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Lagrangian formulation for discrete systems
or discretized continua

Holonomic constraints

Kinetic energy

Total potential energy
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Lagrangian formulation...

Lagrange’s equation E a_L _@= N
dt\ag, ) og,
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Lagrangian formulation...
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Gyroscopic “damping” matrix is anti-symmetric

Gyroscopic force (Coriolis) (aBi _ 0B’ ]q _
j

Scleronomic systems R= R(ql, 0, qn)
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If the mass matrix is constant...
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Hamiltonian formulation...

Legendre’s transformation f (X, y) =0 (u, y) =ux— f (X, y)
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Hamiltonian formulation...

Duality
“Old” “New”
f(x,y)=ux—g(u,y) g(u,y)=ux—f(xy)
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Application to the Lagrangian

L(g,9t) =>» H(@pt)=p'a-L(qg,q,t)
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Hamiltonian formulation...

H(q,p,t)=p'q—-L(q,q.t)
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Hamiltonian formulation...

Lagrange’s equation with N. =0
d{oL) oL oL oH
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_oH Hamilton’s canonical equations
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Hamiltonian formulation...

Lagrange’s equation with N. #0
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Hamiltonian formulation...

Scleronomic conservative system R = R(q) e N =0

H =H(p,q).°.%—|;|=0:> H =0= H =const.
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Hamiltonian formulation...
Rheonomic system R =R(q,t) with N, =0 or N, =0

H=H(p,g,t) and H = Nal_I %T:H;econst.
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Total-Lagrangian Matrix Formulation
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Consider a point of an elastic solid with
scleronomic constraints
with respect to a relative reference frame,
which, on its turn, iIs moving with respect to

an “inertial” reference frame
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Particular class of rheonomic constraint!
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R =5(t)+a(t)[r+u(q)]

r=r'f, =r'a (t)e,

u=u'f, =u'a (t)e,




Total-Lagrangian Matrix Formulation

Discretization u(q) = Hqg + A(q) Geometric non-linearity

H is an interpolation matrix

Hence: R :S(t)+a(t)[r+ Hq+A(q)]
5R = a(t)[H+N]aq, with N=Z§

R=S(t)+a(t)[r+Hg+A]+a(t)[H+N]q

R=S(t)+a(t)[r+Hg+A]+2a(t)[H+N]q+a(t)[H+N]{§+a(t)DNq

com DN =) NN;, e NN, =gqui




Total-Lagrangian Matrix Formulation

Linear elastic homogeneous and isotropic solid or rod

Theorem of virtual displacements/D’ Alembert’s principle oW, . =W,
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Continuous system

Discretized system oW, . = fiqTKS (Q)q
SW,,, =8q" [P, -M,i-AC,q-AK q]
3q" {M,§+AC.q+[K,(q)+AK, ]q-P}=0, Vdq

M.0+AC.q+[K,(q)+AK,|q=P,




Total-Lagrangian Matrix Formulation

Linear elastic homogeneous and isotropic solid or rod

Discretized system
M.g+AC.q+|K,(q)+AK,|q=P,
M, = [(H™ +NT)(H+N)dv
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Total-Lagrangian Matrix Formulation

2D linear elastic homogeneous and isotropic solid or rod
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element

N u=u-zsinp=U—zw'
— W=W+2z(cosp-1)=w

u=Tu=I'"hq=Hq

u

g=[0, 9 9 O O5 G




Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element

R=S(t)+a(t)[r+u]

- S, (t) | cos@(t) —sind(t)
Support excitation: S(t) {S Et§> a_[sinﬁ(t) COSQ(t)}

Position vector in local system: I = { .
Z
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element

Neglecting the mass moment of inertia
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element
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Total-Lagrangian Matrix Formulation

Particular case: 2D linear Bernoulli-Euler prismatic rod element

Mg +ACq+(K +AK)g =P, + AP




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

u=u-zsinpz=U—zw'

174 7 5
— W =W+ Z(COS(0—1)§VT/—§VTI'

1 1 1
= u’+§u'2 +§W'2 =0 — 2w+ -W*

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

Secant formulation in index notation (within Newton-Raphson procedure)

M "¢, + D"q, + K> q, = F"

Tangent formulation in index notation

M2S¢, + DS, + K2sq, = SF”

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

w=q; (x) where v, (X) =y, (x)=0and y; (x)=h(x) fori=2,35,6

Neglecting the longitudinal inertial force, one arrives at
constant axial strain within the rod element, so that

=0 (9500, 5y (0)-, (0]
where ¢ (x)=h,(x) fori=14 and ¢ (x)=0 fori=2,35,6

and a; (x) ZE‘//{(GE)‘/’} (§)ds

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

Calling

=+ X G (X) 00,4 (X), where 5, ()= a, (1)~ (x)

o = _qui'(X)
Yo = Z+QiWi(X)

VA 1 4 !
o :1_5%%% (X)‘//j (x)

the matrices of the secant equations of motion
referred to the rod-element local system are:

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

the matrices of the tangent equations of motion
referred to the rod-element local system are:

M_II_‘S — M rs
D-|I:s — Drs

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element

Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




Total-Lagrangian Matrix Formulation

Example: 2D non-linear Bernoulli-Euler prismatic rod element
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Brasil & Mazzilli, Appl. Mech. Rev., 46(11), S110-S117, 1993




