Pumping Lemma
for
Context-free Languages

Costas Busch - LSU



Take an infinite context-free language

\

Generates an infinite number
of different strings

Example:

S — ABE |bBd
A— Aa|a
B— bSD |cc
D— Dd|d

E— eE|e
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In a derivation of a “long” enough
string, variables are repeated

A possible derivation:

S = ABE = AaBE = aaBE
= aabSDE = aabdDE =
= aaabbccdDE = aabbccddE

= aabbccddeE = aabbccddee
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Derivation Tree Q aabbccddee

o ot
" g
@
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Derivation Tree/wciee
\ S
V) o

P /%% \

Repeated
variable



B= bSD = bbBdD = bbBdd
TN

JOR

B= bbBdd
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S = ABE = AaBE = aaBE = aaBeE = aaBee
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Putting all together




We can remove the middle part
S

/ﬁ%

D &) 0y @ \

S= aa(bb)’cc(dd)’ ee

()
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>k k<

S = aaBee B= bbBdd B = cc

ok ok @

S = aaBee= aaccee =aa(bb)occ(dd )Oee

!

aa(bb)’ cc(dd)’ee € L(G)
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We can repeated middle part two times

S= aa(bb)”cc(dd)?ee
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>k k<

S = aaBee B= bbBdd B = cc

% % @

S = aaBee= aabbBddee

%k %k

= aa(bb)’ B(dd)* ee= aa(bb)?cc(dd)?ee

|

aa(bb)?cc(dd)’ee € L(G)
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We can repeat middle part three times

P |

S= aa(bb)>cc(dd)’ee
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>k k<

S = aaBee B= bbBdd B = cc

o

S= aa(bb)BCC(dd)See € L(G)
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Repeat middle parti times

Xk

S = aa(bb)! cc(dd) ee
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>k k<

S = aaBee B= bbBdd B = cc

!

>k

S= aa(bb) cc(dd) ee €L(G)

Forany 1 =0
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From Grammar
S — ABE |bBd
A— Aala aabbccddee € L(G)
B— bSD |cc

D— Dd|d

E — eE|e

and given string

We*inferred that a family of strings is in L(G)
S= aa(bb)'cc(dd) ee € L(G) forany i=0
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Arbitrary Grammars

Consider now an arbitrary infinite
context-free language L

Let G be the grammar of L - {¢&}

Take Gso that it has no unit-productions
and no & -productions

(remove them)
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et I be the number of variables

et [be the maximum right-hand size
of any production

Example: S — ABE| I :S(VariabIES)
A— Aa|a \
B— bSD|cc =3
D— Dd|d
E— eE|e
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Claim:

Take string W €L(G) with|w |>t"
Then in the derivation tree ofW

there is a path from the root to a leaf
where a variable of G is repeated

Proof:

Proof by contradiction
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We will show:
some variable

IS repeated

Derivation tree of w

lw[>t’
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First we show that the tree of w
has at least ' + 2 levels of nodes

>uppose the opposite:

At most

r+1
Levels
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Maximum number of nodes per level

Level O: 1 nodes
.//.............\. Level 1: t nodes
\ Y
N

[ nodes

/

ne maximum right-hand side of any productic
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Maximum number of nodes per level

Level O: 1 nodes

Ao

— Level 2: € hodes

J N J
Y Y

[ nodes [ nodes

N /!
N

t2 nodes
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Maximum number of nodes per leve

N

Level 0: 1 nodes
At most
r+1 o
Levels Level l : € nodes
I
v Level ': T nodes

Maximum possible string length
= max nodes at lever |
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Therefore,
maximum length of string w | W |<t"

However we took, | W [>t’

Contradiction!!!

Therefore,
the tree must have at least r +2 levels
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Thus, there is a path from the root
to a leaf with at least  + 2 nodes

At least

r+2
Levels

N

v

v

) 4

~

Vi =S (root)

> I +1 variables

ymbol (leaf)
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since there are at most I'  different variables
some variable Is repeated

Pigeonhole

] principle

4
7z
7z
7
4
’
\
\,
N
A
\
\
|
|
b
N
\,
\
\
/
7/
4
7

/
1
4

)
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Take now a string W with |W |>t'

From claim:

some variableH
IS repeated

subtree of H

Take Hto be the deepest, so that
only H Iis repeated in subtree
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We can write

W =UVXYyZ
yield u
yield v y yield
U,v,X,V,Z: /
x yield

Strings of terminals
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y =dd B corresponds to H

Z —ee
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Possible derivations
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Example:

S:> uHz

*
S = aaBee

(/@5

'@@f_
Y\

H= va

B = bbBdd

Costas Busch - LSU

2
.

'~—-...-—/

U =aa
v =bb
X =cCC
y =dd
Z =ee

orresponds to H

*
H:>x

B = cc
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Yield: Uxz =uv°’xy°z

S = UHz = UxZ =uv’xy°’z €L(G)
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Repeat Middle part two times

X JIo)

X )

Yield: UVVXYYZ=UVPXY 2z
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5= uHz H = vHy H= x

!

% k< k<
S = uHz= uvHyz= uvvHyyz
k<

= UVVXYYZ =uv2xyzz e L(G)
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Repeat Middle part I times

*
S= uHz

H= x L._i‘......)
Yield: UV Xy 'z
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S = uHz H = vHy H>= x

!

S = uHz = uvaz:*> uvayyz:*

*

= UvHy'z - uvxy'z € L(G)
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Therefore, .
|lw|>t

If we know that: w =uvxyz € L(G)

then we also know: uvixyiz e L(G)

Forall z = O

since
L(G) =L- {4}

uv'xy'z €L
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Observation 1:

vy =1

Since G has no
unit and
E-productions

At least oneof V or ¥
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Observation 2:
lvxy| <t™

since Iin subtree
only variableH
IS repeated

subtree of H

Explanation follows....
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subtree of H — @)
_/‘/ .\.
7

™~

‘ /
..-.-.’-

...
S eeccaaes”

| S; | <t "since no variable is repeated inTj

K
lvxy|=)|s; | <k t" <t t" =t""
! \

Maximum right-hand side of any production
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Thus, If we choose critical length

p :tr+1 S tr

then, we obtain the pumping lemma for
context-free languages
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he Pumping Lemma:
For any infinite context-free languagel

there exists an integer p such that
for any string weL, |w|=p
we can write W =UVXYZ

with lengths |vxy|<p and |vy|=1

and it must be that:

uvixyiz €L, foralli=0
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Applications
of
The Pumping Lemma



Non-context free languages

{a"b"c" :n =0}

Context-free languages

{a"b" :n =0}
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Theorem:The language

Proof:

L ={a"b"c" :n =0}

is NOt context free

Use the Pumping Lemma
for context-free languages
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L ={a"b"c" :n =0}

Assume for contradiction thatL

IS context-free

Since L s context-free and infinite
we can apply the pumping lemma
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L ={a"b"c" :n =0}

Let p Dbe the critical length

of the pumping lemma

Pick any string W& L with length|w|=p
We pick:  w =a’b?c?
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L ={a"b"c" :n =0}
w =a’b’c”
rom pumping lemma:

we can write: W =UvVXYyZ

with lengths | vxy |<p and |vy|=1
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L ={a"b"c" :n =0}
w =a’b"c”
W =UVXYZ lvxy |<p vy [=1

Pumping Lemma says:

uv'xy'z €L forall i>0
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L ={a"b"c" :n =0}
w =a’b"c”
W =UVXYZ lvxy |<p vy [=1

We examine all the possible locations
of string vxXy in w
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L ={a"b"c" :n =0}
w =a’b’c”
W =UVXYZ lvxy |<p vy [=1
Case 1: vxy isin a’
p p p
; lgbb bbl; /ccc ccc\
a..aa..aa. y N
- —~ —
u vxy 7
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L ={a"b"c" :n =0}

w =a’bfc?

W =UVXYZ

|vxy |<p vy [=1

v =a"

p

y :ak2 k1+l<2 >1

P p

J\

J\

J\

- ~ 4 \
a..aa..aa..aa..aa..a Ebb..bbb CCC..CCC
/

J N

\
Y

u

)i
"4

Y
X

Y
y

\/
Z

Costas Busch - LSU

55



L ={a"b"c" :n =0}

w =a’b?c?
W =UVXYZ lvxy |<p vy [=1
v =a“ y=a% k+k, =1
p+k, +k, p

/ ~ 4 \
a..aa..aa..aa..aa..a Ebb..bbb CCC..CCC
N T . /

[ B N

u v° X y Z

Costas Busch - LSU

56



L ={a"b"c" :n =0}
w =a’b"c”
W =UVXYZ lvxy |<p vy [=1

From Pumping Lemmauvzxyzz e L

kK, +k, >1

However:  uv’xy’z =a’"™*bPc? ¢ L

Contradiction!!!
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L ={a"b"c" :n =0}
w =a’b"c”
W =UVXYZ lvxy |<p vy [=1

Case 2: VXy isin b?*

Similar to case 1

p p p
4 N N A
aaa..aaab..bb..bb..b ccc..ccc
\ ~ N\ )\ /
Y e
u VXy Z
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L ={a"b"c" :n =0}
w =a’b"c”
W =UVXYZ lvxy |<p vy [=1

Case 3: Vxy isin c’

Similar to case 1

p p p
N

[ A N
aaa..aaaf)bb. .bbbc..cc..cc..c
— - A
Y Y
u VXY Z
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L ={a"b"c" :n =0}
w =a’b’c”
W =UVXYZ lvxy |<p vy [=1
Case 4: vxy overlaps a’ and b?

p

/

H#\

p

.
VXY

.aa..aa 6..bb..bbB écc..cc@
VAN %
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L ={a"b"c" :n =0}
w =a’b’c”

W =UVXYZ lvxy |<p

vy |=1

Sub-case 1: Vcontains only d
Yy contains only b

/

p p p
4 N/ N [ A
a..aa..aa..ab..bb..bb..b ccc..ccc
LH\ ]\ J\ I\
Y Y Y N
u Vv X 7

Costas Busch - LSU

61



L ={a"b"c" :n =0}

w =a’b”’c”
W =UVXYZ lvxy |<p vy [=1

v =3y =b" k,+k, >1

p p p
4 YA N A
a..aa..aa..ab..bb..bb..b ccc..ccc
\_VJ\ JAN J\ ]\ /
Y Y Y N
u Vv X 7
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L ={a"b"c" :n =0}

w =a’b?c?
W =UVXYZ lvxy |<p vy [=1
v =a“ =b  k +k, =1
A p+k, N/ Pk, ~ P \
.aa.. aa ab..bb..bb..bccc..ccc
HJ\ iy Yz/\ )
v X y Z
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L ={a"b"c" :n =0}
w =a’b’c”
W =UVXYZ lvxy |<p vy [=1

From Pumping Lemma:uvzxyzz e L

ki +ky =1
However: uvzxyzz =gl pPech g [

Contradiction!!!
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L ={a"b"c" :n =0}

w =a’b’c?
W =UVXYZ lvxy |<p vy [=1
Sub-case 2: Vcontains d@ andb
Yy contains onlyb
p p
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L ={a"b"c" :n =0}
w =a’b’c”

W =UVXyZ

|vxy |<p vy [=1

v =a<ipk

p

-

a..d
p

u

By assumption
y :bk3 kl'kz >1]1

p

k. 'k

N/ h

[
d..
N

A

ab.

bb bmb .b ccc. ccc

>
vV

vv N
X Yy V4
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L ={a"b"c" :n =0}
w =a’b’c?
W =UVXYZ lvxy |<p vy [=1
vV :aklbk2 y = p’s kl'kZ >1]1

p P+ k; p
[ I< I< I< /k 2k Y4 \
a..a5.ab..b4..ab..bb..bb..bb..b ccc. cee

N

N )
U >3 Y

V X

g 7
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L ={a"b"c" :n =0}

w =a’b’c”

W =UVXYZ lvxy |<p vy [=1
. 2. 2

From Pumping Lemma:Uv-Xy“z € L

K, k, >1

k, _k k
However: uv’xy’z =a’b®a“b""“c? &L

Contradiction!!!
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L ={a"b"c" :n =0}
w =a’b’c”

W =UVXYZ lvxy |<p vy [=1

Sub-case 3: Vcontains onlyd
Yy contains @ andb

Similar to sub-case 2

p

/ N\ A

.aa.. aa aa.. a[o..bb..b CCC..CCC

\_H\ J\ v AN ~ /
V X )4 Z
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L ={a"b"c" :n =0}
w =a’b’c”
W =UVXYZ lvxy |<p vy [=1
Case 5: vVvxy overlaps b" and c”

Similar to case 4

p

p

-

\

aaa.. aaa bbb bbb ccc..ccc

AN

U

A

vxy
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L ={a"b"c" :n =0}

w =a’bfc?

W =UVXYZ lvxy |<p vy [=1

Case 6: Vvxy overlaps a”, b? andc”

Impossible!

p p p
( N[ \

aada...aad bbb...bbl;/ccc...ccc
" ~ <
U VXY V4
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In all cases we obtained a contradiction

Therefore: the original assumption that
L ={a"b"c" :n =0}

IS context-free must be wrong

Conclusion: L is not context-free
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