
• Discrete and finite groups: ZN , SN
<latexit sha1_base64="n+gqJDr9ddvTIK1PNtsg2z1F0Vw="></latexit>

• Discrete and infinite groups: integers under addition
<latexit sha1_base64="21sdjGM48JFXAzh5l9FpxKLKt8k="></latexit>

• Continuous groups:
<latexit sha1_base64="0Eu0ZZln02JAZskYbp/d5fMDHik=">AAACBnicdVBNSwMxEM36WetX1aMIwVbwVDYVbfVU7MVjBWuFtpRsmtbQbLIkE6EUT178K148KOLV3+DNf2NWK6jog4HHezPMzIsSKSyE4VswNT0zOzefWcguLi2vrObW1s+tdobxBtNSm4uIWi6F4g0QIPlFYjiNI8mb0bCW+s0rbqzQ6gxGCe/EdKBEXzAKXurmtgrtyEnJoYBrWoFQTjuLB0a7xB7hbi4fFsMwJITglJDyQejJ4WGlRCqYpJZHHk1Q7+Ze2z3NXMwVMEmtbZEwgc6YGhBM8uts21meUDakA97yVNGY2874441rvOOVHu5r40sB/lC/T4xpbO0ojnxnTOHS/vZS8S+v5aBf6YyFShxwxT4X9Z3EoHGaCe4JwxnIkSeUGeFvxeySGsrAJ5f1IXx9iv8n56Ui2Svun5by1eNJHBm0ibbRLiKojKroBNVRAzF0g+7QA3oMboP74Cl4/mydCiYzG+gHgpd3roeYpQ==</latexit>

SO(2) or compact U(1): circle
<latexit sha1_base64="PF/TLiwgKcXTEH6nie3wCvDDUEQ=">AAACCXicdVC9TwIxHO3hF+LXqaNLI5jAQq5nFHAiuriJUZAECOmVHjT0rpe2Z0IIq4v/iouDxrj6H7j539gDTNTom17e+30+L+JMacf5sFILi0vLK+nVzNr6xuaWvb3TUCKWhNaJ4EI2PawoZyGta6Y5bUaS4sDj9MYbniX+zS2VionwWo8i2glwP2Q+I1gbqWvD3NVF3i3koJCQiCDCRMN6HhVOIGGScAq7dtYpOo6DEIIJQaVjx5BKpeyiMkSJZZAFc9S69nu7J0gc0FATjpVqISfSnTGWmpl5k0w7VtSsGeI+bRka4oCqznj6yQQeGKUHfXOML0INp+r3jjEOlBoFnqkMsB6o314i/uW1Yu2XO2MWRrGmIZkt8mMOtYBJLLDHJCWajwzBRDJzKyQDLE0cJryMCeHrU/g/abhFdFg8unSz1dN5HGmwB/ZBHiBQAlVwDmqgDgi4Aw/gCTxb99aj9WK9zkpT1rxnF/yA9fYJJ3eXfg==</latexit>

SO(2)⌦ SO(2): torus
<latexit sha1_base64="vzqDyZJPbhxX+7x/Av4OR6ryJPw=">AAACBHicdVDLSgMxFM34rPU16rKbYCvUTZmMaFtXRTfurGgf0A4lk2ba0MyDJCOUoQs3/oobF4q49SPc+Tdm2goqeiBw7jn3cnOPG3EmlWV9GAuLS8srq5m17PrG5ta2ubPblGEsCG2QkIei7WJJOQtoQzHFaTsSFPsupy13dJ76rVsqJAuDGzWOqOPjQcA8RrDSUs/MFa4vi/ZhN1TMpxJOi8IpVKGIZc/MWyXLshBCMCWofGJpUq1WbFSBKLU08mCOes987/ZDEvs0UIRjKTvIipSTYKEY4XSS7caSRpiM8IB2NA2wXukk0yMm8EArfeiFQr9Awan6fSLBvpRj39WdPlZD+dtLxb+8Tqy8ipOwIIoVDchskRdzfSNME4F9JihRfKwJJoLpv0IyxAITpXPL6hC+LoX/k6ZdQkel4ys7Xzubx5EBObAPigCBMqiBC1AHDUDAHXgAT+DZuDcejRfjdda6YMxn9sAPGG+fkZWWKg==</latexit>

SU(2): three-sphere S3
<latexit sha1_base64="0p4yBeSXtgJtf/1tyrcl+c6XvjA=">AAACBHicdVBNS0JBFJ1n3/ZltWwzpIEtkjdKpa2iNi0N8wPUZN549Q3O+2BmXiDiok1/pU2LItr2I9r1b5qnBhV14MLhnHu59x4nFFxp2/6wEnPzC4tLyyvJ1bX1jc3U1nZNBZFkUGWBCGTDoQoE96GquRbQCCVQzxFQdwYXsV+/Bal44F/rYQhtj/Z93uOMaiN1UruZSjWbP8icYu1KgEMVuiABZyo3hUwnlbZztm0TQnBMyMmxbUipVMyTIiaxZZBGM5Q7qfdWN2CRB75mgirVJHao2yMqNWcCxslWpCCkbED70DTUpx6o9mjyxBjvG6WLe4E05Ws8Ub9PjKin1NBzTKdHtat+e7H4l9eMdK/YHnE/jDT4bLqoFwmsAxwngrtcAtNiaAhlkptbMXOppEyb3JImhK9P8f+kls+RQu7oKp8+O5/FsYx20R7KIoJO0Bm6RGVURQzdoQf0hJ6te+vRerFep60Jazazg37AevsEFJWV2Q==</latexit>

Groups and Geometry
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non-compact: real under addition (real line)
<latexit sha1_base64="oBTfDxm+WkbZcPAKPljRoemwDFM="></latexit>

compact:
<latexit sha1_base64="qkisV+PTQ+/I4UL6JiLrZIdD25g=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXJaloW1dFNy4r2Ie0Q8mkmTY0mQxJRihDv8KNC0Xc+jnu/BszbQUVPRA4nHPvzb0niAU3FqEPb2l5ZXVtPbeR39za3tkt7O23jEo0ZU2qhNKdgBgmeMSallvBOrFmRAaCtYPxVea375k2XEW3dhIzX5JhxENOiXXSHVUyJtRewH6hiEoIIYwxzAiunCNHarVqGVchziyHIlig0S+89waKJpJFlgpiTBej2Pop0ZZTwab5XmKYGz0mQ9Z1NCKSGT+dLTyFx04ZwFBp9yILZ+r3jpRIYyYycJWS2JH57WXiX143sWHVT3kUJ5ZFdP5RmAhoFcyuhwOuGbVi4gihmrtdIR0R7SJwGeVdCF+Xwv9Jq1zCp6Wzm3KxfrmIIwcOwRE4ARhUQB1cgwZoAgokeABP4NnT3qP34r3OS5e8Rc8B+AHv7ROj15BQ</latexit>



Continuous Groups
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36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.

Under the group product
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36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.

Inverse element
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36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.

36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.

Topological Group:
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36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.

Lie Group G:
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we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by

x00 = F (x, x0) = x+ x0 (2.5)

The function given in (2.4) is just

f(x) = �x (2.6)

These two functions are obviously analytic functions of the parameters.
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we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
tions F (x, x0) and f(x), discussed above, possess derivatives of all orders with
respect to its arguments, i.e., are analytic functions, we say the group G is a
Lie group . This definition can be given in a formal way.

Definition 2.1 A Lie group is an analytic manifold which is also a group
such that the analytic structure is compatible with the group structure, i.e. the
operation G⇥G ! G is an analytic mapping.

For more details about the geometrical concepts involved here see [HEL 78,
CBW 82, ALD 86, FLA 63].

Example 2.1 The real numbers under addition constitute a Lie group. In-
deed, we can use a real variable x to parametrize the group elements. Therefore
for two elements with parameters x and x0 the function in (2.2) is given by
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F (x, x0) and f(x) are continuous functions of its arguments then we say that
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Chapter 2

Lie Groups and Lie Algebras

2.1 Lie groups

So far we have been looking at groups as set of elements satisfying certain
postulates. However we can take a more geometrical point of view and look
at the elements of a group as being points of a space. The groups Sn and Zn ,
discussed in examples 1.9 and 1.10, have a finite number of elements and there-
fore their corresponding spaces are discrete spaces. Groups like these ones are
called finite discrete groups. The group formed by the integer numbers under
addition is also discrete but has an infinite number of elements. It constitutes
a one dimensional regular lattice. These type of groups are called infinite dis-
crete groups. The interesting geometrical properties of groups appear when
their elements correspond to the points of a continuous space. We have then
what is called a continuous group. The real numbers under addition constitute
a continuous group since its elements can be seen as the points of an infinite
line. The group of rotations on a two dimensional plane is also a continuous
group. Its elements can be parametrized by an angle varying from 0 to 2⇡ and
therefore they define a space which is a circle. In this sense the real numbers
under addition constitute a non compact group and the rotations on the plane
a compact group.

Given a group G we can parametrize its elements by a set of parameters x1

, x2, ... xn . If the group is continuous these parameters are continuous and
can be taken to be real parameters. The elements of the group can then be
denoted as g = g(x1, x2...xn). A set of continuous parameters x1, x2, ... xn is
said to be essential if one can not find a set of continuous parameters y1, y2,
... ym , with m < n, which su�ces to label the elements of the group. When

35

(local)
<latexit sha1_base64="wp3E/2/aYPZYUI0LvO+i9+BgggQ=">AAAB7nicdVDLSgMxFM34rPVVdekmWIS6KUlF2+6KblxWsA9oh5JJM21oJhmSjFCGfoQbF4q49Xvc+Tdm2goqeuDC4Zx7ufeeIBbcWIQ+vJXVtfWNzdxWfntnd2+/cHDYNirRlLWoEkp3A2KY4JK1LLeCdWPNSBQI1gkm15nfuWfacCXv7DRmfkRGkoecEuukTkkoSsTZoFBEZYQQxhhmBFcvkSP1eq2CaxBnlkMRLNEcFN77Q0WTiElLBTGmh1Fs/ZRoy6lgs3w/MSwmdEJGrOeoJBEzfjo/dwZPnTKEodKupIVz9ftESiJjplHgOiNix+a3l4l/eb3EhjU/5TJOLJN0sShMBLQKZr/DIdeMWjF1hFDN3a2Qjokm1LqE8i6Er0/h/6RdKePz8sVtpdi4WsaRA8fgBJQABlXQADegCVqAggl4AE/g2Yu9R+/Fe120rnjLmSPwA97bJ/c0j1c=</latexit>



Lie Groups
<latexit sha1_base64="vB6IyGLhfyyQrvgU4v7Yw1ewIcg=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4KklF2+6KLnThooJ9YDuUTJq2oZlkSDJCGfoXblwo4ta/ceffmGkrqOiBC4dz7uXee4JIcGMR+vAyS8srq2vZ9dzG5tb2Tn53r2lUrClrUCWUbgfEMMEla1huBWtHmpEwEKwVjC9Sv3XPtOFK3tpJxPyQDCUfcEqsk+6uOYOXWsWR6eULqIgQwhjDlODyGXKkWq2UcAXi1HIogAXqvfx7t69oHDJpqSDGdDCKrJ8QbTkVbJrrxoZFhI7JkHUclSRkxk9mF0/hkVP6cKC0K2nhTP0+kZDQmEkYuM6Q2JH57aXiX14ntoOKn3AZxZZJOl80iAW0Cqbvwz7XjFoxcYRQzd2tkI6IJtS6kHIuhK9P4f+kWSrik+LpTalQO1/EkQUH4BAcAwzKoAauQB00AAUSPIAn8OwZ79F78V7nrRlvMbMPfsB7+wSA2ZDT</latexit>

36 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

we take the product of two elements of a group

g(x)g(x0) = g(x00) (2.1)

the parameters of the resulting element is a function of the parameters of the
other two elements.

x00 = F (x, x0) (2.2)

Analogously the parameters of the inverse element of a given g 2 G is a
function of the parameters of g and vice-versa. If

g(x)g(x0) = e = g(x0)g(x) (2.3)

then
x0 = f(x) (2.4)

If the elements of a group G form a topological space and if the functions
F (x, x0) and f(x) are continuous functions of its arguments then we say that
G is a topological group. Notice that in a topological group we have to have
some compatibility between the algebraic and the topological structures.

When the elements of a group G constitute a manifold and when the func-
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Definition 2.1 A Lie group is an analytic manifold which is also a group
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On every point P there is a tangent plane RN
(N the same everywhere)
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One can map a neighbourhood of P into the tangent plane RN
,

and such maps are continuous and di↵erentiable.
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Example 2.2 The group of rotations on the plane, discussed in example 1.25,
is a Lie group. In fact the groups of rotations on IRn , denoted by SO(n), are
Lie groups. These are the groups of orthogonal n⇥n real matrices O with unit
determinant (O>O = 1l, detO = 1)

Example 2.3 The groups GL(n) and SL(n) discussed in example 1.16 are
Lie groups, as well as the group SU(n) discussed in example 1.17

Example 2.4 The groups Sn and Zn discussed in examples 1.9 and 1.10 are
not Lie groups.

2.2 Lie Algebras

The fact that Lie groups are di↵erentiable manifolds has very important con-
sequences. Manifolds are locally Euclidean spaces. Using the di↵erentiable
structure we can approximate the neighborhood of any point of a Lie group
G by an Euclidean space which is the tangent space to the Lie group at that
particular point. This approximation is some sort of local linearization of the
Lie group and it is the approach we are going to use in our study of the alge-
braic structure of Lie groups. Obviously this approach does not tell us much
about the global properties of the Lie groups.

Let us begin by making some comments about tangent planes and tangent
vectors. A convenient way of describing tangent vectors is through linear
operators acting on functions. Consider a di↵erentiable curve on a manifold
M and let the coordinates xi , i = 1, 2, ...dimM , of its points be parametrized
by a continuous variable t varying, let us say, from �1 to 1. Let f be any
di↵erentiable function defined on a neighbourhood of the point p of the curve
corresponding to t = 0. The vector Vp tangent to the curve at the point p is
defined by

Vp(f) =
dxi(t)

dt
|t=0

@f

@xi
(2.7)

Since the function f is arbitrary the tangent vector is independent of it. The
vector Vp is a tangent vector to M at the point p.

The tangent vectors at p to all di↵erentiable curves passing through p form
the tangent space TpM of the manifold M at the point p. This space is a
vector space since the sum of tangent vectors is again a tangent vector and the
muliplication of a tangent vector by a scalar (real or complex number) is also
a tangent vector.
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Do perturbation theory:
approximate the structure of the group on the tangent plane
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Example 2.2 The group of rotations on the plane, discussed in example 1.25,
is a Lie group. In fact the groups of rotations on IRn , denoted by SO(n), are
Lie groups. These are the groups of orthogonal n⇥n real matrices O with unit
determinant (O>O = 1l, detO = 1)

Example 2.3 The groups GL(n) and SL(n) discussed in example 1.16 are
Lie groups, as well as the group SU(n) discussed in example 1.17

Example 2.4 The groups Sn and Zn discussed in examples 1.9 and 1.10 are
not Lie groups.

2.2 Lie Algebras

The fact that Lie groups are di↵erentiable manifolds has very important con-
sequences. Manifolds are locally Euclidean spaces. Using the di↵erentiable
structure we can approximate the neighborhood of any point of a Lie group
G by an Euclidean space which is the tangent space to the Lie group at that
particular point. This approximation is some sort of local linearization of the
Lie group and it is the approach we are going to use in our study of the alge-
braic structure of Lie groups. Obviously this approach does not tell us much
about the global properties of the Lie groups.

Let us begin by making some comments about tangent planes and tangent
vectors. A convenient way of describing tangent vectors is through linear
operators acting on functions. Consider a di↵erentiable curve on a manifold
M and let the coordinates xi , i = 1, 2, ...dimM , of its points be parametrized
by a continuous variable t varying, let us say, from �1 to 1. Let f be any
di↵erentiable function defined on a neighbourhood of the point p of the curve
corresponding to t = 0. The vector Vp tangent to the curve at the point p is
defined by

Vp(f) =
dxi(t)

dt
|t=0

@f

@xi
(2.7)

Since the function f is arbitrary the tangent vector is independent of it. The
vector Vp is a tangent vector to M at the point p.

The tangent vectors at p to all di↵erentiable curves passing through p form
the tangent space TpM of the manifold M at the point p. This space is a
vector space since the sum of tangent vectors is again a tangent vector and the
muliplication of a tangent vector by a scalar (real or complex number) is also
a tangent vector.

Tangent vector Vp
<latexit sha1_base64="oqIu02B1G5apOqN9tELls8gC4Kc=">AAAB/XicbVDLTsJAFL3FF+KrPnZuJoKJK9JijC6JblxiwiuBhkyHKUyYdpqZKQk2xF9x40Jj3Pof7vwbB+hCwbs6Oec+zj1+zJnSjvNt5dbWNza38tuFnd29/QP78KipRCIJbRDBhWz7WFHOItrQTHPajiXFoc9pyx/dzfTWmErFRFTXk5h6IR5ELGAEa0P17JM6jgY00mhMiRYSlZq9uNSzi07ZmRdaBW4GipBVrWd/dfuCJKFZRDhWquM6sfZSLDUjnE4L3UTRGJMRHtCOgREOqfLSufspOjdMHwXmeCCMkTn7eyLFoVKT0DedIdZDtazNyP+0TqKDGy9lUZxoGpHFoSDhSAs0iwL1mTRP84kBmEhmvCIyxBITbQIrmBDc5ZdXQbNSdi/LVw+VYvU2iyMPp3AGF+DCNVThHmrQAAKP8Ayv8GY9WS/Wu/WxaM1Z2cwx/Cnr8wdmeJSJ</latexit>
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The Strategy
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The tangent space
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Given a set of local coordinates xi , i = 1, 2, ...dimM in a neighbourhood
of a point p of M we have that the operators @

@xi are linearly independent and
constitute a basis for the tangent space TpM . Then, any tangent vector Vp on
TpM can be written as a linear combination of this basis

Vp = V i

p

@

@xi
(2.8)

Now suppose that we vary the point p along a di↵erentiable curve. As we
do that we obtain vectors tangent to the curve at each of its points. These
tangent vectors are continuously and di↵erentiably related. If we choose a
tangent vector on TpM for each point p of the manifold M such that this set
of vectors are di↵erentiably related in the manner described above we obtain
what is called a vector field . Given a set of local coordinates on M we can
write a vector field V , in that coordinate neighbourhood, in terms of the basis
@

@xi , and its components V i are di↵erentiable functions of these coordinates.

V = V i(x)
@

@xi
(2.9)

Given two vector fields V and W in a coordinate neighbourhood we can
evaluate their composite action on a function f . We have

W (V f) = W j
@V i

@xj

@f

@xi
+W jV i

@2f

@xj@xi
(2.10)

Due to the second term on the r.h.s of (2.10) the operator WV is not a vector
field and therefore the ordinary composition of vector fields is not a vector
field. However if we take the commutator of the linear operators V and W we
get

[V,W ] =

 

V i
@W j

@xi
�W i

@V j

@xi

!
@

@xj
(2.11)

and this is again a vector field. So, the set of vector fields close under the
operation of commutation and they form what is called a Lie algebra.

Definition 2.2 A Lie algebra G is a vector space over a field k with a bilinear
composition law

(x, y) ! [x, y]

[x, ay + bz] = a[x, y] + b[x, z] (2.12)

with x, y, z 2 L and a, b 2 k, and such that



Vector Field
<latexit sha1_base64="Mi78Gojyi3k/Vfch2ijGkffWxY4=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KklF2+6KgrisYB/QDiWTybShmWRIMkIp/Q03LhRx68+482/MtBVU9KwO59zLPfcEieDGIvTh5VZW19Y38puFre2d3b3i/kHbqFRT1qJKKN0NiGGCS9ay3ArWTTQjcSBYJxhfZX7nnmnDlbyzk4T5MRlKHnFKrJP6bUat0vCaMxEOiiVURghhjGFGcPUCOVKv1yq4BnFmOZTAEs1B8b0fKprGTFoqiDE9jBLrT4m2nAo2K/RTwxJCx2TIeo5KEjPjT+eZZ/DEKSGM3PFISQvn6veNKYmNmcSBm4yJHZnfXib+5fVSG9X8KZdJapmki0NRKqBVMCsAhly7p8XEEUI1d1khHRFNqHU1FVwJX5/C/0m7UsZn5fPbSqlxuawjD47AMTgFGFRBA9yAJmgBChLwAJ7As5d6j96L97oYzXnLnUPwA97bJ/KekaQ=</latexit>

Vector Field: choose tangent vectors on Tp M , for every p 2 M , such that they
are related in a continuous and di↵erentiable way

<latexit sha1_base64="lNOZCNveKDZrsF8SL0VvouDrTy8="></latexit>
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On a di↵erentiable curve the tangent vectors are

continuously and di↵erentiably related
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field and therefore the ordinary composition of vector fields is not a vector
field. However if we take the commutator of the linear operators V and W we
get

[V,W ] =

 

V i
@W j

@xi
�W i

@V j

@xi

!
@

@xj
(2.11)

and this is again a vector field. So, the set of vector fields close under the
operation of commutation and they form what is called a Lie algebra.

Definition 2.2 A Lie algebra G is a vector space over a field k with a bilinear
composition law

(x, y) ! [x, y]

[x, ay + bz] = a[x, y] + b[x, z] (2.12)

with x, y, z 2 L and a, b 2 k, and such that

So: on any manifold we can construct a Lie algebra
<latexit sha1_base64="9tKIRZRroRVeQ2fV+xfrBldCRVk="></latexit>
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Given a set of local coordinates xi , i = 1, 2, ...dimM in a neighbourhood
of a point p of M we have that the operators @

@xi are linearly independent and
constitute a basis for the tangent space TpM . Then, any tangent vector Vp on
TpM can be written as a linear combination of this basis

Vp = V i

p

@

@xi
(2.8)

Now suppose that we vary the point p along a di↵erentiable curve. As we
do that we obtain vectors tangent to the curve at each of its points. These
tangent vectors are continuously and di↵erentiably related. If we choose a
tangent vector on TpM for each point p of the manifold M such that this set
of vectors are di↵erentiably related in the manner described above we obtain
what is called a vector field . Given a set of local coordinates on M we can
write a vector field V , in that coordinate neighbourhood, in terms of the basis
@

@xi , and its components V i are di↵erentiable functions of these coordinates.

V = V i(x)
@

@xi
(2.9)

Given two vector fields V and W in a coordinate neighbourhood we can
evaluate their composite action on a function f . We have

W (V f) = W j
@V i

@xj

@f

@xi
+W jV i

@2f

@xj@xi
(2.10)

Due to the second term on the r.h.s of (2.10) the operator WV is not a vector
field and therefore the ordinary composition of vector fields is not a vector
field. However if we take the commutator of the linear operators V and W we
get

[V,W ] =

 

V i
@W j

@xi
�W i

@V j

@xi

!
@

@xj
(2.11)

and this is again a vector field. So, the set of vector fields close under the
operation of commutation and they form what is called a Lie algebra.

Definition 2.2 A Lie algebra G is a vector space over a field k with a bilinear
composition law

(x, y) ! [x, y]

[x, ay + bz] = a[x, y] + b[x, z] (2.12)

with x, y, z 2 L and a, b 2 k, and such that2.2. LIE ALGEBRAS 39

1. [x, x] = 0

2. [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0; (Jacobi identity)

Notice that (2.12) implies that [x, y] = �[y, x], since

[x+ y, x+ y] = 0

= [x, y] + [y, x] (2.13)

Definition 2.3 A field is a set k together with two operations

(a, b) ! a+ b (2.14)

and
(a, b) ! ab (2.15)

called respectively addition and multiplication such that

1. k is an abelian group under addition

2. k without the identity element of addition is an abelian group under mul-
tiplication

3. multiplication is distributive with respect to addition, i.e.

a (b+ c) = ab+ ac

(a+ b) c = ac+ bc

The real and complex numbers are fields.

Lie Algebras
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1. [x, x] = 0

2. [x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0; (Jacobi identity)

Notice that (2.12) implies that [x, y] = �[y, x], since

[x+ y, x+ y] = 0

= [x, y] + [y, x] (2.13)

Definition 2.3 A field is a set k together with two operations

(a, b) ! a+ b (2.14)

and
(a, b) ! ab (2.15)

called respectively addition and multiplication such that

1. k is an abelian group under addition

2. k without the identity element of addition is an abelian group under mul-
tiplication

3. multiplication is distributive with respect to addition, i.e.

a (b+ c) = ab+ ac

(a+ b) c = ac+ bc

The real and complex numbers are fields.

Field (corpo)
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• Rational numbers p
q , with p , q 2 Z

<latexit sha1_base64="6dHwa61DsXs/h1M6HODz5Q363fo="></latexit>

• The field F2
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0 + 0 = 0 0 + 1 = 1 1 + 1 = 0
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1 · 1 = 1 1 · 0 = 0 0 · 0 = 0
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0 + a = a 0 + b = b 1 + a = b 1 + b = a a+ a = 0 b+ b = 0 a+ b = 1
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0 · a = 0 0 · b = 0 1 · a = a 1 · b = b a · a = b b · b = a a · b = 1
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• The field F4 = {0 , 1 , a , b}
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Group G
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2.3 The Lie algebra of a Lie group

We have seen that vector fields on a manifold form a Lie algebra. We now
want to show that the Lie algebra of some special vector fields on a Lie group
is related to its group structure.

If we take a fixed element g of a Lie group G and multiply it from the left
by every element of G, we obtain a transformation of G onto G which is called
left translation on G by g. In a similar way we can define right translations
on G. Under a left translation by g, an element g0, which is parametrized by
the coordinates x0i (i = 1, 2, ... dim G), is mapped into the element g00 = gg0,
and the parameters x00i of g00 are analytic functions of x0i . This mapping of
G onto G induces a mapping between the tangent spaces of G as follows: let
V be a vector field on G which corresponds to the tangent vectors Vg0 and Vg00

on the tangent spaces to G at g0 and g00 respectively. Let f be an arbitrary
function of the parameters x00i of g00. We define a tangent vector Wg00 on Tg00G
(the tangent plane to G at g00) by

Wg00f ⌘ Vg0(f � x00) = V i

g0
@

@x0if(x
00) = V i

g0
@x00j

@x0i
@f

@x00j (2.16)

This defines a mapping between the tangent spaces of G since, given Vg0 in
Tg0G, we have associated a tangent vector Wg00 in Tg00G. The vector Wg00 does
not have necessarily to coincide with the value of the vector field V at Tg00G,
namely Vg00 . However, when that happens we say that the vector field V is a
left invariant vector field on G, since that transformation was induced by left
translations on G.

The commutator of two left invariant vector fields, V and V̄ , is again a left
invariant vector field. To check this consider the commutator of this vector
fields at group element g0. According to (2.11)

Ṽg0 ⌘ [Vg0 , V̄g0 ] =

0

@V i

g0
@V̄ j

g0

@x0i � V̄ i

g0
@V j

g0

@x0i

1

A @

@x0j (2.17)

Since V and V̄ are left invariant, at the group element g00 = gg0 we have,
according to (2.16), that
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2.3 The Lie algebra of a Lie group

We have seen that vector fields on a manifold form a Lie algebra. We now
want to show that the Lie algebra of some special vector fields on a Lie group
is related to its group structure.

If we take a fixed element g of a Lie group G and multiply it from the left
by every element of G, we obtain a transformation of G onto G which is called
left translation on G by g. In a similar way we can define right translations
on G. Under a left translation by g, an element g0, which is parametrized by
the coordinates x0i (i = 1, 2, ... dim G), is mapped into the element g00 = gg0,
and the parameters x00i of g00 are analytic functions of x0i . This mapping of
G onto G induces a mapping between the tangent spaces of G as follows: let
V be a vector field on G which corresponds to the tangent vectors Vg0 and Vg00

on the tangent spaces to G at g0 and g00 respectively. Let f be an arbitrary
function of the parameters x00i of g00. We define a tangent vector Wg00 on Tg00G
(the tangent plane to G at g00) by

Wg00f ⌘ Vg0(f � x00) = V i

g0
@
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00) = V i

g0
@x00j

@x0i
@f

@x00j (2.16)

This defines a mapping between the tangent spaces of G since, given Vg0 in
Tg0G, we have associated a tangent vector Wg00 in Tg00G. The vector Wg00 does
not have necessarily to coincide with the value of the vector field V at Tg00G,
namely Vg00 . However, when that happens we say that the vector field V is a
left invariant vector field on G, since that transformation was induced by left
translations on G.

The commutator of two left invariant vector fields, V and V̄ , is again a left
invariant vector field. To check this consider the commutator of this vector
fields at group element g0. According to (2.11)
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Since V and V̄ are left invariant, at the group element g00 = gg0 we have,
according to (2.16), that
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2.3 The Lie algebra of a Lie group

We have seen that vector fields on a manifold form a Lie algebra. We now
want to show that the Lie algebra of some special vector fields on a Lie group
is related to its group structure.

If we take a fixed element g of a Lie group G and multiply it from the left
by every element of G, we obtain a transformation of G onto G which is called
left translation on G by g. In a similar way we can define right translations
on G. Under a left translation by g, an element g0, which is parametrized by
the coordinates x0i (i = 1, 2, ... dim G), is mapped into the element g00 = gg0,
and the parameters x00i of g00 are analytic functions of x0i . This mapping of
G onto G induces a mapping between the tangent spaces of G as follows: let
V be a vector field on G which corresponds to the tangent vectors Vg0 and Vg00

on the tangent spaces to G at g0 and g00 respectively. Let f be an arbitrary
function of the parameters x00i of g00. We define a tangent vector Wg00 on Tg00G
(the tangent plane to G at g00) by
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This defines a mapping between the tangent spaces of G since, given Vg0 in
Tg0G, we have associated a tangent vector Wg00 in Tg00G. The vector Wg00 does
not have necessarily to coincide with the value of the vector field V at Tg00G,
namely Vg00 . However, when that happens we say that the vector field V is a
left invariant vector field on G, since that transformation was induced by left
translations on G.

The commutator of two left invariant vector fields, V and V̄ , is again a left
invariant vector field. To check this consider the commutator of this vector
fields at group element g0. According to (2.11)
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Since V and V̄ are left invariant, at the group element g00 = gg0 we have,
according to (2.16), that
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So, Ṽ is also left invariant. Therefore the set of left invariant vector fields form
a Lie algebra. They constitute in fact a Lie subalgebra of the Lie algebra of
all vector fields on G.

Definition 2.4 A vector subspace H of a Lie algebra G is said to be a Lie
subalgebra of G if it closes under the Lie bracket, i.e.

[H , H] ⇢ H (2.19)

and if H itself is a Lie algebra.

One should notice that a left invariant vector field is completely determined
by its value at any particular point of G. In particular it is determined by its
value at the group identity e . An important consequence of this is that the
Lie algebra of the left invariant vector fields at any point of G is completely
determined by the Lie algebra of these fields at the identity element of G.

Definition 2.5 The Lie algebra of the left invariant vector fields on a Lie
group is the Lie algebra of this Lie group.

Notice that the Lie algebra of a Lie group G is a subalgebra of the Lie algebra
of all vector fields on G. The Lie algebra of right invariant vector fields is
isomorphic to the Lie algebra of left invariant vector fields. Therefore the
definition above could also be given in terms of right invariant vector fields.

For any Lie group G it is always possible to find a number of linearly
independent left-invariant vector fields which is equal to the dimension of G.
These vector fields, which we shall denote by Ta (a = 1, 2, ...dim G), constitute
a basis of the tangent plane to G at any particular point, and they satisfy

[Ta , Tb] = if c

ab
Tc (2.20)

If we move from one point of G to another, this relation remains unchanged,
and therefore the quantities f c

ab
are point independent. For this reason they

are called the structure constants of the Lie algebra of G. Later we will see that

and so
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So, Ṽ is also left invariant. Therefore the set of left invariant vector fields form
a Lie algebra. They constitute in fact a Lie subalgebra of the Lie algebra of
all vector fields on G.

Definition 2.4 A vector subspace H of a Lie algebra G is said to be a Lie
subalgebra of G if it closes under the Lie bracket, i.e.

[H , H] ⇢ H (2.19)

and if H itself is a Lie algebra.

One should notice that a left invariant vector field is completely determined
by its value at any particular point of G. In particular it is determined by its
value at the group identity e . An important consequence of this is that the
Lie algebra of the left invariant vector fields at any point of G is completely
determined by the Lie algebra of these fields at the identity element of G.

Definition 2.5 The Lie algebra of the left invariant vector fields on a Lie
group is the Lie algebra of this Lie group.

Notice that the Lie algebra of a Lie group G is a subalgebra of the Lie algebra
of all vector fields on G. The Lie algebra of right invariant vector fields is
isomorphic to the Lie algebra of left invariant vector fields. Therefore the
definition above could also be given in terms of right invariant vector fields.

For any Lie group G it is always possible to find a number of linearly
independent left-invariant vector fields which is equal to the dimension of G.
These vector fields, which we shall denote by Ta (a = 1, 2, ...dim G), constitute
a basis of the tangent plane to G at any particular point, and they satisfy
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Tc (2.20)

If we move from one point of G to another, this relation remains unchanged,
and therefore the quantities f c
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are point independent. For this reason they

are called the structure constants of the Lie algebra of G. Later we will see that
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One should notice that a left invariant vector field is completely determined
by its value at any particular point of G. In particular it is determined by its
value at the group identity e . An important consequence of this is that the
Lie algebra of the left invariant vector fields at any point of G is completely
determined by the Lie algebra of these fields at the identity element of G.

Definition 2.5 The Lie algebra of the left invariant vector fields on a Lie
group is the Lie algebra of this Lie group.

Notice that the Lie algebra of a Lie group G is a subalgebra of the Lie algebra
of all vector fields on G. The Lie algebra of right invariant vector fields is
isomorphic to the Lie algebra of left invariant vector fields. Therefore the
definition above could also be given in terms of right invariant vector fields.

For any Lie group G it is always possible to find a number of linearly
independent left-invariant vector fields which is equal to the dimension of G.
These vector fields, which we shall denote by Ta (a = 1, 2, ...dim G), constitute
a basis of the tangent plane to G at any particular point, and they satisfy

[Ta , Tb] = if c

ab
Tc (2.20)

If we move from one point of G to another, this relation remains unchanged,
and therefore the quantities f c

ab
are point independent. For this reason they

are called the structure constants of the Lie algebra of G. Later we will see that
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So, Ṽ is also left invariant. Therefore the set of left invariant vector fields form
a Lie algebra. They constitute in fact a Lie subalgebra of the Lie algebra of
all vector fields on G.

Definition 2.4 A vector subspace H of a Lie algebra G is said to be a Lie
subalgebra of G if it closes under the Lie bracket, i.e.
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and if H itself is a Lie algebra.
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by its value at any particular point of G. In particular it is determined by its
value at the group identity e . An important consequence of this is that the
Lie algebra of the left invariant vector fields at any point of G is completely
determined by the Lie algebra of these fields at the identity element of G.

Definition 2.5 The Lie algebra of the left invariant vector fields on a Lie
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of all vector fields on G. The Lie algebra of right invariant vector fields is
isomorphic to the Lie algebra of left invariant vector fields. Therefore the
definition above could also be given in terms of right invariant vector fields.

For any Lie group G it is always possible to find a number of linearly
independent left-invariant vector fields which is equal to the dimension of G.
These vector fields, which we shall denote by Ta (a = 1, 2, ...dim G), constitute
a basis of the tangent plane to G at any particular point, and they satisfy
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If we move from one point of G to another, this relation remains unchanged,
and therefore the quantities f c
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are point independent. For this reason they

are called the structure constants of the Lie algebra of G. Later we will see that
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these constants contain all the information about the Lie algebra of G. Since
the relation above is point independent we are going to fix the tangent plane
to G at the identity element, TeG, as the vector space of the Lie algebra of G.
We could have defined right invariant vector fields in a similar way. Their Lie
algebra is isomorphic to the Lie algebra of the left-invariant fields.

A one parameter subgroup of a Lie group G is a di↵erentiable curve, i.e., a
di↵erentiable mapping from the real numbers onto G, t ! g(t) such that

g(t)g(s) = g(t+ s)

g(0) = e (2.21)

If we take a fixed element g0 of G, we obtain that the mapping t ! g0g(t) is a
di↵erentiable curve on G. However this curve is not a one parameter subgroup,
since g0g(t)g0g(s) 6= g0g(t + s). If we let g0 to vary over G we obtain a family
of curves which completely covers G. There are several curves of this family
passing through at a given point of G. However, one can show (see [AUM 77])
that all curves of the family passing through a point have the same tangent
vector at that point. Therefore the family of curves g0g(t) can be used to define
a vector field on G. One can also show that this is a left-invariant vector field.
Consequently to each one parameter subgroup of G we have associated a left
invariant vector field.

If T is the tangent vector at the identity element to a di↵erentiable curve
g(t) which is a one parameter subgroup, then it is possible to show that

g(t) = exp(tT ) (2.22)

This means that the straight line on the tangent plane to G at the identity
element, TeG, is mapped onto the one parameter subgroup of G, g(t). This is
called the exponential mapping of the Lie algebra of G (TeG) onto G. In fact,
it is possible to prove that in general, the exponential mapping is an analytic
mapping of TeG onto G and that it maps a neighbourhood of the zero element
of TeG in a one to one manner onto a neighbourhood of the identity element
of G. In several cases this mapping can be extended globally on G.

For more details about the exponential mapping and other geometrical
concepts involved here see [HEL 78, ALD 86, CBW 82, AUM 77].
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It is an analytic mapping of TeG onto G and that it maps a neighbourhood of
the zero element of TeG in a one to one manner onto a neighbourhood of the
identity element of G.
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2.4 Basic notions on Lie algebras

In the last section we have seen that the Lie algebra, G ,of a Lie group G
possesses a basis Ta , a = 1, 2, ... dim G (= dim G, satisfying

[Ta , Tb] = if c

ab
Tc (2.23)

where the quantities f c

ab
are called the structure constants of the algebra. We

have introduced the imaginary unity i on the r.h.s of (2.23) because if the
generators Ta are hermitian, T †

a
= Ta , then the structure constants are real.

Notice that f c

ab
= �f c

ba
. From the definition of Lie algebra given in section

2.2 we have that the generators Ta satisfy the Jacobi identity

[Ta, [Tb, Tc]] + [Tc, [Ta, Tb]] + [Tb, [Tc, Ta]] = 0 (2.24)

and consequently the structure constants have to satisfy

f e

ad
fd

bc
+ f e

cd
fd

ab
+ f e

bd
fd

ca
= 0 (2.25)

with sum over repeated indices. We have also seen that the elements g of G
close to the identity element can be written, using the exponential mapping,
as

g = exp (i⇣aTa) (2.26)

where ⇣a are the parameters of the Lie group. Under certain circunstances this
relation is also true for elements quite away from the identity element (which
corresponds to ⇣a = 0).

If we conjugate elements of the Lie algebra by elements of the Lie group
we obtain elements of the Lie algebra again. Indeed, if L and T are elements
of the algebra one gets

exp (L)T exp (�L) = T + [L, T ] +
1

2!
[L, [L, T ]] +

1

3!
[L, [L, [L, T ]]] + ... (2.27)

In order to prove that relation consider que quantity

f (�) ⌘ exp (�L)T exp (��L) (2.28)

then

f 0 = exp (�L) [L , T ] exp (��L)

f 00 = exp (�L) [L , [L , T ] ] exp (��L)

. . . = . . .

f (n) = exp (�L) [L , . . . [L , [L , T ] ] ] exp (��L) (2.29)

Commutation relations
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2.4 Basic notions on Lie algebras

In the last section we have seen that the Lie algebra, G ,of a Lie group G
possesses a basis Ta , a = 1, 2, ... dim G (= dim G, satisfying

[Ta , Tb] = if c

ab
Tc (2.23)

where the quantities f c

ab
are called the structure constants of the algebra. We

have introduced the imaginary unity i on the r.h.s of (2.23) because if the
generators Ta are hermitian, T †

a
= Ta , then the structure constants are real.

Notice that f c

ab
= �f c

ba
. From the definition of Lie algebra given in section

2.2 we have that the generators Ta satisfy the Jacobi identity

[Ta, [Tb, Tc]] + [Tc, [Ta, Tb]] + [Tb, [Tc, Ta]] = 0 (2.24)

and consequently the structure constants have to satisfy

f e

ad
fd

bc
+ f e

cd
fd

ab
+ f e

bd
fd

ca
= 0 (2.25)

with sum over repeated indices. We have also seen that the elements g of G
close to the identity element can be written, using the exponential mapping,
as

g = exp (i⇣aTa) (2.26)

where ⇣a are the parameters of the Lie group. Under certain circunstances this
relation is also true for elements quite away from the identity element (which
corresponds to ⇣a = 0).

If we conjugate elements of the Lie algebra by elements of the Lie group
we obtain elements of the Lie algebra again. Indeed, if L and T are elements
of the algebra one gets

exp (L)T exp (�L) = T + [L, T ] +
1

2!
[L, [L, T ]] +

1

3!
[L, [L, [L, T ]]] + ... (2.27)

In order to prove that relation consider que quantity

f (�) ⌘ exp (�L)T exp (��L) (2.28)

then

f 0 = exp (�L) [L , T ] exp (��L)

f 00 = exp (�L) [L , [L , T ] ] exp (��L)

. . . = . . .

f (n) = exp (�L) [L , . . . [L , [L , T ] ] ] exp (��L) (2.29)
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with sum over repeated indices. We have also seen that the elements g of G
close to the identity element can be written, using the exponential mapping,
as

g = exp (i⇣aTa) (2.26)

where ⇣a are the parameters of the Lie group. Under certain circunstances this
relation is also true for elements quite away from the identity element (which
corresponds to ⇣a = 0).

If we conjugate elements of the Lie algebra by elements of the Lie group
we obtain elements of the Lie algebra again. Indeed, if L and T are elements
of the algebra one gets

exp (L)T exp (�L) = T + [L, T ] +
1

2!
[L, [L, T ]] +

1

3!
[L, [L, [L, T ]]] + ... (2.27)

In order to prove that relation consider que quantity

f (�) ⌘ exp (�L)T exp (��L) (2.28)

then

f 0 = exp (�L) [L , T ] exp (��L)

f 00 = exp (�L) [L , [L , T ] ] exp (��L)

. . . = . . .

f (n) = exp (�L) [L , . . . [L , [L , T ] ] ] exp (��L) (2.29)

Consider the matrix function
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The adjoint representation
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Given a basis Ta, one builds the matrix representation
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Then using Taylor expansion around � = 0 one gets

f (�) =
1X

n=0

�n

n!
adn

L
T (2.30)

where we have denoted adLT ⌘ [L , T ]. Taking � = 1 one gets (2.27).
The r.h.s. of (2.27) is and element of the algebra, and therefore the conju-

gation gTg�1 defines a transformation on the algebra. In addition if g00 = g0g
we see that the composition of the transformations associated to g0 and g give
the transformation associated to g00. Consequently, according to the concepts
discussed in section 1.5, these transformations define a representation of the
group G on a representation space which is the Lie algebra of G. Such repre-
sentation is called the adjoint representation of the Lie group G . The matrices
d(g) representing the elements g 2 G in this representation are given by

gTag
�1 = Tbd

b

a
(g) (2.31)

One can easily check that the n ⇥ n matrices db
a
(g) , n = dim G, form a

representation of G, since if we take the element g1g2 we get

g1g2Ta(g1g2)
�1 = Tbd

b

a
(g1g2)

= g1(g2Tag
�1
2 )g�1

1

= g1Tcg
�1
1 dc

a
(g2)

= Tbd
b

c
(g1)d

c

a
(g2) (2.32)

Since the generators Ta are linearly independent we have

d(g1g2) = d(g1)d(g2) (2.33)

From the definition (2.31) we see that the dimension of the adjoint represen-
tation d(g) of G is equal to the dimension of G. It is a real representation in
the sense that the entries of the matrices d(g) are real.

Notice that the conjugation defines a mapping of the Lie algebra G into
itself which respects the commutation relations. Defining � : G ! G

�(T ) ⌘ gTg�1 (2.34)

for a fixed g 2 G and any T 2 G, one has

[�(T ), �(T 0)] = [gTg�1, gT 0g�1]

= g[T, T 0]g�1

= �([T, T 0]) (2.35)

Such mapping is called an automorphism of the Lie algebra.
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Given an element T of a Lie algebra, it maps the Lie into itself
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3. D([T, T 0]) = [D(T ), D(T 0)]

for T, T 0
2 G and a being a c-number. Then we say that the matrices D define

a n-dimensional matrix representation of G.

Notice that given an element T of a Lie algebra G, one can define a trans-
formation in G as

T : G ! G
0 = [T , G ] (2.40)

Using the Jacobi identity one can easily verify that the commutator of the com-
position of two of such transformations reproduces the Lie bracket operation
on G, i.e.

[T , [T 0 , G ] ]� [T 0 , [T , G ] ] = [ [T , T 0 ] , G ] (2.41)

Therefore such transformations define a representation of G on G, which is
called the adjoint representation of G. Obviously, it has the same dimension
as G. Introducing the coeeficients db

a
(T ) as

[T , Ta ] ⌘ Tbd
b

a
(T ) (2.42)

where Ta’s constitute a basis for G, one then gets (2.41)

[T , [T 0 , Ta ] ]� [T 0 , [T , Ta ] ] = Tc d
c

b
(T )db

a
(T 0)� Tc d

c

b
(T 0)db

a
(T )

= [ [T , T 0 ] , Ta ]

= Tc d
c

a
([T , T 0 ]) (2.43)

and so
[ d(T ) , d(T 0) ] = d([T , T 0 ]) (2.44)

Therefore, the matrices defined in (2.42) constitute a matrix representation of
G, which is the adjoint representation G. Using (2.23) and (2.42) one gets that
dc
b
(Ta) is indeed equal to if c

ab
, as obtained in (2.39).

In a given finite dimensional representation D of a Lie algebra we define
the quantity

⌘D(T, T 0) ⌘ Tr (D(T )D(T 0)) (2.45)

which is symmetric and bilinear

1. ⌘D(T, T 0) = ⌘D(T 0, T )

2. ⌘D(T, xT 0 + yT 00) = x⌘D(T, T 0) + y⌘D(T, T 00)

Jacobi identity
<latexit sha1_base64="fYrHuf1gdGzjtm4rqhbzzbCh8Kc="></latexit>

[T , [T 0 , G ] ] + [G , [T , T 0 ] ] + [T 0 , [G , T ] ] = 0
<latexit sha1_base64="MV7nuu/hprX5StBnsLFr2cAe6UU="></latexit>
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Using the Jacobi identity one can easily verify that the commutator of the com-
position of two of such transformations reproduces the Lie bracket operation
on G, i.e.

[T , [T 0 , G ] ]� [T 0 , [T , G ] ] = [ [T , T 0 ] , G ] (2.41)

Therefore such transformations define a representation of G on G, which is
called the adjoint representation of G. Obviously, it has the same dimension
as G. Introducing the coeeficients db

a
(T ) as

[T , Ta ] ⌘ Tbd
b

a
(T ) (2.42)

where Ta’s constitute a basis for G, one then gets (2.41)

[T , [T 0 , Ta ] ]� [T 0 , [T , Ta ] ] = Tc d
c

b
(T )db

a
(T 0)� Tc d

c

b
(T 0)db

a
(T )

= [ [T , T 0 ] , Ta ]

= Tc d
c

a
([T , T 0 ]) (2.43)

and so
[ d(T ) , d(T 0) ] = d([T , T 0 ]) (2.44)

Therefore, the matrices defined in (2.42) constitute a matrix representation of
G, which is the adjoint representation G. Using (2.23) and (2.42) one gets that
dc
b
(Ta) is indeed equal to if c

ab
, as obtained in (2.39).

In a given finite dimensional representation D of a Lie algebra we define
the quantity

⌘D(T, T 0) ⌘ Tr (D(T )D(T 0)) (2.45)

which is symmetric and bilinear

1. ⌘D(T, T 0) = ⌘D(T 0, T )

2. ⌘D(T, xT 0 + yT 00) = x⌘D(T, T 0) + y⌘D(T, T 00)

or
<latexit sha1_base64="Grga+9EsFQWOehQR4BSAP/oRPec="></latexit>

D (T ) | Gi =| [T , G ]i
<latexit sha1_base64="Tplhyo2fSq0ueF1utgNe5ddQTyU="></latexit>

(D (T ) D (T 0)�D (T 0) D (T )) | Gi = D ([T , T 0 ]) | Gi
<latexit sha1_base64="6W6OyWR9WZVJMNZuRnvyyl1o8hE="></latexit>

We have a representation of the Lie algebra
on the vector space of the algebra itself.

<latexit sha1_base64="Ocno1BggZPReCr5spJjh9yEDn9I="></latexit>

The adjoint representation
<latexit sha1_base64="anHdSiZ8PNTVFBY3Xs/uAuAElow="></latexit>
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Definition 2.6 A mapping � of a Lie algebra G into itself is an automorphism
if it preserves the Lie bracket of the algebra, i.e.

[�(T ), �(T 0)] = �([T, T 0]) (2.36)

for any T, T 0
2 G.

The mapping (2.34) in particular, is called an inner automorphism. All other
automorphism which are not conjugations are called outer automorphism.

If g is an element of G infinitesimally close to the identity, its parameters
in (2.26) are very small and we can write

g = 1 + i"aTa (2.37)

with "a infinitesimally small. From (2.31) we have
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c

b
(1 + i"aTa)

= Tc(�
c

b
+ i"adc

b
(Ta))

= Tb + i"a[Ta, Tb]

= Tb � "af c

ab
Tc (2.38)

Since the infinitesimal parameters are arbitrary we get

dc
b
(Ta) = if c

ab
(2.39)

Therefore in the adjoint representation the matrices representing the genera-
tors are given by the structure constants of the algebra. This defines a matrix
representation of the Lie algebra. In fact, whenever one has a matrix repre-
sentation of a Lie group one gets, through the exponential mapping, a matrix
representation of the corresponding Lie algebra.

The concept of representation of a Lie algebra is basically the same as the
one we discussed in section 1.5 for the case of groups. The representation
theory of Lie algebras will be discussed in more details later, but here we give
the formal definition.

Definition 2.7 If one can associate to every element T of a Lie algebra G a
n⇥ n matrix D(t) such that

1. D(T + T 0) = D(T ) +D(T 0)

2. D(aT ) = aD(T )46 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

3. D([T, T 0]) = [D(T ), D(T 0)]

for T, T 0
2 G and a being a c-number. Then we say that the matrices D define

a n-dimensional matrix representation of G.

Notice that given an element T of a Lie algebra G, one can define a trans-
formation in G as

T : G ! G
0 = [T , G ] (2.40)

Using the Jacobi identity one can easily verify that the commutator of the com-
position of two of such transformations reproduces the Lie bracket operation
on G, i.e.

[T , [T 0 , G ] ]� [T 0 , [T , G ] ] = [ [T , T 0 ] , G ] (2.41)

Therefore such transformations define a representation of G on G, which is
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(T )db
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(T 0)db
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(T )

= [ [T , T 0 ] , Ta ]

= Tc d
c
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([T , T 0 ]) (2.43)

and so
[ d(T ) , d(T 0) ] = d([T , T 0 ]) (2.44)

Therefore, the matrices defined in (2.42) constitute a matrix representation of
G, which is the adjoint representation G. Using (2.23) and (2.42) one gets that
dc
b
(Ta) is indeed equal to if c

ab
, as obtained in (2.39).

In a given finite dimensional representation D of a Lie algebra we define
the quantity

⌘D(T, T 0) ⌘ Tr (D(T )D(T 0)) (2.45)

which is symmetric and bilinear

1. ⌘D(T, T 0) = ⌘D(T 0, T )

2. ⌘D(T, xT 0 + yT 00) = x⌘D(T, T 0) + y⌘D(T, T 00)
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Using the Jacobi identity one can easily verify that the commutator of the com-
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and so
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Therefore, the matrices defined in (2.42) constitute a matrix representation of
G, which is the adjoint representation G. Using (2.23) and (2.42) one gets that
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b
(Ta) is indeed equal to if c
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, as obtained in (2.39).

In a given finite dimensional representation D of a Lie algebra we define
the quantity

⌘D(T, T 0) ⌘ Tr (D(T )D(T 0)) (2.45)

which is symmetric and bilinear

1. ⌘D(T, T 0) = ⌘D(T 0, T )
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Adjoint matrix representation: take a basis
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[T , Tb ] = Tc dcb (T )
<latexit sha1_base64="IKXDjUVIX1Vq7gRaVZKHg1Ql+3A="></latexit>

[Ta , Tb ] = i f c
ab Tc

<latexit sha1_base64="GCZtjAWwk9WGe3bRVVFne9bjRro="></latexit>

[Ta , Tb ] = Tc dcb (Ta)
<latexit sha1_base64="yi6dH+Uhkir0EySWJS1yjnJRqfc="></latexit>

dcb (Ta) = i f c
ab

<latexit sha1_base64="bGAxoOEseIGDlArz49O6XAsFKr4="></latexit>
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Definition 2.6 A mapping � of a Lie algebra G into itself is an automorphism
if it preserves the Lie bracket of the algebra, i.e.

[�(T ), �(T 0)] = �([T, T 0]) (2.36)

for any T, T 0
2 G.

The mapping (2.34) in particular, is called an inner automorphism. All other
automorphism which are not conjugations are called outer automorphism.

If g is an element of G infinitesimally close to the identity, its parameters
in (2.26) are very small and we can write

g = 1 + i"aTa (2.37)

with "a infinitesimally small. From (2.31) we have

(1 + i"aTa)Tb(1� i"cTc) = Tcd
c

b
(1 + i"aTa)

= Tc(�
c

b
+ i"adc

b
(Ta))

= Tb + i"a[Ta, Tb]

= Tb � "af c

ab
Tc (2.38)

Since the infinitesimal parameters are arbitrary we get

dc
b
(Ta) = if c

ab
(2.39)

Therefore in the adjoint representation the matrices representing the genera-
tors are given by the structure constants of the algebra. This defines a matrix
representation of the Lie algebra. In fact, whenever one has a matrix repre-
sentation of a Lie group one gets, through the exponential mapping, a matrix
representation of the corresponding Lie algebra.

The concept of representation of a Lie algebra is basically the same as the
one we discussed in section 1.5 for the case of groups. The representation
theory of Lie algebras will be discussed in more details later, but here we give
the formal definition.

Definition 2.7 If one can associate to every element T of a Lie algebra G a
n⇥ n matrix D(t) such that

1. D(T + T 0) = D(T ) +D(T 0)

2. D(aT ) = aD(T )
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Therefore in the adjoint representation the matrices representing the genera-
tors are given by the structure constants of the algebra. This defines a matrix
representation of the Lie algebra. In fact, whenever one has a matrix repre-
sentation of a Lie group one gets, through the exponential mapping, a matrix
representation of the corresponding Lie algebra.

The concept of representation of a Lie algebra is basically the same as the
one we discussed in section 1.5 for the case of groups. The representation
theory of Lie algebras will be discussed in more details later, but here we give
the formal definition.
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The physicist’s way
<latexit sha1_base64="6bVM6Tl0Sg1bjt/A1m+4PDZb9bE="></latexit>

Take g close to the identity
<latexit sha1_base64="RN33VDVe0uziD2vv3fmWvJE2yXw="> </latexit>
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Then using Taylor expansion around � = 0 one gets

f (�) =
1X

n=0

�n

n!
adn

L
T (2.30)

where we have denoted adLT ⌘ [L , T ]. Taking � = 1 one gets (2.27).
The r.h.s. of (2.27) is and element of the algebra, and therefore the conju-

gation gTg�1 defines a transformation on the algebra. In addition if g00 = g0g
we see that the composition of the transformations associated to g0 and g give
the transformation associated to g00. Consequently, according to the concepts
discussed in section 1.5, these transformations define a representation of the
group G on a representation space which is the Lie algebra of G. Such repre-
sentation is called the adjoint representation of the Lie group G . The matrices
d(g) representing the elements g 2 G in this representation are given by

gTag
�1 = Tbd

b

a
(g) (2.31)

One can easily check that the n ⇥ n matrices db
a
(g) , n = dim G, form a

representation of G, since if we take the element g1g2 we get

g1g2Ta(g1g2)
�1 = Tbd

b

a
(g1g2)

= g1(g2Tag
�1
2 )g�1

1

= g1Tcg
�1
1 dc

a
(g2)

= Tbd
b

c
(g1)d

c

a
(g2) (2.32)

Since the generators Ta are linearly independent we have

d(g1g2) = d(g1)d(g2) (2.33)

From the definition (2.31) we see that the dimension of the adjoint represen-
tation d(g) of G is equal to the dimension of G. It is a real representation in
the sense that the entries of the matrices d(g) are real.

Notice that the conjugation defines a mapping of the Lie algebra G into
itself which respects the commutation relations. Defining � : G ! G

�(T ) ⌘ gTg�1 (2.34)

for a fixed g 2 G and any T 2 G, one has

[�(T ), �(T 0)] = [gTg�1, gT 0g�1]

= g[T, T 0]g�1

= �([T, T 0]) (2.35)

Such mapping is called an automorphism of the Lie algebra.

2.4. BASIC NOTIONS ON LIE ALGEBRAS 45

Definition 2.6 A mapping � of a Lie algebra G into itself is an automorphism
if it preserves the Lie bracket of the algebra, i.e.

[�(T ), �(T 0)] = �([T, T 0]) (2.36)

for any T, T 0
2 G.

The mapping (2.34) in particular, is called an inner automorphism. All other
automorphism which are not conjugations are called outer automorphism.

If g is an element of G infinitesimally close to the identity, its parameters
in (2.26) are very small and we can write

g = 1 + i"aTa (2.37)

with "a infinitesimally small. From (2.31) we have

(1 + i"aTa)Tb(1� i"cTc) = Tcd
c

b
(1 + i"aTa)

= Tc(�
c

b
+ i"adc

b
(Ta))

= Tb + i"a[Ta, Tb]

= Tb � "af c

ab
Tc (2.38)

Since the infinitesimal parameters are arbitrary we get

dc
b
(Ta) = if c

ab
(2.39)

Therefore in the adjoint representation the matrices representing the genera-
tors are given by the structure constants of the algebra. This defines a matrix
representation of the Lie algebra. In fact, whenever one has a matrix repre-
sentation of a Lie group one gets, through the exponential mapping, a matrix
representation of the corresponding Lie algebra.

The concept of representation of a Lie algebra is basically the same as the
one we discussed in section 1.5 for the case of groups. The representation
theory of Lie algebras will be discussed in more details later, but here we give
the formal definition.

Definition 2.7 If one can associate to every element T of a Lie algebra G a
n⇥ n matrix D(t) such that

1. D(T + T 0) = D(T ) +D(T 0)

2. D(aT ) = aD(T )



46 CHAPTER 2. LIE GROUPS AND LIE ALGEBRAS

3. D([T, T 0]) = [D(T ), D(T 0)]

for T, T 0
2 G and a being a c-number. Then we say that the matrices D define

a n-dimensional matrix representation of G.

Notice that given an element T of a Lie algebra G, one can define a trans-
formation in G as

T : G ! G
0 = [T , G ] (2.40)

Using the Jacobi identity one can easily verify that the commutator of the com-
position of two of such transformations reproduces the Lie bracket operation
on G, i.e.

[T , [T 0 , G ] ]� [T 0 , [T , G ] ] = [ [T , T 0 ] , G ] (2.41)

Therefore such transformations define a representation of G on G, which is
called the adjoint representation of G. Obviously, it has the same dimension
as G. Introducing the coeeficients db

a
(T ) as

[T , Ta ] ⌘ Tbd
b

a
(T ) (2.42)

where Ta’s constitute a basis for G, one then gets (2.41)

[T , [T 0 , Ta ] ]� [T 0 , [T , Ta ] ] = Tc d
c

b
(T )db

a
(T 0)� Tc d

c

b
(T 0)db

a
(T )

= [ [T , T 0 ] , Ta ]

= Tc d
c

a
([T , T 0 ]) (2.43)

and so
[ d(T ) , d(T 0) ] = d([T , T 0 ]) (2.44)

Therefore, the matrices defined in (2.42) constitute a matrix representation of
G, which is the adjoint representation G. Using (2.23) and (2.42) one gets that
dc
b
(Ta) is indeed equal to if c

ab
, as obtained in (2.39).

In a given finite dimensional representation D of a Lie algebra we define
the quantity

⌘D(T, T 0) ⌘ Tr (D(T )D(T 0)) (2.45)

which is symmetric and bilinear

1. ⌘D(T, T 0) = ⌘D(T 0, T )

2. ⌘D(T, xT 0 + yT 00) = x⌘D(T, T 0) + y⌘D(T, T 00)

Trace forms (bilinear forms)
<latexit sha1_base64="cxJw+AjfTLcSr8oNuXCnEw3x5Q8="></latexit>
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It satisfies
⌘D([T, T 0], T 00) + ⌘D(T, [T 00, T 0] = 0 (2.46)

since using the cyclic property of the trace

Tr([D(T ), D(T 0)]D(T 00)) = Tr(D(T )[D(T 0), D(T 00)]) (2.47)

Eq. (2.46) is an invariance property of ⌘D(T, T 0). Indeed from (2.45) we see
that

⌘D(T, T 0) = ⌘D(gTg�1, gT 0g�1) (2.48)

and taking g to be of the form (2.37) we obtain (2.46) as the first order ap-
proximation in " of (2.48). So ⌘D is a symmetric rank two tensor invariant
under the adjoint representation.

The quantity ⌘D(T, T 0) is called an invariant bilinear trace form for the Lie
algebra G. In the adjoint representation it is called the Killing form. From
(2.39) and (2.45) we have that the Killing form is given by

⌘ab ⌘ ⌘(Ta, Tb) ⌘ Tr(d(Ta)d(Tb)) = �fd

ac
f c

bd
(2.49)

Definition 2.8 A Lie algebra is said to be abelian if all its elements commute
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In this case all the structure constants vanish and consequently the Killing
form is zero. However there might exist some representation D of an abelian
algebra for which the bilinear form (2.45) is not zero.
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ideal) if

[H,G] ⇢ H (2.50)

From (2.27) we see the Lie algebra of an invariant subgroup of a group G is
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The trace form in the adjoint representation is called the Killing form
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Theorem 2.1 (Cartan) A Lie algebra G is semisimple if and only if its
Killing form is non degenerated, i.e.

det | Tr(d(Ta)d(Tb)) | 6= 0. (2.51)

or in other words, there is no T 2 G such that

Tr(d(T )d(T 0)) = 0 (2.52)

for every T 0
2 G.

For the proof see chap. III of [JAC 79] or sec. 6 of appendix E of [COR 84].

Definition 2.11 We say a semisimple Lie algebra is compact if its Killing
form is positive definite.

The Lie algebra of a compact semisimple Lie group is a compact semisimple
Lie algebra. By choosing a suitable basis Ta we can put the Killing form of a
compact semisimple Lie algebra in the form .

⌘ab = �ab (2.53)

Let us define the quantity

fabc ⌘ fd

ab
⌘dc (2.54)

From (2.49) we have

fabc = fd

ab
Tr(d(Td)d(Tc)) = �iT r(d([Ta, Tb]Tc)) (2.55)

Using the cyclic property of the trace one sees that fabc is antisymmetric with
respect to all its three indices. Notice that, in general, fabc is not a structure
constant.

For a compact semisimple Lie algebra we have from (2.53) that f c

ab
= fabc

, and therefore the commutation relations (2.23) can be written as

[Ta, Tb] = ifabcTc (2.56)

Therefore the structure constants of a compact semisimple Lie algebra can be
put in a completely antisymmetric form.
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2.5 su(2) and sl(2): Lie algebra prototypes

As we have seen the group SU(2) is defined as the group of 2 ⇥ 2 complex
unitary matrices with unity determinant. If an element of such group is written
as g = exp iT , then the matrix T has to be hemitian and traceless. Therefore
the basis of the algebra su(2) of this group can be taken to be (half of) the
Pauli matrices (Ti ⌘

1
2�i)

T1 =
1

2

 
0 1
1 0

!

; T2 =
1

2

 
0 �i
i 0

!

; T3 =
1

2

 
1 0
0 �1

!

(2.57)

They satisfy the following commutation relations

[Ti , Tj] = i✏ijkTk (2.58)

The matrices (2.57) define what is called the spinor (2-dimensional) represen-
tation of the algebra su(2).

From (2.39) we obtain the adjoint representation (3-dimensional) of su(2)

dij(Tk) = i✏kji = i✏ikj (2.59)

and so

d(T1) = i

0

B@
0 0 0
0 0 �1
0 1 0

1

CA ; d(T2) = i

0

B@
0 0 1
0 0 0
�1 0 0

1

CA ;

d(T3) = i

0

B@
0 �1 0
1 0 0
0 0 0

1

CA (2.60)

One can easily check that they satisfy (2.58).
As we have seen the group of rotations in three dimensions SO(3) is defined

as the group of 3⇥3 real orthogonal matrices. Its elements close to the identity
can be written as g = exp iT , and therefore the Lie algebra so(3) of this group
is given by 3⇥3 pure imaginary, antisymmetric and traceless matrices. But the
matrices (2.60) constitute a basis for such algebra. Thefore the Lie algebras
su(2) and so(3) are isomorphic, although the Lie groups SU(2) and SO(3) are
just homomorphic (in fact SO(3) ⇠ SU(2)/Z2).

The Killing form of this algebra, according to (2.49), is given by

⌘ij = Tr(d(TiTj)) = 2�ij (2.61)
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So, it is non degenerate. This is in agreement with theorem 2.1, since this
algebra is simple. According to the definition 2.11 this is a compact algebra.

The trace form (2.45) in the spinor representation is given by

⌘s
ij
= Tr(D(TiTj)) =

1

2
�ij (2.62)

So, it is proportional to the Killing form, ⌘s = 1
4⌘. This is a particular example

of a general theorem we will prove later: the trace form in any representation
of a simple Lie algebra is proportional to the Killing form.

Notice that the matrices in these representations discussed above are her-
mitian and therefore the matrices representing the elements of the group are
unitary (g = exp iT ). In fact this is a result which constitute a generalization
of theorem 1.3 to the case of compact Lie groups: any finite dimensional rep-
resentation of a compact Lie group is equivalent to a unitary representation.
Since the generators are hermitian we can always choose one of them to be
diagonal. Traditionally one takes T3 to be diagonal and defines (in the spinor
rep. T3 is already diagonal)

T± = T1 ± iT2 (2.63)

Notice that formally, these are not elements of the algebra su(2) since we have
taken complex linear combination of the generators. These are elements of the
complex algebra denoted by A1.

Using (2.58) one finds

[T3, T±] = ±T±

[T+, T�] = 2T3 (2.64)

Therefore the generators of A1 are written as eigenvectors of T3 . The eigen-
values ±1 are called the roots of su(2). We will show later that all Lie algebras
can be put in a similar form. In any representation one can check that the
operator

C = T 2
1 + T 2

2 + T 2
3 (2.65)

commutes with all generators of su(2). It is called the quadractic Casimir
operator. The basis of the representation space can always be chosen to be
eigenstates of the operators T3 and C simultaneously. These states can be
labelled by the spin j and the weight m

T3 | j,mi = m | j,mi (2.66)
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The operators T± raise and lower the eigenvalue of T3 since using (2.64)

T3T± | j,mi = ([T3, T±] + T±T3) | j,mi

= (m± 1)T± | j,mi (2.67)

We are interested in finite representations and therefore there can only exists
a finite number of eigenvalues m in a given representation. Consequently there
must exist a state which possess the highest eigenvalue of T3 which we denote
j

T+ | j, ji = 0 (2.68)

The other states of the representation are obtained from | j, ji by applying T�
successively on it. Again, since the representation is finite there must exist a
positive integer l such that

(T�)
l+1

| j, ji = 0 (2.69)

Using (2.63) one can write the Casimir operator (2.65) as

C = T 2
3 +

1

2
(T+T� + T�T+) (2.70)

So, using (2.64), (2.66) and (2.68)

C | j, ji =
✓
T 2
3 +

1

2
[T+, T�] + T�T+

◆
| j, ji

= j (j + 1) | j, ji (2.71)

Since C commutes with all generators of the algebra, any state of the repre-
sentation is an eigenstate of C with the same eigenvalue

C | j,mi = j (j + 1) | j,mi (2.72)

where | j,mi = (T�)n | j, ji for m = j � n and n  l. From Schur’s lemma
(see lemma1.1), in a irreducible representation, the Casimir operator has to be
proportional to the unity matrix and so

C = j(j + 1)1l (2.73)

Using (2.70) one can write

T+T� = C � T 2
3 + T3 (2.74)
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Therefore applying T+ on both sides of (2.69)

T+T�(T�)
l
| j, ji = 0

=
⇣
j(j + 1)� (j � l)2 + (j � l)

⌘
| j, ji (2.75)

Since, by assumption the state (T�)l | j, ji does exist, one must have

j(j + 1)� (j � l)2 + (j � l) = (2j � l)(l + 1) = 0 (2.76)

Since l is a positive integer, the only possible solution is l = 2j. Therefore we
conclude that

1. The lowest eigenvalue of T3 is �j

2. The eigenvalues of T3 can only be integers or half integers and in a given
representation they vary from j to �j in integral steps.

The group SL(2), as defined in example 1.16, is the group of 2⇥2 real ma-
trices with unity determinant. If one writes the elements close to the identity
as g = expL (without the i factor), then L is a real traceless 2⇥ 2 matrix. So
the basis of the algebra sl(2) can be taken as

L1 =
1

2

 
0 1
1 0

!

; L2 =
1

2

 
0 1
�1 0

!

; L3 =
1

2

 
1 0
0 �1

!

(2.77)

This defines a 2-dimensional representation of sl(2) which di↵er from the spinor
representation of su(2), given in (2.57), by a factor i in L2. One can check the
they satisfy

[L1, L2] = �L3; [L1, L3] = �L2; [L2, L3] = �L1 (2.78)

From these commutation relations one can obtain the adjoint representation
of sl(2), using (2.39)

d(L1) =

0

B@
0 0 0
0 0 �1
0 �1 0

1

CA ; d(L2) =

0

B@
0 0 �1
0 0 0
1 0 0

1

CA ;

d(L3) =

0

B@
0 1 0
1 0 0
0 0 0

1

CA (2.79)
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According to (2.49), the Killing form of sl(2) is given by

⌘ij = Tr(d(LiLj)) = 2

0

B@
1 0 0
0 �1 0
0 0 1

1

CA (2.80)

sl(2) is a simple algebra and we see that its Killing form is indeed non-
degenerate (see theorem 2.1). From definition 2.11 we conclude sl(2) is a
non-compact Lie algebra.

The trace form (2.45) in the 2-dimensional representation (2.77) of sl(2) is

⌘2�dim

ij
= Tr(LiLj) =

1

2

0

B@
1 0 0
0 �1 0
0 0 1

1

CA (2.81)

Similarly to the case of su(2), this trace form is proportional to the Killing
form, ⌘2�dim = 1

4⌘.
The operators

L± ⌘ L1 ± L2 (2.82)

according to (2.78), satisfy commutation relations identical to (2.64)

[L3, L±] = ±L±; [L+, L�] = 2L3 (2.83)

The quadratic Casimir operator of sl(2) is

C = L2
1 � L2

2 + L2
3 = L2

3 +
1

2
(L+L� + L�L+) (2.84)

The analysis we did for su(2), from eqs. (2.66) to (2.76), applies also to sl(2)
and the conclusions are the same, i.e. , in a finite dimensional representation of
sl(2) with highest eigenvalue j of L3 the lowest eigenvalue is �j. In addition
the eigenvalues of L3 can only be integers or half integers varying from j
to �j in integral steps. The striking di↵erence however, is that the finite
representations of sl(2) (where these results hold) are not unitary. On the
contrary, the finite dimensional representations of su(2) are all equivalent to
unitary representations. Indeed, the exponentiation of the matrices (2.57) and
(2.60) (with the i factor) provide unitary matrices while the exponentiation of
(2.77) and (2.79) do not. All unitary representations of sl(2) are necessarily
infinite dimensional. In fact this is true for any non compact Lie algebra.

The structures discussed in this section for the cases of su(2) and sl(2) are
in fact the basic structures underlying all simple Lie algebras. The rest of this
course will be dedicated to this study.
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2.6 The structure of semisimple Lie algebras

We now start the study of the features which are common to all semisimple
Lie algebras. These features are in fact a generalization of the properties of
the algebra of angular momentum discussed in section 2.5. We will be mainly
interested in compact semisimple algebras although several results also apply
to the case of non-compact Lie algebras.

Theorem 2.2 Given a subalgebra H of a compact semisimple Lie algebra G

we can write

G = H + P (2.85)

where

[H,P ] ⇢ P (2.86)

where P is the orthogonal complement of H in G w.r.t. a trace form in a given
representation, i.e.

Tr(PH) = 0 (2.87)

Proof P does not contain any element of H and contains all elements of G
which are not in H. Using the cyclic property of the trace

Tr(H[H,P ]) = Tr([H,H]P) = Tr(HP) = 0 (2.88)

Therefore

[H,P ] ⇢ P . (2.89)

2

This theorem does not apply to non compact algebras because the trace
form does not provide an Euclidean type metric, i.e. there can exist null vectors
which are orthogonal to themselves. As an example consider sl(2).

Example 2.5 Consider the subalgebra H of sl(2) generated by (L1 +L2) (see
section 2.5). Its complement P is generated by (L1 � L2) and L3. However
this is not an orthogonal complement since, using (2.80)

Tr((L1 + L2)(L1 � L2)) = 4 (2.90)

In addition (L1 ± L2) are null vectors, since

Tr(L1 + L2)
2 = Tr(L1 � L2)

2 = 0 (2.91)
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Using (2.78) one can check (2.86) is not satisfied. Indeed

[L1 + L2, L1 � L2] = 2L3

[L1 + L2, L3] = �(L1 + L2) (2.92)

So

[H,P ] ⇢ H + P (2.93)

Notice P is a subalgebra too

[L3, L1 � L2] = �(L1 � L2) (2.94)

Theorem 2.3 A compact semisimple Lie algebra is a direct sum of simple
algebras that commute among themselves.

Proof If G is not simple then it has an invariant subalgebra H such that

[H,G] ⇢ H (2.95)

But from theorem 2.2 we have that

[H,P ] ⇢ P (2.96)

and therefore, since P \H = 0, we must have

[H,P ] = 0 (2.97)

But P , in this case, is a subalgebra since

Tr([P ,P ]H) = Tr(P [P ,H]) = 0 (2.98)

and from theorem 2.2 again

[P ,P ] ⇢ P (2.99)

If P and H are not simple we repeat the process. 2

Theorem 2.4 For a simple Lie algebra the invariant bilinear trace form de-
fined in eq. (2.45) is the same in all representations up to an overall constant.
Consequentely they are all proportional to the Killing form.
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Proof Using the definition (2.31) of the adjoint representation and the invari-
ance property (2.48) of ⌘D(T, T 0) we have

⌘D(Ta, Tb) = Tr(D(gTag
�1gTbg

�1))

= Tr(D(Tcd
c

a
(g)Tdd

d

b
(g)))

= (d>) c
a
(g)⌘D(Tc, Td)d

d

b
(g)

= (d>⌘Dd)ab (2.100)

Therefore ⌘D is an invariant tensor under the adjoint representation. This is
true for any representation D, in particular the adjoint itself. So, the Killing
form defined in (2.49) also satisfies (2.100). From theorem 2.1 we have that
for a semisimple Lie algebra, det⌘ 6= 0 and therefore ⌘ has an inverse. Then
multiplying both sides of (2.100) by ⌘�1 and using the fact that ⌘�1 = (d>⌘d)�1

we get
⌘�1⌘D = (d>⌘d)�1(d>⌘Dd) = d�1⌘�1⌘Dd (2.101)

and so
d(g)⌘�1⌘D = ⌘�1⌘Dd(g) (2.102)

For a simple Lie algebra the adjoint representation is irreducible. Therefore
using Schur’s lemma (see lemma 1.1) we get

⌘�1⌘D = �1l ! ⌘D = �⌘ (2.103)

So, the theorem is proven. 2
The constant � is representation dependent and is called the Dynkin index

of the representation D.
We will now show that it is possible to find a set of commuting generators

such that all other generators are written as eigenstates of them (under the
commutator). These commuting generators are the generalization of T3 in
su(2) and they generate what is called the Cartan subalgebra.

Definition 2.12 For a semisimple Lie algebra G, the Cartan subalgebra is
the maximal set of commuting elements of G which can be diagonalized simul-
taneously.

The formal definition of the Cartan subalgebra of a Lie algebra (semisimple or
not) is a little bit more sophisticated and involves two concepts which we now
discuss. The normalizer of a subalgebra K of G is defined by the set

N(K) ⌘ {x 2 G | [x,K] ⇢ K} (2.104)
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discuss. The normalizer of a subalgebra K of G is defined by the set
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Using the Jacobi identity we have

[[x, x0],K] ⇢ K (2.105)

with x, x0
2 N(K). Therefore the normalizer N(K) is a subalgebra of G and K

is an invariant subalgebra of N(K). So we can say that the normalizer of K in
G is the largest subalgebra of G which contains K as an invariant subalgebra.

Consider the sequence of subspaces of G

G0 = G; G1 = [G,G]; G2 = [G,G1]; ... Gi = [G,Gi�1] (2.106)

We have that G0 � G1 � G2 � ... � Gi and each Gi is a invariant subalgebra
of G. We say G is a nilpotent algebra if Gn = 0 for some n. Nilpotent algebras
are not semisimple.

Similarly we can define the derived series

G(0) = G; G(1) = [G,G]; G(2) = [G(1),G(1)]; ... G(i) = [G(i�1),G(i�1)] (2.107)

If G(n) = 0 for some n then we say G is a solvable algebra . All nilpotent
algebras are solvable, but the converse is not true.

Definition 2.13 A Cartan subalgebra of a Lie algebra G is a nilpotent subal-
gebra which is equal to its normalizer in G.

Lemma 2.1 If G is semisimple then a Cartan subalgebra of G is a maximal
abelian subalgebra of G such that its generators can be diagonalized simultane-
ously.

Definition 2.14 The dimension of the Cartan subalgebra of G is the rank of
G.

Notice that if H1 , H2 ... Hr are the generators of the Cartan subalgebra then
g�1H1g , g�1H2g ... g�1Hrg (g 2 G) generates an abelian subalgebra of G
with the same dimension as that one generated by Hi, i = 1, 2, ...r. This is
also a Cartan subalgebra. Therefore there are an infinite number of Cartan
subalgebras in G and they are all related by conjugation by elements of the
group G which algebra is G.

By choosing suitable linear combinations one can make the basis of the
Cartan subalgebra to be orthonormal with respect to the Killing form of G,
i.e.1

Tr(HiHj) = �ij (2.108)

1
As we have shown, up to an overall constant, the trace form of a simple Lie algebra

is the same in all representations. We will simplify the notation from now on, and write

Tr(TT
0
) instead of ⌘

D
(T, T

0
). We shall specify the representation where the trace is being

evaluated only when that is relevant.
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with i, j = 1, 2, ... rank G. From the definition of Cartan subalgebra we see
that these generators can be diagonalized simultaneously.

We now want to construct the generalization of the operators T± = T1+iT2

of su(2), discussed in section 2.5, for the case of any compact semisimple Lie
algebra. They are called step operators and their number is dim G - rank G.
According to theorem 2.2 they constitute the orthogonal complement of the
Cartan subalgebra and therefore

Tr(HiTm) = 0 (2.109)

with i = 1, 2... rank G, m = 1, 2... (dim G - rank G). In addition, since a
compact semisimple Lie algebra is an Euclidean space we can make the basis
Tm orthonormal, i.e.

Tr(TmTn) = �mn (2.110)

Again from theorem 2.2 we have that the commutator of an element of the
Cartan subalgebra with Tm is an element of the subspace generated by the basis
Tm . Then, since the algebra is compact we can put its structure constants in
a completely antisymmetric form, and write

[Hi, Tm] = ifimnTn (2.111)

or
[Hi, Tm] = (hi)mnTn (2.112)

where we have defined the matrices

(hi)mn = ifimn (2.113)

of dimension (dim G - rank G) and which are hermitian

(hi)
†
mn

= (hi)
⇤
nm

= �ifinm = ifimn = (hi)mn (2.114)

Therefore we can find a unitary transformation that diagonalizes the matrices
hi without a↵ecting the Cartan subalgebra generators Hi .

Tm ! UmnTn

(hi)mn ! (UhiU
†)mn (2.115)

with U † = U�1. We shall denote by E↵ the new basis of the subspace orthog-
onal to the Cartan subalgebra. The indices stand for the eigenvalues of the
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matrix hi (or of the generators Hi ). The commutation relations (2.112) can
now be written as

[Hi, E↵] = ↵iE↵ (2.116)

The eigenvalues ↵i are the components of a vector of dimension rank G and
they are called the roots of the algebra G . The generators E↵ are called step
operators and they are complex linear combinations of the hermitian generators
Tm. Notice that the roots ↵ are real since they are the eigenvalues of the
hermitian matrices hi.

From (2.113) we see that the matrices hi are antisymmetric, and their o↵
diagonal elements are purely imaginary. So

h†
i
= hi; h⇤

i
= �hi (2.117)

Therefore if v is an eigenstate of the matrix hi then since the eigenvalue ↵i is
real we have

hiv = ↵iv (2.118)

and then
h⇤
i
v⇤ = �hiv

⇤ = ↵iv
⇤ (2.119)

Consenquently if ↵ is a root its negative (�↵ ) is also a root. Thus the roots
always occur in pairs.

We have shown that we can decompose a compact semisimple algebra L as

G = H +
X

↵

G↵ (2.120)

where H is generated by the commuting generators Hi and constitute the
Cartan subalgebra of G. The subspace G↵ is generated by the step operators
E↵. This is called the root space decomposition of G.In addition one can show
that for a semisimple Lie algebra

dim G↵ = 1; for any root ↵ (2.121)

and consequently the roots are not degenerated. So, there are not two step op-
erators E↵ and E 0

↵
corresponding to the same root ↵. Therefore for a semisim-

ple Lie algebra one has

dim G - rank G =
P

↵ dim G↵ = number of roots = even number

Using the Jacobi identity and the commutation relations (2.116) we have that
if ↵ and � are roots then

[Hi, [E↵, E�]] = �[E↵, [E�, Hi]]� [E�, [Hi, E↵]]

= (↵i + �i) [E↵, E�] (2.122)
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Since the algebra is closed under the commutator we have that [E↵, E�] must
be an element of the algebra. We have then three possibilities

1. ↵ + � is a root of the algebra and then [E↵, E�] ⇠ E↵+�

2. ↵ + � is not a root and then [E↵, E�] = 0

3. ↵ + � = 0 and consequently [E↵, E�] must be an element of the Cartan
subalgebra since it commutes with all Hi .

Since in a semisimple Lie algebra the roots are not degenerated (see (2.121)),
we conclude from (2.122) that 2↵ is never a root.

We then see that the knowlegde of the roots of the algebra provides all
the information about the commutation relations and consequently about the
structure of the algebra. From what we have learned so far, we can write the
commutation relations of a semisimple Lie algebra G as

[Hi, Hj] = 0 (2.123)

[Hi, E↵] = ↵iE↵ (2.124)

[E↵, E�] =

8
><

>:

N↵�E↵+� if ↵ + � is a root
H↵ if ↵ + � = 0
0 otherwise

(2.125)

where H↵ ⌘ 2↵.H/↵2, i, j = 1, 2, ... rank G (see discussion leading to (2.129)
and (2.130)). The structure constants N↵� will be determined later. The basis
{Hi, E↵} is called the Weyl-Cartan basis of a semisimple Lie algebra.

Using the cyclic property of the trace (2.47) (or equivalently, the invariance
property (2.46)) we get that, in a given representation

Tr([Hi, E↵]E�) = Tr(E↵[E�, Hi]) (2.126)

and so
(↵i + �i)Tr(E↵E�) = 0 (2.127)

The step operators are orthogonal unless they have equal and opposite roots.
In particular E↵ is orthogonal to itself. If it was orthogonal to all others, the
Killing form would have vanishing determinant and the algebra would not be
semisimple. Therefore for semisimple algebras if ↵ is a root then �↵ must also
be a root, and Tr(E↵E�↵) 6= 0. The value of Tr(E↵E�↵) is connected to the
structure constant of the second relation in (2.125). We know that [E↵, E�↵]
must be an element of the Cartan subalgebra. Therefore we write

[E↵, E�↵] = xiHi (2.128)




