Pushdown Automata
PDAs
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Pushdown Automaton -- PDA

Input String

Stack
\ 4
States
‘ ‘ < >
Oy O
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Initial Stack Symbol

Stack

stack Bl
head

bottom special symbol
Appears at time O

Stack

N
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The States

Input Pop Push
symbol symbol symbol

NS
@a,b%c
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input l

<§£> cul7—ewc4!!’

stack

“ top

CEIRN IS

Replace>
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input l

@ a,é‘%e

stack

< Top
No Change
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A |C
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Non-Determinism
PDAs are non-deterministic

Allowed non-deterministic transitions

@ 8,b%c

\ £ — transition
a. b—c
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Example PDA

PDA M: L(M)=4{a"b" :n=0}

a,&—a b,a— &

g,gae 7 b,a—¢& g, £3=8
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L(M)=4{a"b" :n=0}

Basic Idea:
1. Push the a's 2. Match the b's on input
on the stack with a's on stack
\ 3. Match
v

found

b,a— & /
g,gae 7 b,a > & 7 £,$+$
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Execution Example: Time O

Input

A

A

current
state

H@ag,gag 7 b,a > & 7 £,$+$
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Time 1

Input

Stack

a,&—a b,a— &

b.a > & 7 g,$+$
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Time 2

Input
al ' alal pb| bl b a [«
| g

g,gagb,aeg 7 3-89
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Time 3

Input q l—
alala|b|b|b a
T $
Stack

g,gagb,aﬁe 7 £3$—8
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Time 4

Input

Q| Q|

Stack

— &
aga

g,gagb,aﬁe 7 £3$—8
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Time b

Input g e
alala b b|b a
| 3
Stack

a,€&—a

{g25>855-—>8' b,a > & ‘SES—»S§4'I'

Costas Busch - LSU




Time 6

Input
a . alal bbb a
] $
Stack

veoa  (hame
g,gag a b.a —> & 7 g$+$
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Time 7
Input

veoa  (hame
g,gag a b.a —> & 7 g$+$
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Time 8
Input

Costas Busch - LSU 20



A string is accepted if there is
a computation such that:

All the input is consumed
AND
The last state is an accepting state

we do hot care about the stack contents
at the end of the accepting computation
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Rejection Example:

Input

A

A

current
state

Time O

H@ag,gag 7 b,a > & 7 £,$+$
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Rejection Example:

Input

A

A

current
state

Time 1

H@g,gae 7 b,a > & 7 £,$+$

Costas Busch - LSU



Rejection Example: Time 2

Input
alalb ¢
| s I
Stack

current @ b.a—>¢

state '
H@Ee,gag 7 b,a > & 7 £,$+$
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Rejection Example: Time 3

Input a
alalb ¢
| s I
Stack

current @ b.a—>¢

state '
H@Ee,gag 7 b,a > & 7 £,$+$
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Rejection Example:

Input

A

A

current
state

%z>&39591ha%8425$%$

Time 4

a,&—a

b,a— &
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Rejection Example:

Input

A

A

current
state

%@9&89891ha%8928$%$

Time 4

a,&—a

A

$

4—

reject

b,a— &
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There is no accepting computation for aab

The string aab is rejected by the PDA

a,&—a b,a— &

g,gag a7 b.a > & 7 g,$e$
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Another PDA example

PDA M:  L(M)={w":ve {a,b}"}

@ @

€€ £.%$—% ‘
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Basic Idea: L(M) = {WR . VE {aab}*}

1. Push v 3. Match % on input
2. Guess .
on stack , with v on stack
middle
l of input
a, & —a a,a— & 4. Match
b,é‘%b b,b%é‘ found

YR MY e

gy BEmE N £858

Costas Busch - LSU




Execution Example:  Time O

Input
a|b| bl a
| 5 I
Stack
a, & —a a, a
b, —>b b,b— &

E.E—E

do) e85 ‘
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Time 1

Input
a|b| b a
| S
Stack
,

E.E—E

€ £$—$ “II)
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Time 2

Input
a ' b|b|a .
| 3
Stack
a, & —>a a, a

E.E—E

€ £$—$ “II)
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Time 3

Input
a\'b|b|a
T Guess the middle a
of string 5
Stack
a,€&—a a,a — &
b, e —>b b,b— &

gm%}eﬂa&@ ‘
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Input

Time 4

Costas Busch - LSU

35



Time b

Input
a|p|b|a
| g
Stack
0 e>a
b, = b b,b— &

gy BETE g £.$—8$ , 36
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Time 6

Input
a ' b|b|a
| §
Stack
a, &€ —a a, a
b, —>b b,b— ¢
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Rejection Example:  Time 0

Input
a b b|b
T $ 1
Stack
a,€—a a, a
b, e = b b,b— &

E.E—E

= e £,$—$ “II)
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Time 1

Input
a\ b | b|b
| S
Stack
»

E.E—E

€ £$—$ “II)
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Time 2

Input
a|b|b | b ;
| 3
Stack
a, & —a a, a

E.E—E

€ £$—$ “II)
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Time 3

Input
a ' bbb .
T Guess the middle a
of string 5
Stack
a, £ —a a,a — &
b, e —>b b,b— &

gm%}eﬂa&@ ‘
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Input

Time 4
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Time b

There is no possible ftransition.

Input
alb b | Inputis not
T consumed
a, € —a a,a — &
b, € b,b— &

@0 EEDE

$
Stack

Costas Busch - LSU
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Another computation on same string:

Lnput Time O
a|b|b|b
| § o
Stack
a,&—a a, a
b, —>b b,b— ¢

E.E—E

)& 3-89 ‘
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Time 1

Input
a\ b | b|b
| S
Stack
»

E.E—E

€ £$—$ “II)
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Time 2

Input
a|b|b | b ;
| 3
Stack
a, & —a a, a

E.E—E

€ £$—$ “II)
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Time 3

Input b
b
a|b|b|b ;
| 3
Stack
a, &€ —a a, d

%
£.E—E <<j;) .58 “II)
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Time 4
Input
a|b|b|b
a, &€ —a a, d

EEDE

90

S 1SS S

oL

Stack
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Time 5 b
I b
nput No accept state b
a|b|b|b| isreached p
| g
Stack
a,€&—a a,a — E
b, e —>b b,b— &

H(@ymgf,ﬂa&@ ‘
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There is no computation
that accepts string abbb

abbb¢ L(M)

a, & —d a,a— &

@ @

€€ £.%$—% ‘
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Pushing & Popping Strings

Input POP.
symbol string

N
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Example:

input l

@a, ebaca’f

Top —

push

b
strin
? él Replace>
$

2 Q=X (0
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@a, ebaca’f

AN

Costas Busch - LSU
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transitions




Another PDA example
L(M)={we {a,b} : n,(w)=n,(w)}

PDA M
a,$—> 0% b5 $—>1$

a,0—>00 bH,1—>11
a,l->¢ b,0—>¢€

—»Q £,3—89% ,

Costas Busch - LSU
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Execution Example:  Time O
Input

a b b blala

a,$—>08 bH3$—>18%
a,0—>00 b, 1>11
a,l > b0—>¢

current
state £,$—>F%

91
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Time 1
Input

idlﬁlaiﬂﬁb b,$ — 18
a,0—>00 bH,1—>11
a,l->¢ b,0—>¢€

5—893

91
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Time 3

Input
a b | b blala
6§08 bS—1 >
a,>= ,$ 13 Stack

a,0—>00 bH,1>11

a,l > & 1‘!’!'!'5’
7 £,3—89% 4@!’
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Time 4
Input

a|b | b|b|a|a
|

a,$—> 0% b,$—18%
a,0—>00 bH,1—>11
a,l->¢ b,0—>¢€

5—893

91
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Time 5
Input

a b | b blala

T

Cl,$%0$ b%lﬂ;
000 (b 111

a,l->¢ b,0—>¢€

5—893

91
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Input

Time 6

A

T

a,$—>0% b 5$—18%
a,0—>00 bH,1—>11

(IIIIHEI'» b,0 > &

91

5—893

Costas Busch - LSU
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Input

Time /

A

T

a,$—>0% b 5$—18%
a,0—>00 bH,1—>11

(IIIIHEI'» b,0 > &

91

5—893

Costas Busch - LSU
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Time 8

Input
a b | b blala
§—>0% bH$—18% I
a, 99—
Stack

a,0—>00 b 1—>11
a,l—>¢ b,0—>¢€

accept
ERABRCE BT
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Formalities for PDAs

Costas Busch - LSU
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@ G,WIHWZ

Transition function:

g, aw)={q.w,)}

Costas Busch - LSU
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a, m

Transition function:

5(7110114/1) — {(QZ,WZ), (73:W3)}

Costas Busch - LSU
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Formal Definition
Pushdown Automaton (PDA)

M — (Qa 29 Fa 69 QOa Z F,ksACCZPT
tates
States / are
Input Stack
alphabet Transition Tnitial start

Stack

function symbol
alphabet state Y
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Instantaneous Description

Current
state

AN

Remaining
input

Costas Busch - LSU

Current
stack
contents
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Example: Instantaneous Description

(qy,bbb,aaa$)

a
Time 4. Input a
a
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Example: Instantaneous Description

(q>,bb,aa$)

Time 5: Lnput — a
al ' ala| b|b|b a
T $

a,E—a b,a — & Stack

@ 88%5@@@8$%$'
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We write.

(q;,bbb,aaal) > (g,,bb,aa$)

Time 4 Time b

Costas Busch - LSU
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A computation:

(q,,aaabbb,$) > (q,,aaabbb.,$) >
(q,,aabbb,al) > (q,,abbb,aa$) > (gq,,bbb,aaal) -
(¢,,0b,aa8) ~(q,,b,a8) ~ (q,,€,%) ~ (¢;,€.3)

a,&—a b,a— &

8,8%8 7 b,a > & 7 g,$+$
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(q,,aaabbb,$) > (q,,aaabbb.,$) >
(q,,aabbb,al) > (q,,abbb,aa$) > (gq,,bbb,aaal) -
(¢,,0b,aa8) ~(q,,b,a8) ~ (q,,€,%) ~ (¢;,€.3)

For convenience we write:

(q,,aaabbb.$) . (45,€,%)
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Language of PDA

Language L(M ) accepted by PDA M:
L(M):{W (qo,W,Z) ~ (angas)}

AN

Initial state Accept state
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Example: &
P (qo,aaabbb$) = (¢,,.9)

aaabbbe L(M)
PDA M:
a,&—a b,a— &

8,8%8 7 b,a > & 7 £,$+$
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(gy,a"D0",3) = (g5,€,%)

|

a"b" e L(M)
PDA M :

a,&—a b,a— &

8,8%8 7 b,a > & 7 £,$+$
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Therefore:  L(M)=1{a"b" :n>0}

PDA M :

a,&—a b,a— &

8,8%8 7 b.a > ¢& 7 £,$+$
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