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6.6 Special Types of Matrices

We now turn attention to two classes of matrices for which Gaussian elimination can be
performed effectively without row interchanges.

Diagonally Dominant Matrices

The first class 1s described in the following definition.

Definition 6.20 The n x n matrix A is said to be diagonally dominant when

fn
la;| = Z la;;| holds foreachi=1.2,--- .n. (6.10)

Jj=1.
J#i

A diagonally dominant matrix 1s said to be strictly diagonally dominant when the
inequality 1n (6.10) 1s strict for each n, that 1s, when

n
\a;i| = Z la;;| holds foreachi =1.2,.-. ,n. N

=1,
J#
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Illustration

Consider the matrices

72 0 6 4 -3
A=| 3 5 -1 and B = 4 -2 0
0 5 —6 -3 0 1

The nonsymmetric matrix A is strictly diagonally dominant because
7] = 12| + 0], |5] = 13|+ |—1], and [=6] = |0]+[5].

The symmetric matrix B 1s not strictly diagonally dominant because, for example, in the
first row the absolute value of the diagonal element 1s |6] < |4] +|—3| = 7. It 1s interesting
to note that A" is not strictly diagonally dominant, because the middle row of A" is [2 5 5],
nor, of course, is B because B' = B. (]
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Theorem 6.21

A strictly diagonally dominant matrix A is nonsingular. Moreover, in this case, Gaussian
elimination can be performed on any linear system of the form Ax = b to obtain its unique
solution without row or column interchanges, and the computations will be stable with
respect to the growth of round-off errors. M



Positive Definite Matrices

MAP2210

The next special class of matrices is called positive definite.

Definition 6.22

A matrix A is positive definite if it is symmetric and if x'Ax > 0 for every n-dimensional

vector x # ().

To be precise, Definition 6.22 should specify that the 1 x 1 matrix generated by the
operation X'Ax has a positive value for its only entry since the operation is performed as

follows:
day dy2
; dz;  dx
XAX =[x, 20, - -+, X,]
| dp1 dp2
— "
Zj:l aijX;
fl
Zj:| a2 X;
— [.X]_‘vrz-. e qu"]
i
L Zj:l (njX;

ain X1
azn X2
Unn d L Xn _
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Example 1

Show that the matrix

2 -1 0
A= —1 2 -1
0 — 2

is positive definite
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Solution Suppose X 1s any three-dimensional column vector. Then

2 —1 0 Xy
X'AX = [x.x0.x3] | —1 2 —1 X
0 —1 2 X3

2.3[1 — X2
= [x1,x2,x%3] | —X1 + 2% — X3
—X2 + 2x3

7
= 2x7 — 2x1X2 + 21'% — 2X2X3 + Ex_%.
Rearranging the terms gives
fAv — 2 2 2 2 2 2
XAX = X7 + (X7 — 2x1x2 +X35) + (X3 — 2x0x3 + Xx3) + X3
2 2 2 2
=x7 + (0 —x2)" + (xp —x3)7 +x3,
which implies that
2 2 2, .2
x4+ —x)+0—x)"+x3>0

unless x; = x; = x3 = 0. u
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Theorem 6.23

[f A 1s an n x n positive definite matrix, then
(i) A has an inverse; (i) a; > 0,foreachi=1,2.....n;

(i)  max|<gj<n @k < maxj<i<, |ai|: (iv) (_{I,'J,')E < ajiay, for each i # j. ]
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Definition 6.24 A leading principal submatrix of a matrix A is a matrix of the form

apy dypp - dig
dz;p dpy .- Ay
A =
| dpr gy - g
forsome 1 <k < n. n

A proof of the following result can be found in [Stew2], p. 250.

Theorem 6.25 A symmetric matrix A is positive definite if and only if each of its leading principal subma-
trices has a positive determinant. |
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Example 2

In Example 1 we used the definition to show that the symmetric matrix

2 -1 0
A= -1 2 -1
0 -1 2

1s positive definite. Confirm this using Theorem 6.235.
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Solution Note that

detA; = det[2] =2 = 0,

detﬂzzdet[_% 2}:4—1:3}0,

and
2 0 2 1 —1 -1
detA; =det | —1 2 —1 | =2det — (=1)det
0 _1 5 —1 2 0o 2

=24 -1+(-2+0)=4=0.

in agreement with Theorem 6.25.



Theorem 6.26

Corollary 6.27

Corollary 6.28
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The symmetric matrix A is positive definite if and only if Gaussian elimination without row
interchanges can be performed on the linear system Ax = b with all pivot elements positive.
Moreover, in this case, the computations are stable with respect to the growth of round-off
errors. |

Some interesting facts that are uncovered in constructing the proof of Theorem 6.26
are presented in the following corollaries.

The matrix A is positive definite if and only if A can be factored in the form LDL', where L
is lower triangular with 1s on its diagonal and D is a diagonal matrix with positive diagonal
entries. u

The matrix A is positive definite if and only if A can be factored in the form LL'. where L
is lower triangular with nonzero diagonal entries. u

The matrix L in this Corollary is not the same as the matrix L in Corollary 6.27. A
relationship between them is presented in Exercise 32.
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Corollary 6.29 Let A be a symmetric n x n matrix for which Gaussian elimination can be applied without
row interchanges. Then A can be factored into LDL', where L is lower triangular with 1s
on its diagonal and ) is the diagonal matrix with aﬁ'lj ..... a'™ on its diagonal. [

*TRR

Example 3 Determine the LDL' factorization of the positive definite matrix

4 -1 1
A=) —1 4.25 2.5
1 275 35
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Solution The LDL' factorization has 1s on the diagonal of the lower triangular matrix L so

we need to have

i 7] il3] 1 0 d| 0 0 1 .Er2| .!r3|
A= iy da iy = .Ir2| 1 0 dg 0 0 1 .Irjgg
i3] iz iz B f3| f_?,g 0 0 dﬂ. 0 0 1
[ d| djl!'y d|f3|
=| dilyy dr+d 5 dalzy + dyla 13
| dilyy dibily + dolyn A+ dol5, + ds
Thus

an :4=d — d, =4,
as : 1 =dlzy = [, =0.25,

asy : 2.75 = d Il + dalsn = 3, = 0.75,

and we have

1 0 0
—025 1 0
025 075 1

A=ILDL =

ay : —1=dbh) = L) = —-0.25
a» :4.25 =ds +d]f%| —d, = 4

ay:35=d 5 +dol3, +dv = ds = 1,

4 0 0 I —0.25 0.25
0 4 0 0 1 0.75 |. |
0 0 1 0 0 1



LDL! Factorization

To factor the positive definite n x n matrix A into the form LDL', where L is a lower triangular
matrix with 1s along the diagonal and D is a diagonal matrix with positive entries on the
diagonal:

INPUT  the dimension n; entries a;;, for 1 <i,j < nof A.

OUTPUT theentries [;;,forl1 <j <iand1 <i <nofL.andd; forl <i <nofD.

Step 1T Fori=1,....ndo Steps 2-4.
Step2 Forj=1,....i—1,setv; =1l;;d;.
Srep 3 Set d; = a; — Z;;i -’gjllj.

Stepd Forj=i+1,....nsetl; = (a; — Y \_ lave)/d:.

Step 5 OUTPUT ([;j forj=1,..., i—landi=1,....n);
OUTPUT (d; fori = 1.....n):
STOP. |
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The LDL' factorization described in Algorithm 6.5 requires

1 7 1
EH3 +n* — EH multiplications/divisions and gna — Eﬂ additions/subtractions.

Algorithm 6.5 provides a stable method for factoring a positive definite matrix into the
form A = LDL', but it must be modified to solve the linear system Ax — b. To do this,
we delete the STOP statement from Step 5 in the algorithm and add the following steps to
solve the lower triangular system Ly = b:

Step 6 Sety, = by.
Step7 Fori=2.....n set}’;:b;—Z;;:fijj.
The linear system Dz = y can then be solved by
Step8 Fori=1,....nsetz; =v/d,.
Finally, the upper-triangular system L'x = z is solved with the steps given by
Step 9 Setx, = z,.
Step 10 Fori=n—1.... . Isetx;=2z— . .. Lix.

j
Step 11 OUTPUT (x; fori =1,...,n);
STOP.
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7.  Modify the LDL" Factorization Algorithm as suggested in the text so that it can be used to solve linear
systems. Use the modified algorithm to solve the following linear systems.

b. 4I| —|—2.I'3—|—1I3 0,
2x + 62423 = 1,
2x; + 20450, =0,

0



Seguindo os passos do algoritmo: MAP2210

INPUT  the dimension n: entries a;;. for 1 < i.j < n of A.
n=3,a1 =4a,; =2,a31 =2
Ayp = 6,03, = 2
az3 =5

OUTPUT theentries ;. forl <j <iand 1 <i <nofL.andd;. forl <i <nofD.
d1; d2' d3' l21, l311 ) l32



Step1 Fori=1,..., n do Steps 2—4.
Step2 Forj=1...., i — 1, setv; = l;;d;.
Step 3 Set d; = a;; — Z};% !;jl{;.

Stepd4 Forj=i+1...., n set l;; = (aj — i_zll Lixvp) /d;.
Step 1 i=1 )
Step 2 j=1,..,0« nao executa
Step 3 di =a; =4
Step 4 j=2
Lt 21
d 4 2
j=3
Lo 21
T d T4 2
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Step1 Fori=1..... n do Steps 2—4. MAP2210
Step2 Forj=1..... i — 1.setv; = l;;d;.
SIE‘,D 3 Set d; = a; — Z};} L’,:jL-‘j'.

Step4 Forj=i+1.....nsetli = (@i — Y i_ Lyv)/d;.

Step 1 [ =2
Step 2 j=1

1
V1 = l21d1 =—=.4=2
2
1
Step 3 d2=a22—l21v1=6—5_2=5
Step 4 j=3
1
l _azp =gy, 27372 1
32 = d, = = =%



Step1 Fori=1..... n do Steps 2—4.
Step2 Forj=1..... i — 1.setv; = l;;d;.
Sf&‘p 3 Set d; = a; — Z; 1 ”Ulf
Step4 Forj=i+1.....nsetli = (@i — Y i_ Lyv)/d;.

Step 2 j=1

1
vl—lgldl—z 4:2
=0
: l>,d 15—1
Uy = I3 2—5 =
1 19
Step 3 dy = azz — l31v1 — 132172:5—5.2—;,1:?

Step 4 j= 4,3,\
nao executa
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Resumindo: MAP2210
OUTPUT theentries [;;. for | <j <iand 1 <i<nof L andd;. for1 <i <nofD.

19 1 1 1
dy =4,d; = 5,d3 :?:121 25,131 =§,132 =T

Na forma matricial:

FR 4 0 0] 1 % %
= 0 5 0

L=12 10 D= 19 LT = 1
1 1 0 0 — 01 ¢
- = 1 ! 5
2 5 0 0 14

Com a decomposicao disponivel pode-se partir para a solucao do sistema
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Partindo do sistema

Ax =D
pela decomposicdo LDLTx = b

Utiliza-se uma sequéncia de variaveis intermediarias que aproveitam a
estrutura das matrizes

Ly=»b

)
N
Il
<
O
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7.  Modify the LDL" Factorization Algorithm as suggested in the text so that it can be used to solve linear
systems. Use the modified algorithm to solve the following linear systems.

c. 40+ xn— 13 =17,

|
&0

X+ 33— 13

|
I
-

—X] — X2+ dx3 + 2xy

11'3 —|—‘-I-.l4 = 6.
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