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1. Demonstre que a condição ∇ ∙ 𝐵⃗ = 0 é satisfeita representando o campo 

magnético através de duas funções vetoriais 𝛼(𝑟 ) e 𝛽(𝑟 ) pela expressão 

𝐵⃗ = ∇𝛼 × ∇𝛽 

Esta relação é denominada Representação de Clebsch e é bastante empregada no 

estudo de fluidos condutores magnetizados. 

Mostre que essa representação corresponde a definir o potencial vetor por  

𝐴 = 𝛼∇𝛽 ou 𝐴 = −𝛽∇𝛼 

Mostre que o campo magnético é invariante à seguinte transformação de calibre 

𝐴 → 𝐴 + ∇𝜒(𝑟 );  𝛼 → 𝛼 + 𝑓1(𝛽)  𝑜𝑢 𝛽 → 𝛽 + 𝑓2(𝛼) 

(mas não 𝑓1 e 𝑓2 simultaneamente), onde 𝜒; 𝑓1;  𝑓2 são funções escalares arbitrárias. 

Definido 𝑟 (ℓ) como sendo a trajetória ao longo de uma linha de força do campo 

magnético, 𝑑𝑟 𝑑ℓ⁄  é localmente tangente ao campo magnético, de forma que a equação 

de uma linha de força é dada por 

𝑑𝑟 (ℓ)

𝑑ℓ
|
𝑎𝑜 𝑙𝑜𝑛𝑔𝑜 𝑑𝑒 𝐵⃗ 

=
𝐵⃗ 

𝐵
= 𝑏̂ 

Mostre que, ao longo de uma linha de força, 

𝑑𝛼

𝑑ℓ
= 0; 

𝑑𝛽

𝑑ℓ
= 0 

Portanto, as linhas de força estão sobre as superfícies 𝛼(𝑟 ) = 𝑐𝑜𝑛𝑠𝑡;   𝛽(𝑟 ) = 𝑐𝑜𝑛𝑠𝑡. 

Além disso, como ∇𝛼 × ∇𝛽 aponta na direção de (e é igual a)  𝐵⃗ , temos que uma 

interseção das superfícies (𝛼, 𝛽) define uma linha de força, de forma que os valores 

destes parâmetros caracterizam uma dada linha de força. 

 

2. Uma grandeza clássica na qual o potencial vetor desempenha uma função 

explícita é a Helicidade Magnética em um volume, definida por (Zangwill, pag. 327) 



𝐻 = ∫𝐴 ∙ 𝐵⃗ 𝑑𝑉 

Esta grandeza é uma medida da torção e entrelaçamento de linhas de força magnética 

e tem grande relevância na descrição do fenômeno de reconexão de linhas de força em 

plasmas de laboratório e astrofísicos, em particular na superfície e coroa solar. É 

importante ter presente que, nesta definição, 𝐴  é o potencial vetor total dentro do 

volume, mesmo que seja associado a um campo magnético produzido fora do volume. 

Naturalmente, 𝐵⃗  é o campo magnético total dentro do volume. 

Como exemplo do entrelaçamento de linhas de força, considere dois tubos de fluxo, na 

forma toroidal, como mostrado na figura. Suponha que em cada tubo o campo 

magnético tenha módulo constante e esteja totalmente na direção toroidal. Fora dos 

tubos não há campo magnético. 

 

Mostre que a helicidade magnética, neste caso, é dada por (Zangwill, pag. 327) 

𝐻 = ∬𝐴1𝐵1𝑑ℓ1𝑑𝑆1 + ∬𝐴2𝐵2𝑑ℓ2𝑑𝑆2 

e que, como os campos são constantes na direção toroidal, neste caso pode ser escrita 

como 

𝐻 = ∫𝐴1𝑑ℓ1 ∫𝐵1𝑑𝑆1 + ∫𝐴2𝑑ℓ2 ∫𝐵2𝑑𝑆2 

Finalmente, utilize o teorema ∮𝐹 ∙ 𝑑ℓ⃗ = ∫(∇ × 𝐹 ) ∙ 𝑑𝑆  para mostrar que 

𝐻 = 𝜙2𝜙1 + 𝜙1𝜙2 = 2𝜙1𝜙2 

onde 𝜙1,2 é o fluxo dentro do tubo de fluxo correspondente. 

Suponha que seja feita uma transformação de calibre no potencial vetor, 𝐴 ′ = 𝐴 + ∇𝜆. 

Mostre que a helicidade magnética permanece invariante somente se a superfície que 

encerra o volume onde está sendo calculada for uma superfície magnética, ou seja, uma 

superfície sobre a qual estão as linhas de força. 

 

3. Em uma aula passada discutimos o problema do campo produzido por uma carga 

em movimento uniforme, com velocidade muito menor que a da luz, seguindo exemplo 



no capítulo 4 do livro do Professor Frenkel. É interessante observar que este problema 

foi corretamente resolvido por Oliver Heaviside, sem considerar o limite de baixas 

velocidades, em 1888, ou seja, muito antes da Teoria da Relatividade ou da introdução 

dos potenciais de Liénard-Wiechert, que estudaremos neste curso. 

Neste problema vamos reproduzir este resultado, na forma de um estudo dirigido. 

Consideremos uma carga representada por uma densidade de carga 𝜌 concentrada em 

um pequeno volume e se deslocando com uma velocidade constante 𝑣 . Como a 

densidade de corrente devido ao movimento da carga é 𝑗 = 𝜌𝑣 , a lei de Ampère fica 

∇ × 𝐵⃗ = 𝜇0𝜌𝑣 + 𝜇0𝜖0

𝜕𝐸⃗ 

𝜕𝑡
 

a) Mostre que, utilizando a lei de Faraday, ∇ × 𝐸⃗ = −𝜕𝐵⃗ 𝜕𝑡⁄ , a equação ∇ ∙ 𝐵⃗ = 0 

é satisfeita especificando o campo magnético através da relação 𝐵⃗ = 𝐹 × 𝐸⃗ , onde 𝐹  é 

qualquer vetor constante. 

b) Substitua esta expressão na lei de Ampère e obtenha a seguinte equação para o 

campo elétrico 

𝜕𝐸⃗ 

𝜕𝑡
+ 𝑐2(𝐹 ∙ ∇)𝐸⃗ =

𝜌

𝜖0
(𝑐2𝐹 − 𝑣 ); 𝑐2 =

1

𝜇0𝜖0
 

c) Mostre que essa equação é satisfeita escolhendo 𝐹 = 𝑣 𝑐2⁄  e que a derivada 

temporal convectiva do campo elétrico seja nula,  

𝑑𝐸⃗ 

𝑑𝑡
=

𝜕𝐸⃗ 

𝜕𝑡
+ (𝑣 ∙ ∇)𝐸⃗ = 0 

Explique o que significa fisicamente esta equação. Com esses resultados, temos, 

portanto, que 

𝐵⃗ =
𝑣 

𝑐2
× 𝐸⃗ ;   

𝜕𝐸⃗ 

𝜕𝑡
= −(𝑣 ∙ ∇)𝐸⃗  

d) Na equação de onda para o potencial vetor 

∇2𝐴 −
1

𝑐2

𝜕2𝐴 

𝜕𝑡2
= −𝜇0𝜌𝑣  

substitua 𝜌 utilizando a equação de onda para o potencial escalar 𝜙 e obtenha o 

resultado 

∇2𝐴 −
1

𝑐2

𝜕2𝐴 

𝜕𝑡2
= ∇2 (

𝑣 

𝑐2
𝜙) −

𝜕2

𝜕𝑡2
(

𝑣 

𝑐2
𝜙) 

de forma que  

𝐴 =
𝑣 

𝑐2
𝜙 



e) Mostre que esse resultado satisfaz a relação 𝐵⃗ = ∇ × 𝐴 . 

f) Na expressão do campo elétrico em função dos potenciais, 𝐸⃗ = −∇𝜙 − 𝜕𝐴 𝜕𝑡⁄ , 

utilize a condição de que a derivada temporal convectiva do potencial vetor também 

tem que ser nula (como do campo elétrico), e obtenha a seguinte expressão  

𝐸⃗ = −∇𝜙 + 𝛽 (𝛽 ∙ ∇𝜙);  𝛽 =
𝑣 

𝑐
 

Esse resultado mostra que, uma vez determinado o potencial escalar 𝜙, todos os campos 

ficam determinados. 

g) Para obter a equação para 𝜙, parta da lei de Coulomb, ∇ ∙ 𝐸⃗ = 𝜌 𝜖0⁄ , e mostre 

que a equação diferencial para o potencial é  

−∇2𝜙 + 𝛽 ∙ ∇(𝛽 . ∇𝜙) =
𝜌

𝜖0
 

h) Resolva esta equação considerando a carga movendo-se na direção z, 𝑣 = 𝑣𝑒̂𝑧 e 

mostre que ela se reduz a  

𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑦2
+ (1 − 𝛽2)

𝜕2𝜙

𝜕𝑧2
= −

𝜌

𝜖0
 

Essa seria a equação de Poisson, não fora o fator (1 − 𝛽2). Faça então a transformação 

de variáveis 𝑥 → 𝑥; 𝑦 → 𝑦;  𝜁 = 𝑧 √1 − 𝛽2⁄  e obtenha a equação 

𝜕2𝜙

𝜕𝑥2
+

𝜕2𝜙

𝜕𝑦2
+

𝜕2𝜙

𝜕𝜁2
= −

1

𝜖0
𝜌 (𝑥, 𝑦, √1 − 𝛽2𝜁) 

que corresponde à equação de Poisson nas coordenadas (𝑥, 𝑦, 𝜁). Obtenha a expressão 

para o potencial em termos da integral de volume nessas coordenadas e faça a 

transformação inversa de variáveis, levando resultado 

𝜙(𝑟 ) =
1

4𝜋𝜖0

1

√1 − 𝛽2
∫

𝜌(𝑟 ′)𝑑𝑥′𝑑𝑦′𝑑𝑧′

[(𝑥 − 𝑥′)2 + (𝑦 − 𝑦′)2 +
1

1 − 𝛽2 (𝑧 − 𝑧′)2]

1
2⁄
 

i) Considere a densidade de carga como uma carga pontual na origem, 𝜌(𝑟 ) =

𝑞𝛿(𝑟 ), e obtenha o resultado 

𝜙(𝑟 ) =
𝑞

4𝜋𝜖0

1

√(1 − 𝛽2)𝑟2 + 𝛽2𝑧2
 

j) Como 𝛽𝑧 = 𝛽 ∙ 𝑟 , mostre que este resultado pode ser escrito numa forma 

independente o sistema de coordenadas 

𝜙(𝑟 ) =
𝑞 4𝜋𝜖0⁄

√𝑟2 − (𝑟 × 𝛽 )
2
 



k) Finalmente, utilizando a expressão para o campo elétrico obtida no item f), 

mostre que a expressão final para o campo elétrico é dada por 

𝐸⃗ (𝑟 ) =
𝑞

4𝜋𝜖0

(1 − 𝛽2)

[𝑟2 − (𝑟 × 𝛽 )
2
]

3
2⁄
 

Essa expressão está em concordância com o resultado relatiísitico 

 

4. Seja 𝐵𝑧(𝑟, 𝑧; 𝑡) a componente axial de um campo magnético com simetria axial,  

(𝜕/𝜕𝜃) = 0 em coordenadas cilíndricas (𝑟, 𝜃, 𝑧). Considere uma partícula descrevendo 

órbitas circulares de raio 𝑅 neste campo. Mostre que o raio da órbita permanece 

constante se a condição  

2𝜋𝑅2
𝜕𝐵𝑧

𝜕𝑡
=

𝜕𝜙𝑚

𝜕𝑡
 

for satisfeita, onde 𝜙𝑚 = ∫ 𝐵⃗ ∙ 𝑑𝑆  é o fluxo magnético através da superfície de raio 𝑅. 

Esta condição é denominada Condição Betraton. 

 

5. O potencial vetor em certa região do espaço é dada por  

𝐴 (𝑟, 𝜃, 𝑧) = 𝑎𝜃𝑒̂𝑟 + (𝑏 + 𝑐𝑟)𝑒̂𝑧 

em coordenadas cilíndricas. Encontre a expressão para a densidade de corrente 𝑗  

correspondente. 

 

6. Considere um meio com uma densidade de carga 𝜌 e uma densidade de corrente 

𝑗 . Mostre que a densidade de força (força por unidade de volume) no meio é dada por  

𝑓 = 𝜌𝐸⃗ + 𝑗 × 𝐵⃗ = ∇ ∙ 𝑇 −
1

𝑐2

𝜕𝑆 

𝜕𝑡
 

onde 𝑇 é o tensor tensão de Maxwell e 𝑆  o vetor de Poynting. 

 

7. No calibre de Coulomb, ∇ ∙ 𝐴 = 0, o potencial escalar 𝜙 aparece na equação de 

onda para o potencial vetor 𝐴 . Tente eliminar o termo contendo 𝜙 separando a 

densidade de corrente em duas parcelas, 𝑗 = 𝑗 1 + 𝑗 2, onde ∇ × 𝑗 1 = 0;  ∇ ∙ 𝑗 2 = 0. 

Mostre então que ∇(𝜕𝜙 𝜕𝑡⁄ ) = 𝑗 1 𝜖0⁄ , de modo que a equação de onda para 𝐴  tem 

somente 𝑗 2 como fonte. 

As componentes 𝑗 1 e 𝑗 2 são as componentes longitudinal e transversal da densidade de 

corrente e, como o potencial vetor dó depende da segunda, este calibre é também 

denominado Calibre Transversal. 



8. Problema 6.6 do capítulo 6 do Jackson. 

9. Problema 6.9 do capítulo 6 do Jackson 

10. Problema 11 do capítulo 4 do Frenkel. 

Trabalho Extra 

Os que entregarem poderão ter até um ponto acrescentado na nota da primeira prova 

A função de Green pode também ser utilizada para resolver a Equação de Helmholtz em 

regiões limitadas por condições de contorno. Esta técnica foi utilizada pelo Professor 

Gustavo Canal, eu sua dissertação de mestrado, para calcular o campo electromagnético 

dentro de uma cavidade cilíndrica excitada por um anel de corrente. Em anexo está uma 

cópia da publicação resultante de sua dissertação. Faça todas as passagens matemáticas 

da seção 2.1 do artigo que permitem obter as expressões para os campos, Eqs. (8), (9) e 

(10). Para este trabalho, a referência Carmen L. R. Braga; Notas de Física Matemática, 

pode ser bastante útil. 

_______________________________________________________________________ 
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The design and characterization of an innovative device for plasma cleaning, based upon a non-conventional
radio-frequency discharge, is described. The RF fields are produced by an antenna placed inside the metallic
vacuum chamber. Theoretical models are described to calculate both the electro-magnetic field structure and
the spatial impurity distribution, due to erosion of the antenna. The electron energy distribution function is
determined with a standard RF-filtered electrostatic probe; it is found that the plasma is well described by a
Druyvesteyn energy distribution function.

Keywords: RF discharge, plasma cleaner, Langmuir probe

1. INTRODUCTION

Low-temperature plasmas are widely employed in techno-
logical micro-electronics and nanotechnology processes [1],
either in the fabrication scheme or as an auxiliary tool, for pre
or post surface treatment [2–4]. In particular, proper prepa-
ration of the samples is absolutely essential in electron mi-
croscopy, to avoid artifacts or contaminants, usually hydro-
carbons originated in their manipulation.

Among the several methods for preparation of samples
for SEM (scanning electron microscopy) and TEM (tunnel-
ing electron microscopy), one commonly used is the Plasma
Cleaner. This is usually a small vacuum chamber in which
the plasma is produced by an inductive-coupled RF discharge,
with the antenna placed outside the vacuum chamber [5]. This
scheme avoids the plasma contamination observed in capaci-
tively coupled discharges, widely used in the electronic indus-
try, due to erosion of the electrodes inside the vacuum cham-
ber [6].

Although the plasma cleaners are commercially available,
they are usually assembled as a integrated and compact de-
vice, optimized for the cleaning process. This makes it diffi-
cult the access for plasma diagnostics. Only external parame-
ters, such as RF power, pressure, and type of working gas, are
available to the experimentalist to control the process. When
there is interest in using the plasma not only as an auxiliary
tool, but also as the object of study, to properly investigate the
relevant physical mechanisms involved in the plasma-surface
interaction, a more flexible assembly is required.

Another feature of the commercially available plasma
cleaners is that the antenna is placed outside the vacuum
chamber. This imposes the use of a dielectric window, either a
quartz cylindrical tube or a plate, so that the vacuum chamber
is not entirely metallic. For the vacuum conditions of conven-
tional plasma cleaners, the presence of the dielectric window
does not spoil the quality of the cleaning process. However,
when one is interested in investigating the performance of low
pressure discharges, for special applications, or non-standard
plasma mechanisms, such as collisionless RF power absorp-
tion, a metallic wall is required to guarantee proper vacuum
conditions and unambiguous results.

In this work we present the design and characterization
of an inductively coupled plasma cleaner with the antenna
placed inside the vacuum chamber. The antenna is made of

circular loops concentric with the cylindrical metallic cham-
ber. In this configuration, the vacuum electro-magnetic field
configuration can be analytically calculated, facilitating the
modeling of the discharge. This is discussed in the next sec-
tion, together with the model to calculate the spatial distri-
bution of the impurities generated by sputtering of the an-
tenna. As found in the literature[5], we show that the level of
impurities is negligible at the position where the substrate is
placed. The experimental set up is presented in Section 3 and
the characterization of the discharge in Section 4. One im-
portant result obtained in this work is that the electron energy
distribution function is not Maxwellian, but better represented
by a Druyvesteyn function, within the working pressure range
of 3.0 × 10−2 to 1.5 × 10−1 mbar.

2. THEORETICAL MODEL

2.1. Electromagnetic Fields

In order to study the electro-magnetic field inside the
chamber, we developed a theoretical model in which the re-
actor is regarded as a perfectly conducting cylinder of radius
b and height H. The antenna used for generation of the RF
field is modeled by a current loop of radius a positioned at a
height h inside the reactor (Fig. 1).

The distribution of the electro-magnetic field inside the
vacuum chamber is obtained by solving the wave equation
for the vector potential [8, 9],

∇2 →
A − 1

c2
∂2 →

A
∂t2 = −µ0

→
J , (1)

with the current density
→
J modeled by a loop current given

by

→
J (r,z, t) = I0 eiωt δ(r−a)δ(z−h) êϕ. (2)

where ω is the angular frequency and I0 the amplitude of the
RF current.

Substituting equation 2 into equation 1, considering that
the vector potential has only the ϕ component, and using the
expression for the Laplacian operator in cylindrical coordi-
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FIG. 1: Schematic drawing of the theoretical model for the plasma
reactor

nates, we obtain

1
r

∂
∂r

(
r

∂Aϕ

∂r

)
+

∂2Aϕ

∂z2 +
(

k2 − 1
r2

)
Aϕ

= −µ0I0 δ(r−a)δ(z−h) (3)

where c is the velocity of light and k = ω/c is the wave num-
ber.

Solving the associated homogeneous equation by separa-
tion of variables and applying the boundary condition on the
fields at the conducting wall, we obtain the eigenfunctions of
the problem

ψm,n (r,z) = J1

(
j1,n

r
b

)
sen

(mπz
H

)
(4)

with their respective eigenvalues given by

λ2
m,n =

(
j1,n

b

)2

+
(mπ

H

)2
. (5)

where jν,n is the nth root of the Bessel function Jν(x). Devel-
oping the vector potential on the basis of the eigenfunctions

Aϕ (r,z) =
∞

∑
m=1

∞

∑
n=1

am,n ψm,n (r,z) (6)

and substituting it into equation 3, to take into account the
source term, the am,n coefficients are obtained

am,n =
4 a µ0 I0 sen

(mπh
H

)
J1

(
j1,n

a
b

)
H b2

[(
j1,n
b

)2
+

(mπ
H

)2 − k2

]
[J2 ( j1,n)]

2
. (7)

Using the known relation between the vector potential and
fields, it is possible to obtain the electric and magnetic fields
inside the chamber,

→
E (r,z, t)=

∞

∑
m=1

∞

∑
n=1

ω am,n J1

(
j1,n

r
b

)
sin

(mπz
H

)
sin(ωt) êϕ ,

(8)

the radial component of magnetic field,

Br (r,z, t)=− π
H

∞

∑
m=1

∞

∑
n=1

am,n m J1

(
j1,n

r
b

)
cos

(mπz
H

)
cos(ωt)

(9)
and its z-component

Bz (r,z, t)=
∞

∑
m=1

∞

∑
n=1

am,n
j1,n

b
J0

(
j1,n

r
b

)
sin

(mπz
H

)
cos(ωt) .

(10)
The fields of an antenna with more than one current loop

can be obtained simply by linear superposition. The currents
induced at the wall of the vacuum chamber can then be ob-
tained from the boundary condition for the tangential com-
ponent of the magnetic field. In the actual device, we find
it more adequate to employ three current loops. The corre-
sponding magnetic field lines and profiles of the currents in
the wall of the vacuum chamber are shown in figure 2.

Finally, using equations 9 and 10 is possible to find the
inductance of the system,

L =
1

µ0 I2
0

∫ (
B2

r +B2
z
)

dV (11)

2.2. Diffusion of Impurities

Because the antenna is placed inside the vacuum chamber,
contamination of the samples, due to the material eroded from
the antenna, might occur. Yamashita [5] has shown experi-
mentally that in a similar system the sample contamination
could be disregarded. To address this problem, we developed
a theoretical model to study the spatial distribution of the im-
purity density in the plasma, due to erosion of the antenna.
The corresponding diffusion equation

∇2n− 1
D

∂n
∂t

= −F
D

(12)

is solved inside the vacuum chamber, with the source term
F given by the sputtering rate at the antenna. In this equa-
tion, n is the impurity density and D the diffusion coefficient,
assumed to be constant.

To proceed, we specify the source term at the antenna, i.e.,

F(r,z, t) = F0 δ(r−a)δ(z−h), (13)

where F0 is the particles sputtering rate.
To compare the density of particles eroded from the an-

tenna n, calculated using this model, with neutral gas density
nn it is necessary to know the values of the free diffusion co-
efficient D and the particle sputtering rate F0. For a simple
estimate we can assume the diffusion coefficient constant and
given by

D =
kB Tsputt

Msputt νc
, (14)

where νc, Msputt , and Tsputt are the collision frequency, par-
ticle mass, and temperature of eroded particles from the an-
tenna, respectively, and

F0 =
∫ →

Γsputt · n̂ dS (15)
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FIG. 2: a) Magnetic field lines and surface current density b) on the wall, c) on the base and d) on the top of the chamber for three loop
antenna

where the flow of sputtered particles from the antenna,
→
Γsputt ,

is integrated over its surface. We also assume that the sput-
tered particles from the antenna are in thermal equilibrium
with the neutral gas, i.e., at room temperature.

As can be seen in reference [7], for a pressure near 4.0 ×
10−2 mbar, we have that νc = ω. Therefore, νc = 1.36×107

Hz. The mainly particles eroded from the antenna correspond
to iron atoms, which has Msputt = 9.4×10−26 kg, so that we
find the free diffusion coefficient D ≈ 1.0×10−3 m2s−1.

To determine F0, we assume that the flow of ions to be uni-
form on the whole surface of the antenna; using the value of
the surface area approximately S = 1× 10−4 m2, we can es-
timate the value of F0 using the experimental results obtained
in this work.

By considering the ion flow given by,

Γi = nivB, (16)

where ni is the ion density and vB the Bohm velocity, given
by

vB =

√
kBTe

Mi
, (17)

and assume that the flow of sputtered particles is given by

Γsputt = γΓi, (18)

where γ is the sputtering yield; its value for iron and to the
range of energies reached in the actual experimental condi-
tions is around 10−3.

Using the values obtained for the pressure of 4.0 × 10−2

mbar near to the antenna, ni = 3 × 1015 m−3, Te = 4 eV

and argon mass Mi = Mn = 6.68×10−26 kg, we find that F0
≈1,0×1012 s−1.

The diffusion equation can be solved by introducing sepa-
ration of variables and by applying the proper boundary con-
ditions. Therefore the eigenfunction of the problem is ob-
tained

ϕm,n(r,z) = J0

(
j0,n

r
b

)
sin

(mπz
H

)
(19)

with their eigenvalues being given by

ξ2
m,n =

(
j0,n

b

)2

+
(mπ

H

)2
. (20)

Expanding n(
→
r , t) and F(

→
r , t) on the basis of eigenfunc-

tions

n(
→
r , t) =

∞

∑
n=1

∞

∑
m=1

am,n(t)ϕm,n(
→
r ) (21)

and

F(
→
r , t) =

∞

∑
n=1

∞

∑
m=1

cm,n(t)ϕm,n(
→
r ), (22)

and substituting back into equation 12, the coefficients am,n(t)
are obtained

am,n(t) = e−D ξm,n t
∫ t

0
cm,n(τ) eD ξm,n τdτ. (23)

To find am,n(t) we need, therefore, to determine the cm,n
coefficient; inverting equation 22 we have
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cm,n(t) =
4

Hb2 [J1 ( j0,n)]
2

∫ b

0

∫ H

0
rJ0

(
j0,n

r
b

)
sin

(mπz
H

)
F(r,z, t) dr dz (24)

Finally using the source term, we find the density of impuri-
ties inside the reactor, for t > 0,

n(r,z, t) =
∞

∑
n=1

∞

∑
m=1

am,n(t)J0

(
j0,n

r
b

)
sin

(mπz
H

)
(25)

where am,n are the coefficients given by

am,n(t) =
4 a F0

[
1− e−D ξm,n t

]
H b2 D ξm,n [J1 ( j0,n)]

2 J0

(
j0,n

a
b

)
sin

(
mπh
H

)
.

(26)
Using Fick’s law and taking into account that Γz is the only

component of the particle flux
→
Γsputt that contributes to the

flow toward the sample, we find that at the position of the
sample, r = 0 and z = z0,

Γz = − π
H

∞

∑
n=1

∞

∑
m=1

m D am,n cos
(mπz0

H

)
. (27)

In the region between z0 = 20 and z0 = 30 cm, which is
the region where the sample is normally placed, we have
that the ratio R = nsputt/nn, for pressures of the order of
p = 1,0 × 10−2 mbar, is always smaller or of the order of
R = 1,0×10−10, i.e., the quantity of sputtered particles from
the antenna at the sample can be considered negligible. The
corresponding flux of sputtered particles on the sample is
Γsputt = 1,0×108 m−2s−1.

To compare this with the flux of the background neutral
particle, we take their mean velocity given by

〈vn〉 =

√
8kBTn

πMn
. (28)

Substituting the temperature (Tn = 300K) and the mass of
the neutral (Mn = 6,68× 10−26 kg for Argon) we obtain the
mean velocity as 〈vn〉 = 397.3 m/s. Then, using the equation

Γn =
1
4

nn 〈vn〉 (29)

where nn[m−3] = 2,42× 1022 p , p being the pressure of the
gas in mbar, we obtain Γn = 2,4 × 1022 m−2s−1, for p =
4,0 × 10−2 mbar. Using the equation 29 to estimate the
flow of ions and electrons over the sample and using the
results obtained in this work, we find that Γe = 4,0× 1017

m−2s−1 and Γi = 1,5×1017 m−2s−1. Therefore, we have that
Γsputt �Γe ≈Γi �Γn. From this results we conclude that the
contamination of the sample by sputtered material from the
antenna is not substantial, confirming the experimental result
obtained by Yamashita[5].

For a steady state condition, we take t → ∞ and plot the
density of impurities as function of position inside the reactor,
which is shown in figure 3. We can promptly see that for
positions above 18 cm (z-axis) the density of impurities is
indeed negligible.

FIG. 3: Density of impurities in the plasma by sputtering on the
antenna

3. EXPERIMENTAL SET-UP

3.1. Reactor

The experimental apparatus consists of a plasma produced
by a three loop antenna, placed at the position z = 3, 6, and
9 cm, inside the vacuum chamber, a stainless steel (316L)
cylinder with four ports to allow access of the main diagnostic
systems, Langmuir probe, electrostatic energy analyzer, and
optical emission spectroscopy (Figure 4).

Usually, the chamber is pumped to a base pressure of 10−7

mbar and during it operation it is filled with argon to the work-
ing pressure, which is kept constant. It has two separated
retractile manipulators facing each other, on which the Lang-
muir and Faraday cup are attached.

3.2. Oscillator

The RF power supply is based on a push-pull oscillator,
operating at 13.56 MHz, with output power up to 600 W. The
oscillator uses a 304TL tube and the electrical circuit can be
seen in figure 5. The output of the power supply is balanced
to produce an inductively coupled plasma. The capacitors C9
and C10 are the decoupling capacitors used to block the DC
polarization voltage from the grid of the tube. This voltage
can produce capacitive coupling between the RF antenna and
the chamber wall, which is grounded. This configuration en-
sures that the plasma is purely inductively coupled [6]. The
RF frequency is determined by the C3 and C4 variable capac-
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FIG. 4: Schematic drawing of the plasma reactor

itors in tandem configuration.

FIG. 5: Electric Circuit of the Push-Pull Oscillator. The values of
components in the circuit are: C1 = C2 = 56 pF/ 5 kV; C3 = C4 =
500 pF/ 1 kV (tandem); C5 = C6 = C7 = 100 pF/ 400 V; C8 = 10nF/
3 kV; C9 = C10 = 470 nF/ 1 kV; R1 = R2 = 2.5 kΩ; L1 = L2 = 7 µH
and L3 = 1 mH

The 304TL tube is a triode of low amplification factor
(µ ≈ 12) with maximum power dissipation on the plate of
300 Watts. The maximum DC voltage on the plate is 3 kV
and it can operate at frequencies up to 40 MHz.

3.3. Diagnostic

The Langmuir probe was constructed with a tungsten tip of
0.5 mm diameter and 2 mm length brazed to a glass tube head
and connected to a low-pass filter placed inside the tube and
close to the probe tip to block the RF fundamental frequency
(13.56 MHz) and harmonics. The probe data was obtained

using the Druyvesteyn second derivative method; it gives the
energy distribution function of particles in the plasma from
the second derivative of the Langmuir I ×V curve. The elec-
tron energy distribution function, EEDF, is given by

ge (V ) =
2m
e2A

(
2eV
m

) 1
2 d2I

dV 2 , (30)

where e and m are the electron charge and mass, respectively,
A the probe area, V = Φp −Vb is the difference between the
plasma potential Φp and the voltage applied to the Langmuir
probe Vb, and I is the current from the Langmuir probe mea-
sured in a shunt resistor.

Once the EEDF is obtained, the density ne can be promptly
calculated,

ne =
∫ ∞

0
ge (V ) dV , (31)

and also the effective temperature, given in electron-volts, by

Te f f =
2

3 ne

∫ ∞

0
V ge (V ) dV . (32)

4. RESULTS AND DISCUSSION

4.1. Plasma characterization

FIG. 6: Electron Energy Distribution Function in z = 22 cm and
r = 0 cm for p = 3.0 × 10−2 mbar and P = 120 W

Variations in the density or in the average energy of the
species present in the plasma have influence on film deposi-
tion, cleaning, and surface treatments. Therefore, knowledge
of how external conditions affect intrinsic parameters of the
plasma provides a better understanding of the physical mech-
anisms involved in the process and, therefore, aids to deter-
mine the best experimental plasma cleaning condition.

The EEDF was determined for the conditions used for
cleaning the sample. The result is given by the dotted curve
in figure 6. From this figure, it is quite clear that the EEDF
cannot be described by a Maxwellian

fM (W ) =
2 n

π
1
2

W
1
2

T
3
2

e

exp
[
−W

Te

]
. (33)
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FIG. 7: Electron temperature and density as function of pressure at
r = 0 cm and z = 22 cm for P = 120 W

However, using the Druyvesteyn energy distribution func-
tion, given by

fD (W ) = 1,04 n
W

1
2

W
3
2

av

exp
[
−0,55 W 2

W 2
av

]
, (34)

and fitting the experimental data, we obtain a quite good
agreement.

FIG. 8: Electron temperature and density as function of the radial
position for p = 3.0 × 10−2 mbar and P = 120 W

Using equations 31 and 32, we find the electron temper-
ature and density for several positions inside of the reactor
and for several pressures in order to set the best experimental
conditions.

To find the pressure that maximizes the plasma density we
vary it from 3.0 × 10−3 up to 1.5 × 10−1 mbar. It turns out
that the plasma density presents a maximum value around p =
3.0 × 10−2 mbar, as shown in the figure 7. All measurements
were performed in the position of z = 22 cm, because this is
the position in front of the window of observation.

The probe tip is designed so that the radial density and tem-
perature profiles can be obtained by rotating it around the axis
[9]. The result is shown in figure 8. While the density has the
expected behavior, the electron temperature increases with ra-
dius, indicating primary electron energy loss due to impact
ionization.

We also characterize the behavior of the plasma along the z
position. As shown in figure 9, the density increases towards
the RF antenna, as expected.

FIG. 9: Electron temperature and density as function of the z posi-
tion in r = 0 cm for p = 3.0 × 10−2 mbar and P = 120 W

4.2. Cleaning operation

For the characterization of the device as a plasma cleaner,
the Energy Dispersive Spectroscopy (EDS) technique was ap-
plied to a titanium sample before and after being exposed to
the plasma.

FIG. 10: EDS Spectrum of the Dirty Sample

First, we manipulated the sample carelessly in order to add
on impurities to its surface. As can be seen in figure 10, the
introduced contaminants are mainly hydrocarbons and salts,
i.e., chlorine, sodium, potassium. The silicon peak is due to
the presence of silicon oxide in the sample.

Then we treated the sample in the plasma cleaner for 30
minutes with P = 120 W RF power, as shown in figure 11,
after exposure, the contaminants were totally removed from
the sample.
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FIG. 11: EDS Spectrum of the Clean Sample

5. CONCLUSION

We have described in detail the characterization of a RF
plasma device that can be useful for plasma cleaning and sur-
face treatment, while allowing full access for basic plasma
studies. It operates intrinsically in the inductive-coupled
mode. For the pressure conditions of this work, the EEDF
is Druyvesteyn-like. But the device can be readily used to
exploit a broad range of operating conditions.
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