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The proof involves the concept of cosets and it is given in section 1.4. A
finite group of prime order is necessarily a cyclic group and can be generated
from any of its elements other than the identity element.

We say an element g of a group G is conjugate to an element g0 2 G if there
exists ḡ 2 G such that

g = ḡg0ḡ�1 (1.12)

This concept of conjugate elements establishes an equivalence relation on the
group. Indeed, g is conjugate to itself (just take ḡ = e), and if g is conjugate to
g0, so is g0 conjugate to g (since g0 = ḡ�1gḡ). In addition, if g is conjugate to g0

and g0 to g00, i.e. g0 = g̃g00g̃�1, then g is conjugate to g00, since g = ḡg̃g00g̃�1ḡ�1.
One can use such equivalence relation to divide the group G into classes.

Definition 1.6 The set of elements of a group G which are conjugate to each
other constitute a conjugacy class of G.

Obviously di↵erent conjugacy classes have no common elements. The indentity
element e constitute a conjugacy class by itself in any group. Indeed, if g0 is
conjugate to the identity e, e = gg0g�1, then g0 = e.

Given a subgroup H of a group G we can form the set of elements g�1Hg
where g is any fixed element of G andH stands for any element of the subgroup
H. This set is also a subgroup of G and is said to be a conjugate subgroup of
H in G. In fact the conjugate subgroups of H are all isomorphic to H, since if
h1, h2 2 H and h1h2 = h3 we have that h0

1 = g�1h1g and h0
2 = g�1h2g satisfy

h0
1h

0
2 = g�1h1gg

�1h2g = g�1h1h2g = g�1h3g = h0
3 (1.13)

Notice that the images of two di↵erent elements of H, under conjugation by
g 2 G, can not be the same. Because if they were the same we would have

g�1h1g = g�1h2g ! g(g�1h1g)g
�1 = h2 ! h1 = h2 (1.14)

and that is a contradiction.
By choosing various elements g 2 G we can form di↵erent conjugate subgroups
of H in G. However it may happen that for all g 2 G we have

g�1Hg = H (1.15)

This means that all conjugate subgroups of H in G are not only isomorphic
to H but are identical to H. In this case we say that the subgroup H is an
invariant subgroup of G. This implies that, given an element h1 2 H we can
find, for any element g 2 G, an element h2 2 H such that

g�1h1g = h2 ! h1g = gh2 (1.16)
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and g0 to g00, i.e. g0 = g̃g00g̃�1, then g is conjugate to g00, since g = ḡg̃g00g̃�1ḡ�1.
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We can write this as
gH = Hg (1.17)

and say that the invariant subgroup H, taken as an entity, commutes with all
elements of G. The identity element and the group G itself are trivial examples
of invariant subgroups of G. Any subgroup of an abelian group is an invariant
subgroup.

Definition 1.7 We say a group G is simple if its only invariant subgroups
are the identity element and the group G itself. In other words, G is simple if
it has no invariant proper subgroups. We say G is semisimple if none of its
invariant subgroups is abelian.

Example 1.16 Consider the group of the non-singular real n ⇥ n matrices,
which is generally denoted by GL(n). The matrices of this group with unit de-
terminant form a subgroup since if detM = detN = 1 we have det(M.N) = 1
and detM�1 = detM = 1. This subgroup of GL(n) is denoted by SL(n). If
g 2 GL(n) and M 2 SL(n) we have that g�1Mg 2 SL(n) since det(g�1Mg) =
detM = 1 . Therefore SL(n) is an invariant subgroup of GL(n) and con-
sequently the latter is not simple. Consider now the matrices of the form
R ⌘ x 1ln⇥n, with x being a non-zero real number, and 1ln⇥n being the n ⇥ n
identity matrix. Notice, that such set of matrices constitute a subgroup of
GL(n), since the identity belongs to it, the product of any two of them belongs
to the set, and the inverse of R ⌘ x 1ln⇥n is R�1

⌘ (1/x) 1ln⇥n, which is also an
element of the set. In addition, such subgroup is invariant since any matrix R
commutes with any element of GL(n) and so it is invariant under conjugation.
Since that subgroup is abelian, it follows that GL(n) is not semisimple.

Definition 1.8 Given an element g of a group G we can form the set of all
elements of G which commute with g, i.e., all x 2 G such that xg = gx. This
set is called the centralizer of g and it is a subgroup of G.

In order to see it is a subgroup of G, take two elements x1 and x2 of the
centralizer of g, i.e., x1g = gx1 and x2g = gx2. Then it follows that (x1x2)g =
x1(x2g) = x1(gx2) = g(x1x2). Therefore x1x2 is also in the centralizer. On the
other hand, we have that

x�1
1 (x1g)x

�1
1 = x�1

1 (gx1)x
�1
1 ! gx�1

1 = x�1
1 g. (1.18)

So the inverse of an element of the centralizer is also in the centralizer. There-
fore the centralizer of an element g 2 G is a subgroup of G. Notice that
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although all elements of the centralizer commute with a given element g they
do not have to commute among themselves and therefore it is not necessarily
an abelian subgroup of G.

Definition 1.9 The center of a group G is the set of all elements of G which
commute with all elements of G.

We could say that the center of G is the intersection of the centralizers of all
elements of G. The center of a group G is a subgroup of G and it is abelian ,
since by definition its elements have to commute with one another. In addition,
it is an (abelian) invariant subgroup.

Example 1.17 The set of all unitary n ⇥ n matrices form a group, called
U(n), under matrix multiplicaton. That is because if U1 and U2 are unitary
(U †

1 = U�1
1 and U †

2 = U�1
2 ) then U3 ⌘ U1U2 is also unitary. In addition the

inverse of U is just U † and the identity is the unity n⇥n matrix. The unitary
matrices with unity determinant constitute a subgroup, because the product of
two of them, as well as their inverses, have unity determinant. That subgroup
is denoted SU(n). It is an invariant subgroup of U(n) because the conjugation
of a matrix of unity determinant by any unitary matrix gives a matrix of unity
determinat, i.e. det

⇣
UMU †

⌘
= detM = 1, with U 2 U(n) and M 2 SU(n).

Therefore, U(n) is not simple. However, it is not semisimple either, because it
has an abelian subgroup constituted by the matrices R ⌘ ei✓ 1ln⇥n, with ✓ being
real. Indeed, the multiplication of any two R’s is again in the set of matrices
R, the inverse of R is R�1 = e�i✓ 1ln⇥n , and so a matrix in the set. Notice
the subgroup constituted by the matrices R is isomorphic to U(1), the group of
1⇥1 unitary matrices, i.e. phases ei✓. Since, the matrices R commute with any
unitary matrix, it follows they are invariant under conjugation by elements of
U(n). Therefore, the subgroup U(1) is an abelian invariant subgroup of U(n),
and so U(n) is not semisimple. The subgroup U(1) is in fact the center of
U(n), i.e. the set of matrices commuting with all unitary matrices. Notice, that
such U(1) is not a subgroup of SU(n), since their elements do not have unity
deteminant. However, the discrete subset of matrices e2⇡im/n1ln⇥n with m =
0, 1, 2...(n � 1) have unity determinant and belong to SU(n). They certainly
commute with all n ⇥ n matrices, and constitute the center of SU(n). Those
matrices form an abelian invariant subgroup of SU(n), which is isomorphic to
Zn. Therefore, SU(n) is not semisimple.
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We can write this as
gH = Hg (1.17)

and say that the invariant subgroup H, taken as an entity, commutes with all
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terminant form a subgroup since if detM = detN = 1 we have det(M.N) = 1
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g 2 GL(n) and M 2 SL(n) we have that g�1Mg 2 SL(n) since det(g�1Mg) =
detM = 1 . Therefore SL(n) is an invariant subgroup of GL(n) and con-
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R ⌘ x 1ln⇥n, with x being a non-zero real number, and 1ln⇥n being the n ⇥ n
identity matrix. Notice, that such set of matrices constitute a subgroup of
GL(n), since the identity belongs to it, the product of any two of them belongs
to the set, and the inverse of R ⌘ x 1ln⇥n is R�1

⌘ (1/x) 1ln⇥n, which is also an
element of the set. In addition, such subgroup is invariant since any matrix R
commutes with any element of GL(n) and so it is invariant under conjugation.
Since that subgroup is abelian, it follows that GL(n) is not semisimple.

Definition 1.8 Given an element g of a group G we can form the set of all
elements of G which commute with g, i.e., all x 2 G such that xg = gx. This
set is called the centralizer of g and it is a subgroup of G.

In order to see it is a subgroup of G, take two elements x1 and x2 of the
centralizer of g, i.e., x1g = gx1 and x2g = gx2. Then it follows that (x1x2)g =
x1(x2g) = x1(gx2) = g(x1x2). Therefore x1x2 is also in the centralizer. On the
other hand, we have that

x�1
1 (x1g)x

�1
1 = x�1

1 (gx1)x
�1
1 ! gx�1

1 = x�1
1 g. (1.18)

So the inverse of an element of the centralizer is also in the centralizer. There-
fore the centralizer of an element g 2 G is a subgroup of G. Notice that
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• Example: U(N) and SU(N)
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• Direct products
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1.3 Direct Products

We say a group G is the direct product of its subgroups H1, H2...Hn , denoted
by G = H1 ⌦H2 ⌦H3...⌦Hn , if

1. the elements of di↵erent subgroups commute

2. Every element g 2 G can be expressed in one and only one way as

g = h1h2...hn (1.19)

where hi is an element of the subgroup Hi , i = 1, 2, ..., n .

From these requirements it follows that the subgroupsHi have only the identity
e in common. Because if f 6= e is a common element toH2 andH5 say, then the
element g = h1fh3h4f�1h6...hn could be also written as g = h1f�1h3h4fh6...hn

. Every subgroup Hi is an invariant subgroup of G, because if h0
i
2 Hi then

g�1h0
i
g = (h1h2...hn)

�1h0
i
(h1h2...hn) = h�1

i
h0
i
hi 2 Hi (1.20)

Example 1.18 Consider the cyclic group Z6 with elements e, a, a2, a3, a4

and a5 (and a6 = e ). It can be written as the direct product of its subgroups
H1 = {e, a2, a4} and and H2 = {e, a3} since

e = ee, a = a4a3, a2 = a2e, a3 = ea3, a4 = a4e, a5 = a2a3 (1.21)

Therefore we write Z6 = H1 ⌦H2 (or Z6 = Z3 ⌦ Z2 ).

Given two groups G and G0 we can construct another group by taking the
direct product of G and G0 as follows: the elements of G00 = G⌦G0 are formed
by the pairs (g, g0) where g 2 G and g0 2 G0. The composition law for G00 is
defined by

(g1, g
0
1)(g2, g

0
2) = (g1g2, g

0
1g

0
2) (1.22)

where g1g2, (g01g
0
2) is the product of g1 by g2, (g01 by g02) according to the

composition law of G (G0). If e and e0 are respectively the identity elements of
G and G0, then the sets G⌦1 = {(g, e0) | g 2 G} and 1⌦G0 = {(e, g0) | g0 2 G0

}

are subgroups of G00 = G ⌦ G0 and are isomorphic respectively to G and G0.
Obviously G⌦ 1 and 1⌦G0 are invariant subgroups of G00 = G⌦G0 .
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• Another way
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1.4 Cosets

Given a group G and a subgroup H of G we can divide the group G into
disjoint sets such that any two elements of a given set di↵er by an element of
H multiplied from the right. That is, we construct the sets

gH ⌘ { all elements gh of G such that h is any element of H and g is a fixed
element of G}

If g = e the set eH is the subgroup H itself. All elements in a set gH are dif-
ferent, because if gh1 = gh2 then h1 = h2 . Therefore the numbers of elements
of a given set gH is the same as the number of elements of the subgroup H.
Also an element of a set gH is not contained by any other set g0H with g0 6= g
. Because if gh1 = g0h2 then g = g0h2h

�1
1 and therefore g would be contained

in g0H and consequently gH ⌘ g0H1. Thus we have split the group G into
disjoint sets, each with the same number of elements, and a given element
g 2 G belongs to one and only one of these sets.

Proof of Lagrange’s theorem(section 1.2).
From the considerations above we see that for a finite group G of order m with
a proper subgroup H of order n, we can write

m = kn (1.23)

where k is the number of disjoint sets gH.2
The set of elements gH are called left cosets of H in G. They are certainly

not subgroups of G since they do not contain the identity element, except for
the set eH = H.

Analogously we could have split G into sets Hg which are formed by ele-
ments of G which di↵er by an element of H multiplied from the left. The same
results would be true for these sets. They are called right cosets of H in G.

The set of left cosets ofH in G is denoted by G/H and is called the left coset
space. An element of G/H is a set of elements of G, namely gH. Analogously
the set of right cosets of H in G is denoted by H \G and it is called the right
coset space.

If the subgroup H of G is an invariant subgroup then the left and right
cosets are the same since g�1Hg = H implies gH = Hg . In addition, the
coset space G/H, for the case in which H is invariant, has the structure of a

1
Notice that two sets gH and g

0
H may coincide for g

0
6= g. However, in that case g and

g
0
di↵er by an element of H, i.e. g

0
= gh.

eH
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1.4 Cosets

Given a group G and a subgroup H of G we can divide the group G into
disjoint sets such that any two elements of a given set di↵er by an element of
H multiplied from the right. That is, we construct the sets

gH ⌘ { all elements gh of G such that h is any element of H and g is a fixed
element of G}

If g = e the set eH is the subgroup H itself. All elements in a set gH are dif-
ferent, because if gh1 = gh2 then h1 = h2 . Therefore the numbers of elements
of a given set gH is the same as the number of elements of the subgroup H.
Also an element of a set gH is not contained by any other set g0H with g0 6= g
. Because if gh1 = g0h2 then g = g0h2h

�1
1 and therefore g would be contained

in g0H and consequently gH ⌘ g0H1. Thus we have split the group G into
disjoint sets, each with the same number of elements, and a given element
g 2 G belongs to one and only one of these sets.

Proof of Lagrange’s theorem(section 1.2).
From the considerations above we see that for a finite group G of order m with
a proper subgroup H of order n, we can write

m = kn (1.23)

where k is the number of disjoint sets gH.2
The set of elements gH are called left cosets of H in G. They are certainly

not subgroups of G since they do not contain the identity element, except for
the set eH = H.

Analogously we could have split G into sets Hg which are formed by ele-
ments of G which di↵er by an element of H multiplied from the left. The same
results would be true for these sets. They are called right cosets of H in G.

The set of left cosets ofH in G is denoted by G/H and is called the left coset
space. An element of G/H is a set of elements of G, namely gH. Analogously
the set of right cosets of H in G is denoted by H \G and it is called the right
coset space.

If the subgroup H of G is an invariant subgroup then the left and right
cosets are the same since g�1Hg = H implies gH = Hg . In addition, the
coset space G/H, for the case in which H is invariant, has the structure of a

1
Notice that two sets gH and g

0
H may coincide for g

0
6= g. However, in that case g and

g
0
di↵er by an element of H, i.e. g

0
= gh.

• Lagrange’s Theorem
<latexit sha1_base64="KaRCz1qckbx7jZtz4bsn4uKPABE=">AAACBXicdVA9SwNBEN3zM8avqKUWi4loFW4jmqQL2lhYRMgXJCHsbSbJkr29Y3dPCCGNjX/FxkIRW/+Dnf/GvSSCij4YeLw3w8w8LxRcG9f9cBYWl5ZXVhNryfWNza3t1M5uTQeRYlBlgQhUw6MaBJdQNdwIaIQKqO8JqHvDy9iv34LSPJAVMwqh7dO+5D3OqLFSJ3WQaXmREGAy+Jr2FZV9ONa4MoBAgd9Jpd2s67qEEBwTkj93LSkWCzlSwCS2LNJojnIn9d7qBizyQRomqNZN4oamPabKcCZgkmxFGkLKhrQPTUsl9UG3x9MvJvjIKl3cC5QtafBU/T4xpr7WI9+znT41A/3bi8W/vGZkeoX2mMswMiDZbFEvEtgEOI4Ed7kCZsTIEsoUt7diNqCKMmODS9oQvj7F/5NaLktOs2c3uXTpYh5HAu2jQ3SCCMqjErpCZVRFDN2hB/SEnp1759F5cV5nrQvOfGYP/YDz9gmDYpf5</latexit>

1.4. COSETS 19

1.4 Cosets

Given a group G and a subgroup H of G we can divide the group G into
disjoint sets such that any two elements of a given set di↵er by an element of
H multiplied from the right. That is, we construct the sets

gH ⌘ { all elements gh of G such that h is any element of H and g is a fixed
element of G}

If g = e the set eH is the subgroup H itself. All elements in a set gH are dif-
ferent, because if gh1 = gh2 then h1 = h2 . Therefore the numbers of elements
of a given set gH is the same as the number of elements of the subgroup H.
Also an element of a set gH is not contained by any other set g0H with g0 6= g
. Because if gh1 = g0h2 then g = g0h2h

�1
1 and therefore g would be contained

in g0H and consequently gH ⌘ g0H1. Thus we have split the group G into
disjoint sets, each with the same number of elements, and a given element
g 2 G belongs to one and only one of these sets.

Proof of Lagrange’s theorem(section 1.2).
From the considerations above we see that for a finite group G of order m with
a proper subgroup H of order n, we can write

m = kn (1.23)

where k is the number of disjoint sets gH.2
The set of elements gH are called left cosets of H in G. They are certainly

not subgroups of G since they do not contain the identity element, except for
the set eH = H.

Analogously we could have split G into sets Hg which are formed by ele-
ments of G which di↵er by an element of H multiplied from the left. The same
results would be true for these sets. They are called right cosets of H in G.

The set of left cosets ofH in G is denoted by G/H and is called the left coset
space. An element of G/H is a set of elements of G, namely gH. Analogously
the set of right cosets of H in G is denoted by H \G and it is called the right
coset space.

If the subgroup H of G is an invariant subgroup then the left and right
cosets are the same since g�1Hg = H implies gH = Hg . In addition, the
coset space G/H, for the case in which H is invariant, has the structure of a

1
Notice that two sets gH and g

0
H may coincide for g

0
6= g. However, in that case g and

g
0
di↵er by an element of H, i.e. g

0
= gh.



• Quocient or Factor Group
<latexit sha1_base64="6NFF6bEp1pPI4x0AM/gyg3SjNlA=">AAACC3icdVDLTgIxFO3gC/E16tJNA5i4IlOMAjuiibqERMAECOmUDjR0ppM+TAhh78ZfceNCY9z6A+78GzuAiRo9m56cc2/vvcePOVPa8z6c1NLyyupaej2zsbm1vePu7jWVMJLQBhFcyBsfK8pZRBuaaU5vYklx6HPa8kfnid+6pVIxEV3rcUy7IR5ELGAEayv13Gy+4xvOqc7DuhGE0UhDIeEFJto+l1KYuOfmvILneQghmB BUOvUsqVTKRVSGKLEscmCBWs997/QFMaH9i3CsVBt5se5OsNSMcDrNdIyiMSYjPKBtSyMcUtWdzG6ZwkOr9GFghwfC7jJTv3dMcKjUOPRtZYj1UP32EvEvr210UO5OWBQbTSMyHxQYDrWASTCwzyQlmo8twUQyuyskQyxtEDa+jA3h61L4P2kWC+i4cFIv5qpnizjS4ABkwRFAoASq4ArUQAMQcAcewBN4du6dR+fFeZ2XppxFzz74AeftExgHmns=</latexit>

1.4. COSETS 19

1.4 Cosets

Given a group G and a subgroup H of G we can divide the group G into
disjoint sets such that any two elements of a given set di↵er by an element of
H multiplied from the right. That is, we construct the sets

gH ⌘ { all elements gh of G such that h is any element of H and g is a fixed
element of G}

If g = e the set eH is the subgroup H itself. All elements in a set gH are dif-
ferent, because if gh1 = gh2 then h1 = h2 . Therefore the numbers of elements
of a given set gH is the same as the number of elements of the subgroup H.
Also an element of a set gH is not contained by any other set g0H with g0 6= g
. Because if gh1 = g0h2 then g = g0h2h

�1
1 and therefore g would be contained

in g0H and consequently gH ⌘ g0H1. Thus we have split the group G into
disjoint sets, each with the same number of elements, and a given element
g 2 G belongs to one and only one of these sets.

Proof of Lagrange’s theorem(section 1.2).
From the considerations above we see that for a finite group G of order m with
a proper subgroup H of order n, we can write

m = kn (1.23)

where k is the number of disjoint sets gH.2
The set of elements gH are called left cosets of H in G. They are certainly

not subgroups of G since they do not contain the identity element, except for
the set eH = H.

Analogously we could have split G into sets Hg which are formed by ele-
ments of G which di↵er by an element of H multiplied from the left. The same
results would be true for these sets. They are called right cosets of H in G.

The set of left cosets ofH in G is denoted by G/H and is called the left coset
space. An element of G/H is a set of elements of G, namely gH. Analogously
the set of right cosets of H in G is denoted by H \G and it is called the right
coset space.

If the subgroup H of G is an invariant subgroup then the left and right
cosets are the same since g�1Hg = H implies gH = Hg . In addition, the
coset space G/H, for the case in which H is invariant, has the structure of a

1
Notice that two sets gH and g

0
H may coincide for g

0
6= g. However, in that case g and

g
0
di↵er by an element of H, i.e. g

0
= gh.

20 CHAPTER 1. ELEMENTS OF GROUP THEORY

group and it is called the factor group or the quocient group. In order to show
this we consider the product of two elements of two di↵erent cosets. We get

gh1g
0h2 = gg0g0�1h1g

0h2 = gg0h3h2 (1.24)

where we have used the fact that H is invariant, and therefore there exists
h3 2 H such that g0�1h1g0 = h3 . Thus we have obtained an element of a
third coset, namely gg0H. If we had taken any other elements of the cosets
gH and g0H, their product would produce an element of the same coset gg0H.
Consequently we can introduce, in a well defined way, the product of elements
of the coset space G/H, namely

gHg0H ⌘ gg0H (1.25)

The invariant subgroup H plays the role of the identity element since

(gH)H = H(gH) = gH (1.26)

The inverse element is g�1H since

g�1HgH = g�1gH = H = gHg�1H (1.27)

The associativity is guaranteed by the associativity of the composition law of
the group G. Therefore the coset space G/H ⌘ H \ G is a group in the case
where H is an invariant subgroup. Notice that such group is not necessarily a
subgroup of G or H.

Example 1.19 The real numbers without the zero, R�0 , form a group under
multiplication. The positive real numbers, R+, close under multiplication and
the inverse of a positive real number x is also positive (1/x) . Therefore R+

is a subgroup of R � 0 . In addition we have that the conjugation of a real x
by another real y is equal to x , (y�1xy = x) . Therefore R+ is an invariant
subgroup of R � 0 . The coset space (R � 0)/R+ has two elements, namely
R+ and R� (the negative real numbers). This coset space is a group and it
is isomorphic to the cyclic group of order 2, Z2 (see example 1.10), since its
elements satisfy R+.R+

⇢ R+ , R+.R�
⇢ R�, R�.R�

⇢ R+.

Example 1.20 Any subgroup of an abelian group is an invariant subgroup.

Example 1.21 Consider the cyclic group Z6 with elements e, a, a2, ... a5

and a6 = e and the subgroup Z2 with elements e and a3. Then the cosets are
given by

c0 = {e, a3} , c1 = {a, a4} , c2 = {a2, a5} (1.28)



• Examples
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Since Z2 is an invariant subgroup of Z6 the coset space Z6/Z2 is a group.
Following the definition of the product law on the coset given above one easily
sees it is isomorphic to Z3 since

c0.c0 = c0 , c0.c1 = c1 , c0.c2 = c2
c1.c1 = c2 , c1.c2 = c0 , c2.c2 = c1 (1.29)

If we now take the subgroup Z3 of Z6 with elements e, a2 and a4 we get the
cosets

d0 = {e, a2, a4} , d1 = {a, a3, a5} (1.30)

Again the coset space Z6/Z3 is a group and it is isomorphic to Z2 since

d0.d0 = d0 , d0.d1 = d1 , d1.d1 = d0 (1.31)



• Representation Theory
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• Linear Representation
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Example 1.22 The unit matrix of any order is a trivial representation of any
group. Indeed, if we associate all elements of a given group to the operator 1
we have that the relation 1.1 = 1 reproduces the composition law of the group
g.g0 = g00. This is an example of an extremely non faithful representation.

When the operators D are linear operators, i.e.,

D(| vi+ | v0i) = D | vi+D | v0i

D(a | vi) = aD | vi (1.37)

with | vi, | v0i 2 V and a being a c-number, we say they form a linear repre-
sentation of G.

Given a basis | vii (i = 1, 2...n) of the vector space V (of dimension n)
we can construct the matrix representatives of the operators D of a given
representation. The action of an operator D on an element | vii of the basis
produces an element of the vector space which can be written as a linear
combination of the basis

D | vii =| vjiDji (1.38)

The coe�cients Dji of this expansion constitute the matrix representatives of
the operator D. Indeed, we have

D0(D | vii) = D0
| vjiDji =| vkiD

0
kj
Dji =| vki(D

0D)ki (1.39)

So, we can now associate to the matrix Dij, the element of the abstract group
that is associated to the operator D. We have then what is called a matrix
representation of the abstract group. Notice that the matrices in each represen-
tation have to be non singular because of the existence of the inverse element.
In addition the unit element e is always represented by the unit matrix, i.e.,
Dij(e) = �ij.

Example 1.23 In example 1.9 we have defined the group Sn . We can con-
struct a representation for this group in terms of n ⇥ n matrices as follows:
take a vector space Vn and let | vii, i = 1, 2, ...n, be a basis of Vn. One can
define n! operators that acting on the basis permute them, reproducing the n!
permutations of n elements. Using (1.38) one then obtains the matrices. For
instance, in the case of S3, consider the matrices

D(a0) =

0

B@
1 0 0
0 1 0
0 0 1

1

CA ; D(a1) =

0

B@
0 1 0
1 0 0
0 0 1

1

CA ;
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Example 1.22 The unit matrix of any order is a trivial representation of any
group. Indeed, if we associate all elements of a given group to the operator 1
we have that the relation 1.1 = 1 reproduces the composition law of the group
g.g0 = g00. This is an example of an extremely non faithful representation.

When the operators D are linear operators, i.e.,

D(| vi+ | v0i) = D | vi+D | v0i

D(a | vi) = aD | vi (1.37)

with | vi, | v0i 2 V and a being a c-number, we say they form a linear repre-
sentation of G.

Given a basis | vii (i = 1, 2...n) of the vector space V (of dimension n)
we can construct the matrix representatives of the operators D of a given
representation. The action of an operator D on an element | vii of the basis
produces an element of the vector space which can be written as a linear
combination of the basis

D | vii =| vjiDji (1.38)

The coe�cients Dji of this expansion constitute the matrix representatives of
the operator D. Indeed, we have

D0(D | vii) = D0
| vjiDji =| vkiD

0
kj
Dji =| vki(D

0D)ki (1.39)

So, we can now associate to the matrix Dij, the element of the abstract group
that is associated to the operator D. We have then what is called a matrix
representation of the abstract group. Notice that the matrices in each represen-
tation have to be non singular because of the existence of the inverse element.
In addition the unit element e is always represented by the unit matrix, i.e.,
Dij(e) = �ij.

Example 1.23 In example 1.9 we have defined the group Sn . We can con-
struct a representation for this group in terms of n ⇥ n matrices as follows:
take a vector space Vn and let | vii, i = 1, 2, ...n, be a basis of Vn. One can
define n! operators that acting on the basis permute them, reproducing the n!
permutations of n elements. Using (1.38) one then obtains the matrices. For
instance, in the case of S3, consider the matrices

D(a0) =

0

B@
1 0 0
0 1 0
0 0 1

1

CA ; D(a1) =

0

B@
0 1 0
1 0 0
0 0 1

1
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D(a2) =

0

B@
1 0 0
0 0 1
0 1 0

1

CA ; D(a3) =

0

B@
0 0 1
0 1 0
1 0 0

1

CA ;

D(a4) =

0

B@
0 1 0
0 0 1
1 0 0

1

CA ; D(a5) =

0

B@
0 0 1
1 0 0
0 1 0

1

CA (1.40)

where am, m = 0, 1, 2, 3, 4, 5, are the 6 elements of S3. One can check that the
action

D(am) | vii =| vjiDji(am) (1.41)

gives the 6 permutations of the three basis vectors | vii, i = 1, 2, 3, of V3.
In addition the product of these matrices reproduces the composition law of
permutations in S3.

By considering V3 as the space of column vectors 3 ⇥ 1 , and taking the
canonical basis

| v1i =

0

B@
1
0
0

1

CA ; | v2i =

0

B@
0
1
0

1

CA ; | v3i =

0

B@
0
0
1

1

CA (1.42)

one can check that the matrices given above play the role of the operators
permuting the basis too

Dij(am) | vkij =| vliiDlk(am) (1.43)

Example 1.24 As an example of a non-linear representation consider the
transformation on the complex plane z as

z ! z0 =
a1 z + a2
a3 z + a4

; z , ai 2 C ; a1 a4 � a2 a3 6= 0 (1.44)

Now consider a second transformation composed with the first (bi 2 C)

z0 ! z00 =
b1 z0 + b2
b3 z0 + b4

=
b1

a1 z+a2
a3 z+a4

+ b2

b3
a1 z+a2
a3 z+a4

+ b4

=
(b1 a1 + b2 a3) z + (b1 a2 + b2 a4)

(b3 a1 + b4 a3) z + (b3 a2 + b4 a4)
(1.45)

Note that such transformations compose in the same way as the product of
2⇥ 2 complex matrices, i.e.

 
b1 b2
b3 b4

! 
a1 a2
a3 a4

!

=

 
b1 a1 + b2 a3 b1 a2 + b2 a4
b3 a1 + b4 a3 b3 a2 + b4 a4

!

(1.46)



24 CHAPTER 1. ELEMENTS OF GROUP THEORY

D(a2) =

0

B@
1 0 0
0 0 1
0 1 0

1

CA ; D(a3) =

0

B@
0 0 1
0 1 0
1 0 0

1

CA ;
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0

B@
0 1 0
0 0 1
1 0 0

1

CA ; D(a5) =

0

B@
0 0 1
1 0 0
0 1 0

1

CA (1.40)

where am, m = 0, 1, 2, 3, 4, 5, are the 6 elements of S3. One can check that the
action

D(am) | vii =| vjiDji(am) (1.41)

gives the 6 permutations of the three basis vectors | vii, i = 1, 2, 3, of V3.
In addition the product of these matrices reproduces the composition law of
permutations in S3.

By considering V3 as the space of column vectors 3 ⇥ 1 , and taking the
canonical basis

| v1i =

0

B@
1
0
0

1

CA ; | v2i =

0

B@
0
1
0

1

CA ; | v3i =

0

B@
0
0
1

1

CA (1.42)

one can check that the matrices given above play the role of the operators
permuting the basis too

Dij(am) | vkij =| vliiDlk(am) (1.43)

Example 1.24 As an example of a non-linear representation consider the
transformation on the complex plane z as

z ! z0 =
a1 z + a2
a3 z + a4

; z , ai 2 C ; a1 a4 � a2 a3 6= 0 (1.44)

Now consider a second transformation composed with the first (bi 2 C)

z0 ! z00 =
b1 z0 + b2
b3 z0 + b4

=
b1

a1 z+a2
a3 z+a4

+ b2

b3
a1 z+a2
a3 z+a4

+ b4

=
(b1 a1 + b2 a3) z + (b1 a2 + b2 a4)

(b3 a1 + b4 a3) z + (b3 a2 + b4 a4)
(1.45)

Note that such transformations compose in the same way as the product of
2⇥ 2 complex matrices, i.e.

 
b1 b2
b3 b4

! 
a1 a2
a3 a4

!

=

 
b1 a1 + b2 a3 b1 a2 + b2 a4
b3 a1 + b4 a3 b3 a2 + b4 a4

!

(1.46)1.5. REPRESENTATIONS 25

Since the determinant of the matrices are not zero, the transformations (1.44)
constitute a group isomorphic to GL(2 , C). By imposing
| a1 |2 + | a2 |2 = | a3 |2 + | a4 |2= 1, and (a1 a⇤3 + a2 a⇤4) = 0, one gets a group
isomorphic to U(2). If in addition one imposes (a1 a4 � a2 a3) = 1, one gets a
group isomorphic to SU(2). The transformations (1.44) are called the Möbius
transformations of the complex plane.

In a non faithful representation of a group G, the set of elements which are
mapped on the unit operator constitute an invariant subgroup of G. Indeed,
if the representatives of the elements h and h0 of G are the unit operator, i.e.,
D(h) = D(h0) = 1, then D(hh0) = D(h)D(h0) = 1. In addition one has that
D(h�1) = 1 since D(h)D(h�1) = D(e) = 1 = 1D(h�1). So, such subset of G
is indeed a subgroup. To see it is invariant one uses eq. (1.36) to get

D(g�1hg) = D(g)�1D(h)D(g) = D�1(g)1D(g) = 1 (1.47)

Denoting by H this invariant subgroup, we see that all elements in a given
coset gH of the coset space G/H are mapped on the same matrix D(g) since

D(gh) = D(g)D(h) = D(g)1 = D(g) ; h 2 H (1.48)

Therefore the representation D of G constitute a faithful representation of the
factor group G/H.

Two representations D and D0 of an abstract group G are said to be equiv-
alent representations if there exists an operator C such that

D0(g) = CD(g)C�1 (1.49)

with C being the same for every g 2 G. Such thing happens, for instance,
when one changes the basis of the representation

| v0
i
i =| vji⇤ji (1.50)

Then

D(g) | v0
i
i ⌘ | v0

j
iD0

ji
(g)

= | vkiDkl(g)⇤li

= | vni⇤nj⇤
�1
jk
Dkl(g)⇤li

= | v0
j
i⇤�1

jk
Dkl(g)⇤li (1.51)

Therefore the new matrix representatives are

D0
ji
(g) = ⇤�1

jk
Dkl(g)⇤li (1.52)

D(g)(z1 + z2) 6= D(g)z1 +D(g)z2
<latexit sha1_base64="LP38iicMull+1jNxC3rt3z4x38w=">AAACCnicdZDLSgMxFIYzXmu9VV26iRahRSiT8dJ2V9SFywr2Am0ZMmnahmYyY5IR2tK1G1/FjQtF3PoE7nwbM20FFT0Q8vP955Cc3ws5U9q2P6y5+YXFpeXESnJ1bX1jM7W1XVVBJAmtkIAHsu5hRTkTtKKZ5rQeSop9j9Oa1z+P/dotlYoF4loPQtrycVewDiNYG+Sm9i4y3Wxm6KLDoetkm4LewJjEYHo7bipt52zbRgjBWKD8qW1EsVhwUAGi2DKVBrMqu6n3ZjsgkU+FJhwr1UB2qFsjLDUjnI6TzUjREJM+7tKGkQL7VLVGk1XG8MCQNuwE0hyh4YR+nxhhX6mB75lOH+ue+u3F8C+vEelOoTViIow0FWT6UCfiUAcwzgW2maRE84ERmEhm/gpJD0tMtEkvaUL42hT+L6pODh3lTq6O06WzWRwJsAv2QQYgkAclcAnKoAIIuAMP4Ak8W/fWo/VivU5b56zZzA74UdbbJ5/ul7c=</latexit>
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The elements of a group mapped into the identity operator
constitute an invariant subgroup
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D (h1) D (h2) = 1l 1l = 1l = D (h1h2)
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D (h1) D
�
h�1
1

�
= 1lD

�
h�1
1

�
= D (e) = 1l
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D (g)D (h1) D
�
g�1

�
= D (g) 1lD

�
g�1

�
= 1l
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Note that that all elements in a given coset gH of the
coset space G/H are mapped into the same operator
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D (gh) = D (g)D (h) = D (g) 1l = D (g)
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So we have a faithful representation of the factor group G/H
<latexit sha1_base64="5vzxZhhoaHjbOChRJQvL0NDv1VU="></latexit>
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Since the determinant of the matrices are not zero, the transformations (1.44)
constitute a group isomorphic to GL(2 , C). By imposing
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mapped on the unit operator constitute an invariant subgroup of G. Indeed,
if the representatives of the elements h and h0 of G are the unit operator, i.e.,
D(h) = D(h0) = 1, then D(hh0) = D(h)D(h0) = 1. In addition one has that
D(h�1) = 1 since D(h)D(h�1) = D(e) = 1 = 1D(h�1). So, such subset of G
is indeed a subgroup. To see it is invariant one uses eq. (1.36) to get
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Denoting by H this invariant subgroup, we see that all elements in a given
coset gH of the coset space G/H are mapped on the same matrix D(g) since

D(gh) = D(g)D(h) = D(g)1 = D(g) ; h 2 H (1.48)

Therefore the representation D of G constitute a faithful representation of the
factor group G/H.

Two representations D and D0 of an abstract group G are said to be equiv-
alent representations if there exists an operator C such that

D0(g) = CD(g)C�1 (1.49)

with C being the same for every g 2 G. Such thing happens, for instance,
when one changes the basis of the representation
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Then
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i
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j
iD0

ji
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= | vkiDkl(g)⇤li

= | vni⇤nj⇤
�1
jk
Dkl(g)⇤li
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So, the matrix representatives change as in (1.49) with C = ⇤�1. Although
the structure of the representation does not change the matrices look di↵erent.

As we have said before the operators of a given representation act on the
representation space V as a group of transformations. In the case where a sub-
space V1 of V is left invariant by all transformations, we say the representation
is reducible . By invariant subspace we mean that

D (g) | v1i 2 V1 for any | v1i 2 V1 and g 2 G (1.53)

Therefore, since (1.35) holds for any element of V , it follows that V1 itself
constitutes a representation of G.

If one orders the basis of V such that the first m elements constitute a basis
of V1, with m = dimV1, then the corresponding matrix representation can be
written in the form

D(g) =

 
A C
0 B

!

(1.54)

where A, B and C are respectively m ⇥ m, n ⇥ n and m ⇥ n matrices. The
dimension of the representation is m+ n. The subspace V1 of V generated by
the first m elements of the basis is left invariant, since

 
A C
0 B

! 
v1
0

!

=

 
Av1
0

!

(1.55)

i.e., V1 does not mix with the rest of V . The subspace V2 of V generated by
the last n elements of the basis is not invariant since

 
A C
0 B

! 
0
v2

!

=

 
Cv2
Bv2

!

(1.56)

When both subspaces V1 and V2 are invariant we say the representation is
completely reducible. In this case the matrices take the form

D(g) =

 
A 0
0 B

!

(1.57)

Lemma 1.1 (Schur) Any matrix which commutes with all matrices of a gi-
ven irreducible representation of a group G must be a multiple of the unit
matrix.
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So, the matrix representatives change as in (1.49) with C = ⇤�1. Although
the structure of the representation does not change the matrices look di↵erent.

As we have said before the operators of a given representation act on the
representation space V as a group of transformations. In the case where a sub-
space V1 of V is left invariant by all transformations, we say the representation
is reducible . By invariant subspace we mean that

D (g) | v1i 2 V1 for any | v1i 2 V1 and g 2 G (1.53)

Therefore, since (1.35) holds for any element of V , it follows that V1 itself
constitutes a representation of G.

If one orders the basis of V such that the first m elements constitute a basis
of V1, with m = dimV1, then the corresponding matrix representation can be
written in the form

D(g) =

 
A C
0 B

!

(1.54)

where A, B and C are respectively m ⇥ m, n ⇥ n and m ⇥ n matrices. The
dimension of the representation is m+ n. The subspace V1 of V generated by
the first m elements of the basis is left invariant, since

 
A C
0 B

! 
v1
0

!

=

 
Av1
0

!

(1.55)

i.e., V1 does not mix with the rest of V . The subspace V2 of V generated by
the last n elements of the basis is not invariant since

 
A C
0 B

! 
0
v2

!

=

 
Cv2
Bv2

!

(1.56)

When both subspaces V1 and V2 are invariant we say the representation is
completely reducible. In this case the matrices take the form

D(g) =

 
A 0
0 B

!

(1.57)

Lemma 1.1 (Schur) Any matrix which commutes with all matrices of a gi-
ven irreducible representation of a group G must be a multiple of the unit
matrix.

26 CHAPTER 1. ELEMENTS OF GROUP THEORY

So, the matrix representatives change as in (1.49) with C = ⇤�1. Although
the structure of the representation does not change the matrices look di↵erent.

As we have said before the operators of a given representation act on the
representation space V as a group of transformations. In the case where a sub-
space V1 of V is left invariant by all transformations, we say the representation
is reducible . By invariant subspace we mean that

D (g) | v1i 2 V1 for any | v1i 2 V1 and g 2 G (1.53)

Therefore, since (1.35) holds for any element of V , it follows that V1 itself
constitutes a representation of G.

If one orders the basis of V such that the first m elements constitute a basis
of V1, with m = dimV1, then the corresponding matrix representation can be
written in the form

D(g) =

 
A C
0 B

!

(1.54)

where A, B and C are respectively m ⇥ m, n ⇥ n and m ⇥ n matrices. The
dimension of the representation is m+ n. The subspace V1 of V generated by
the first m elements of the basis is left invariant, since

 
A C
0 B

! 
v1
0

!

=

 
Av1
0

!

(1.55)

i.e., V1 does not mix with the rest of V . The subspace V2 of V generated by
the last n elements of the basis is not invariant since

 
A C
0 B

! 
0
v2

!

=

 
Cv2
Bv2

!

(1.56)

When both subspaces V1 and V2 are invariant we say the representation is
completely reducible. In this case the matrices take the form

D(g) =

 
A 0
0 B

!

(1.57)

Lemma 1.1 (Schur) Any matrix which commutes with all matrices of a gi-
ven irreducible representation of a group G must be a multiple of the unit
matrix.



V1
<latexit sha1_base64="lk+tiGGIK0NukPufNqGdukom+5c="></latexit>

V2
<latexit sha1_base64="EB3idzOZ1+2SPvltNW7uFc65Gu0="></latexit>

V
<latexit sha1_base64="U+WpJxhH4ShKQrWmzV1z/0Z+MYk="></latexit>

V1
<latexit sha1_base64="lk+tiGGIK0NukPufNqGdukom+5c="></latexit>

V2
<latexit sha1_base64="EB3idzOZ1+2SPvltNW7uFc65Gu0="></latexit>

V
<latexit sha1_base64="U+WpJxhH4ShKQrWmzV1z/0Z+MYk="></latexit>

D
<latexit sha1_base64="8DgQFAmq18GBVhqgKoDXnfm4rpg="></latexit>

• Completely Reducible Representations
<latexit sha1_base64="atFjsTmvoElMWV2XGreM9V9mlIA="></latexit>

V1 and V2 are invariant subspaces
<latexit sha1_base64="+Iap0yUZRe49AbxFTOxeEnUxitQ="></latexit>

V1 and V2 are each one representations of G
<latexit sha1_base64="By/HAdJ1CpPqSR022IkbaPraxao="></latexit>

In matrix notation
<latexit sha1_base64="1uab+cMxZSxTIJER1eZ6uT6CRxo="></latexit>

✓
A 0
0 B

◆✓
v1
v2

◆
=

✓
Av1
Bv2

◆

<latexit sha1_base64="/6X7CIA2rGYGetRGWe8N8SBG1JU="></latexit>



26 CHAPTER 1. ELEMENTS OF GROUP THEORY

So, the matrix representatives change as in (1.49) with C = ⇤�1. Although
the structure of the representation does not change the matrices look di↵erent.

As we have said before the operators of a given representation act on the
representation space V as a group of transformations. In the case where a sub-
space V1 of V is left invariant by all transformations, we say the representation
is reducible . By invariant subspace we mean that

D (g) | v1i 2 V1 for any | v1i 2 V1 and g 2 G (1.53)

Therefore, since (1.35) holds for any element of V , it follows that V1 itself
constitutes a representation of G.

If one orders the basis of V such that the first m elements constitute a basis
of V1, with m = dimV1, then the corresponding matrix representation can be
written in the form

D(g) =

 
A C
0 B

!

(1.54)

where A, B and C are respectively m ⇥ m, n ⇥ n and m ⇥ n matrices. The
dimension of the representation is m+ n. The subspace V1 of V generated by
the first m elements of the basis is left invariant, since

 
A C
0 B

! 
v1
0

!

=

 
Av1
0

!

(1.55)

i.e., V1 does not mix with the rest of V . The subspace V2 of V generated by
the last n elements of the basis is not invariant since

 
A C
0 B

! 
0
v2

!

=

 
Cv2
Bv2

!

(1.56)

When both subspaces V1 and V2 are invariant we say the representation is
completely reducible. In this case the matrices take the form

D(g) =

 
A 0
0 B

!

(1.57)

Lemma 1.1 (Schur) Any matrix which commutes with all matrices of a gi-
ven irreducible representation of a group G must be a multiple of the unit
matrix.
1.5. REPRESENTATIONS 27

Proof Let A be a matrix that commutes will all matrices D(g) of a given
irreducible representation of G, i.e.

AD(g) = D(g)A (1.58)

for any g 2 G. Consider the eigenvalue equation

A | vi = � | vi (1.59)

where | vi is some vector in the representation space V . Notice that, if v is an
eigenvector with eigenvalue �, then D(g) | vi has also eigenvalue � since

AD(g) | vi = D(g)A | vi = �D(g) | vi. (1.60)

Therefore the subspace of V generated by all eigenvectors of A with eigenvalue
� is an invariant subspace of V . But if the representation is irreducible that
means this subspace is the zero vector or is the entire V . In the first case we
get that A = 0, and in the second we get that A has only one eigenvalue and
therefore A = �1. 2

Corollary 1.2 Every irreducible representation of an abelian group is one di-
mensional.

Proof Since the group is abelian any matrix has to commute with all other
matrices of the representation. According to Schur’s lemma they have to be
proportional to the identity matrix. So, any vector of the representation space
V generates an invariant subspace. Therefore V has to be unidimensional if
the representation is irreducible. 2

Note that in order to calculate the eigenvalues and the eigenvectors in
(1.59) one has to solve algebraic equations. Therefore, Schur’s lemma has to
be considered on representations where the representation space is over an
algebraically closed field. The real numbers are not algebraically closed but
the complex numbers are. That is exactly what happens in the Example 1.25
for the two dimensional real representation of the rotation group on the plane.
The eigenvalues of the matrices R(✓) are complex, and so to diagonalize them
one has to consider the representation as being complex.

Definition 1.11 A representation D is said to be unitary if the matrices Dij

of the operators are unitary, i.e. D† = D�1.

An important result in the theory of finite groups is the following theorem

• Schur’s Lemma
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therefore A = �1. 2
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Proof Since the group is abelian any matrix has to commute with all other
matrices of the representation. According to Schur’s lemma they have to be
proportional to the identity matrix. So, any vector of the representation space
V generates an invariant subspace. Therefore V has to be unidimensional if
the representation is irreducible. 2

Note that in order to calculate the eigenvalues and the eigenvectors in
(1.59) one has to solve algebraic equations. Therefore, Schur’s lemma has to
be considered on representations where the representation space is over an
algebraically closed field. The real numbers are not algebraically closed but
the complex numbers are. That is exactly what happens in the Example 1.25
for the two dimensional real representation of the rotation group on the plane.
The eigenvalues of the matrices R(✓) are complex, and so to diagonalize them
one has to consider the representation as being complex.

Definition 1.11 A representation D is said to be unitary if the matrices Dij

of the operators are unitary, i.e. D† = D�1.

An important result in the theory of finite groups is the following theorem

Example: Rotation on the plane (SO(2))
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Example 1.25 The rotation group on the plane, denoted SO(2), can be rep-
resented by the matrices

R(✓) =

 
cos ✓ sin ✓
� sin ✓ cos ✓

!

(1.81)

such that

R(✓)

 
x
y

!

=

 
x cos ✓ + y sin ✓
�x sin ✓ + y cos ✓

!

(1.82)

One can easily check that R(✓)R(') = R(✓ + '). This group is abelian and
according to corollary 1.2 such representation is reducible, if the vector space
of the representation is taken over the field of the complex numbers. Indeed,
one gets

MR(✓)M�1 =

 
e�i✓ 0
0 ei✓

!

(1.83)

where

M =

 
1 i
i 1

!

(1.84)

The vectors of the representation space are then transformed as

M

 
x
y

!

=

 
x+ iy
ix+ y

!

(1.85)

The characters of these equivalent representations are

�(✓) = 2 cos ✓ (1.86)

Example 1.26 In example 1.23 we have discussed a 3-dimensional matrix
representation of S3. From the definition 1.13 one can easily evaluate the
characters in such representation

�D(a0) = 3

�D(a1) = �D(a2) = �D(a3) = 1

�D(a4) = �D(a5) = 0 (1.87)

Therefore
1

6

5X

i=0

| �D(ai) |
2= 2 (1.88)
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Proof Let A be a matrix that commutes will all matrices D(g) of a given
irreducible representation of G, i.e.

AD(g) = D(g)A (1.58)

for any g 2 G. Consider the eigenvalue equation

A | vi = � | vi (1.59)

where | vi is some vector in the representation space V . Notice that, if v is an
eigenvector with eigenvalue �, then D(g) | vi has also eigenvalue � since

AD(g) | vi = D(g)A | vi = �D(g) | vi. (1.60)

Therefore the subspace of V generated by all eigenvectors of A with eigenvalue
� is an invariant subspace of V . But if the representation is irreducible that
means this subspace is the zero vector or is the entire V . In the first case we
get that A = 0, and in the second we get that A has only one eigenvalue and
therefore A = �1. 2

Corollary 1.2 Every irreducible representation of an abelian group is one di-
mensional.

Proof Since the group is abelian any matrix has to commute with all other
matrices of the representation. According to Schur’s lemma they have to be
proportional to the identity matrix. So, any vector of the representation space
V generates an invariant subspace. Therefore V has to be unidimensional if
the representation is irreducible. 2

Note that in order to calculate the eigenvalues and the eigenvectors in
(1.59) one has to solve algebraic equations. Therefore, Schur’s lemma has to
be considered on representations where the representation space is over an
algebraically closed field. The real numbers are not algebraically closed but
the complex numbers are. That is exactly what happens in the Example 1.25
for the two dimensional real representation of the rotation group on the plane.
The eigenvalues of the matrices R(✓) are complex, and so to diagonalize them
one has to consider the representation as being complex.

Definition 1.11 A representation D is said to be unitary if the matrices Dij

of the operators are unitary, i.e. D† = D�1.

An important result in the theory of finite groups is the following theorem
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Theorem 1.3 Any representation of a finite group is equivalent to a unitary
representation

Proof Let G be a finite group of order N , and D be a representation of G of
dimension d. We introduce a hermitian matrix H (H† = H) by

H ⌘
1

N

X

g2G
D†(g)D(g) (1.61)

For any g0 2 G

D†(g0)HD(g0) =
1

N

X

g2G
D†(gg0)D(gg0) = H (1.62)

by redefining the sum (remember that if g1g0 = g2g0 then g1 = g2). Since
H is hermitian it can be diagonalized by a unitary matrix, i.e. H 0

⌘ U †HU
is diagonal. For any non zero colunm vector v (with complex entries), the
quantity

v†Hv =
1

N

X

g2G
| D(g)v |

2 (1.63)

is real and positive. But, introducing v0 ⌘ U †v

v†Hv = v0†H 0v0

=
dX

i=1

H 0
ii
| v0

i
|
2 (1.64)

where v0
i
are the components of v0. Since v0

i
are arbitrary we conclude that each

entry H 0
ii
of H 0 is real and positive. We then define a diagonal real matrix h

with entries hii =
q
H 0

ii
, i.e. H 0 = hh. Therefore

H = UH 0U † = UhhU †
⌘ SS (1.65)

where we have defined S = UhU †. Notice that S is hermitian, since h is real
and diagonal.

Defining the representation of G given by the matrices

D0(g) ⌘ SD(g)S�1 (1.66)

we then get from eq. (1.62)

⇣
S�1D0(g)S

⌘†
(SS)

⇣
S�1D0(g)S

⌘
= SS (1.67)
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and so
D0†(g)D0(g) = 1l (1.68)

Therefore the representation D(g) is equivalent to the unitary representation
D0(g).This result, as we will discuss later, is also true for compact Lie groups.2

Definition 1.12 Given two representations D and D0 of a given group G, one
can construct what is called the tensor product representation of D and D0.
Denoting by | vii, i = 1, 2, . . . dimD, and | v0

l
i, l = 1, 2, . . . dimD0, the basis of

D and D0 respectively, one constructs the basis of D ⌦D0 as

| wili =| vii⌦ | v0
l
i (1.69)

The operators representing the group elements act as

D⌦ (g) | wili = D (g)⌦D0 (g) | wili = D (g) | vii ⌦D0 (g) | v0
l
i (1.70)

The dimension of the representation D ⌦D0 is the product of the dimensions
of D and D0, i.e. dimD ⌦D0 = dimD dimD0.

The matrices representing a given group element in two equivalent represen-
tations may look quite di↵erent one from the other. That means the matrices
contain a lot of redundant information. Much of the relevant properties of a
representation can be encoded in the character.

Definition 1.13 In a given representation D of a group G we define the char-
acter �D(g) of a group element g 2 G as the trace of the matrix representing
it, i.e.

�D(g) ⌘ Tr(D(g)) =
dimDX

i=1

Dii(g) (1.71)

Obviously, the characters of a given group element in two equivalent represen-
tations are the same, since from (1.49)

Tr(D0(g)) = Tr(CD(g)C�1) = Tr(D(g)) ! �D(g) = �D
0
(g) (1.72)

Analogously, the elements of a given conjugacy class have the same character.
Indeed, from definition 1.6, if two elements g0 and g00 are conjugate, g0 =
gg00g�1, then in any representationD one has Tr(D(g0)) = Tr(D(g00)). Nothing
prevents however, the elements of two di↵erent conjugacy class of having the
same character in some particular representation. In fact, this happens in the
representation discussed in example 1.22.

compact
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and so
D0†(g)D0(g) = 1l (1.68)

Therefore the representation D(g) is equivalent to the unitary representation
D0(g).This result, as we will discuss later, is also true for compact Lie groups.2

Definition 1.12 Given two representations D and D0 of a given group G, one
can construct what is called the tensor product representation of D and D0.
Denoting by | vii, i = 1, 2, . . . dimD, and | v0

l
i, l = 1, 2, . . . dimD0, the basis of

D and D0 respectively, one constructs the basis of D ⌦D0 as

| wili =| vii⌦ | v0
l
i (1.69)

The operators representing the group elements act as

D⌦ (g) | wili = D (g)⌦D0 (g) | wili = D (g) | vii ⌦D0 (g) | v0
l
i (1.70)

The dimension of the representation D ⌦D0 is the product of the dimensions
of D and D0, i.e. dimD ⌦D0 = dimD dimD0.

The matrices representing a given group element in two equivalent represen-
tations may look quite di↵erent one from the other. That means the matrices
contain a lot of redundant information. Much of the relevant properties of a
representation can be encoded in the character.

Definition 1.13 In a given representation D of a group G we define the char-
acter �D(g) of a group element g 2 G as the trace of the matrix representing
it, i.e.

�D(g) ⌘ Tr(D(g)) =
dimDX

i=1

Dii(g) (1.71)

Obviously, the characters of a given group element in two equivalent represen-
tations are the same, since from (1.49)

Tr(D0(g)) = Tr(CD(g)C�1) = Tr(D(g)) ! �D(g) = �D
0
(g) (1.72)

Analogously, the elements of a given conjugacy class have the same character.
Indeed, from definition 1.6, if two elements g0 and g00 are conjugate, g0 =
gg00g�1, then in any representationD one has Tr(D(g0)) = Tr(D(g00)). Nothing
prevents however, the elements of two di↵erent conjugacy class of having the
same character in some particular representation. In fact, this happens in the
representation discussed in example 1.22.
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Example 1.25 The rotation group on the plane, denoted SO(2), can be rep-
resented by the matrices

R(✓) =

 
cos ✓ sin ✓
� sin ✓ cos ✓

!

(1.81)

such that

R(✓)

 
x
y

!

=

 
x cos ✓ + y sin ✓
�x sin ✓ + y cos ✓

!

(1.82)

One can easily check that R(✓)R(') = R(✓ + '). This group is abelian and
according to corollary 1.2 such representation is reducible, if the vector space
of the representation is taken over the field of the complex numbers. Indeed,
one gets

MR(✓)M�1 =

 
e�i✓ 0
0 ei✓

!

(1.83)

where

M =

 
1 i
i 1

!

(1.84)

The vectors of the representation space are then transformed as

M

 
x
y

!

=

 
x+ iy
ix+ y

!

(1.85)

The characters of these equivalent representations are

�(✓) = 2 cos ✓ (1.86)

Example 1.26 In example 1.23 we have discussed a 3-dimensional matrix
representation of S3. From the definition 1.13 one can easily evaluate the
characters in such representation

�D(a0) = 3

�D(a1) = �D(a2) = �D(a3) = 1

�D(a4) = �D(a5) = 0 (1.87)

Therefore
1

6

5X

i=0

| �D(ai) |
2= 2 (1.88)
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We have seen that the identity element e of a group G is always represented
by the unity matrix. Therefore the character of e gives the dimension of the
representation

�D(e) = dim D (1.73)

We now state, without proof, some theorems concerning characters. For
the proofs see, for instance, [COR 84].

Theorem 1.4 Let D and D0 be two irreducible representations of a finite
group G and �D and �D

0
the corresponding characters. Then

1

N(G)

X

g2G
(�D(g))⇤�D

0
(g) = �DD0 (1.74)

where N(G) is the order of G, �DD0 = 1 if D and D0 are equivalent represen-
tations and �DD0 = 0 otherwise.

Theorem 1.5 A su�cient conditions for two representations of a finite group
G to be equivalent is the equality of their character systems.

Theorem 1.6 The number of times nD that an irreducible representation D
appears in a given reducible representation D0 of a finite group G is given by

nD =
1

N(G)

X

g2G
�D

0
(g)(�D(g))⇤ (1.75)

where �D and �D
0
are the characters of D and D0 respectively, and N(G) is

the order of G.

Theorem 1.7 A necessary and suficient condition for a representation D of
a finite group G to be irreducible is

1

N(G)

X

g2G
| �D(g) |2= 1 (1.76)

where �D are the characters of D and N(G) the order of G.

All these four theorems are also true for compact Lie groups (see definition
in chapter 2) with the replacement of the sum 1

N(G)

P
g2G by the invariant

integration
R
G
Dg on the group manifold.

Characters are also used to prove theorems about the number of inequiva-
lent irreducible representations of a finite group.

Note that:
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Valid for compact groups as well
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Example 1.25 The rotation group on the plane, denoted SO(2), can be rep-
resented by the matrices

R(✓) =

 
cos ✓ sin ✓
� sin ✓ cos ✓

!

(1.81)

such that

R(✓)

 
x
y

!

=

 
x cos ✓ + y sin ✓
�x sin ✓ + y cos ✓

!

(1.82)

One can easily check that R(✓)R(') = R(✓ + '). This group is abelian and
according to corollary 1.2 such representation is reducible, if the vector space
of the representation is taken over the field of the complex numbers. Indeed,
one gets

MR(✓)M�1 =

 
e�i✓ 0
0 ei✓

!

(1.83)

where

M =

 
1 i
i 1

!

(1.84)

The vectors of the representation space are then transformed as

M

 
x
y

!

=

 
x+ iy
ix+ y

!

(1.85)

The characters of these equivalent representations are

�(✓) = 2 cos ✓ (1.86)

Example 1.26 In example 1.23 we have discussed a 3-dimensional matrix
representation of S3. From the definition 1.13 one can easily evaluate the
characters in such representation

�D(a0) = 3

�D(a1) = �D(a2) = �D(a3) = 1

�D(a4) = �D(a5) = 0 (1.87)

Therefore
1

6

5X

i=0

| �D(ai) |
2= 2 (1.88)
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It is a reducible representation
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Theorem 1.8 The sum of the squares of the dimensions of the inequivalent
irreducible representations of a finite group G is equal to the order of G.

Theorem 1.9 The number of inequivalent irreducible representations of a fi-
nite group G is equal to the number of conjugacy classes of G.

For the proofs see [COR 84].

Definition 1.14 If all the matrices of a representation are real the represen-
tation is said to be real.

Notice that if D is a matrix representation of a group G, then the matrices
D⇤(g), g 2 G, also constitute a representation of G of the same dimension as
D, since

D(g)D(g0) = D(gg0) ! D⇤(g)D⇤(g0) = D⇤(gg0) (1.77)

If D is equivalent to a real representation DR, then D is equivalent to D⇤. The
reason is that there exists a matrix C such that

DR(g) = CD(g)C�1 (1.78)

and so
DR(g) = C⇤D⇤(g)(C⇤)�1 (1.79)

Therefore
D⇤(g) = (C�1C⇤)�1D(g)C�1C⇤ (1.80)

andD is equivalent toD⇤. However the converse is not always true, i.e. , ifD is
equivalent to D⇤ it does not means D is equivalent to a real representation. So
we classify the representations into three classes regarding the relation between
D and D⇤.

Definition 1.15 1. If D is equivalent to a real representation it is said
potentially real.

2. If D is equivalent to D⇤ but not equivalent to a real representation it is
said pseudo real.

3. If D is not equivalent to D⇤ then it is said essentially complex.

Notice that if D is potentially real or pseudo real then its characters are real.
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Example 1.22 The unit matrix of any order is a trivial representation of any
group. Indeed, if we associate all elements of a given group to the operator 1
we have that the relation 1.1 = 1 reproduces the composition law of the group
g.g0 = g00. This is an example of an extremely non faithful representation.

When the operators D are linear operators, i.e.,

D(| vi+ | v0i) = D | vi+D | v0i

D(a | vi) = aD | vi (1.37)

with | vi, | v0i 2 V and a being a c-number, we say they form a linear repre-
sentation of G.

Given a basis | vii (i = 1, 2...n) of the vector space V (of dimension n)
we can construct the matrix representatives of the operators D of a given
representation. The action of an operator D on an element | vii of the basis
produces an element of the vector space which can be written as a linear
combination of the basis

D | vii =| vjiDji (1.38)

The coe�cients Dji of this expansion constitute the matrix representatives of
the operator D. Indeed, we have

D0(D | vii) = D0
| vjiDji =| vkiD

0
kj
Dji =| vki(D

0D)ki (1.39)

So, we can now associate to the matrix Dij, the element of the abstract group
that is associated to the operator D. We have then what is called a matrix
representation of the abstract group. Notice that the matrices in each represen-
tation have to be non singular because of the existence of the inverse element.
In addition the unit element e is always represented by the unit matrix, i.e.,
Dij(e) = �ij.

Example 1.23 In example 1.9 we have defined the group Sn . We can con-
struct a representation for this group in terms of n ⇥ n matrices as follows:
take a vector space Vn and let | vii, i = 1, 2, ...n, be a basis of Vn. One can
define n! operators that acting on the basis permute them, reproducing the n!
permutations of n elements. Using (1.38) one then obtains the matrices. For
instance, in the case of S3, consider the matrices

D(a0) =

0

B@
1 0 0
0 1 0
0 0 1

1

CA ; D(a1) =

0

B@
0 1 0
1 0 0
0 0 1

1

CA ;
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D(a2) =

0

B@
1 0 0
0 0 1
0 1 0

1

CA ; D(a3) =

0

B@
0 0 1
0 1 0
1 0 0

1

CA ;

D(a4) =

0

B@
0 1 0
0 0 1
1 0 0

1

CA ; D(a5) =

0

B@
0 0 1
1 0 0
0 1 0

1

CA (1.40)

where am, m = 0, 1, 2, 3, 4, 5, are the 6 elements of S3. One can check that the
action

D(am) | vii =| vjiDji(am) (1.41)

gives the 6 permutations of the three basis vectors | vii, i = 1, 2, 3, of V3.
In addition the product of these matrices reproduces the composition law of
permutations in S3.

By considering V3 as the space of column vectors 3 ⇥ 1 , and taking the
canonical basis

| v1i =

0

B@
1
0
0

1

CA ; | v2i =

0

B@
0
1
0

1

CA ; | v3i =

0

B@
0
0
1

1

CA (1.42)

one can check that the matrices given above play the role of the operators
permuting the basis too

Dij(am) | vkij =| vliiDlk(am) (1.43)

Example 1.24 As an example of a non-linear representation consider the
transformation on the complex plane z as

z ! z0 =
a1 z + a2
a3 z + a4

; z , ai 2 C ; a1 a4 � a2 a3 6= 0 (1.44)

Now consider a second transformation composed with the first (bi 2 C)

z0 ! z00 =
b1 z0 + b2
b3 z0 + b4

=
b1

a1 z+a2
a3 z+a4

+ b2

b3
a1 z+a2
a3 z+a4

+ b4

=
(b1 a1 + b2 a3) z + (b1 a2 + b2 a4)

(b3 a1 + b4 a3) z + (b3 a2 + b4 a4)
(1.45)

Note that such transformations compose in the same way as the product of
2⇥ 2 complex matrices, i.e.

 
b1 b2
b3 b4

! 
a1 a2
a3 a4

!

=

 
b1 a1 + b2 a3 b1 a2 + b2 a4
b3 a1 + b4 a3 b3 a2 + b4 a4

!

(1.46)

Example: The tri-dimensional representation of S3
<latexit sha1_base64="wkJin3swb6HAR2odn8vVi9j+1AA="></latexit>
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Example 1.25 The rotation group on the plane, denoted SO(2), can be rep-
resented by the matrices

R(✓) =

 
cos ✓ sin ✓
� sin ✓ cos ✓

!

(1.81)

such that

R(✓)

 
x
y

!

=

 
x cos ✓ + y sin ✓
�x sin ✓ + y cos ✓

!

(1.82)

One can easily check that R(✓)R(') = R(✓ + '). This group is abelian and
according to corollary 1.2 such representation is reducible, if the vector space
of the representation is taken over the field of the complex numbers. Indeed,
one gets

MR(✓)M�1 =

 
e�i✓ 0
0 ei✓

!

(1.83)

where

M =

 
1 i
i 1

!

(1.84)

The vectors of the representation space are then transformed as

M

 
x
y

!

=

 
x+ iy
ix+ y

!

(1.85)

The characters of these equivalent representations are

�(✓) = 2 cos ✓ (1.86)

Example 1.26 In example 1.23 we have discussed a 3-dimensional matrix
representation of S3. From the definition 1.13 one can easily evaluate the
characters in such representation

�D(a0) = 3

�D(a1) = �D(a2) = �D(a3) = 1

�D(a4) = �D(a5) = 0 (1.87)

Therefore
1

6

5X

i=0

| �D(ai) |
2= 2 (1.88)
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The characters of these equivalent representations are

�(✓) = 2 cos ✓ (1.86)

Example 1.26 In example 1.23 we have discussed a 3-dimensional matrix
representation of S3. From the definition 1.13 one can easily evaluate the
characters in such representation

�D(a0) = 3

�D(a1) = �D(a2) = �D(a3) = 1

�D(a4) = �D(a5) = 0 (1.87)

Therefore
1

6

5X

i=0

| �D(ai) |
2= 2 (1.88)

It is a reducible representation
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From theorem 1.7 one sees that such 3-dimensional representation is not irre-
ducible. Indeed, the one dimensional subspace generated by the vector

| w3i =
1
p
3

0

B@
1
1
1

1

CA (1.89)

is an invariant subspace. The basis of the orthogonal complement of such
subspace can be taken as

| w1i =
1
p
2

0

B@
1

�1
0

1

CA ; | w2i =
1
p
6

0

B@
1
1

�2

1

CA (1.90)

Such a basis is related to the canonical basis defined in (1.42) by

| wii =| vji⇤ji (1.91)

where i, j = 1, 2, 3 and

⇤ =

0

BB@

1p
2

1p
6

1p
3

�1p
2

1p
6

1p
3

0 �2p
6

1p
3

1

CCA (1.92)

According to (1.52) the matrix representatives of the elements of S3 change as

D0(am) = ⇤�1D(am)⇤ (1.93)

where m = 0, 1, 2, 3, 4, 5 and ⇤�1 = ⇤>. One can easily check that

D0(am) =

 
D00(am) 0

0 1

!

(1.94)

where D00(am) is a 2-dimensional representation of S3 given by

D00(a0) =

 
1 0
0 1

!

; D00(a1) =

 
�1 0
0 1

!

;

D00(a2) =

 
1
2

p
3
2p

3
2

�1
2

!

; D00(a3) =

 
1
2

�
p
3

2
�
p
3

2
�1
2

!

;

D00(a4) =

 �1
2

p
3
2

�
p
3

2
�1
2

!

; D00(a5) =

 �1
2

�
p
3

2p
3
2

�1
2

!

(1.95)

Invariant subspace
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is an invariant subspace. The basis of the orthogonal complement of such
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where m = 0, 1, 2, 3, 4, 5 and ⇤�1 = ⇤>. One can easily check that

D0(am) =
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where D00(am) is a 2-dimensional representation of S3 given by

D00(a0) =

 
1 0
0 1

!

; D00(a1) =

 
�1 0
0 1

!

;

D00(a2) =

 
1
2

p
3
2p

3
2

�1
2

!

; D00(a3) =

 
1
2

�
p
3

2
�
p
3

2
�1
2

!

;

D00(a4) =

 �1
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p
3
2

�
p
3

2
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2

!

; D00(a5) =
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2

�
p
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2

!
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Complement
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Relation to canonical basis
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The characters in the representation D00 are given by

�D
00
(a0) = 2

�D
00
(a1) = �D

00
(a2) = �D

00
(a3) = 0

�D
00
(a4) = �D

00
(a5) = �1 (1.96)

Therefore
1

6

5X

i=0

| �D
00
(ai) |

2= 1 (1.97)

According to theorem 1.7 the representation D00 is irreducible. Consequentely
the 3-dimensional representation D defined in (1.40) is completely reducible.
It decomposes into the irreducible 2-dimensional representation D00 and the
1-dimensional representation given by 1.

We have seen so far that S3 has two irreducible representations, the two di-
mensional representation D00, and the scalar representation (one dimensional)
where all elements are represented by the number 1. Since, 22 + 12 = 5 and
since the order of S3 is 6, we observe from theorem 1.8 that it is missing one
irreducible representation of dimension 1. That is easy to construct, and in
fact any Sn group has it. It is the representation where the permutations made
of an even number of simple permutations is representated by 1, and those with
an odd number by �1. Since the composition of permutations add up the num-
ber of simple permutations it follows it is indeed a representation. Therefore,
the missing one dimensional irreducible representation of S3 is given by

D000 (a0) = D000 (a4) = D000 (a5) = 1

D000 (a1) = D000 (a2) = D000 (a3) = �1 (1.98)
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The characters in the representation D00 are given by

�D
00
(a0) = 2

�D
00
(a1) = �D

00
(a2) = �D

00
(a3) = 0

�D
00
(a4) = �D

00
(a5) = �1 (1.96)

Therefore
1

6

5X

i=0

| �D
00
(ai) |

2= 1 (1.97)

According to theorem 1.7 the representation D00 is irreducible. Consequentely
the 3-dimensional representation D defined in (1.40) is completely reducible.
It decomposes into the irreducible 2-dimensional representation D00 and the
1-dimensional representation given by 1.

We have seen so far that S3 has two irreducible representations, the two di-
mensional representation D00, and the scalar representation (one dimensional)
where all elements are represented by the number 1. Since, 22 + 12 = 5 and
since the order of S3 is 6, we observe from theorem 1.8 that it is missing one
irreducible representation of dimension 1. That is easy to construct, and in
fact any Sn group has it. It is the representation where the permutations made
of an even number of simple permutations is representated by 1, and those with
an odd number by �1. Since the composition of permutations add up the num-
ber of simple permutations it follows it is indeed a representation. Therefore,
the missing one dimensional irreducible representation of S3 is given by

D000 (a0) = D000 (a4) = D000 (a5) = 1

D000 (a1) = D000 (a2) = D000 (a3) = �1 (1.98)

It is an irreducible representation
<latexit sha1_base64="uCzI8AuprJH/WxQz86289xd1G9k=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4KpOKtt0V3eiugn1AO5RMetuGZjJDkhHK0A9w46+4caGIWz/AnX9jpq2gogcCh3PuI/f4keDauO6Hk1laXlldy67nNja3tnfyu3tNHcaKQYOFIlRtn2oQXELDcCOgHSmggS+g5Y8vUr91C0rzUN6YSQReQIeSDzijxkq9fOHKYK4xlZgrBf2YcduJFdghGqT5qnKLrusSQnBKSPnMtaRarZRIBZPUsiigBeq9/Hu3H7I4sAOYoFp3iBsZL6HKcCZgmuvGGiLKxnQIHUslDUB7yeyYKT6ySh8PQmWfNHimfu9IaKD1JPBtZUDNSP/2UvEvrxObQcVLuIxiA5LNFw1igU2I02RwnytgRkwsoUxx+1fMRlRRZmx+ORvC16X4f9IsFclJ8fS6VKidL+LIogN0iI4RQWVUQ5eojhqIoTv0gJ7Qs3PvPDovzuu8NOMsevbRDzhvnwncm6k=</latexit>



Scalar Representation
<latexit sha1_base64="1sOFlkoz0FqJPRBYAE59xFUZHrU=">AAAB/3icdVBLSwMxGMzWV62vVcGLl2ARPJWkom1vRS8e66MPaJeSTbNtaDa7JFmh1B78K148KOLVv+HNf2O2raCiA4Fh5pvky/ix4Nog9OFkFhaXlleyq7m19Y3NLXd7p6GjRFFWp5GIVMsnmgkuWd1wI1grVoyEvmBNf3ie+s1bpjSP5I0ZxcwLSV/ygFNirNR1964pEUTBK2Zjmkkz1WHXzaMCQghjDFOCS6fIkkqlXMRliFPLIg/mqHXd904voklob6CCaN3GKDbemCjDqWCTXCfRLCZ0SPqsbakkIdPeeLr/BB5apQeDSNkjDZyq3xNjEmo9Cn07GRIz0L+9VPzLaycmKHtjLuPEMElnDwWJgCaCaRmwxxWjRowsIVRxuyukA6IINbaynC3h66fwf9IoFvBx4eSymK+ezevIgn1wAI4ABiVQBRegBuqAgjvwAJ7As3PvPDovzutsNOPMM7vgB5y3Txehlis=</latexit>

Ds(ai) = 1 i = 0, 1, 2, 3, 4, 5
<latexit sha1_base64="UvXwuQJ16xkB/pPFDO3avCtfov4=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVhjLTB7opFHXhsoJ9QDsMmUymDc08mmSEMvQH3Pgrblwo4ta9O//G9LHQ1gP3cjjnXpJ73JhRIU3zW1tZXVvf2MxsZbd3dvf29YPDpogSjkkDRyzibRcJwmhIGpJKRtoxJyhwGWm5g+uJ33ogXNAovJejmNgB6oXUpxhJJTn66Y0j8sih51WrOxwmyJt1SKumYRlFo2SUjYqj58yCOQVcJtac5MAcdUf/6noRTgISSsyQEB3LjKWdIi4pZmSc7SaCxAgPUI90FA1RQISdTq8ZwzOleNCPuKpQwqn6eyNFgRCjwFWTAZJ9sehNxP+8TiL9SzulYZxIEuLZQ37CoIzgJBroUU6wZCNFEOZU/RXiPuIISxVgVoVgLZ68TJrFglUqVO7KudrVPI4MOAYnIA8scAFq4BbUQQNg8AiewSt40560F+1d+5iNrmjznSPwB9rnD9domNk=</latexit>

But
<latexit sha1_base64="/0kN8D8hrvwZ+oCD/MX8kcjDNzE=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4KklF2+5K3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmd+955pwyN1Z2cx8yUZKx5ySmwmNRMLh8USKiOEMMYwI7h6hRyp12sVXIM4sxxKYIXWsPg+GEU0kUxZKogxfYxi66dEW04FmxcGiWExoVMyZn1HFZHM+Oni1jk8c8oIhpF2pSxcqN8nUiKNmcnAdUpiJ+a3l4l/ef3EhjU/5SpOLFN0uShMBLQRzB6HI64ZtWLmCKGau1shnRBNqHXxFFwIX5/C/0mnUsYX5cvbSqnRXMWRByfgFJwDDKqgAW5AC7QBBRPwAJ7Asye9R+/Fe1225rzVzDH4Ae/tE+WTjig=</latexit>

1

6
(12 + 22) 6= 1

<latexit sha1_base64="EVX1hfVXpHQp2wNBrmz2YPXOq10=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahIpQkPpdFNy4r2Ac0aZlMJ+3QySTOTIQSAm78FTcuFHHrT7jzb5w+Ftp64MLhnHu59x4/ZlQqy/o2cguLS8sr+dXC2vrG5pa5vVOXUSIwqeGIRaLpI0kY5aSmqGKkGQuCQp+Rhj+4HvmNByIkjfidGsbEC1GP04BipLTUMffcQCCc2ll6npXstnPstJ0jl5N7aHfMolW2xoDzxJ6SIpii2jG/3G6Ek5BwhRmSsmVbsfJSJBTFjGQFN5EkRniAeqSlKUchkV46/iGDh1rpwiASuriCY/X3RIpCKYehrztDpPpy1huJ/3mtRAWXXkp5nCjC8WRRkDCoIjgKBHapIFixoSYIC6pvhbiPdChKx1bQIdizL8+TulO2T8pnt6fFytU0jjzYBwegBGxwASrgBlRBDWDwCJ7BK3gznowX4934mLTmjOnMLvgD4/MHOIiV9Q==</latexit>

Missing representation
<latexit sha1_base64="J9wLKStJyugMM9pAjopAfFeo6hk=">AAAB/3icdVDNSgMxGMzWv1r/qoIXL8EieCpJRdveil68CBVsK7RLyabZNjSbXZKsUNYefBUvHhTx6mt4823Mtiuo6EBgmPkm+TJeJLg2CH04uYXFpeWV/GphbX1jc6u4vdPWYawoa9FQhOrGI5oJLlnLcCPYTaQYCTzBOt74PPU7t0xpHsprM4mYG5Ch5D6nxFipX9y75FpzOYSK2Zxm0mRGCZURQhhjmBJcPUWW1Ou1Cq5BnF oWJZCh2S++9wYhjQN7ARVE6y5GkXETogyngk0LvViziNAxGbKupZIETLvJbP8pPLTKAPqhskcaOFO/JxISaD0JPDsZEDPSv71U/MvrxsavuQmXUWyYpPOH/FhAE8K0DDjgilEjJpYQqrjdFdIRUYQaW1nBlvD1U/g/aVfK+Lh8clUpNc6yOvJgHxyAI4BBFTTABWiCFqDgDjyAJ/Ds3DuPzovzOh/NOVlmF/yA8/YJ432Wrw==</latexit>
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The characters in the representation D00 are given by

�D
00
(a0) = 2

�D
00
(a1) = �D

00
(a2) = �D

00
(a3) = 0

�D
00
(a4) = �D

00
(a5) = �1 (1.96)

Therefore
1

6

5X

i=0

| �D
00
(ai) |

2= 1 (1.97)

According to theorem 1.7 the representation D00 is irreducible. Consequentely
the 3-dimensional representation D defined in (1.40) is completely reducible.
It decomposes into the irreducible 2-dimensional representation D00 and the
1-dimensional representation given by 1.

We have seen so far that S3 has two irreducible representations, the two di-
mensional representation D00, and the scalar representation (one dimensional)
where all elements are represented by the number 1. Since, 22 + 12 = 5 and
since the order of S3 is 6, we observe from theorem 1.8 that it is missing one
irreducible representation of dimension 1. That is easy to construct, and in
fact any Sn group has it. It is the representation where the permutations made
of an even number of simple permutations is representated by 1, and those with
an odd number by �1. Since the composition of permutations add up the num-
ber of simple permutations it follows it is indeed a representation. Therefore,
the missing one dimensional irreducible representation of S3 is given by

D000 (a0) = D000 (a4) = D000 (a5) = 1

D000 (a1) = D000 (a2) = D000 (a3) = �1 (1.98)

Now
<latexit sha1_base64="DRjzNPF9MBpMD2UpqbhP6aRXWxI=">AAAB63icdVDLSgMxFM34rPVVdekmWARXZVLRtruiG1dSwT6gHUomzbSheQxJRilDf8GNC0Xc+kPu/BszbQUVPXDhcM693HtPGHNmrO9/eEvLK6tr67mN/ObW9s5uYW+/ZVSiCW0SxZXuhNhQziRtWmY57cSaYhFy2g7Hl5nfvqPaMCVv7SSmgcBDySJGsM2ka3UP+4WiX/J9HyEEM4Iq574jtVq1jKoQZZZDESzQ6BfeewNFEkGlJRwb00V+bIMUa8sIp9N8LzE0xmSMh7TrqMSCmiCd3TqFx04ZwEhpV9LCmfp9IsXCmIkIXafAdmR+e5n4l9dNbFQNUibjxFJJ5ouihEOrYPY4HDBNieUTRzDRzN0KyQhrTKyLJ+9C+PoU/k9a5RI6LZ3dlIv1i0UcOXAIjsAJQKAC6uAKNEATEDACD+AJPHvCe/RevNd565K3mDkAP+C9fQLzUo4x</latexit>

1

6
(12 + 22 + 12) = 1

<latexit sha1_base64="s+1RxpNJvgXKSbwDLcRawA77K2A=">AAACBHicbVDLSgMxFM34rPU16rKbYBEqQpnU50YounFZwT6gHUsmzbShmcyQZIQyzMKNv+LGhSJu/Qh3/o1pOwttPXDJ4Zx7ubnHizhT2nG+rYXFpeWV1dxafn1jc2vb3tltqDCWhNZJyEPZ8rCinAla10xz2ookxYHHadMbXo/95gOVioXiTo8i6ga4L5jPCNZG6tqFji8xSVCanKUldF85qpgy7+ElRF276JSdCeA8QRkpggy1rv3V6YUkDqjQhGOl2siJtJtgqRnhNM13YkUjTIa4T9uGChxQ5SaTI1J4YJQe9ENpSmg4UX9PJDhQahR4pjPAeqBmvbH4n9eOtX/hJkxEsaaCTBf5MYc6hONEYI9JSjQfGYKJZOavkAywSUWb3PImBDR78jxpVMrouHx6e1KsXmVx5EAB7IMSQOAcVMENqIE6IOARPINX8GY9WS/Wu/UxbV2wspk98AfW5w+u0pWI</latexit>



1.5. REPRESENTATIONS 31

Theorem 1.8 The sum of the squares of the dimensions of the inequivalent
irreducible representations of a finite group G is equal to the order of G.

Theorem 1.9 The number of inequivalent irreducible representations of a fi-
nite group G is equal to the number of conjugacy classes of G.

For the proofs see [COR 84].

Definition 1.14 If all the matrices of a representation are real the represen-
tation is said to be real.

Notice that if D is a matrix representation of a group G, then the matrices
D⇤(g), g 2 G, also constitute a representation of G of the same dimension as
D, since

D(g)D(g0) = D(gg0) ! D⇤(g)D⇤(g0) = D⇤(gg0) (1.77)

If D is equivalent to a real representation DR, then D is equivalent to D⇤. The
reason is that there exists a matrix C such that

DR(g) = CD(g)C�1 (1.78)

and so
DR(g) = C⇤D⇤(g)(C⇤)�1 (1.79)

Therefore
D⇤(g) = (C�1C⇤)�1D(g)C�1C⇤ (1.80)

andD is equivalent toD⇤. However the converse is not always true, i.e. , ifD is
equivalent to D⇤ it does not means D is equivalent to a real representation. So
we classify the representations into three classes regarding the relation between
D and D⇤.

Definition 1.15 1. If D is equivalent to a real representation it is said
potentially real.

2. If D is equivalent to D⇤ but not equivalent to a real representation it is
said pseudo real.

3. If D is not equivalent to D⇤ then it is said essentially complex.

Notice that if D is potentially real or pseudo real then its characters are real.

• Real and complex representations
<latexit sha1_base64="cahEdS5uyFnl/OCpk8MakKoyd7w="></latexit>
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D
�
g�1

�
= D† (g) =

✓
Z⇤
1 �Z2

Z⇤
2 Z1

◆

<latexit sha1_base64="qzUpS9IRLQFNsvmj9t9l45FUQdY="></latexit>

D (g) =

✓
Z1 Z2

�Z⇤
2 Z⇤

1

◆

<latexit sha1_base64="ikNnft7eYlujPgtrxOEX+judg7Y="></latexit>

| Z1 |2 + | Z2 |2= 1
<latexit sha1_base64="gFpAqR4XUeuZ4501/V2X3uJhrog="></latexit>

Z1 = x1 + i x2
<latexit sha1_base64="1U1S5JG44zdk/bvGRso/jbLrk4w="></latexit>

Z2 = x3 + i x4
<latexit sha1_base64="NZxYUBq32kt1FudU0Cx+xH+EwLI="></latexit>

x2
1 + x2

2 + x2
3 + x2

4 = 1
<latexit sha1_base64="XrlapD71LQOtRFZ/nepMXZmVy48="></latexit>

SU(2) ⇠ S3
<latexit sha1_base64="TVxeuCLwkKpBzH1PP+jAopxjXAU="></latexit>

Z1 = cos ✓ ei'1 =
p
↵ ei'1

<latexit sha1_base64="aDWjI4J5Vv598ztcVqKlO6Sm8pQ="></latexit>

Z2 = sin ✓ ei'1 =
p
1� ↵ ei'1

<latexit sha1_base64="CUfmLLqHpo0qj5dmHMsJ357JkyY="></latexit>

0  ↵  1
<latexit sha1_base64="qfVdmLEomaiO9WVSoVCLogNLht8="></latexit>

• Example: Dublet rep. of SU(2) (defining rep.)
<latexit sha1_base64="dO3gkR9dVqmIsjSnumPiAMF6fK8="></latexit>



D
�
g�1

�
= D† (g) =

✓
e�i'1 cos ✓ �ei'2 sin ✓
e�i'2 sin ✓ ei'1 cos ✓

◆

<latexit sha1_base64="5jmN+sBTSoM0hNQNEpF68bwOLyg="></latexit>

• Example: Dublet rep. of SU(2)
<latexit sha1_base64="6P7UGauGg0p2DSP0x+KRDhrdOc4="></latexit>

D⇤ (g) =

✓
e�i'1 cos ✓ e�i'2 sin ✓
�ei'2 sin ✓ ei'1 cos ✓

◆

<latexit sha1_base64="iPre/ST4D/cX2zUT5Rws8KbQ2cg="></latexit>

anti-dublet rep. of SU(2)
<latexit sha1_base64="LsDny+ZW01sO7MmdKkW93ihqetg=">AAAHiXicjVVbb9s2FFa7te7cW7o99oWYEyABXMNS19XdU7E8rHnrJUmLREZAUZREhKI0inJjEHrYr9nr+nP6b3YokZbcZMAEyD78zncOz41UVHJWqfn8663b331/5+7o3g/j+w8ePnq88+TH06qoJaEnpOCF/BThinIm6IliitNPpaQ4jzj9GF0eGv3HFZUVK8SxWpd0meNUsIQRrAC62HmKhWLP4hr4CklazlCRoN0PJ/vBwe </latexit>

D (g) =

✓
ei'1 cos ✓ ei'2 sin ✓

�e�i'2 sin ✓ e�i'1 cos ✓

◆

<latexit sha1_base64="vzNgLLFyk8ttRAQnEMeuJ1S2Gi0="></latexit>

0  ✓  ⇡

2
<latexit sha1_base64="4/t57CH4MzOTWl8SkAMCki1vAOo="></latexit>

0  'a  2⇡
<latexit sha1_base64="5pbvHed3AKB5queAkREC1NRsmPw="></latexit>

✓
ei'1 cos ✓ ei'2 sin ✓

�e�i'2 sin ✓ e�i'1 cos ✓

◆

<latexit sha1_base64="ZGFtlZRFxjh5c7IJ3Q9awRbS4CQ="></latexit>

✓
0 �1
1 0

◆

<latexit sha1_base64="I9cW62TlE+dUog7/Zntw/mAoYzo="></latexit>

✓
0 1
�1 0

◆

<latexit sha1_base64="nZeYY3coDGEQtNEY3YKKsLnPg2s="></latexit>

✓
0 �1
1 0

◆

<latexit sha1_base64="I9cW62TlE+dUog7/Zntw/mAoYzo="></latexit>

✓
�ei'2 sin ✓ ei'1 cos ✓
�e�i'1 cos ✓ �e�i'2 sin ✓

◆

<latexit sha1_base64="VZhxEMynMq+B7bybPf3WvsM1Ymg="></latexit>

=

✓
e�i'1 cos ✓ e�i'2 sin ✓
�ei'2 sin ✓ ei'1 cos ✓

◆
= D⇤ (g)

<latexit sha1_base64="HmSFxED6ENiTPNE0cBJPfbjyOSM="></latexit>

They are equivalent:
<latexit sha1_base64="Mr4DSSRiGgl20mGBpozRW1RslLY=">AAAHgnicjVVbb9s2FFYvqzuvW9Nub3sh5gZIBzewlF7Sog/F8rDmrSuStEhkBCRFS0QoSqUoNx6h/7LX7R/t3+xQIi25yYAKkH34ne8cnhspUgpe6dns3xs3b93+5s7o7rfj7+59/8P9rQcPT6qiVpQd00IU6iPBFRNcsmPNtWAfS8VwTgT7QC4OrP7DkqmKF/JIr0o2z3Eq+YJTrAE63/rpKGMrhBVD7FPNl1gwqV+db01mu7 </latexit>

=<latexit sha1_base64="7zwZxY62RTiO4eWF25anJDCHHOo="></latexit>

=<latexit sha1_base64="7zwZxY62RTiO4eWF25anJDCHHOo="></latexit>

Not true for SU(N) with N � 3
<latexit sha1_base64="1QsZyuGgePia5CPPhxst2YPQ1Qc="></latexit>





ei 2⇡/3
<latexit sha1_base64="K5lgfzDi00kP0JM9ADYzCMQuex4="></latexit>

1
<latexit sha1_base64="rfLhwHYZ1VJIjpRQY//Kr9Dpm+E="></latexit> ei 4⇡/3

<latexit sha1_base64="1uMggH2TtIfnD6ExnpAiTwSAilw="></latexit>

e
<latexit sha1_base64="VGI/PW+Lsl6anW9OcxIpuDUaeqs="></latexit>

a
<latexit sha1_base64="ABWzU4XX4wdagAcqjr/M1qkdcxc="></latexit> a2

<latexit sha1_base64="S1daCFM+D3uvEb9sLMfnjS4xyV8="></latexit>

a2
<latexit sha1_base64="S1daCFM+D3uvEb9sLMfnjS4xyV8="></latexit>

a
<latexit sha1_base64="ABWzU4XX4wdagAcqjr/M1qkdcxc="></latexit>

zei2⇡/3z�1 6= ei4⇡/3
<latexit sha1_base64="IZRWmpe9MaAUDjhZxCVyypPcre4="></latexit>


