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a b s t r a c t

Constitutive models for shape memory alloys have seen significant development in the last
decades. They have evolved from uniaxial, mostly empirical, relations to full-fledged
mathematical descriptions accounting for many of the effects observed in these mate-
rials with an ever-higher degree of detail. The models available today are constructed using
various approaches ranging from micromechanics with or without scale transition, to
statistical physics and particle dynamics, to methods of classical plasticity, to energy ap-
proaches coupled with thermodynamic and conservation principles. They have finally
matured to the extent where they can be utilized in reasonably accurate numerical analysis
of potentially complex shape memory alloy devices subjected to non-trivial thermo-
mechanical loading. This paper aims at providing an up-to-date review of key constitutive
models for shape memory alloys, with an attempt to track their evolution from their
inception to their most recent versions. The models are categorized in terms of the
approach they use in describing the behavior of shape memory alloys.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Shape memory alloys (SMAs) are a family of smart materials capable of sustaining large inelastic strains that can be
recovered by heating or unloading, depending on prior loading history. The origin of this unusual behavior is the ability of
SMAs to undergo a first-order solidesolid diffusionless and reversible phase change called martensitic transformation (MT)
(Olson and Cohen, 1982). The transformation occurs at the lattice scale between a parent phase called austenite (A), stable at
high temperature and low stress, and a product phase called martensite (M), metastable at low temperature and high stress.
Of these two phases, austenite has the higher crystallography symmetry. Depending on the applied thermomechanical
loading, different martensite variants may develop, characterized by their orientation with respect to the interface with
austenite called “habit plane”. Early crystallographic theories for MT are attributed to Wechsler et al. (1953) and Bowles and
Mackenzie (1954). During cooling, the transformation of austenite to martensite begins at a characteristic “martensite start”
temperature Ms and concludes at a lower “martensite finish” temperature Mf. If the material is then heated, the reverse
transformation to austenite starts at the “austenite start” temperature As and concludes at the “austenite finish” temperature
Af. These transformation temperatures can be measured using different techniques including Differential Scanning
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Fig. 1. Illustration of a typical phase diagram and key behaviors for SMAs (Morin, 2011).
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Calorimetry (DSC) (Shaw and Kyriakides, 1995). In the absence of stress, the phase transformation temperatures are denoted
M0

f , M
0
s , A

0
s and A0

f . Fig. 1(a) shows a schematic phase diagram that illustrates the dependence of phase transformation stress
on temperature.

The martensitic transformation is at the origin of the twomain effects observed in SMAs, namely the shape memory effect
(SME) and pseudoelasticity (PE).

1.1. Pseudoelasticity

If austenite is loaded along path (f)/ (g) in Fig. 1(a), it transforms to detwinnedmartensite with potentially large inelastic
strains (Brinson, 1993; Brinson and Lammering, 1993; Leclercq and Lexcellent, 1996). The reverse transformation takes place
during unloading (g)/ (f) allowing the recovery of inelastic strain (Wayman and Bhadeshia,1983). The stressestrain curve of
a pseudoelastic thin walled CuAlBe cylinder subjected to uniaxial loading is shown in Fig. 2(a), where the simulation results
by Gu et al. (2015) and the experimental work of Bouvet et al. (2004) are reported. Additional results are shown in Fig. 2(b)
based on the work of Panico and Brinson (2007), Arghavani et al. (2010b) and Gu et al. (2015), and the experimental results of
Sittner et al. (1995).

1.2. The one-way shape memory effect

The one-way shape memory effect (OWSME) was first observed in a GoldeCadmium alloy by Chang and Read (1951) and
in NiTi by Buehler et al. (1963). Later, Sato et al. (1982) discovered the OWSME in Fe690Mn30Si1 (wt.%) Fe-based alloy leading
Fig. 2. Stressestrain behavior of pseuoelastic SMAs (Gu et al., 2015).
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to the development of Fe64Mn30Si6 (wt%) SMAwith perfect shapememory byMurakami et al. (1986). The OWSMEmanifests
itself under appropriate thermomechanical loading like the one illustrated by the sequence (a) / (b) / (c) / (d) / (e) in
Fig. 1(a). When austenite is cooled below M0

s in the absence of stress ((a) / (b)), the forward transformation produces
twinned or self-accommodating martensite MT, which in NiTi and Cu-based SMAs consists of 24 randomly oriented variants
(Hane and Shield, 1999a; James and Hane, 2000). If this MT is then subjected to stress, the variants are detwinned ((b)/ (c)).
Contrary to self-accommodation, the orientation of twinned martensite induces macroscopic orientation strain that is in-
elastic. Upon unloading, the oriented martensite Ms remains stable as does the orientation strain ((c) / (d)). Heating above
Af, however, allows for reverse transformation and the recovery of the inelastic strain ((d)/ (e)). The OWSME is emblematic
of the behavior of SMAs and is therefore accounted for bymost SMAmodels. Fig. 3(a) shows the simulated stressestrain curve
following path (b)/ (c)/ (d) by Zaki and Moumni (2007a) which was validated against the experimental data of Shaw and
Kyriakides (1995).

1.3. The two-way shape memory effect

Unlike the OWSME, the two-way shape memory effect (TWSME) is not an intrinsic behavior in SMAs but is rather ac-
quired. Early work on the TWSME is due to Perkins (1974), Miyazaki et al. (1981), Liu and McCormick (1990), Rogueda et al.
(1991) and Stalmans et al. (1992). The TWSME can generally be induced by cyclic loading at T <M0

f or T >A0
f , referred to as

“training” (Schroeder and Wayman, 1977; Cingolani et al., 1995; Pons et al., 1999), or by deformation of stress-induced
martensite at T >M0

s (Delaey et al., 1974) or the creation of precipitates in the material (Oshima and Naya, 1978; Amengual
et al., 1995; Guilemany and Fern�andez, 1995). The physical mechanism responsible for the development of TWSME in
trained SMAs was explained by Perkins and Sponholz (1984), Contardo (1988), Tadaki et al. (1988), Lovey et al. (1995) and De
Araujo (1999) as follows: Unrecovered strain at the end of each loading cycle accumulates during training until saturation. The
resulting permanent dislocations, defects and the residual stress stabilize a fraction of the martensite plates which are then
identically recreated during subsequent transformations, thus producing macroscopic strain. This allows a trained SMA to
switch configurations between stable austenite and oriented martensite phases by heating or cooling without requiring any
mechanical load. If the orientation of martensite during cooling ((h) / (i) in Fig. 1(a)) is facilitated by external stress, the
process is called assisted two-way shape memory effect (ATWSME) or superthermal effect (see Fig. 3(b)) and favors the
nucleation of orientedmartensite variants (Kim, 2004, 2005). Numerical models for TWSMEwere proposed, among others, by
Rogueda et al. (1991), Hebda and White (1995), Bo and Lagoudas (1999), Lexcellent et al. (2000), Auricchio et al. (2003) and
Zaki and Moumni (2007a).

The most commonly used SMAs to-date are NiTi-based also called Nitinol, as well as Cu-based and Fe-based alloys. Nitinol
and single crystal Cu-based SMAs are capable of the highest inelastic strain recovery (up to 10%) due to their thermo-elastic
phase change (Otsuka and Wayman, 1999; Johnson, 2013; Bel Haj Khalifa et al., 2013). In addition, Nitinol is biocompatible
(Buehler andCross,1969; Shabalovskaya,1996; Es-Souni et al., 2005; Bansiddhi et al., 2008),whereasCu-based SMAs arebrittle
and thusmore delicate to use in applications (Casciati et al., 2007; Ueland and Schuh, 2012). Compared toNiTi, Cu-based SMAs
Fig. 3. One-way and two-way shape memory behaviors in a SMA.
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exhibit less dependence on temperature (Sutou et al., 2009; Niitsu et al., 2011), loading rate (Araya et al., 2008; Araki et al.,
2012), and grain size (Sutou et al., 2013) as well as lower pseudoelasticity (Araki et al., 2011). On the other hand, Fe-based
SMAs show very large hysteresis and ductility but lower shape recovery (about 4%). However, this low SME can be
improved by training (Federzoni et al., 1993; Zhao, 1999), precipitation (Rong et al., 1995; Wen et al., 2008) or by a suitable
combination of aging, pre-straining and shape memory training (Lin et al., 2014). In Fe-SMAs, the non-thermoelastic trans-
formation is crystallographically non-reversible. In addition to the SME and PE, SMAs display other properties such as the
rubber-like effect that results from aging of martensite and allows reversible twinning and detwinning of martensite variants.

Over the last four decades, the complex behavior of shape memory alloys has motivated intense theoretical and experi-
mental research. In particular, significant effort was dedicated to developing models that would help understand the physical
mechanisms underlying the martensitic transformation in SMAs and facilitate the design and fabrication of SMA devices. The
objective of this paper is to provide an up-to-date review of key constitutive models for SMAs, including a classification of
these models in terms of modeling scale and mathematical structure and a discussion of their strengths and weaknesses. An
effort is made to use a uniform notation in reporting the various mathematical relations and, where feasible, to replot nu-
merical simulation results from surveyed publications for improved clarity. A section is dedicated to showing how the basic
constitutive relations for one class of models can reduce to a single mathematical formulation under certain loading cases,
which allows for direct comparison of their parameters. The paper follows a comparable work by Patoor et al. (2006) and
Lagoudas et al. (2006), which is now becoming dated. In Patoor et al. (2006), the authors reviewed the kinematics of the
martensitic transformation with a discussion of micromechanical modeling for single crystal SMAs while Lagoudas et al.
(2006) focused on micromechanical and phenomenological models of polycrystalline SMAs. A more recent and detailed
review can be found in the book of Lexcellent (2013).

2. Microscopic thermodynamic models

Models in this category are those intended to describe microstructural features in SMA behavior such as phase nucleation,
interface motion, martensite twin growth, and so on, at the lattice or grain-crystal levels. They are mostly developed based on
the GinzburgeLandau theory or using molecular dynamics.

2.1. Microscopic models based on the GinzburgeLandau theory

The constitutive equations in these models are derived from a polynomial energy expression, usually written in terms of
observable variables such as strain and temperature. The polynomial potential models of Falk (1980, 1983) are recognized as
the earliest constitutive models for SMAs, later followed by Ball and James (1989), Barsch and Krumhansl (1988) and
Abeyaratne and Knowles (1990). In his work, Falk (1980) used a Landau-Devonshire-like free energy based on similarity of the
electromagnetic curves of ferromagnetic materials with the uniaxial stressestrain response of SMAs. Phase transition was
assumed to occur at unstable equilibria where the slope of the stressestrain curve is negative. Three years later, the author
modeled the martensite transformation based on the static GinzburgeLandau (GL) theory within the framework of con-
tinuum thermodynamics. The structure of the static domain walls for austenite and martensite was determined from
equilibrium conditions. A discrete spectrum of domain structures was obtained in finite crystals whereas four types of domain
walls were found in unbounded crystals. To avoid the unphysical minima that appear in 3D simulations of GL models, Levitas
and Preston (2002a,b) and Levitas et al. (2003) used an order parameter that averages out the variables used to describe the
atomic lattice vibrations. Wang andMelnik (2007) and Dhote et al. (2014) also used the GL theory to developmesoscale phase
field models for martensite transformation in SMA nanowires. Mahapatra and Melnik (2006) proposed a consistent GL po-
tential that minimizes the number of parameters for Simulation of 3D single crystal NiAl samples using finite elementmethod
(FEM), with no need to track the austeniteemartensite and variantevariant interfaces.Wang and Khachaturyan (1997) and Jin
et al. (2001) used time-dependent GinzburgeLandau (TDGL) kinetic equations to develop phase field models for the
martensitic transformation. Later, Idesman et al. (2008), Cho et al. (2012), and Zhong and Zhu (2014) used FEM to solve the
kinetic equations in their multivariant 3D TDGL-based models. In the same line of thought, She et al. (2013) showed the
particular influence of the inertial and surface energies on themartensite transformation in NiAl, with focus on nuclei growth
and generation of invariant habit planes. Fig. 4 shows the MT at the nanoscale at t ¼ 3 � 10�12 s, t ¼ 4 � 10�12 s and
t ¼ 5 � 10�12 s under surface stress free condition (sn ¼ tn ¼ 0 MPa) for which case the phase transition is completed at
t ¼ 11 �10�12 s. The presence of a compressive surface stress at the boundaries of the 50 nm � 50 nm NiTi plate was found to
increase the total nucleation time (t ¼ 13 � 10�12 s), while tensile surface stress tend to decrease the completion time
(t ¼ 10 � 10�10 s). The use of these models for structural simulations remains impractical to-date, mainly because of their
computational cost and inconvenient modeling scale.

2.2. Microscopic models based on molecular dynamics

Molecular dynamics is a branch of theoretical physics started in the late 1950s to simulate systems of atoms andmolecules
(Alder and Wainwright, 1959; Rahman, 1964). Molecular dynamics models (MDM) use Newton's equations to describe the
motion of each particle in a system consisting of a finite number of particles. The motion of the ith particle is governed by



Fig. 4. Pattern of nucleus growth during martensite transformation under free stress: austenite is shown in blue and martensite in red (She et al., 2013). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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i ¼ �vF=vri; (1)

whereF is the potential energy of interaction between particles, andmi and ri are themass and position vector of particle. The

Verlet scheme is commonly used for time-discrete integration of this equation. The temperature of the system is usually
obtained from the expression of an ideal gas law such that

T ¼ 2Ek
3NKb

; (2)

where Kb is the Boltzmann constant, Ek is the total kinetic energy and N is the number of particles in the system. In MD, the

supercell size and shape are assumed to change dynamically such that the internal stress sint equilibrates with the applied
constant stress sext (Parrinello and Rahman, 1981). The internal stress is related to the virial stress svir (Parrinello and
Rahman, 1981), that is equivalent to the Cauchy stress in continuum mechanics (Maranganti and Sharma, 2010), as follows:
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where, h is the cell tensor, J is the volume change, U is the current cell volume, jjvijj is the velocity vector of the ith atom and

rij ¼ rj � ri is the relative position vector of atom j with respect to atom i. A strain measure can be introduced at the atomic
scale by analogy with the concept of the continuum Green strain (Saitoh and Liu, 2009). To this end, the infinitesimal seg-
ments between material points are substituted with interatomic segment vectors raij between any two atoms i and j in a

direction a ¼ {x,y,z}. The atomic strain measure is then given by
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where the current displacement uaij is assumed to vary linearly with the initial interatomic distance rij(0). Averaging (4) over a
domain where atom i interacts with N others, the strain can be calculated at each atomic site as follows:

ε
ab

i ¼ 1
N

XN
j¼1

ε
ab

ij : (5)
The difference between existing MD models for SMAs mainly resides in the choice of the potential, with most models
using the LennardeJones (LJ) or embedded-atom-method (EAM) potentials.

2.2.1. Models using the EAM potential
The EAM potential was initially developed by Daw and Baskes (1984) for metals and later adapted for NiAl (Foiles and Daw,

1987; Chen et al., 1989; Rubini and Ballone, 1993; Farkas et al., 1995) and NiTi (Lai and Liu, 2000). For a system of atoms, it is
expressed as follows:

F ¼
X
i

FðriÞ þ
1
2

X
i

X
jsi

fi
�
rij
�
; (6)
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where fij describes the interaction between atoms i and j, rij is the spacial distance between atoms i and j, and F(rij) is an
embedding function. A polynomial form was proposed by Rose et al. (1984) for F such that

FðriÞ ¼ k1r
1=2
i þ k2ri þ k3r

2
i ; (7)

where ri is the local electron density around the ith atom given by Clementi and Roetti (1974) as
ri ¼
X
jsi
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� ¼X
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�
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d s
In Equation (9), CI, zI, N , N , nI, k1, k2, k3 are atom parameters. The following expression for fij was proposed by Rubini and
Ballone (1993):
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where

Z
�
rij
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�
1þ arbij

�
exp

��grij
�
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and Z0, a, b and g are material parameters. The pressure is obtained from the virial theorem and controlled by the scaling
method. The stress tensor is obtained and controlled using the ParrinelloeRahman (PR) method (Parrinello and Rahman,
1981). Sato et al. (2004), Uehara and Tamai (2006), Sato et al. (2008) and Ackland et al. (2008) modeled martensite trans-
formation in NiTi using the EAM potential. Uehara et al. (2006) used the parameters proposed by Rose et al. (1984) to simulate
the martensite transformation in a Ni68Al32 (at%) single crystal consisting of 864 atoms. The resulting stressestrain curve in
Fig. 5(a) shows gradual zigzags with abrupt drops in stress corresponding to orientations of the variant layers. Smoother
stressestrain behavior is obtained for larger models as shown in Fig. 5(b). Ishida and Hiwatari (2007) used a modified EAM
Fig. 5. Simulated stressestrain curves using an EAM potential (Uehara et al., 2006).



Fig. 6. Variation of the configuration of atoms for model P1: (a) initial state, (b) after relaxation, (c) during loading, and (d) after loading (Uehara et al., 2009).

Fig. 7. Variation of the configuration of atoms for model P2: (a) initial state, (b) after loading, (c) after unloading, (d) after heating, and (e) after cooling (Uehara
et al., 2009).
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potential to show that the forward transformation temperature in NixTi (1 � x) (at%) varies instantaneously for 35 < x < 60.
Using this potential, Guo et al. (2007) pointed out the occurrence of MT at the crack tip in NiAl due to high stress concen-
tration. Uehara et al. (2009) considered two NiAl polycrystals, P1 and P2,16.6 nm� 15.6 nm� 1.5 nm in size and consisting of
31,000 atoms each. P1 comprised four hexagonal grains and P2 two square and two octagonal grains. Twomartensite variants
were considered: M1 with an alternating sequences of variant layers and M2 with a consecutive sequence. Starting with M1,
the shape memory behavior was simulated as shown in Fig. 6 for P1 and in Fig. 7 for P2. It is interesting to note that the grain
boundaries remained fixed during the simulation. Stressestrain curves obtained by Uehara et al. (2009) for P1 and P2 are
shown in Fig. 8(a) and (b) for different loading conditions. The curves differ significantly from those obtained for single
crystals and approach macroscopic experimental observations. Using a semi-empirical EAM potential, Saitoh and Liu (2009)
analyzed the reversibility of martensite transformation in a Ni52.4Al47.6 (at%) system comprising 33,640 atoms. Fig. 9(a)
shows the variation of the stress components with the longitudinal strain ε33. The first part of the curve represents the
Fig. 8. Stressestrain curves for the two polycrystals P1 and P2 (Uehara et al., 2009).



Fig. 9. Pseudoelastic response in a large 1D NieAl model of 33,640 atoms (Saitoh and Liu, 2009).
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elastic behavior of austenite with Young's modulus varying between Eð1ÞA ¼ 100 GPa and Eð2ÞA ¼ 47 GPa, the second part
corresponds to the forward phase transformation plateau, the third part represents the elastic behavior of martensite with
EM ¼ 113 GPa, and the last part shows a sudden drop in stress at failure. The lower stiffness of austenite compared to
martensite contradicts macroscopic experimental observations but is consistent with the nano-indentationmeasurements of
Rajagopalan et al. (2005) where martensite was found to be 50% stiffer than austenite. Unloading the system before the
breaking point leads to complete reverse transformation characterized by very small hysteresis (see Fig. 9(b)) due to the
existence of a single minimum for the EAM potential corresponding to austenite. Mutter and Nielaba (2013) used a Finnis-
Sinclair EAM potential (Finnis and Sinclair, 1984) to study the SME in a NiTi 3D nanomodel consisting of 90,000 atoms.
The stressestrain tension curve at a loading rate _u ¼ 1 m=s and T ¼ 1 K are shown in Fig. 10(a) for Ni concentrations between
50% and 52%. The increase in Ni content was found to increase the elastic modulus of martensite and smoothen the trans-
formation plateau due to increasing lattice instability. Contrary to the observations of Saitoh and Liu (2009) for NiAl,
important hysteresis was found for the Nitinol nanomodel with a remanent strain between 5 and 5.6%. The
strainetemperature curve during reverse transformation upon heating is shown in Fig. 10(b), where oriented martensite
Fig. 10. Simulation of the SME in a NiTi nanoparticle using the Finnis-Sinclair EAM potential (Mutter and Nielaba, 2013).



Fig. 11. Hysteresis in a heatingecooling cycle observed with a LJ potential (Ozgen and Adiguzel, 2004).
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remains stable at the beginning of the heating stage before transforming back to austenite. An intermediate stagewith a strain
drop was observed due to the passage from a local minimum of the free energy corresponding to Ms to a global minimum
correspong to MT. However, a final strain of 2.5% irrespective of the Ni percentage was finally found in the austenite phase.
Recently, Mirzaeifar et al. (2014) successfully used a modified EAM potential to simulate the formation and reorientation of
nanotwinned martensite in NiTi. The authors found that twinned martensite is stabilized by a propensity of the free surfaces
to minimize their energy. In the absence of free surfaces, the pre-martensite or rhombohedral phase becomes stable.

2.2.2. Models using the LennardeJones potential
An alternative to EAM for the study of the atomistic austeniteemartensite systems is to use the LennardeJones (LJ) po-

tential, which has a simpler expression given by

F ¼ 1
2

X
i

X
jsi

fij
�
rij
�
: (12)
In Equation (12), the interaction energy fij(rij) between atoms i and j is given by

fij
�
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� ¼ 4~εij
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!12

�
 
~sij
rij
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1A; (13)

where ~εij is the depth of the potential well and ~sij represents the minimum possible distance between atoms i and j in the
absence of interaction. Using the LJ potential, Suzuki and Shimono (2003) studied in detail the mechanisms of martensite
transformation, including the formation of hexagonal close-packed (hcp) structures, nanocrystal size effect, etc. Ozgen and
Adiguzel (2004) investigated the thermoelastic transformation of NixAl (1 � x) (at%) for 60 < x < 65. They observed a
thermal hysteresis of DT ¼ 228 K for x ¼ 62.5 as shown in Fig. 11. Later, Kastner (2006) successfully simulated the thermo-
dynamic properties of a small 2D assembly of 41 atoms, using the parameters listed in Table 1.

The phase compositionwas assumed to be stable for minimumvalues of the dimensionless free energy bF ðT ; εÞ obtained by

integrating the normalized load bPðT; ε0Þ with respect to strain as follows:

bF ðT; εÞ ¼ bUðT; εÞ þ TbSðT; εÞ ¼ bF ðT; ε0Þ þ l0

ZT ;ε
T ;ε0

bPðT; ε0Þdε0; (14)
Table 1
Interaction parameters for the LJ potential in Kastner (2006).

A1eA1 A2eA2 A1eA2

~εij 1.14 1.0 0.223
~sij 0.9 0.865 0.6



Fig. 12. Simulated isotherms for the assembly of 41 atoms (Kastner, 2006).
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where ε0 is the initial strain, ε is the current strain, bF ðT; ε0Þ is a temperature-dependent parameter, l0 is the reference length of

the chain assembly, and bSðT ; εÞ and bUðT; εÞ are the dimensionless entropy and internal energy of the system. In Fig. 12(a),bF ðT ; εÞ is not convex and exhibits temperature-dependent minima. Fig. 12(b) and (c) show that martensite is stable for
minimum internal energy, while austenite becomes stable formaximum entropy. For comparison, the author investigated the
shape memory behavior in a large body corresponding to a sequence of 11 small clusters of 41-atoms connected diagonally.
Martensite reorientation was found to occur at constant critical load in stress controlled simulation, which was not the case
for strain controlled loading. Suzuki et al. (2006) and Deng et al. (2010) combined theMonte-Carlo method andMD to explain
the underlying mechanisms of martensite stabilization and rubber-like behavior of SMAs. Using a similar approach, Zhong
and Zhu (2012) simulated the patterning of nanotwins, including twin coarsening near the free surfaces, branching near
the habit planes and substrate constraints. Kastner et al. (2011) investigated the evolution of the microstructure during cyclic
transformations using a binary LJ potential. Martensite and austenite were favored at low and high values of the normalized
parameters ~εij=ε0 and ~sij=s0, respectively.When the system of 160,000 atomswas cooled down to 200 K, themartensite phase
was found to nucleate and austenitewas present around defects. The productmorphology in Fig.13(a) shows the formation of
martensite plates. The potential energy field in Fig. 13(b) shows perfect compatibility between these micro-twins with no
interface energy.

The above results demonstrate that molecular dynamics is a powerful and promising technique for modeling shape
memory alloys at the microscopic level. However, accurate results require the use of large and complex models, which results
in high computation cost.

3. Microemacro models

The microemacro models rely on micromechanics to describe the material behavior at the micro or meso scales. A scale
transition is then used to derive macroscopic constitutive equations (Sun and Hwang, 1993; Huang et al., 2000; Blanc and
Lexcellent, 2004; Sadjadpour and Bhattacharya, 2007; Levitas and Ozsoy, 2009). The development of microemacro models
Fig. 13. Martensite transformation in a 160,000 atom SMA system (Kastner et al., 2011).
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requires the use of suitable observable variables (OVs) and internal variables (IVs). The OVs usually consist of temperature T
and external stress s or strain ε. The IVs usually comprise the volume fraction x of martensite and a mean transformation
strain (MTS). Fr�emond (1987) developed one of the earliest constitutive models for SMAs using internal variables. Micro-
mechanical and micro-plane/micro-sphere models are the two main microemacro modeling approaches.

3.1. Models based on micromechanics

Micromechanical models rely on micromechanics to obtain an expression for the interaction energy within the material.
The macroscopic behavior of the polycrystalline SMA is then obtained by averaging the behavior of single grains using scale
transition techniques such as the MorieTanaka scheme (Mori and Tanaka, 1973; Siredey et al., 1999; Sun and Hwang, 1994),
the self-consistent scheme (Patoor et al., 1988; Lu andWeng,1998; Gall and Sehitoglu, 1999) and the uniform stress (Sachs) or
strain (Taylor) mix approaches (�Sittner and Nov�ak, 2000; Thamburaja and Anand, 2001; Stupkiewicz and Petryk, 2002; Nov�ak
and �Sittner, 2004; Hackl and Heinen, 2008). Alternatively, the scale transition can be accomplished numerically, e.g. using
finite element techniques to account for the complex interaction between neighboring grains (Gall et al., 2000; Thamburaja
and Anand, 2001; Lim and McDowell, 2002; Anand and Gurtin, 2003; Sengupta et al., 2009; Junker and Hackl, 2011). Early
micromechanical models for SMAs were proposed among others by Delaey et al. (1987), Fischer and Tanaka (1992) and
Raniecki et al. (1992). Micromechanical models considering plastic deformation were also proposed by Kudoh et al. (1985),
Sun et al. (1991), Sadjadpour and Bhattacharya (2007), Wang et al. (2008) and Yu et al. (2012). Patoor et al. (1988, 1994) used
crystallographic data to describe martensite transformation in polycrystal SMAs. The interaction energy was obtained from a
24 � 24 matrix called interaction matrix. The model accurately simulated pseudoelasticity but could not describe the self-
accommodation of martensite. Lu and Weng (1997) developed a similar model with one martensite variant, while Goo
and Lexcellent (1997) proposed a multivariant formulation considering both chemical and surface energies. Alternative ex-
pressions for the interaction energy in SMAs can be found in Huang and Brinson (1998) and Siredey et al. (1999). Gao et al.
(2000) and Govindjee and Miehe (2001) proposed 3D multivariant models featuring a simplified interaction energy. The
latter model was extended to finite strains by Stein and Sagar (2008). Other well-established micromechanical models were
developed by Gall and Sehitoglu (1999), Lim andMcDowell (2002), Wang and Yue (2006), Wang et al. (2008), Collard and Ben
Zineb (2012), Yu et al. (2012), Levitas (2013), Guthikonda and Elliott (2013) and Zhu et al. (2014).

Hane and Shield (1999a) identified a set of 192 theoretically possible transformations systems in TixNi (100� x) (at%) with
x2 [49,50], of which only 24 have been observed experimentally. The habit planes are equally distributed between type I and
type II that are normals in the {100} family and {110} family, respectively, with 24 symmetry. It is worth noting that the 192
habit planes represent only 36% of the total 528 theoretically possible solutions in NiTi. Compared to NiTi, Shield (1995) and
Hane and Shield (1999b) showed that CueAleNi SMAs display 96 habit planes out of 120 that are theoretically possible. This
corresponds to the total number of V-microstructures for which the variants pair (Vi;V 0

j ) such that i > j as reported by

Stupkiewicz and G�orzy�nska-Lengiewicz (2012) who identified a total of 528 habit planes for the cubic-to-orthorhombic
transformation, like in NiTi. For simplicity, most models and numerical simulations consider a maximum of 24 martensite
variants. A notable exception is the work of Anand and Gurtin (2003) who simulated the superelastic stressestrain response
of NiTi using the complete set of 192 martensite variants as well as the reduced set of 24 transformation systems. The authors
found qualitatively similar curves for both systems with comparable hysteresis size. However, using the reduced set of 24
habit planes gave higher stressestrain curves compared to those predicted using the full set of 192 transformation systems.
Considering the 24 variants of martensite in Cu-based and NiTi SMAs, the total martensite volume fraction and the trans-
formation strain tensor are defined as the sum of contributions by the different variants, i.e.

ε
tr ¼

X24
k¼1

xkε
tr;k and 0 � x ¼

X24
k¼1

xk � 1; (15)

where x is the volume fraction of the kth martensite variant for which the local transformation strain tensor εtr,k is given by
k

ε
tr;k ¼ 1

2
gtrðnk5mk þmk5nkÞ: (16)
In the above equation, gtr is themagnitude of the transformation, nk is a unit vector normal to the habit plane andmk is the
unit vector indicating the transformation direction. The vectors n and m are given in Table 2 for Nitinol and in Table 3 for
CuZnAl SMAs.

The energy due to the interaction between all 24 martensite variants is given by

Fintervariant ¼
1
2

X24
i;j¼1

Hijxixj; (17)

whereHij couples variants ith and jth in the interactionmatrices given in Table 4 for NiTi and in Table 5 for CuZnAl and CuAlBe.



Table 2
Crystallographic data for the 24 martensite variants in NiTi (Wang et al., 2008).

Variant n m Variant n m

1 �0.8889 �0.4044 0.2152 0.4114 �0.4981 0.7633 13 �0.2152 0.8889 �0.4044 �0.7633 �0.4114 �0.4981
2 �0.4044 �0.8889 �0.2152 �0.4981 0.4114 �0.7633 14 �0.2152 �0.8889 0.4044 �0.7633 0.4114 0.4981
3 0.8889 0.4044 0.2152 �0.4114 0.4981 0.7633 15 0.2152 0.4044 �0.8889 0.7633 0.4981 0.4114
4 0.4044 0.8889 �0.2152 0.4981 �0.4114 �0.7633 16 0.2152 �0.4044 0.8889 0.7633 �0.4981 �0.4114
5 �0.8889 0.4044 �0.2152 0.4114 0.4981 �0.7633 17 0.8889 �0.2152 0.4044 �0.4114 �0.7633 0.4981
6 0.4044 �0.8889 0.2152 0.4981 0.4114 0.7633 18 �0.8889 �0.2152 �0.4044 0.4114 �0.7633 �0.4981
7 0.8889 �0.4044 �0.2152 �0.4114 �0.4981 �0.7633 19 0.4044 0.2152 0.8889 0.4981 0.7633 �0.4114
8 �0.4044 0.8889 0.2152 �0.4981 �0.4114 0.7633 20 �0.4044 0.2152 �0.8889 �0.4981 0.7633 0.4114
9 0.2152 0.8889 0.4044 0.7633 �0.4114 0.4981 21 0.8889 0.2152 �0.4044 �0.4114 0.7633 �0.4981
10 0.2152 �0.8889 �0.4044 0.7633 0.4114 �0.4981 22 �0.8889 0.2152 0.4044 0.4114 0.7633 0.4981
11 �0.2152 �0.4044 �0.8889 �0.7633 �0.4981 0.4114 23 �0.4044 �0.2152 0.8889 �0.4981 �0.7633 �0.4114
12 �0.2152 0.4044 0.8889 �0.7633 0.4981 �0.4114 24 0.4044 �0.2152 �0.8889 0.4981 �0.7633 0.4114

Table 3
Crystallographic data for the 24 martensite variants in CuZnAl (De Vos et al., 1978; Patoor et al., 1994).

Variant n m Variant n m

1 �0.182 0.669 0.721 �0.165 �0.737 0.665 13 0.721 �0.182 0.669 0.665 �0.165 �0.737
2 �0.182 0.721 0.669 �0.165 0.665 �0.737 14 0.669 �0.182 0.721 �0.737 �0.165 0.665
3 0.182 0.669 0.721 0.165 �0.737 0.665 15 0.721 0.182 0.669 0.665 0.165 �0.737
4 0.182 0.721 0.669 0.165 0.665 �0.737 16 0.669 0.182 0.721 �0.737 0.165 0.665
5 �0.669 �0.182 0.721 0.737 �0.165 0.665 17 0.669 �0.721 0.182 �0.737 �0.665 0.165
6 �0.721 �0.182 0.669 �0.665 �0.165 �0.737 18 0.721 �0.669 0.182 0.665 0.737 0.165
7 �0.669 0.182 0.721 0.737 0.165 0.665 19 �0.669 0.721 0.182 0.737 0.665 0.165
8 �0.721 0.182 0.669 �0.665 0.165 �0.737 20 �0.721 0.669 0.182 �0.665 �0.737 0.165
9 �0.182 �0.669 0.721 �0.165 0.737 0.665 21 �0.721 �0.669 0.182 �0.665 0.737 0.165
10 �0.182 �0.721 0.669 �0.165 �0.665 �0.737 22 �0.669 �0.721 0.182 0.737 �0.665 0.165
11 0.182 �0.669 0.721 0.165 0.737 0.665 23 0.721 0.669 0.182 0.665 �0.737 0.165
12 0.182 �0.721 0.669 0.165 �0.665 �0.737 24 0.669 0.721 0.182 �0.737 0.665 0.165
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A general expression for the complementary free energy in a micromechanical model can be written as follows (Wang
et al., 2008):

J
�
s; T; xn; εpl

�
¼ 1

2
s : S : sþ s : εpl þ s :

X24
n¼1

ε
nxn � 1

2

X24
n¼1

Hmnxmxn � BðT � T0Þ
X24
n¼1

xn; (18)

n
where ε is the transformation strain of the nth martensite variant, T0 is the reference temperature, B a parameter related to
the chemical energy (Bekker and Brinson, 1998), S is the fourth-order stiffness tensor and ε

pl is the plastic strain tensor.
Table 4
Interaction matrix for NiTi (Wang et al., 2008).

Variant 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

1 C C C C C I C I I I I C I I C I C I I I C I I I
2 C C C C I C I C C I I I C I I I I I C I I I I C
3 C C C C C I C I I I C I I I I C I C I I I C I I
4 C C C C I C I C I C I I I C I I I I I C I I C I
5 C I C I C C C C I I C I I I I C C I I I C I I I
6 I C I C C C C C C I I I C I I I I I I C I I C I
7 C I C I C C C C I I I C I I C I I C I I I C I I
8 I C I C C C C C I C I I I C I I I I C I I I I C
9 I C I I I C I I C C C C C C I I I C I I C I I I
10 I I I C I I I C C C C C C C I I C I I I I C I I
11 I I C I C I I I C C C C I I C C I I C I I I C I
12 C I I I I I C I C C C C I I C C I I I C I I I C
13 I C I I I C I I C C I I C C C C C I I I I C I I
14 I I I C I I I C C C I I C C C C I C I I C I I I
15 C I I I I I C I I I C C C C C C I I C I I I C I
16 I I C I C I I I I I C C C C C C I I I C I I I C
17 C I I I C I I I I C I I C I I I C C C C C C I I
18 I I C I I I C I C I I I I C I I C C C C C C I I
19 I C I I I I I C I I C I I I C I C C C C I I C C
20 I I I C I C I I I I I C I I I C C C C C I I C C
21 C I I I C I I I C I I I I C I I C C I I C C C C
22 I I C I I I C I I C I I C I I I C C I I C C C C
23 I I I C I C I I I I C I I I C I I I C C C C C C
24 I C I I I I I C I I I C I I I C I I C C C C C C

C ¼ GA/3000, I ¼ GA/750, where GA is the shear modulus of austenite.



Table 5
Interaction matrix for CuZnAl SMA (Patoor et al., 1994; Niclaeys et al., 2002).

Variant 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

1 C C C C I I C I C I C I I C I I I I I C C I I I
2 C C C C I I I C I C I C C I I I I I C I I C I I
3 C C C C C I I I C I C I I I I C I C I I I I C I
4 C C C C I C I I I C I C I I C I C I I I I I I C
5 I I C I C C C C C I I I I C I C C I I I I C I I
6 I I I C C C C C I C I I C I C I I C I I C I I I
7 C I I I C C C C I I C I I C I C I I C I I I I C
8 I C I I C C C C I I I C C I C I I I I C I I C I
9 C I C I C I I I C C C C I I I C I I I C C I I I
10 I C I C I C I I C C C C I I C I I I C I I C I I
11 C I C I I I C I C C C C I C I I I C I I I I C I
12 I C I C I I I C C C C C C I I I C I I I I I I C
13 I C I I I C I C I I I C C C C C I C I I C I I I
14 C I I I C I C I I I C I C C C C C I I I I C I I
15 I I I C I C I C I C I I C C C C I I I C I I C I
16 I I C I C I C I C I I I C C C C I I C I I I I C
17 I I I C C I I I I I I C I C I I C C C C I C I C
18 I I C I I C I I I I C I C I I I C C C C C I C I
19 I C I I I I C I I C I I I I I C C C C C I C I C
20 C I I I I I I C C I I I I I C I C C C C C I C I
21 C I I I I C I I C I I I C I I I I C I C C C C C
22 I C I I C I I I I C I I I C I I C I C I C C C C
23 I I C I I I I C I I C I I I C I I C I C C C C C
24 I I I C I I C I I I I C I I I C C I C I C C C C

C z m/1000 z 40 MPa, and I z m/150 z 270 MPa, where m is the shear modulus of austenite.
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Stupkiewicz and Petryk (2010b) observed that the simple Taylor homogenization can be as accurate as FEM averaging if its
strong internal kinematic constraints are relaxed. Therefore, they considered the polycrystal as an assembly of bi-crystals
consisting of pairs of contiguous grains, instead of aggregates of individual grains. To account for interaction, the grain
pairs were assumed to satisfy the conditions of traction continuity and kinematic compatibility at their planar interface of
orientation n so that

εð2Þ � εð1Þ ¼
1
2
ðn5c þ c5nÞ;�

sð2Þ � sð1Þ
�
$n ¼ 0:

(19)
In this equation, εðiÞ is the average strain of the ith grain (i ¼ 1, 2) in the bi-crystal, sðiÞ is the average stress and c is an
arbitrary vector. The average stress tensor, strain tensor εbi, free energy density and dissipation density in the bi-crystal were
then obtained by a Voigt mixture rule from those of the two grains. In the Taylor transition technique, εbi is assumed equal to
the macroscopic strain and the macroscopic stress is given by averaging sbi, while the Sachs homogenization technique
considers sbi to be equal to the macroscopic stress and averages εbi. Using the bi-crystal approach, Stupkiewicz and Petryk
(2010b) simulated pseudoelasticity, martensite reorientation and tension-compression asymmetry in a NiTi polycrystal.
Fig. 14 shows the stressestrain behavior of textured NiTi obtained using the Taylor and Sachs techniques using contiguous
grain interaction versus single-grain averaging. For [1 1 1] textured NiTi subjected to uniaxial loading along the drawing
direction, a very small difference was observed between the predictions of the Taylor and Sachs models based on bi-crystals.
The model was validated against the experimental results of McNaney et al. (2003) and adopted by Stupkiewicz and Petryk
(2010a). To account for transformation ratcheting of pseudoelastic NiTi, Yu et al. (2013) developed a crystal plasticity based
constitutive model considering 24 friction slip systems at the austeniteemartensite interface and the accumulation of pinned
martensite during cyclic loading. Their work was extended by Yu et al. (2014) to account for loading rate effects during cyclic
deformation and by Yu et al. (2015) to investigate the effect of reorientation-induced plasticity on non-proportional multi-
axial transformation ratcheting of pseudoelastic NiTi SMAs.

3.2. Micro-plane and micro-sphere models

The micro-plane theory initiated by Taylor (1938) describes the multiaxial macroscopic behavior of SMAs as a super-
position of uniaxial responses within several planes of different orientations called “micro-planes” under the assumption of
static constraints (Batdorf and Budiansky, 1949) or kinematic constraints (Ba�zant, 1984; Ba�zant and Oh, 1985).

The static constraint method considers a unit vector n to define the normal direction N to the micro-plane. In-plane unit
vectors m and l of components mi and li, i ¼ 1 to 3, are used to define the shear directions M and L. The stress components



Fig. 14. Pseudoelastic simulations of NiTi using bi-crystal Taylor-based and Sachs-based micromechanical models (Stupkiewicz and Petryk (2010b)).
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along these directions are obtained in eachmicro-plane from the projections of the macroscopic stress tensor (Carol and Prat,
1990; Brocca et al., 2002) as follows:

sN ¼ Nijsij; sM ¼ Mijsij and sL ¼ Lijsij; (20)

where Nij ¼ ninj,Mij ¼ (minj þmjni)/2 and Lij ¼ (linj þ ljni)/2 are the Schmid tensors. From (20), the constitutive relation yields
themicro-plane strains that, in turn, give themacroscopic strain components bymeans of the principle of virtual work (PVW)

εij ¼
3
2p

Z
U

εNninjdUþ 3
2p

Z
U

ε
tr

2
�
nidrj þ njdri

�
dU; (21)

where U is the surface of a unit hemisphere and dij is the Kronicker delta.
For the kinematic constraint method, the macroscopic strain tensor ε is projected on the micro-plane to give the normal

strain εN and the in-plane strains εM and εL as follows:

εN ¼ Nijεij; εM ¼ Mijεij and εL ¼ Lijεij: (22)
The local stresses sN, sM and sL are then obtained using the PVW

sij ¼
3
2p

Z
U

sNninjdUþ 3
2p

Z
U

str

2
�
nidrj þ njdri

�
dU: (23)
The static and kinematic constraints are sometimes combined to get a so-called double constrained model (Carol and
Bazant, 1997; Ba�zant et al., 2000). Ba�zant and Oh (1986) proposed an efficient and accurate numerical integration scheme
of these models using a single Gauss integration point on each of the 21 micro-planes. Brocca et al. (2002) developed the first
micro-plane model (MPM) for polycrystalline SMAs. Using the static constraint method and following Brinson and Huang
(1996), they defined the following uniaxial stressestrain relation in a micro-plane:

t ¼ Gðg� εLxÞ; (24)

where t is the shear stress, G is the shear modulus, g is the shear strain along l orm, εL is the maximum transformation strain

and x is the martensite volume fraction. Despite neglecting the thermal expansion and using identical elastic moduli for
austenite and martensite, the model of Brocca et al. (2002) allowed proper simulation of pseudoelasticity in NiTi accounting
for minor hysteresis loops as well as tension-compression asymmetry. AVolumetriceDeviatoriceTangential (VDT) split of the
stress and strain was proposed by Ba�zant et al. (2000), Carol et al. (2001) and Kuhl et al. (2001, 2001) found that the
macroscopic stress and strain derived from the PVW may not respect the second principle of thermodynamics. This was
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confirmed by Leukart and Ramm (2003), Leukart (2005) and Kadkhodaei et al. (2008) using a volumetricedeviatoric (VD)
split. The latter authors demonstrated that MPMwith two shear directionsmay give unrealistic results and remarked that this
can be avoided by themodynamically consistent MPM. In this line of thought, Mehrabi et al. (2012) and Mehrabi and
Kadkhodaei (2013) proposed a 3D phenomenological micro-plane model using VDT split. Their models accurately pre-
dicted the reorientation of martensite under multiaxial loading. Recently, Mehrabi et al. (2014) developed a thermody-
namically consistent MPM using VD split. They defined a macroscopic Gibbs free energy by integrating the potential over the
micro-planes of all orientations and described the evolution of detwinned martensite in a way similar to Brinson (1993):

jmacðs; T ; xÞ ¼ 3
2p

Z
U

jmicðs; T ; xÞdU;

jmicðs; T; xÞ ¼ � 1
2r

s : S : sþ c
	
ðT � T0Þ � T ln



T
T0

��
� s0T þ u0 þ

1
r
f ðxÞ:

(25)
Here, S is the fourth-order compliance tensor, c is the effective specific heat, T0 is the equilibrium temperature, u0 and s0 are
the specific internal energy and entropy and f(x) is a transformation kinetic function where x is constrained in [0,1]. Mehrabi
et al. (2014) simulated the pseudoelastic behavior of a thin-walled NiTi tube. The comparisonwith their experimental results
shows that both VDTand VD split formulations give good results in uniaxial tension (see Fig. 15(a)) and pure torsion tests (see
Fig. 15(b)), with the VD split being less intensive computationally.

Like in micro-plane models, micro-sphere models are based on the projection of the macroscopic strain or stress onto
directions that are normal to a micro-sphere (Ostwald et al., 2010b,a). To this end, the authors adopted the 1D constitutive
model proposed by Govindjee and Hall (2000) and used statistical physics to obtain the evolution of the volume fractions of
the different phases. Using kinematic constraints, the one-dimensional microscopic radial strain ε

mic was given by

ε
mic ¼ ½r5r� : εmac; (26)

where r is an underlying integration direction. The microscopic free energy Jmic as well as the calculated microscopic stress

smic and volume xa of a phase a are transferred to the macro-level as follows:

smac ¼ 1
4p

Z
U

smic½r5rd�Uz
Xnr

i¼1

wis
mic
i ½ri5ri�;

Jmac ¼ 1
4p

Z
U

JmicdUz
Xnr

i¼1

wiJ
mic
i ;

xmac
a ¼ 1

4p

Z
U

xmic
a dUz

Xnr

i¼1

wix
a;mic
i ;

(27)
Fig. 15. Comparison of simulation results using VD and VDT split micro-plane models with experimental data (Mehrabi et al., 2014).
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where xai is the volume fraction of phase a at the ith integration direction ri and wi is the corresponding weighting factor
which depends on the integration scheme, and nr is the total number of integration directions. Ostwald et al. (2010b) used 42
integration directions while Ostwald et al. (2010a) used 21 integration directions for numerical simulations. The projection of

macroscopic strain bεmacðtÞ ¼ kðtÞε0e15e1 with k ¼ bkðtÞ2½�1;1� is shown in Fig. 16(a) and the resulting microstress in
Fig. 16(b). The distribution of the volume fractions of the underlying 1D model after several loading cycles at kε0 ¼ 0.05 is
illustrated in Fig. 16(c) and shows no transformation in the orthogonal YZ plane. The affine micro-sphere model of Ostwald
et al. (2010a) was later extended to account for the interaction between phase transformation an plasticity by Ostwald et al.
(2011, 2014) who distinguished the contributions of the deviatoric and volumetric parts of the strain. The purely deviatoric
macroscopic plastic strain in phase a was expressed as follows:

ε
a;mac
dev;pl ¼

1
4p

Z
U

ε
a;mic
pl

	
r5r � 1

3
1

�
dUz

Xnr

i¼1

ε
a;mic
pl;i wi

	
ri5ri �

1
3
1

�
: (28)
Using this approach, Ostwald et al. (2014) simulated the pseudoplastic and pseudoelastic behaviors, stresse-
strainetemperature curves, and stressestrain minor loops observed experimentally Helm and Haupt (2001). Their work was
extended recently by Ostwald et al. (2015) to investigate the effect of cyclic loading on SMAs and successfully simulate the
shear behavior of SMA plates with holes.

Microemacro models allow accurate simulations that are well founded in terms of physics. However, they tend to feature
many state variables and material parameters, which make them challenging to characterize and computationally expensive.

4. Macroscopic models

Macroscopic models describe the behavior of polycrystalline SMAs based on phenomenological considerations, simplified
microemacro thermodynamics or direct experimental data fitting. Tanaka and Nagaki (1982) established the first macro-
scopic phenomenological model using internal variables to describe thermoplastic phase transformation in SMAs subjected
to uniaxial loading. This work was extended by Tanaka (1986) to feature exponential transformation hardening functions. To
circumvent the need for explicit constraints on the volume fractions of the different phases involved, Liang and Rogers (1990)
proposed a 3Dmodel using cosine evolution functions for x. Brinson (1993) and Brinson and Lammering (1993) extended this
model by splitting the volume fraction into a temperature-induced part xT and a stress-induced part xs. Lagoudas et al. (1996)
compared the exponential and cosine models to their own polynomial approach in simulating pseudoelasticity for active
metal matrix composites. The exponential model was found to be less satisfactory in predicting the stressestrain behavior
and heat energy rate curves, compared to the other two models. Boyd and Lagoudas (1996) proposed the first model that
accounts for martensite reorientation by introducing an inelastic strain tensor. However, the authors focused only on pro-
portional loading and did not compare their numerical results with experimental data. The first 3D phenomenological model
for SMAs is attributed to Bertram (1983). Other pioneering 3D phenomenological models are those of Raniecki et al. (1992);
Raniecki and Lexcellent (1994, 1998), Auricchio et al. (1997) and Souza et al. (1998). The above models led the way to sig-
nificant developments in phenomenological modeling for SMAs by several research groups worldwide.

4.1. Models based on the theory of plasticity

In thesemodels, processes such as phase transformation and detwinning are governed by loading functions and flow rules
analogous to those of classical plasticity. The evolution rules commonly have a normality structure and obey conditions of
consistency with the definition of the loading functions.
Fig. 16. Volume fraction of autenite, tension-induced martensite Mt and compression-induced martensite Mc by Ostwald et al. (2010b).
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4.1.1. The model of Souza et al. (1998)
Souza et al. (1998) proposed a 3D phenomenological model that can simulate the behavior of polycrystalline CuZnAlMn

experimentally observed by Sittner et al. (1995). The Helmholtz free energy used to derive themodel is written in terms of the
total strain ε, transformation strain ε

tr, elastic strain ε
el and temperature T as follows:

F
�
ε; εtr; T

� ¼ 1
2
kðTrðεÞÞ2 þ G




eel


2 þ tmðTÞ����etr����þ h
2

����etr����2 þ I0;εtrmax

�
ε
tr�; (29)

where eel and etr are the deviatoric parts of the elastic and transformation strain tensors, k is the bulk modulus, G is the shear

modulus of the SMA, k$k is the Euclidean norm and h is a transformation hardening parameter. The chemical energy tm(T)
that appears in (29) is a positive increasing function of temperature given by

tmðTÞ ¼
�
bðT � T0Þ if 0 � 

etr

 � ε

tr
max;

þ∞ otherwise:
(30)

I0;εtr is an indicator function that accounts for the requirement on



ε
tr


 not to exceed ε

tr
max and is defined as
max

I0;εtrmax
¼
�

0 if 0 � 

εtr

 � ε
tr
max;

þ∞ otherwise:
(31)
The model of Souza et al. (1998) was improved by Auricchio and Petrini (2002) who proposed a robust algorithm to
simulate the SME and PE under non-proportional loading. This work was later extended by Evangelista et al. (2009) who
developed 3D and 1D consistent models where the role of the different material parameters is highlighted. Their model was
validated against the experimental data obtained by Airoldi et al. (1995) and was used to simulate the OWSME (see Fig. 17(a))
and PE (see Fig.17(b)) in a 2D cantiliver beam subjected to bending using a new beam finite element. Further generalization of
the work of Souza et al. (1998) was carried out by Auricchio and Petrini (2004) who introduced a thermal energy term FT(T)
into the Helmholtz free energy expression in (29) given by

FT ðTÞ ¼ �3aTkðT � T0ÞTrðεÞ þ ðu0 � Ts0Þ þ c
	
ðT � T0Þ � T ln



T
T0

��
; (32)

where c is the heat capacity of the SMA, aT is the thermal expansion coefficient, u0 and s0 are the internal energy and entropy

at the reference temperature T0. This work was extended by Auricchio and Reali (2007) in 1D and by Auricchio et al. (2007) in
3D to simulate the coupling between plasticity and phase transformation. Auricchio et al. (2009) also proposed a 1D
formulation of the model of Auricchio and Petrini (2004) to account for tension-compression asymmetry. Mahnken and
Wilmanns (2008) further considered the possibility of simultaneous tension-induced, compression-induced and shear-
induced martensite. The second and third terms in (29) were accordingly modified as follows:
Fig. 17. 2D Numerical simulation of pure bending of a cantilever SMA beam (Evangelista et al., 2009).
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Ftr ¼
Xn
i¼1



qi



ei þ

1
bi
exp ð�bieiÞ

�
� qi

ei
þ 1
2
hi


etr

2 þ tmi



etr

�; (33)

where qi, bi, and hi are material parameters that influence transformation hardening. The above equation generalizes the

model of Souza et al. (1998) and Auricchio and Petrini (2002) that are retrieved for n ¼ 1 and qi ¼ 0. From the work of
Auricchio et al. (2007), Arghavani et al. (2010b) proposed a 3D model where martensite reorientation and phase trans-
formation are decoupled. The model introduces the following Lagrangian:

L
�
ε; εtr; T

� ¼ F
�
ε; εtr; T

�þ FT ðTÞ þ lðkNk � 1Þ; (34)

where N ¼ ε
tr

and l is a Lagrange multiplier. From (34), the authors derived the thermodynamic forces A and A governing
kεtrk x re

phase transformation and martensite reorientation, which were found to be

Ax ¼ 2G
�
eel : N

�
� �tMðTÞ þ h



etr

þ g
�
;

Are ¼ 2Geel � 2G
�
eel : N

�
N:

(35)
Recently, Auricchio and Bonetti (2013) generalized the work of Souza et al. (1998) by considering an expression proposed
by Fr�emond (2002) to derive a 3D model that accounts for martensite reorientation and tension-compression asymmetry.
This work was extended by Auricchio et al. (2014) to represent the smooth thermomechanical response of SMAs with
transformation-dependent elastic properties, martensite reorientation and low-stress phase transformations. Recently, the
initial work of Souza et al. (1998) and its extensions by Auricchio and Petrini (2004) and Arghavani et al. (2011a) were
generalized for porous SMAs by Ashrafi et al. (2015a,b) who derived 3Dmodels for pressure-dependent phase transformation
of porous NiTi SMAs under proportional and non-proportional multiaxial loadings. Ashrafi et al. (2015b) validated their model
against the experimental data of Zhao et al. (2005) and showed that the recoverable strain in porous SMAs increases with
porosity under uniaxial or hydrostatic loading, while the critical force for phase transformation decreases. The SouzaeAur-
icchio model was further extended to account for the magnetic effects in SMAs like in (Auricchio et al., 2011, 2015; Grandi and
Stefanelli, 2015). A summary of the constitutive equations of the Auricchio and Petrini (2004) model is given in Table 6.

4.1.2. The model of Boyd and Lagoudas (1996)
Boyd and Lagoudas (1996) developed a phenomenological SMA model that was validated experimentally by Lagoudas

et al. (1996). The model is derived from the following Gibbs free energy expression:

J
�
s; T ; x; εtr

� ¼ ð1� xÞJAðs; TÞ þ xJMðs; TÞ þJmix�x; εtr�; (36)

where JA and JM are the free energies of austenite and martensite, and Jmix is a mixing energy term reflecting the in-

teractions between the different phases. Ja (a ¼ A,M) were defined as follows:

Jaðs; TÞ ¼ � 1
2r

ðs : Sa : sÞ � 1
r

�
aa
T : s

�ðT � T0Þ þ ca
	
ðT � T0Þ � T ln



T
T0

��
� sa0T þ ua0: (37)
In Equation (37), sa0 and ua0 are the effective specific entropy and internal energy, respectively, at the reference temperature
T0, ca is the effective specific heat and aa

T is the thermal expansion coefficients tensor. The subsequent evolutions of the model
of Boyd and Lagoudas (1996) mainly focused on improving the definition of the mixing energy and/or the introduction of
permanent plastic deformation. For example, Lagoudas et al. (2006) proposed the following mixing energy:
Table 6
Summary of constitutive relations for the Auricchio and Petrini (2004) model.

Stressestrain relation
s ¼ 2G dev ðε� ε

trÞ þ k½Tr ðεÞ � 3aðT � T0Þ�1;
X ¼ sd � b< T �Mf >

ε
tr

kεtrk þ hεtr:

Loading function

F tr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J2ðXÞ

p þm J3ðXÞ
J2ðXÞ � R � 0; with m ¼

ffiffiffiffiffi
27
2

q
sc�st
scþst

and R ¼ 2
ffiffiffi
2
3

q
scst
scþst

:

Consistency conditions and flow rule
_z _F tr ¼ 0; _εtr ¼ _z vF tr

vs ; _z � 0; _F tr � 0:
Additional constraints
0 � x � 1; and




ε
tr


< ¼ εL :
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Jmix ¼ �1
r

�
s : εtr

�þ f ðxÞ; (38)

where f(x) is the transformation hardening function given by

f ðxÞ ¼
�
fMðxÞ for A/M;

f AðxÞ for M/A;
(39)

and where fM and fA are expressed in one of the following ways:

� Using the exponential model of Tanaka (1986),

fM ¼ rDs0
aMe

½ð1� xÞln ð1� xÞ þ x� þ �me1 þ me2
�
x;
f A ¼ rDs0
aAe

x½ln ðxÞ � 1� þ �me1 � me2
�
x;

(40)

where aAe , a
M
e , me1 and me2 are material parameters and Ds0 is related to the entropy of the phases,

� Using the cosine evolution rule of Liang and Rogers (1990),

fM ¼
Zx

�rDs0
M

h
p� cos�1

�
2bx � 1

�i
dbx þ �mc1 þ mc2

�
x;
0
ac

f A ¼
Zx
0

�rDs0
aAc

h
p� cos�1

�
2bx � 1

�i
dbx þ �mc1 � mc2

�
x;

(41)

where aAc , a
M
c , mc1 and mc2 are material parameters,

� Using the polynomial model of Lagoudas et al. (1996),

fM ¼ 1
2
rbMx2 þ �mp1 þ m

p
2

�
x;

f A ¼ 1
2
rbAx2 þ �mp1 � m

p
2

�
x;

(42)

where bA, bM, mp1 and m
p
2 are four material parameters.

Later, Lagoudas et al. (2012) proposed a model that accounts for smooth response of polycrystalline SMA using nonlinear
hardening functions. Mollica et al. (2001) proposed generalized expressions for the hardening functions of Lagoudas et al.
(1996) as follows:

fM ¼ 1
2
a1
�
1þ xn1 � ð1� xÞn2

�þ a3;

f A ¼ 1
2
a2
�
1þ xn3 � ð1� xÞn4

�� a3;

(43)
where n1, n2, n3 and n4 are real numbers in (0,1], and a1, a2 and a3 are material parameters. This nonlinearmodel was validated
against the experimental results ofWu et al. (2003) for SMAs subjected to cyclic temperature variations and was found to give
better results than the model of Boyd and Lagoudas (1996) (see Fig. 18(a)). Fig. 18(b) shows that this nonlinear model further
captures the variation of transformation strain with the applied stress and the smoothness of the stressestrain and
strainetemperature curves with good accuracy. The associated flow rule for the transformation strain given in Lagoudas et al.
(1996), and Qidwai and Lagoudas (2000a,b) can be written as



Fig. 18. Simulation of the thermomechanical behavior of NiTi SMA (Lagoudas et al., 2012).
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_εtr ¼ Ltr _x; (44)

where the transformation direction Ltr is obtained from considerations of maximum dissipation of phase transformation by

analogy with plasticity as follows:

Ltr ¼ vbF
vs

; (45)

where bF is the transformation function. Using (44) the thermodynamic force of phase transformation was obtained as
p ¼ s : Ltr � r
vJ

vx
: (46)
Lagoudas et al. (2006) defined the loading functions for forward and reverse transformations as

FF ¼ bFðsÞ þ r
vJ

vx
� bY ; for A/M;

FR ¼ �bFðsÞ � r
vJ

vx
� bY ; for M/A;

(47)

where bY is a material parameter. To analyze the behavior of thick walled SMA cylinders under internal pressure, Mirzaeifar
et al. (2011) use the model of Qidwai and Lagoudas (2000b) who identified three main forms of the transformation functionbFðsÞ:

� The first form of bF used by Lagoudas et al. (1996) and Hartl and Lagoudas (2009) depends only on the second invariant J2 of
the stress deviator and is given by

bFðsÞ ¼ a
ffiffiffiffiffiffiffi
3J2

p
with Ltr ¼ 3

2
a

dev ðsÞ
jjdev ðsÞjj ; (48)
where a corresponds to themaximum transformation strain εL. Popov and Lagoudas (2007) used two different values of a that
were denoted aSA for twinned martensite and aori for oriented martensite.

The flow rule in (48) cannot be used for stress-free temperature-induced reverse transformation. another expression was
therefore introduced by Hartl et al. (2010) inwhich the flow direction is parallel to the transformation strain tensor at reversal
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ε
tr
rev. Based on the work of Boyd and Lagoudas (1996), and Lagoudas and Entchev (2004), Hartl et al. (2010) considered
additional inelastic deformations bymeans of transformation induced plasticity (TRIP) and viscoplasticity for which the strain
rates are given by

_εtrip ¼ _xLtrip and _εvp ¼ jj _εvpjjLvp: (49)
The flow directions Ltr
rev for reverse transformation, Ltrip for TRIP and Lvp for viscoplasticity are taken as

Ltr
rev ¼ ε

tr
rev
xrev

;

Lvp ¼ 3
2
dev ðsÞ
svm

;

Ltrip ¼ sgn
�
_x
�"

p1 � p2
svm

EA
þ p3



svm

EA

�2
#
Lvp;

(50)

where EA is the elastic modulus of austenite, xrev is the martensite volume fraction at reversal, svm is the effective von Mises
stress, and p1, p2 and p3 are three material constants. Associated flow rules constructed with a single martensite volume
fractionwere found to give spurious residual strains in presence of multiaxial non-proportional loading. To address this issue,
Popov and Lagoudas (2007) used (48) for direct transformation and adopted the following flow direction for reverse phase
change:

Ltr
rev ¼ 3

2
εsat

dev ðεÞ
kdev ðεÞk ; (51)

where εsat is the maximum uniaxial transformation strain. The 3D model of Hartl et al. (2010) further accounts for rate-
independent irrecoverable deformation in SMAs at high temperature. It was recently extended by Chemisky et al. (2014)
to simulate the cyclic actuation behavior of high temperature shape memory alloys (HTMAs). Like in (Hartl et al., 2010)
and (Lagoudas et al., 2012), the authors replaced εsat in (51) by a function a defined as follows:

a ¼
(
εmin for svm <scrit;

εmin þ ðεsat � εminÞ
�
1� e�kðsvm�scritÞ

�
for svm � scrit;

(52)

where k is a parameter used to calibrate a given the minimum and maximum transformation strains, εmin and εsat, and scrit
represents the value of svm when a ¼ εmin.

� The second form of bF uses the first invariant I1 of stress and the second invariant J2 of the stress deviator such that

bFðsÞ ¼ a
ffiffiffiffiffiffiffi
3J2

p
þ bI1;

Ltr ¼ 3
2
a
dev ðsÞ
svm

þ b1;
(53)

where 1 is the second-order identity tensor and b is a parameter that accounts for either volumetric transformation strain or
tension-compression asymmetry, but not both simultaneously.

� The third form of bF is given in terms of the first, second and third stress invariants I1, J2 and J3 such that

bFðsÞ ¼ h
ffiffiffiffiffiffiffi
3J2

p "
1þ q

J3
ð3J2Þ3=2

#
þ uI1;

Ltr ¼ h

"
2dev ðsÞ
2

ffiffiffiffiffiffiffi
3J2

p þ q

ffiffiffiffiffiffiffi
3J2

p
ðdev ðsÞ : dev ðsÞ � 2=3J21Þ � 3J3dev ðsÞ

ð3J2Þ2
#
þ u1;

(54)
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where u is one-third the volumetric transformation strain, and h and q are material parameters obtained by calibrating the
maximum transformation strain in tension and in compression. A summary of the constitutive equations of the Boyd and
Lagoudas (1996) model is given in Table 7.

4.2. Models derived from thermodynamic potentials

For these models, an energy potential is first constructed directly from microscopic, phenomenological or physical con-
siderations. Constitutive relations are then derived in accordance with thermodynamic principles.

4.2.1. The ZM model of Zaki and Moumni (2007a)
Zaki and Moumni (2007a,b) and Moumni et al. (2008b) developed a phenomenological model for NiTi SMAs within the

framework of generalized standard materials with internal constraints (Halphen and Nguyen, 1974). The state variables used
in the ZM model include the temperature T, martensite volume fraction x, local transformation strain tensors for austenite εA
and martensite εM, and local martensite orientation strain tensor εori. The state equations of the ZMmodel are derived from a
Helmholtz free energy potential given by

F
�
T; εA; εM; εori; x

�
¼ ð1� xÞFA þ xFM þ IAM: (55)
In the above equation, FA is the free energy of austenite taken as

FAðεAÞ ¼
1
2
εA : KA: εA; (56)

where KA is the elastic stiffness tensor of austenite. The free energy FM of martensite is given by
FM

�
εM; εori; T

�
¼ 1

2

�
εM � ε

ori
�
: KM :

�
εM � ε

ori
�
þ CðTÞ; (57)

where ε
ori is the martensite orientation strain tensor, KM is the elastic stiffness tensor of martensite and C(T) is the heat
density of phase transformation given by

CðTÞ ¼ C0 þ z
�
T � A0

f

�
: (58)

0
In this equation, C0 is the value of C(T) for T ¼ Af and s ¼ 0, while z controls the influence of temperature on the
transformation stress. The interaction energy IAM is constructed as the summation of three terms as follows:

IAM ¼ G
x2

2
þ b1

x2

2



2
3
ε
tr : εtr

�
þ b2

x

2
ð1� xÞ



2
3
ε
tr : εtr

�
: (59)
The first term on the right-hand side accounts for intervariant interaction, the second term is the interaction energy
between martensite plates, and the third is the interaction energy between austenite and martensite. The martensite elastic
modulus EM as well as b1, b2 and Yare determined from amartensite orientation test, while the austenite Young's modulus EA,
and a, b, G, C0 and z are obtained from a uniaxial tension experiment in the pseudoelastic range. From considerations of
physical constraints on x, εA, εM and the maximum transformation strain ε

tr
max the authors defined the following constraints

potential:
Table 7
Summary of constitutive relations for the Boyd and Lagoudas (1996) model.

Stress-strain relation

s ¼ ½xSM þ ð1� xÞSA��1 : ½ε� ε
tr � aðT � T0Þ�.

Loading functions

F F ¼ εL
ffiffiffiffiffiffiffi
3J2

p
� r

vJ

vx
� bY � 0; for _x>0;

FR ¼ �εL
ffiffiffiffiffiffiffi
3J2

p
þ r

vJ

vx
� bY � 0; for _x<0:

Consistency conditions and flow rules
_x _F F ¼ 0, _x � 0, _F F � 0; for _x>0,

� _x _FR ¼ 0, � _x � 0, _FR � 0; for _x<0,

_εtr ¼ 3
2 εL

_x devðsÞ
svm

.

Additional constraints
0 � x � 1, and k ε

tr k < ¼ εL.
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FKT ¼ l1xþ l2ð1� xÞ þ l3

 
ε
tr
max �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
ε
tr : εtr

r !
þ l : ½ð1� xÞεA þ xεM � ε�; (60)

where ε is the macroscopic strain, and l1, l2, l3 and l are Lagrange multipliers associated with the following KuhneTucker

conditions:

l1 � 0; and l1x ¼ 0;

l2 � 0; and l2ð1� xÞ ¼ 0;

l3 � 0; and l3

 
ε
tr
max �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
ε
ori : εori

r !
¼ 0:

(61)
The derivation of the constitutive equations is then reduced to an optimization problem of the Lagrangian

L
�
T ; x; ε; εA; εM; εori

�
¼ ð1� xÞFA þ xFM þ IAM þ FKT: (62)
Within the framework of generalized standard materials, the authors considered the thermodynamic forces for phase
transformation, Ax ¼ �vL/vx and orientation, Atr ¼ �vL/vεtr to be sub-gradients of the following positive and convex pseudo-
potential of dissipation Dp:

Dp ¼ ½a1ð1� xÞ þ a2x�
�� _x��þ x2sori

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
_εtr : _εtr

r
: (63)

ori
In (63), the material parameters a1 and a2 control the width of the pseudoelastic hysteresis loop for x¼ 0 and x¼ 1, and s

is the critical stress for martensite orientation. This allows the definition of loading functions for forward transformation,
reverse transformation and orientation that are respectively given by

FFx ¼ Ax � ½a1ð1� xÞ þ a2x�;
FRx ¼ �Ax � ½a1ð1� xÞ þ a2x�;

Fori ¼
Ftr
x

¼




Atr

x





� xY ; for x>0:

(64)
These loading functions govern the activation of different mechanisms as follows:

� If FFx <0 and FRx <0, no phase transformation takes place and therefore _x ¼ 0.
� If FFx ¼ 0, the onset of forward phase transformation is reached. In this case _x ¼ 0 if _F

F
x <0, or given by the consistency

condition _F
F
x ¼ 0 otherwise.

� If FRx ¼ 0, the onset of reverse phase transformation is reached. In this case _x ¼ 0 if _F
R
x <0, or given by the consistency

condition _F
R
x ¼ 0 otherwise.

� If Fori ¼ 0, the onset of martensite orientation is reached. The evolution of the martensite orientation strain follows the
normality condition

_εtr ¼ h
vFori
vX

; (65)
where X is the deviatoric part of dev(Atr)/x and h is a positive scalar that satisfies the KuhneTucker conditions
h � 0; Fori � 0; and hFori ¼ 0: (66)
Using the experimental results of Shaw and Kyriakides (1995), Zaki andMoumni (2007a) identified the NiTi parameters to
validate their model. The numerical predictions show good agreement with the experimental data for both pseudoelasticity
and orientation of self-accommodated martensite (Fig. 19). A significant deviation was observed nevertheless for T 2 [10 �C,
30 �C], which was explained by the formation of a rhombohedral phase (R-phase) not considered by the model. The best
results were obtained in the temperature range 50 �C to 80 �C. For temperatures above 90 �C, the experimental results display
permanent plastic strains that were not captured by the initial ZMmodel. Themodel was later extended to account for plastic
yielding (Zaki et al., 2010b), tension-compression asymmetry (Zaki, 2010; Zaki et al., 2011), thermomechanical coupling (Zaki
et al., 2010a; Morin et al., 2011a,d) and cyclic loading effects (Moumni et al., 2008a, 2009; Morin et al., 2011b,c; Morin, 2011).
Moreover, Zaki (2012a, 2012b, 2012c) developed a new algorithm to simulate martensite reorientation in SMAs under
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multiaxial loading using an implicit NewtoneRaphson scheme. Zaki et al. (2014) and Gu et al. (2015) later implemented the
ZM model using an explicit closed-form expression of the material jacobian to simulate the multiaxial non-proportional
loading response of SMAs. Hazar et al. (2013) and more recently Hazar et al. (2015) combined the ZM model with a non-
local stationary method to analyze phase transformation around the tip of a stable growing edge crack in a semi-infinite
Nitinol plate. Moumni et al. (2015) proposed two approach for the modeling of solids undergoing phase transformations
assuming the solid phases to be finely mixed in the first case and as heterogeneous solution in the second case. The work was
carried out within the thermodynamic framework of generalized standard materials with physical constraints on the state
variable but did not use the ZM model. The constitutive equations of the ZM model (Zaki and Moumni, 2007a) are sum-
marized in Table 8.

4.2.2. The model of Peultier et al. (2006)
Assuming identical elastic properties for austenite and martensite, Peultier et al. (2006) decomposed the total strain into

an elastic part εel and a transformation part εtr as follows:
Fig. 19. Numerical vs experimental stressestrain curves in uniaxial tension at different temperatures (Zaki and Moumni, 2007a).



Table 8
Summary of constitutive relations for the Zaki and Moumni (2007a) model.

Stressestrain relation

s ¼ ½ð1� xÞK�1
A þ xK�1

M ��1 : ðε� xεtrÞ:
Loading functions

F F
x ¼ Gma

3
s2vm þ Hma

2
ðTr ðsÞÞ2 � CðTÞ þ s : εtr � ðGþ a2Þx� a1ð1� xÞ �

	
ðb1 � b2Þxþ

b2
2

�


ε
tr

2;

FR
x ¼ �Gma

3
s2vm � Hma

2
ðTr ðsÞÞ2 þ CðTÞ � s : εtr þ ðG� a2Þx� a1ð1� xÞ þ

	
ðb1 � b2Þxþ

b2
2

�


ε
tr

2;

F ori ¼




sd � 2

3
½b1xþ b2ð1� xÞ�εtr � 2l3

3x
ε
tr


ε
tr






� xY ¼ kXk � xY; for x>0:

Consistency conditions and flow rules

_x _F F
x ¼ 0; _x � 0; _F F

x � 0; and _εtr ¼ h
vF F

x

vs ; h � 0;F F
x � 0; hF F

x ¼ 0;

� _x _FR
x ¼ 0;� _x � 0; _FR

x � 0; and _εtr ¼ h
vF R

x

vs ; h � 0;FR
x � 0; hFR

x ¼ 0;
_x _Fori ¼ 0; _x � 0; _F ori � 0; and _εtr ¼ h vF ori

vX ; h � 0;Fori � 0; hFori ¼ 0:
Additional constraints
0 � x � 1; and




ε
tr


< ¼ εL :
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ε ¼ ε
el þ ε

tr: (67)
The authors considered ε
tr as the product of the scalar martensite volume fraction x and an average transformation/

reorientation deviatoric strain tensor εtr with the physical restrictions

0 � x � 1;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
ε
tr : εtr

r
� ε

tr
max;

(68)

where ε
tr is the magnitude of the transformation strain at saturation. The Gibbs free energy of an isolated representative
max

volume element was constructed as the summation of four energy contributions as follows:

J ¼ Jpot �Jel �Jchem �Jint; (69)

whereJpot is the potential energy of the SMA,Jel is the elastic energy,Jchem is the chemical energy andJint is the energy of

austeniteemartensite interfaces that was neglected. The potential energy Jpot is given in terms of the stress and strain
tensors by

Jpot ¼ s : ε: (70)
The elastic energy Jelastic was then split into three parts as follows:

Jel ¼ Jmacroscopic þJintergranular þJintervariant; (71)

where the macroscopic elastic energy Jmacroscopic, intergranular interaction Jintergranular and the intervariant interaction

Jintervariant are given by

Jmacroscopic ¼
1
2
s : ε� 1

2V

Z
V

sIðrÞ : εtrðrÞdV ¼ 1
2
s : εel;

Jintergranular ¼ � 1
2V

Z
V

�
sIIðrÞ : εtr

�
ðrÞdV ¼ 1

2
Hgrnx

2
ε
tr : εtr;

Jintervariant ¼ � 1
2VN

Z
V

sIIIðrÞ : εtrðrÞdV ¼ 1
2
Hvarx

2:

(72)
In the above equations, sI is the macroscopic stress in the representative volume element (RVE), sII(r) is the stress fluc-
tuation between the average stress in the grain and sI, and sIII(r) is the stress fluctuation due to incompatibilities between
different martensite variants. In (72), Hgrn and Hvar are two parameters governing the intergranular and intervariant in-
teractions. Using (71) and (72), the elastic energy was then expressed as
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Jel ¼
1
2

�
s : εel

�
þ 1
2
Hgrn

�
ε
tr : εtr

�
x2 þ 1

2
Hvarx

2: (73)
The chemical energy Jchem is related to the heat density of phase change and is given by

Jchem ¼ BðT � T0Þx; (74)

where T0 is the thermodynamic equilibrium temperature and B is a material parameter. Assuming the martensite trans-
formation in SMAs to occur without volume change, the Gibbs free energy of the material is defined as follows:

J
�
s; x; εtr; T

� ¼ 1
2
ðs : S : sÞ þ

�
sdv : εtr

�
x� BðT � T0Þx�

1
2
Hgrn

�
ε
tr : εtr

�
x2 � 1

2
Hvarx

2; (75)

where sdv is the deviatoric stress and S is the elastic compliance tensor. Phase transformation and martensite orientation
criteria were then established in terms of the thermodynamic forces conjugate to the state variables x and ε

tr, the evolution of
which is governed by considerations of consistency with the relevant loading conditions. Using the material parameters
identified from the experimental data in (Entemeyer, 1996), the authors successfully simulated the SME and PE behavior of
Cu87.9Al11.6Be0.5 (at%) as shown in Fig. 20.

This model was later extended by Peultier et al. (2008) to account for tension-compression asymmetry. Following the
work of Peultier et al. (2006) and Niclaeys et al. (2002), Jemal et al. (2009) proposed a constitutive model for iron based SMAs
(Fe-SMAs) that accounts for plastic deformation of austenite. This work was extended by Khalil et al. (2012) to account for
nonlinear plastic and transformation hardening. Using the initial model of Peultier et al. (2006), Duval et al. (2011) and
Armattoe et al. (2014) developed nonlocal phenomenological models that can simulate the localization and propagation of
oriented martensite transformation in SMA wires and thin films under non-proportional loading. The models differ in that
Duval et al. (2011) assumed the local volume fraction of martensite to be oriented by the deviatoric stress tensor, while in
(Armattoe et al., 2014) the direction was given by the mean transformation strain. Chemisky et al. (2011) used the work of
Peultier et al. (2006, 2008) to develop a 3D model using different internal variables for the description of phase trans-
formation, martensite reorientation and accommodation of martensite twins in NiTi. For this purpose, they introduced
additional internal variables corresponding to the volume fraction xtwin and the inelastic deformation ε

twin of accommodated
martensite twins. In a subsequent work, Piotrowski et al. (2012) studied the influence of niobium precipitates on the ther-
momechanical behavior of Ni47Ti44Nb9 (at%) SMA. The authors used the work of Chemisky et al. (2011) to assess the
behavior of the NiTi matrix and the elastoplastic constitutive model of Wilkins (1964) to describe the niobium inclusions. The
MorieTanaka transition technique was then utilized to obtain the averaged behavior of the SMA. The results of this work
showed an increase of the hysteresis size due to plastic deformation of niobium inclusions. More recently, Thi�ebaud and Ben
Zineb (2014) extended the work of Peultier et al. (2006), Duval et al. (2010) and Chemisky et al. (2011) to carry out finite
element analysis of a SMA passive damper. In addition, the authors carried out experimental work and validated their model
for the simulation of the nonlinear dynamic behavior of a helical NiTi spring considering force vs. displacement, equivalent
complex stiffness and Bode diagrams. Models similar to that of Peultier et al. (2006) were developed by Zhou et al. (2009,
Fig. 20. Numerical results of the PE and SME using the macroscopic model of Peultier et al. (2006).



C. Cisse et al. / International Journal of Plasticity 76 (2016) 244e284270
2010) and Zhou (2012). The 3D model of Zhou et al. (2010) simulates plastic deformation with linear hardening and was
extended by Zhou (2012) to account for 24 martensite variants. The authors considered thermal expansion and resolved the
transformation strain into stress-induced and temperature-induced parts, following Brinson (1993). A summary of the
constitutive equations of the model of Peultier et al. (2006) is given in Table 9.

4.2.3. The model of Leclercq and Lexcellent (1996)
Leclercq and Lexcellent (1996) generalized the RL model proposed by Raniecki et al. (1992) to develop the first general

macroscopic model that explicitly takes into account the reorientation of martensite variants. To this end, they considered a
separation of the volume fraction of martensite into oriented and self-accommodating parts, like in (Brinson, 1993). The
constitutive relations were derived from a Helmholtz free energy F of the material taken as

F ¼ ð1� xÞFA þ xTFtr þ xsFs þ DF; (76)

where x is the volume fraction of twinned martensite and x is the volume fraction of detwinned martensite, such that the
T s

total martensite volume fraction is x¼ xTþ xs. In the expression ofF,FA is the free energy of austenite,Ftr is the free energy of
twinned martensite, Fs is the free energy of oriented martensite and DF is referred to as the configurational energy. The free
energy F4 of each phase 4 2 {A,M} is given by

F4 ¼ u40 � Ts40 þ 1
2r

ε
el
4 : K : εel4 þ CV

	
ðT � T0Þ � T ln



T0
T

��
: (77)
In this equation, u40 is the specific energy, s40 is the specific entropy, and ε
el
4 is the elastic strain tensor for phase 4, K is the

elastic stiffness tensor assumed to be identical for all phases, r is the mass density, T0 is the equilibrium temperature and CV is
the specific heat at constant volume. Since the two martensite phases are crystallographically equivalent, they were
considered to have the same free energy and interaction energy with the austenite, i.e. FAT ¼ FAs ¼ Fit. Denoting Fm

it the
interaction energy between the two martensites, the configurational energy was taken as

DF ¼ xð1� xÞFit þ xsxTF
m
it : (78)
The authors constructed the following closed-form expressions of Fm
it and Fit based on experimental data:

Fm
it ¼ εLs

Ts

r
;

Fit ¼
rsAM

2εL

 
M0

s � A0
s

M0
s � Tpe

!
;

(79)

AM Ts
where Tpe is the pseudoelastic test temperature, and s and s are the stress onsets for direct transformation and
martensite reorientation respectively. Considering that only oriented martensite induces macroscopic transformation strain,
the authors established the following flow rule based on the work of Vacher (1991):

_εtr ¼ 3
2
εsat _xs

dev ðsÞ
svm

; (80)
where εsat is the maximum uniaxial transformation strain. The thermodynamic forces governing the evolution of xT, xs were
then derived in accordance with the laws of thermodynamics as
Table 9
Summary of constitutive relations for the Peultier et al. (2006) model.

Stressestrain relation

s ¼ S�1 : ðε� xεtrÞ:
Loading functions

F tr ¼ s : εtr � BðT � T0Þ � Hgrnxε
tr : εtr � Hvarx� Fcritx ;

F ori ¼ svmx� Hgrnε
tr
vmx2 � l3:

Consistency conditions and flow rules
_x _F tr ¼ 0; _x � 0; _F tr � 0; _F tr ¼ 0 giving _x;

_x _Fori ¼ 0; _x � 0; _F ori � 0; _Fori ¼ 0 giving ε
_tr:

Additional constraints
0 � x � 1; and




ε
tr


< ¼ εL :
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pT ¼ εLsvm

r
� ð1� 2xÞFit � xTF

m
it þ p0ðTÞ;

ps ¼ �ð1� 2xÞFit � xsF
m
it þ p0ðTÞ;

(81)

where p0(T) is the chemical potential associated with phase transformation. The following loading functions were then

defined: FFs ¼ ps � kFs and FRs ¼ �ps þ kRs for forward and reverse stress-induced transformations, FFT ¼ pT � kFT and

FRT ¼ �pT þ kRT for forward and reverse temperature-induced transformations, and FsT ¼ psT � ksT for the orientation of

twinned martensite. The phase transformation thresholds kFs, k
R
s , k

F
T , k

R
T and ksT were obtained from the kinetic relations

proposed by Koistinen and Marburger (1959). The model of Leclercq and Lexcellent (1996) was validated against experi-
mental data taken from Vacher (1991) for CuZnAl and NiTi. It was shown to properly simulate the isothermal and non-
isothermal behaviors of these SMAs but was not validated for non-proportional loading cases. Lexcellent et al. (2000) suc-
cessfully modified (76) to simulate the two-way shape memory effect in CuZnAl SMA using the experimental data of Bourbon
et al. (1995). Juhasz et al. (2000) used the transformation surfaces proposed by Brinson (1993) in the model of Leclercq and
Lexcellent (1996) to predict the effects of thermomechanical coupling in viscoplastic SMAs. Later, Lexcellent et al. (2006)
extended the 1996 model to account for the anisothermal behavior of SMAs under proportional loading. The authors
considered the thermal expansion effects and used the following temperature-dependent interaction energies:

Fit ¼ u0 � Ts0 and Fm
it ¼ um0 � Tsm0 ; (82)

where u0, s0, u
m
0 and um0 are related to the internal energy and entropy of the phases. A non-associative evolution law for εtr
was also introduced to account for the non-convexity of the elastic domain during reverse phase change and was given by

_εtr ¼ εL _xs

2
3ε

tr : εtr
�1

2

ε
tr: (83)

However, this analytical model was neither used for simulations nor validated experimentally. The formulation of Leclercq

and Lexcellent (1996) was further developed by Thiebaud et al. (2007) to account for tension-compression asymmetry in
pseudoelastic SMAs. From Koistinen and Marburger (1959), they defined the following transformation kinetics:

_x ¼

8>>>><>>>>:
εL _seq � rDs0 _T
A1 � 2ð1� xÞFit

ð1� xÞ
r

for _x>0;

εL _seq � rDs0 _T
A2 � 2xFit

x

r
for _x<0;

(84)

where _seq is the rate of equivalent stress defined by Bouvet et al. (2002), A1 and A2 are two parameters depending on the

entropy of austenite and martensite and Ds0 is the entropy gap between the two phases. Simulation results are shown in
Fig. 21 based onwhich the authors concluded that the behavior approaches isothermal for low loading rates and adiabatic for
Fig. 21. Pseudoelastic behavior for isothermal, adiabatic and imposed external temperature cases (Thiebaud et al., 2007).
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high loading rate. Based on (Leclercq and Lexcellent, 1996), Panico and Brinson (2007) developed the first 3D phenomeno-
logical model in which martensite transformation and reorientation under multiaxial non-proportional loading are decou-
pled. In this model, the configurational energy is defined as a simple quadratic function of xs given by

DF ¼ 1
2
Hsx

2
s; (85)

where Hs is a transformation hardening parameter. The expression used for xs is taken from Andra et al. (2001) and given by
xs ¼
����
ε
inel
����ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið3=2ÞεL

p : (86)
The work of Panico and Brinson (2007) was later improved and utilized by Stebner and Brinson (2013) to carry out 3D
finite element analysis of SMAs. Lexcellent et al. (2008) used the 1996 model to discuss the validity of the four criteria
proposed by James and Zhang (2005) for hysteresis minimization in alloys exhibiting first order transition. The work of
Raniecki et al. (1992) was also extend by Hirsinger and Lexcellent (2003) and Hirsinger et al. (2004) to study the thermo-
magneto-mechanical behavior of ferromagnetic NieMneGa SMAs by incorporating a magnetic energy density

Fmagnet ¼ 1
r
m0H:M; (87)

where m0 is the magnetic permeability of vacuum, H is the magnetic field and M is the magnetization. The constitutive
equations of the model of Leclercq and Lexcellent (1996) are summarized in Table 10.

In the current state of science, the macroscopic models remain the most commonly used in structural analysis and design
because of their overall simplicity and smaller number of parameters, which make them easier to integrate and less-
expensive to run compared to other types of models.

4.3. Equivalence of the basic formulations of different macroscopic models

Under the assumption of identical elastic stiffness for austenite and martensite, and disregarding tension-compression
asymmetry and thermal expansion, the stressestrain relation for all the macroscopic models reviewed here becomes

s ¼ K :
�
ε� ε

tr� (88)
Considering a single martensite variant and simple uniaxial tensile loading in the pseudoelastic range, the expressions of
the phase transformation function for the different models can be written as follows:

� For the model of Auricchio and Petrini (2004),

F tr
x ¼ s� b〈T �Mf 〉þ hxεL � scrittr ; (89)
� For the model of Boyd and Lagoudas (1996),
Table 10
Summary of constitutive relations for the Leclercq and Lexcellent (1996) model.

Stressestrain relation
s ¼ K : ðε� ε

trÞ:
Loading functions

F F
s ¼

	
εLsvm

r
� ð1� 2xÞFit � xTF

m
it þ p0ðTÞ � kFT

�
sgn ð _xÞ; for _x>0;

F F
T ¼ �½ð1� 2xÞFit þ xsF

m
it � p0ðTÞ þ kFs�sgn ð _xÞ; for _x>0:

Consistency conditions and flow rule
_xs _F F

s ¼ 0; _xs � 0; _F F
s � 0;

_xT _F F
T ¼ 0; _xT � 0; _F F

T � 0;

_εtr ¼ 3
2 εL

_xs
dev ðsÞ
svm

:

Additional constraints
0 � x � 1 and




ε
tr


< ¼ εL :
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F tr
x ¼

(
sεL � r2bM x� �mp1 þ m

p
2

�� bY ; _x>0;
�sε þ r2bAxþ �mp � m

p�� bY ; _x<0;
(90)
L 1 2
� For the ZM model (Zaki and Moumni, 2007a),

F tr
x ¼

8>>><>>>:
sεL � z

�
T � A0

f

�
�
h
G� a1 þ a2 þ ðb1 � b2Þε2L

i
x�



a1 þ

b2
2
ε
2
L þ C0

�
; _x>0;

�sεL þ z
�
T � A0

f

�
þ
h
Gþ a1 � a2 þ ðb1 � b2Þε2L

i
x�



a1 �

b2
2
ε
2
L � C0

�
; _x< ;

; (91)
� For the model of Peultier et al. (2006).

F tr ¼ sεL � BðT � T0Þ � HgrnεLx� Hvarx� Fcritx ; (92)
� For the model of Leclercq and Lexcellent (1996).

F tr
x ¼

	
εLs

r
þ 2Fitx� Fit þ p0ðTÞ � kFT

�
sgn

�
_x
�
; for _x>0: (93)
All the above functions can be written in the form

sεL � H1x� H2ðT � T0Þ � H3 ¼ scritx εL: (94)

where H1, H2 and H3 are constant material parameters, such that for forward transformation:
H1 ¼ �hε2L ¼ r2bM ¼
h
G� a1 þ a2 þ ðb1 � b2Þε2L

i
¼ HgrnεL þ Hvar ¼ �2rFit (95)

H2 ¼ bεL ¼ z ¼ B ¼ �rDs (96)
p p
�

0
� b2 2
H3 ¼ bεL < T0 �Mf > ¼ m1 þ m2 ¼ z T0 � Af þ C0 þ 2

εL ¼ Fit þ rðT0Ds� DuÞ (97)

bY a rkF Fcrit

scritx ¼ scrittr ¼

εL
¼ 1

εL
¼ T

εL
¼ x

εL
(98)
The identical stressestrain relations and loading functions make the different models equivalent under the assumptions
made here. The same conclusion cannot be made in the more general case of multiaxial loading, mainly because of the
different expressions used for the inelastic strain component as well as different evolution kinetics.

4.4. Finite deformation and geometric non-linearity

Constitutive models for SMAs with finite strain formulation (FSF) are needed to accurately simulate large structural ro-
tations (Reese and Christ, 2008) and distortions (Ziolkowski, 2007). Following the pioneering work of Lubliner and Auricchio
(1996), Auricchio and Taylor (1997) and Masud et al. (1997), many finite strain models (FSM) were developed by generalizing
small strain formulations (SSF). FSM uses either additive or multiplicative decomposition of the deformation gradient F into
elastic and inelastic parts. One of the rare FSM using additive decompositionwas proposed byMüller and Bruhns (2006) who
extended the work of Raniecki and Lexcellent (1998) to simulate minor hysteresis loops and cycling effects in NiTi. Anand and
Gurtin (2003) used multiplicative decomposition to develop a FSM that successfully describes isothermal pseudoelasticity of
an initially textured NiTi SMA. Helm and Haupt (2003) and Helm (2007) also used multiplicative decomposition in their
thermo-viscoplastic SMA models. Stupkiewicz and Petryk (2006) extended the SSF of Stupkiewicz and Petryk (2002) to
develop a micromechanical FSM for SMAs with elastic anisotropy. Pan et al. (2007) modeled the multiaxial finite deformation
response of SMAs by separating the reorientation and detwinning processes of martensite. Extending the RL model,
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Ziolkowski (2007) also developed a FSM for isothermal proportional loading. Later, Thamburaja (2010) generalized the work
of Sun and Hwang (1993) to propose a FSM considering both plasticity and tension-compression asymmetry. For computation
efficiency, Arghavani et al. (2011a) proposed a FSF with a robust integration scheme based on the work of Souza et al. (1998).
More recently, Zaki (2012a) proposed an efficient implementation for the finite deformation extension of the work of Zaki
(2011) considering a hypoelastic framework.

In FSM, the right and left Cauchy Green deformation tensors, C and b, are derived from the deformation gradient as follows
(Anand and Gurtin, 2003; Jung et al., 2004; Pan et al., 2007; Christ and Reese, 2009; Arghavani et al., 2011b; Stupkiewicz and
Petryk, 2013):

C ¼ FTF and b ¼ FFT: (99)
By analogy with the theory of plasticity, Peth}o (2000) decomposed the deformation gradient as follows:

F ¼ FelFtrFpl; (100)

where the elastic, transformation and plastic deformation gradients, Fel, Ftr and Fpl are given by
Fel ¼ VelRel; Fpl ¼ RplUpl and Ftr ¼ RtrBtrStr: (101)

el pl el pl
In the above equations, V is the elastic left stretch tensor, U is the elastic right stretch tensor, R and R are the elastic
and plastic rotation tensors, Rtr is the lattice rotation, Btr is the Bain distortion, and Str is the lattice invariant shear. The
GreeneLagrange strain tensor E and its rate _E are then given by

E ¼ 1
2
C � 1 and _E ¼ FTdF; (102)

where the strain rate tensor d corresponds to the symmetric part of the velocity gradient tensor l such that
d ¼ l þ lT

2
and l ¼ _FF�1: (103)
From these considerations, Helm and Haupt (2003) and Christ and Reese (2009) proposed the following Helmholtz free
energy for SMAs:

J ¼ Jtr�Ctr�þJel
�
Cel; x; T

�
: (104)
The transformation part Jtr is given by

Jtr ¼ mtr
2
�
Tr
�
Ctr�� 3

�
; (105)

where mtr is a material parameter. The elastic part Jel is obtained by means of a Voigt mixture rule from the energies of the
individual phases as follows:

Jel
a

�
Cel; T

�
¼ ma

2

�
Tr
�
Cel
�
� 3� 2 ln ðJelÞ

�
þ la

4

�
J2el � 1� 2 ln ðJelÞ

�
þ ua0 � Tsa0 þ ca



T


1� ln

T
T0

��
� 3aaT ðT � T0Þ



la þ 2

3
ma
�

ln ðJelÞ
Jel

; (106)

where ma and la are the Lam�e coefficients of phase a2 {A,M}, Jel ¼ det(Fel) represents volume change, ca is the heat capacity,
aaT is the thermal expansion coefficient of phase a, and T0 is the initial temperature at which the specific internal energy and
entropy of the phases take the respective values ua0 and sa0. To penalize the presence of austeniteemartensite interfaces,
Thamburaja (2010) added to (104) the gradient energy defined by Fried and Gurtin (1994) as

Jg ¼ Kx

2
jVxj; (107)

where Kx is a material constant. Arghavani et al. (2010a) proposed an additive split of the deviatoric inelastic strain rate tensor
dine into a transformation part dtr and a reorientation dre part. Their results in Fig. 22 show under small shear deformation gsh
that the Cauchy stress components s11, s12 and s22 are similar for both small and large strain formulations. However, the two
formulations give very different results when gsh becomes large. The use of FSM can be substituted in certain cases with
incremental objective methods in SSF to eliminate errors due e.g. to large rotation (Jaber et al., 2008).



Fig. 22. Comparison of small (SSF) and finite (FSF) strain formulations for the case of simple shear (Arghavani et al., 2010a).
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4.5. Models based on statistical physics

Statistical physics models are established based on local equilibrium considerations for single crystal SMAs. Bhattacharya
and Lagoudas (1997) combined the work of Boyd and Lagoudas (1996) with statistical physics to simulate strain recovery in
temperature-induced transformation. The homogenized behavior of the polycrystal was obtained from the responses of
clusters of grains that were assumed to transform at constant temperatures, i.e. Ms ¼ Mf and As ¼ Af. For thermal loading
under zero stress, the total volume fraction was given by

_x ¼

8>>>>>>><>>>>>>>:

Zþ∞

�∞

xcpðM0ÞdM0 for forward transformation;

Zþ∞

�∞

xcgðA0ÞdA0 for reverse transformation;

(108)

where xc is the volume fraction of clusters having a forward transformation temperature less than M0 or a reverse trans-
formation temperature not higher than A0. The authors selected a normal distribution for p(M0) and g(A0). For instance,
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pðM0Þ ¼
1

s
ffiffiffiffiffiffi
2p

p exp

"
� 1
2

 
M0 �M0

s

!#
; s>0;�∞ � M0 � þ∞; (109)

where s is the standard deviation and M0 is the mean of the distribution. The flow rule was then obtained from (44). Under
non-zero external stress, M0 is replaced by Ms � s/CM and A0 by As � s/CA, where CM and CA are the slopes of the stress-
temperature boundaries for direct and reverse transformations respectively. The authors suggested the introduction of an
additional parameter that accounts for material degradation to improve accuracy.

Later, Fischlschweiger and Oberaigner (2012) developed a statistical physics model by analogy with phase transformation
in magnets that features an order parameter. They assumed the thermodynamic equilibrium to be satisfied in the RVE for a
short time increment Dt under constant stress and temperature. The entropy of the RVE was assumed extremal under the
following canonical constraints (Le Bellac et al., 2004):P

i
wi ¼ 1;P

i
wiEi ¼ E; (110)

where E is the average total energy of the RVE inwhich a state i, representing austenite or martensite with discrete energy Ei,

can exist with the probability wi. From entropy extremization, the authors defined the canonical Gibbs free energy like in
(Stanley, 1987; Schwabl, 2006):

GðT ; sÞ ¼ �kBT ln ZðT; sÞ; (111)

where kB is the effective Boltzmann constant and Z is the partition function given by
Z ¼ Tr
�
e�bH

�
¼
X
i

e�bEi : (112)
In (112), b is a Lagrange multiplier inversely proportional to temperature. For a single crystal of pure austenite or pure
martensite, the Hamiltonians HA for austenite and HM for martensite were directly related to the free energy per mole F of the
corresponding phase via the relations

HAðT;sÞ ¼ FAðTÞ �
1
2
s : SA : s

hA
¼ GAðT;sÞ;

HMðT;sÞ ¼ FMðTÞ � 1
hM

s : εtrcryst �
1
2
s : SM : s

hM
¼ GMðT;sÞ:

(113)
In the above equations, Sa is the elastic compliance tensor and ha is the specific molar density of phase a 2 {A,M}. The
transformation strain ε

tr
cryst is constant for pure martensite. An interface Hamiltonian HAM was defined to account for the

interactions between austenite and martensite. From the above equation, the order parameter taken as the total strain was
derived at constant temperature as follows:

ε ¼ �


vG
vs

�
T
; (114)

and the volume fraction of martensite was defined in the interval [0,1] by the relation
xM ¼ hA � hT

hA � hM
: (115)
The total molar density hT was determined by averaging as follows:

〈hT 〉 ¼
X
i

wihTi

X
i

hTi
e�bEi

Z
; (116)

where hTi is the molar density of state i. This model was implemented for a linear chain of Nitinol quasi-particles using the
parameters identified using data from Sun et al. (1995). The numerical results show sigmoidal curves for the evolution of x and
ε during temperature-driven transformations for various stress levels (see Fig. 23(a) and (b)), with stress-dependent slopes
for the obtained ε � T curves and stress-independent slopes for the s � T curves. The dependence on stress was explained by
the elastic energy (Hamilton et al., 2004). A statistical physics model was also developed by Müller and Seelecke (2001) and
Müller (2012) and was shown to successfully simulate the pseudoelastic behavior in shape memory alloys.



Fig. 23. Simulation of temperature-induced transformation using statistical physics (Fischlschweiger and Oberaigner, 2012).
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5. Conclusion

An overview of constitutive models for shape memory alloys was presented in this paper. The models were classified in
terms of their modeling scale and level of detail in describing key aspects of SMA behavior. An attempt was made to track the
historic progression of key models starting with early work on uniaxial SMA behavior and leading to the most recent de-
velopments. On top of this work, it would be interesting to review the modeling techniques used to describe complex
processes such as martensite reorientation under non-proportional multiaxial loading, coupling between transformation-
induced plasticity and its influence on the overall material behavior in a 3D setting, simulation of training and two-way
shape memory, the role of thermomechanical coupling and tensile-compressive asymmetry, the evolution of the elastic
stiffness with phase transformation, the analysis and prediction of functional and structural fatigue and the investigation of
static and propagating cracks and fracture, as well as developments in finite element analysis of SMA structures.
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