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Reduced-Order Modelling

Historical notes

• Steindl & Troger (2001): analytical and numerical (finite-difference);

linear and non-linear; pre- and post-processing (Karhunen-Loeve)

• Shaw & Pierre & Peschek (2001-2009): analytical projection of dynamics

onto non-linear modes defined by invariant manifolds

• Mazzilli & Baracho Neto (2006-2008): analytical projection of dynamics

onto non-linear modes defined by invariant manifolds or multiple time scales

• Amabili & Touzé (2007): numerical methods

• Kerschen & Peeters & Golinval & Vakakis (2008): numerical methods



Reduced-Order Modelling

Non-linear Galerkin procedures

Equations of motion of wide class of discrete systems
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Reduced-Order Modelling

Non-linear Galerkin procedures

Modal relationships
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1 9 1 9where the coefficients  to  and  to  are supposed known;

they are naturally obtained via the invariant manifold procedure;

they must be 'extracted' from the multiple time scales approach
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Reduced-Order Modelling

Non-linear Galerkin procedures

Forced non-linear modal oscillator equation

,

, 

1 9where the coefficients  to  are supposed known;

they are naturally obtained via the invariant manifold procedure;

they must be 'extracted' from the multiple time scales approach.

Key-question: how to

c c

 obtain the modal force ?

Once known, the usual analysis methods can be applied

to the modal oscillator equation...
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Reduced-Order Modelling

Non-linear Galerkin procedures

Balance of virtual works

,
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Reduced-Order Modelling

Example 1 (classical resonance)
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FE model with 30 degrees of freedom.

Chosen modal coordinates: ,  with 1,2uU p u 

0.010b m

0.010h m
11 22.1 10 /E N m 

37,800 /kg m 

0.7 /c Ns m

 14 6.6cos(82.2 )R t t

 29 6.6cos(13.0 )R t t

 28 0R t 



Reduced-Order Modelling
,

, 

First-mode coefficients
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Example 1 (classical resonance)



Reduced-Order Modelling
,

, 

Second mode is not a standing wave!

Example 1 (classical resonance)



Reduced-Order Modelling
,

, 

First-mode generalized force is not strongly influenced by non-linearities,

but second-mode generalized force is influenced by non-linearities

Master (modal) coordinate response (ROM in dotted line; FEM in continuous line)

Example 1 (classical resonance)



Reduced-Order Modelling
,
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30 30

Use of modal relationships to recover other generalized displacements and velocities

                                            Example:  and p p
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Example 1 (classical resonance)



Reduced-Order Modelling
,

, 

30 30

Use of modal relationships to recover other generalized displacements and velocities

                                                  Example:  and p p
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Example 1 (classical resonance)



Reduced-Order Modelling
,

, 

30 30

Use of modal relationships to recover other generalized displacements and velocities

                                            Example:  and p p

Slave coordinate response (ROM in dotted line; FEM in continuous line)

Example 1 (classical resonance)



Reduced-Order Modelling
,

, 

Master (modal) coordinate response with (dotted line) and without (continuous line)

velocity contents in the non-linear mode

Example 1 (classical resonance)



Reduced-Order Modelling

Example 2 (parametric resonance)

,
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FE model with 30 degrees of freedom.

Chosen modal coordinates: ,  with 1,2uU p u 

0.040b m

0.003h m
11 22.1 10 /E N m 

37,800 /kg m 

0c 

 28 01.62cos(2 )uR t t

   14 29 0R t R t 



Reduced-Order Modelling
,
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First-mode coefficients

Second-mode coefficients
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Example 2 (parametric resonance)
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Reduced-Order Modelling
,

, 

Generalized modal forces and modal oscillators are

strongly influenced by non-linearities in both modes

Master (modal) coordinate response: comparison between ROM and FE

Example 2 (parametric resonance)



Reduced-Order Modelling
,
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30 30

Use of modal relationships to recover other generalized displacements and velocities

                                            Example:  and p p

Example 2 (parametric resonance)
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Reduced-Order Modelling
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30 30

Use of modal relationships to recover other generalized displacements and velocities

                                            Example:  and p p

Slave coordinate response: comparison between ROM and FE

Example 2 (parametric resonance)



Reduced-Order Modelling
,
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Master (modal) coordinate response with/without

velocity contents within the non-linear mode

Example 2 (parametric resonance)



Reduced-Order Modelling
,

, 

1

Generalized modal forces and modal oscillators are strongly influenced

by non-linearities in both modes; damped system 0.01c Nsm

Master (modal) coordinate response: comparison between ROM and FE

Example 2 (parametric resonance)



Reduced-Order Modelling
,

, 

1

Generalized modal forces and modal oscillators are strongly influenced

by non-linearities in both modes; damped system 0.01c Nsm

Example 2 (parametric resonance)

Master (modal) coordinate response with and without

velocity contents in the non-linear mode


