draw r points, each corresponding to one of the r simple roots of the
algebra (r is the rank of the algebra).

2. Join the point a to the point b by KabKba lines. Remember that the
number of lines can be 0, 1, 2 or 3.

3. If the number of lines joining the points a and b exceeds 1 put an arrow
on the lines directed towards the one whose corresponding simple root
has a shorter lenght than the other.

When KabKba = 2 or 3 the corresponding simple roots, ↵a and ↵b , have
di↵erent lenghts. In order to see this, remember that Kab or Kba is equal to
�1. Taking Kab = �1, we have Kba = �KabKba = �2 or �3. But

↵2
a

↵2
b

=
Kab

Kba

=
1

KabKba

(2.180)

and consenquently ↵2
b
� ↵2

a
. So the number of lines joining two points in a

Dynkin diagram gives the ratio of the squared lenghts of the corresponding
simple roots.

Example 2.16 The Cartan matrix of the algebra of SO(3) or SU(2) is simply
K = 2. It has only one simple root and therefore its Dynkin diagram is just a

Dynkin Diagrams
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a and b). These integers can be encoded in a diagram called Dynkin diagram
which is constructed in the following way:

1. Draw r points, each corresponding to one of the r simple roots of the
algebra (r is the rank of the algebra).

2. Join the point a to the point b by KabKba lines. Remember that the
number of lines can be 0, 1, 2 or 3.

3. If the number of lines joining the points a and b exceeds 1 put an arrow
on the lines directed towards the one whose corresponding simple root
has a shorter lenght than the other.

When KabKba = 2 or 3 the corresponding simple roots, ↵a and ↵b , have
di↵erent lenghts. In order to see this, remember that Kab or Kba is equal to
�1. Taking Kab = �1, we have Kba = �KabKba = �2 or �3. But

↵2
a

↵2
b

=
Kab

Kba

=
1

KabKba

(2.180)

and consenquently ↵2
b
� ↵2

a
. So the number of lines joining two points in a

Dynkin diagram gives the ratio of the squared lenghts of the corresponding
simple roots.

Example 2.16 The Cartan matrix of the algebra of SO(3) or SU(2) is simply
K = 2. It has only one simple root and therefore its Dynkin diagram is just a



SU(2) :
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3. Kaa = 2. The diagonal elements do not give any information.

4. From the properties of the roots discussed in section 2.8 we see that

KabKba = 4 (cos ✓)2 = 0, 1, 2, 3 (2.174)

we do not get 4 because we are taking a 6= b. But from theorem 2.6 we
have ↵a.↵b  0 and so the o↵ diagonal elements of the Cartan matrix
can take the values

Kab = 0,�1,�2,�3 (2.175)

with a 6= b. From the table 2.2 we see that if Kab = �2 or �3 then we
necessarily have Kba = �1.

5. If ↵a and ↵b are orthogonal, obviously Kab = Kba = 0. At the end of
section 2.9 we have shown that if the root diagram decomponses into
two or more mutually orthogonal subdiagrams then the corresponding
algebra is not simple. As a consequence of that if follows that the Cartan
matrix of a Lie algebra, which is not simple, necessarily has a block-
diagonal form.

6. The Cartan matrix is symmetric only when all roots have the same
lenght.

Example 2.11 The algebra of SO(3) or SU(2) has only one simple root and
therefore its Cartan matrix is trivial, i.e., K = 2.

Example 2.12 The algebra of SO(4) is not simple. It is isomorphic to su(2)�
su(2). Its root diagram is given in figure 2.4. The simple roots are ↵ and �
(for instance) and the ratio of their lenght is not determined. The Cartan
matrix is

K =

 
2 0
0 2

!

(2.176)

Example 2.13 From figure 2.6 we see that the Cartan matrix of A2 (su(3)
or sl(3)) is

K =

 
2 �1
�1 2

!

(2.177)SU(3) :
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3. Kaa = 2. The diagonal elements do not give any information.

4. From the properties of the roots discussed in section 2.8 we see that

KabKba = 4 (cos ✓)2 = 0, 1, 2, 3 (2.174)

we do not get 4 because we are taking a 6= b. But from theorem 2.6 we
have ↵a.↵b  0 and so the o↵ diagonal elements of the Cartan matrix
can take the values

Kab = 0,�1,�2,�3 (2.175)

with a 6= b. From the table 2.2 we see that if Kab = �2 or �3 then we
necessarily have Kba = �1.

5. If ↵a and ↵b are orthogonal, obviously Kab = Kba = 0. At the end of
section 2.9 we have shown that if the root diagram decomponses into
two or more mutually orthogonal subdiagrams then the corresponding
algebra is not simple. As a consequence of that if follows that the Cartan
matrix of a Lie algebra, which is not simple, necessarily has a block-
diagonal form.

6. The Cartan matrix is symmetric only when all roots have the same
lenght.

Example 2.11 The algebra of SO(3) or SU(2) has only one simple root and
therefore its Cartan matrix is trivial, i.e., K = 2.

Example 2.12 The algebra of SO(4) is not simple. It is isomorphic to su(2)�
su(2). Its root diagram is given in figure 2.4. The simple roots are ↵ and �
(for instance) and the ratio of their lenght is not determined. The Cartan
matrix is

K =

 
2 0
0 2

!

(2.176)

Example 2.13 From figure 2.6 we see that the Cartan matrix of A2 (su(3)
or sl(3)) is

K =

 
2 �1
�1 2

!

(2.177)
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Figure 2.7: The root diagram and Fundamental Weyl chamber of so(5) (or
sp(2))

Example 2.14 The algebra of SO(5) has dimension 10 and rank 2. So it
has 8 roots. It root diagram is shown in figure 2.7. The Fundamental Weyl
Chamber is the shaded region. Notice that all roots lie on the hyperplanes
perpendicular to the roots. The positive roots are ↵1, ↵2, ↵3 and ↵4 as shown
on the diagram. All the others are negative. The simple roots are ↵1 and ↵2,
and the ratio of their squared lenghts is 2. The angle between them is 3⇡

4 . The
Cartan matrix of so(5) is

K =

 
2 �1
�2 2

!

(2.178)

Example 2.15 The last simple Lie algebra of rank 2 is the exceptional algebra
G2 . Its root diagram is shown in figure 2.8. It has 12 roots and therefore
dimension 14. The Fundamental Weyl Chamber is the shaded region. The
positive roots are the ones labelled from 1 to 6 on the diagram. The simple
roots are ↵1 and ↵2. The Cartan matrix is given by

K =

 
2 �1
�3 2

!

(2.179)

We have seen that the relevant information contained in the Cartan matrix
is given by its o↵-diagonal elements. We have also seen that if Kab 6= 0 then
one of Kab or Kba is necessarily equal to �1. Therefore the information of the
o↵-diagonal elements can be given by the positive integers KabKba (no sum in
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Example 2.14 The algebra of SO(5) has dimension 10 and rank 2. So it
has 8 roots. It root diagram is shown in figure 2.7. The Fundamental Weyl
Chamber is the shaded region. Notice that all roots lie on the hyperplanes
perpendicular to the roots. The positive roots are ↵1, ↵2, ↵3 and ↵4 as shown
on the diagram. All the others are negative. The simple roots are ↵1 and ↵2,
and the ratio of their squared lenghts is 2. The angle between them is 3⇡

4 . The
Cartan matrix of so(5) is

K =

 
2 �1
�2 2

!

(2.178)

Example 2.15 The last simple Lie algebra of rank 2 is the exceptional algebra
G2 . Its root diagram is shown in figure 2.8. It has 12 roots and therefore
dimension 14. The Fundamental Weyl Chamber is the shaded region. The
positive roots are the ones labelled from 1 to 6 on the diagram. The simple
roots are ↵1 and ↵2. The Cartan matrix is given by

K =

 
2 �1
�3 2

!

(2.179)

We have seen that the relevant information contained in the Cartan matrix
is given by its o↵-diagonal elements. We have also seen that if Kab 6= 0 then
one of Kab or Kba is necessarily equal to �1. Therefore the information of the
o↵-diagonal elements can be given by the positive integers KabKba (no sum in
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sp(2))

Example 2.14 The algebra of SO(5) has dimension 10 and rank 2. So it
has 8 roots. It root diagram is shown in figure 2.7. The Fundamental Weyl
Chamber is the shaded region. Notice that all roots lie on the hyperplanes
perpendicular to the roots. The positive roots are ↵1, ↵2, ↵3 and ↵4 as shown
on the diagram. All the others are negative. The simple roots are ↵1 and ↵2,
and the ratio of their squared lenghts is 2. The angle between them is 3⇡

4 . The
Cartan matrix of so(5) is

K =

 
2 �1
�2 2

!

(2.178)

Example 2.15 The last simple Lie algebra of rank 2 is the exceptional algebra
G2 . Its root diagram is shown in figure 2.8. It has 12 roots and therefore
dimension 14. The Fundamental Weyl Chamber is the shaded region. The
positive roots are the ones labelled from 1 to 6 on the diagram. The simple
roots are ↵1 and ↵2. The Cartan matrix is given by

K =

 
2 �1
�3 2

!

(2.179)

We have seen that the relevant information contained in the Cartan matrix
is given by its o↵-diagonal elements. We have also seen that if Kab 6= 0 then
one of Kab or Kba is necessarily equal to �1. Therefore the information of the
o↵-diagonal elements can be given by the positive integers KabKba (no sum in
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Figure 2.8: The root diagram and Fundamental Weyl Chamber of G2

a and b). These integers can be encoded in a diagram called Dynkin diagram
which is constructed in the following way:

1. Draw r points, each corresponding to one of the r simple roots of the
algebra (r is the rank of the algebra).

2. Join the point a to the point b by KabKba lines. Remember that the
number of lines can be 0, 1, 2 or 3.

3. If the number of lines joining the points a and b exceeds 1 put an arrow
on the lines directed towards the one whose corresponding simple root
has a shorter lenght than the other.

When KabKba = 2 or 3 the corresponding simple roots, ↵a and ↵b , have
di↵erent lenghts. In order to see this, remember that Kab or Kba is equal to
�1. Taking Kab = �1, we have Kba = �KabKba = �2 or �3. But

↵2
a

↵2
b

=
Kab

Kba

=
1

KabKba

(2.180)

and consenquently ↵2
b
� ↵2

a
. So the number of lines joining two points in a

Dynkin diagram gives the ratio of the squared lenghts of the corresponding
simple roots.

Example 2.16 The Cartan matrix of the algebra of SO(3) or SU(2) is simply
K = 2. It has only one simple root and therefore its Dynkin diagram is just a


