
Aula 5

Operadores de spin

Comutadores

(continuação)

Autoestados de spin

Espaços vetoriais



Mecânica quântica exige 
uma nova estrutura matemática:

Equação de autovalores !

Schroedinger



As grandezas físicas satisfazem
equações de autovalores

Ô | i = o | i
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Exemplo mãe: 

Equação de Schroedinger independente do tempo



Eu inventei 
essas matrizes ! 

Pauli

Equação de autovalores para o spin

Ŝ2  = s (s + 1) ~2  
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Ŝz | # i = � 1

2
~ | # i

~
2

✓
1 0
0 �1

◆ ✓
0
1

◆
= � ~

2

✓
0
1

◆

| " i =
✓

1
0

◆
| # i =

✓
0
1

◆
autoestados
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Não é equação de autovalores !

não é  autoestado de | " i
<latexit sha1_base64="xsqHbW54jy8cqanH1K+3NoApFME="></latexit><latexit sha1_base64="xsqHbW54jy8cqanH1K+3NoApFME="></latexit><latexit sha1_base64="xsqHbW54jy8cqanH1K+3NoApFME="></latexit><latexit sha1_base64="xsqHbW54jy8cqanH1K+3NoApFME="></latexit>

Ŝx
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Quando sabemos o autovalor de     ̂Sz
<latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit>
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<latexit sha1_base64="GmrTqlTf7r3OLx3ccg//Nx1/YMI="></latexit><latexit sha1_base64="GmrTqlTf7r3OLx3ccg//Nx1/YMI="></latexit><latexit sha1_base64="GmrTqlTf7r3OLx3ccg//Nx1/YMI="></latexit><latexit sha1_base64="GmrTqlTf7r3OLx3ccg//Nx1/YMI="></latexit>
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<latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit>

Ŝ2
<latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit>

autoestado simultâneo dos dois operadores !

Podemos medir as duas grandezas ao mesmo tempo !

Isto acontece porque          e           são  compatíveis !Ŝz
<latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit><latexit sha1_base64="oyWIKGSeik3sgmBj2B1s3SZJyXg="></latexit>
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<latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit><latexit sha1_base64="l+lwp0IPxoIgoIYO6iV9lzRCc0M="></latexit>



Operadores A e B  comutam se o comutador deles for zero

[Â, B̂] = 0

[Â, B̂] = ÂB̂ � B̂Â = 0Comutador :

Operadores compatíveis :

Operadores compatíveis têm autofunções simultâneas

Dois operadores  são compatíveis se eles comutam



Comutadores  e  operadores  compatíveis

[Sx , Sy ] = i ~Sz

[Sy , Sz ] = i ~Sx

[Sz , Sx ] = i ~Sy

[S2 , Sx ] = 0

[S2 , Sy ] = 0

[S2 , Sz ] = 0

Não têm autoestados comuns !

Não podem ser conhecidos 
ao mesmo tempo !



[Sx , Sy ] = i ~Sz

[Ŝx , Ŝy] = ŜxŜy � ŜyŜx
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<latexit sha1_base64="TG/Lklgdd+hYfn/Eu531zKULTxQ=">AAADpnicjVFNTxsxEJ1laQvbD0J75DIiapWqNNpFleilEmoPcKqo1BAkjKjXcRKL/ZLXSxWt8jsRR270XzA2RmqbouLV2s9v5r3x2GmVqdrE8WWwFC4/evxkZTV6+uz5i7XO+svDumy0kANRZqU+SnktM1XIgVEmk0eVljxPMzlMz77Y+PBc6lqVxXczq+RJzieFGivBDVGnnSu2hZ+QJlQ0t2yacs1KUmzP LbtAIMvk2PRYKieqaLnWfDZvBYo5YoJvMGYMY1rfJ0wWIx9nWk2m5i1ihKTfIpd3bonUP0ssEPeWfEjF6LTTjfuxG7gIEg+64MdB2 bkABiMoQUADOUgowBDOgENN3zEkEENF3Am0xGlCysUlzCEibUNZkjI4sWc0T2h37NmC9tazdmpBVTL6NSkRXpOmpDxN2FZDF2+cs2Xv826dpz3bjNbUe+XEGpgS+z/dXeZDdbYXA2P46HpQ1FPlGNud8C6NuxV7cvytK0MOFXEWjyiuCQunvLtndJra9W7vlrv4tcu0rN0Ln9vAL3tKeuDk7+dcBIfb/STuJ98+dHc/+6degQ3YhB695w7swj4cwABEsBfkwXnwM+yFX8NBOLxNXQq85hX8McIfN5cZ1hc=</latexit><latexit sha1_base64="TG/Lklgdd+hYfn/Eu531zKULTxQ=">AAADpnicjVFNTxsxEJ1laQvbD0J75DIiapWqNNpFleilEmoPcKqo1BAkjKjXcRKL/ZLXSxWt8jsRR270XzA2RmqbouLV2s9v5r3x2GmVqdrE8WWwFC4/evxkZTV6+uz5i7XO+svDumy0kANRZqU+SnktM1XIgVEmk0eVljxPMzlMz77Y+PBc6lqVxXczq+RJzieFGivBDVGnnSu2hZ+QJlQ0t2yacs1KUmzP LbtAIMvk2PRYKieqaLnWfDZvBYo5YoJvMGYMY1rfJ0wWIx9nWk2m5i1ihKTfIpd3bonUP0ssEPeWfEjF6LTTjfuxG7gIEg+64MdB2 bkABiMoQUADOUgowBDOgENN3zEkEENF3Am0xGlCysUlzCEibUNZkjI4sWc0T2h37NmC9tazdmpBVTL6NSkRXpOmpDxN2FZDF2+cs2Xv826dpz3bjNbUe+XEGpgS+z/dXeZDdbYXA2P46HpQ1FPlGNud8C6NuxV7cvytK0MOFXEWjyiuCQunvLtndJra9W7vlrv4tcu0rN0Ln9vAL3tKeuDk7+dcBIfb/STuJ98+dHc/+6degQ3YhB695w7swj4cwABEsBfkwXnwM+yFX8NBOLxNXQq85hX8McIfN5cZ1hc=</latexit><latexit sha1_base64="TG/Lklgdd+hYfn/Eu531zKULTxQ=">AAADpnicjVFNTxsxEJ1laQvbD0J75DIiapWqNNpFleilEmoPcKqo1BAkjKjXcRKL/ZLXSxWt8jsRR270XzA2RmqbouLV2s9v5r3x2GmVqdrE8WWwFC4/evxkZTV6+uz5i7XO+svDumy0kANRZqU+SnktM1XIgVEmk0eVljxPMzlMz77Y+PBc6lqVxXczq+RJzieFGivBDVGnnSu2hZ+QJlQ0t2yacs1KUmzP LbtAIMvk2PRYKieqaLnWfDZvBYo5YoJvMGYMY1rfJ0wWIx9nWk2m5i1ihKTfIpd3bonUP0ssEPeWfEjF6LTTjfuxG7gIEg+64MdB2 bkABiMoQUADOUgowBDOgENN3zEkEENF3Am0xGlCysUlzCEibUNZkjI4sWc0T2h37NmC9tazdmpBVTL6NSkRXpOmpDxN2FZDF2+cs2Xv826dpz3bjNbUe+XEGpgS+z/dXeZDdbYXA2P46HpQ1FPlGNud8C6NuxV7cvytK0MOFXEWjyiuCQunvLtndJra9W7vlrv4tcu0rN0Ln9vAL3tKeuDk7+dcBIfb/STuJ98+dHc/+6degQ3YhB695w7swj4cwABEsBfkwXnwM+yFX8NBOLxNXQq85hX8McIfN5cZ1hc=</latexit><latexit sha1_base64="TG/Lklgdd+hYfn/Eu531zKULTxQ=">AAADpnicjVFNTxsxEJ1laQvbD0J75DIiapWqNNpFleilEmoPcKqo1BAkjKjXcRKL/ZLXSxWt8jsRR270XzA2RmqbouLV2s9v5r3x2GmVqdrE8WWwFC4/evxkZTV6+uz5i7XO+svDumy0kANRZqU+SnktM1XIgVEmk0eVljxPMzlMz77Y+PBc6lqVxXczq+RJzieFGivBDVGnnSu2hZ+QJlQ0t2yacs1KUmzP LbtAIMvk2PRYKieqaLnWfDZvBYo5YoJvMGYMY1rfJ0wWIx9nWk2m5i1ihKTfIpd3bonUP0ssEPeWfEjF6LTTjfuxG7gIEg+64MdB2 bkABiMoQUADOUgowBDOgENN3zEkEENF3Am0xGlCysUlzCEibUNZkjI4sWc0T2h37NmC9tazdmpBVTL6NSkRXpOmpDxN2FZDF2+cs2Xv826dpz3bjNbUe+XEGpgS+z/dXeZDdbYXA2P46HpQ1FPlGNud8C6NuxV7cvytK0MOFXEWjyiuCQunvLtndJra9W7vlrv4tcu0rN0Ln9vAL3tKeuDk7+dcBIfb/STuJ98+dHc/+6degQ3YhB695w7swj4cwABEsBfkwXnwM+yFX8NBOLxNXQq85hX8McIfN5cZ1hc=</latexit>
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<latexit sha1_base64="ExEB7nZ56bQw+HX7X135CWkdRU0=">AAADj3icrVHLbhMxFL3T4VHCoyks2VhEoCLRyEOR2g0ogg </latexit><latexit sha1_base64="ExEB7nZ56bQw+HX7X135CWkdRU0=">AAADj3icrVHLbhMxFL3T4VHCoyks2VhEoCLRyEOR2g0ogg </latexit><latexit sha1_base64="ExEB7nZ56bQw+HX7X135CWkdRU0=">AAADj3icrVHLbhMxFL3T4VHCoyks2VhEoCLRyEOR2g0ogg </latexit><latexit sha1_base64="ExEB7nZ56bQw+HX7X135CWkdRU0=">AAADj3icrVHLbhMxFL3T4VHCoyks2VhEoCLRyEOR2g0ogg </latexit>



Espaços vetoriais
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Com estes estados vamos definir um espaço vetorial

Autoestados  de  S2 e  Sz

î = | î i ĵ = | ĵ i

Espaço vetorial de duas dimensões

x

y

versores

~V

î

ĵ

~V = x î + y ĵ
<latexit sha1_base64="t8SbiLK5hOCnRWMXD6T2FRx4K4c="></latexit><latexit sha1_base64="t8SbiLK5hOCnRWMXD6T2FRx4K4c="></latexit><latexit sha1_base64="t8SbiLK5hOCnRWMXD6T2FRx4K4c="></latexit><latexit sha1_base64="t8SbiLK5hOCnRWMXD6T2FRx4K4c="></latexit>

~V = x |̂ii + y |ĵi
<latexit sha1_base64="xEKDTH6ZwhkYfLs7ObIfWDnojA4="></latexit><latexit sha1_base64="xEKDTH6ZwhkYfLs7ObIfWDnojA4="></latexit><latexit sha1_base64="xEKDTH6ZwhkYfLs7ObIfWDnojA4="></latexit><latexit sha1_base64="xEKDTH6ZwhkYfLs7ObIfWDnojA4="></latexit>



Espaço Vetorial  

David Hilbert
(1862 -1943)







~A . ~B = h ~A , ~Bi = h(Ax, Ay) , (Bx, By)i = Ax Bx + Ay By

~A . ~A = h ~A , ~Ai = h(Ax, Ay) , (Ax, Ay)i = Ax Ax + Ay Ay

Produto Interno num Espaço Vetorial  

P = hu , v i
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|v| = 1 vetor unitário vetor normalizado

Para normalizar: u =
v

|v|

| ~A| =
p

Ax Ax + Ay Ay
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