More Applications

of

the Pumping Lemma



The Pumping Lemma:

- Given a infinite regular language L

* there exists an infeger P (critical length)
» for any string We L with length |w|> p
-we canwrite W=XYZ

cwith [Xyl < p and |y[21

» such that: Xyi Z €L 1=0,1,2,...
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Non-regular languages L ={w" :vez*}

Regular languages
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Theorem: The language
L={w":ve>*} x={ab}

is not regular

Proof: Use the Pumping Lemma
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L:{WR VeX*}

Assume for contradiction
that L is a regular language

Since L s infinite
we can apply the Pumping Lemma
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L :{WR VeX*}
Let P be the critical length for L

Pick a string W such that: w e L

and length |wW|> p

We pick wW=ab’bP"aP’
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From the Pumping Lemma:

we can write: W=a"b"bPa® =xyz

with lengths: | XY |<p, |Y[>1

p p P P
P P e
w = Xyz = a...aa...a...ab...bb...ba...a
s ~——

X Y 7

Thus: y=a% 1<k<p
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xyz=aPb’bPaP y=a“ 1<k<p

From the Pumping Lemma: X yi Z €L
1=0,1,2,...

Thus: XyZZ e L

Costas Busch - LSU



XxXyz=abbPa? y=a", 1<k<p

From the Pumping Lemma: X y2 Z € L

p+Kk b p P
by ~ O P e
Xy“z = a...aa...aa...a...ab. .bb...ba..g €L

Thus: aP™b’bPaP eL
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aP™*bPhPaP eL

BUT:

L:{WR VeX*}

!

a’™*bfbPaf ¢L

CONTRADICTIONII
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Therefore:

Conclusion:

Our assumption that L
is a regular language is not true

L is not a reqular language
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Non-regular languages

L {anbl n+|

Regular languages

n,1 >0}
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Theorem: The language
L={a"b'c™: n,I>0

is not regular

Proof: Use the Pumping Lemma
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L={a"b'c™: n,I>0

Assume for contradiction
that L is a regular language

Since L s infinite
we can apply the Pumping Lemma
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L {anbl n+| I > O}

Let P be the critical length of L

Pick a string W such that: w € L and

length |W|> P

We pick W=aPbPc?P
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From the Pumping Lemma:
We can write W= appr2p =XVYZ

With lengths | XY |<p, |Y[=1

p p 2
/~ A \/_HF_J\_—\
w = Xyz = a...aa...aa...ab...bc...cc...c
W N ~ _/
X Yy Z

Thus: y=a“ 1<k<p
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xyz=afbPc’®® y=a“, 1<k<p

From the Pumping Lemma: X yi Z €L
1=0,1,2,...

Thus: xyoz =xz € L
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xyz=afbPc’®® y=a“, 1<k<p
From the Pumping Lemma: Xz € L

p—k 2p

- \ﬁHr \

a...aa...ab..bc..cc..c € L
\_

R

Thus: aP*bPc?? eL
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aP*bPc?? <L

BUT:

L={a"b'c™: n,I>0

!

aP*bPc?? ¢«L

CONTRADICTIONII
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Therefore:

Conclusion:

Our assumption that L
is a regular language is not true

L is not a reqular language
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Non-regular languages L =

Regular languages
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Theorem: The language L ={a”! : n>0}

is not regular

nNt=1.2A (n-1)-n

Proof: Use the Pumping Lemma
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L={a": n>0}

Assume for contradiction
that L is a regular language

Since L s infinite
we can apply the Pumping Lemma
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L={a": n>0}

Let P be the critical length of [

Pick a string W such that: w e L

length |wW[=Dp

We pick W = a”
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From the Pumping Lemma:
We canwrite W=aP’ =X Yy Z
With lengths | X Y[ p, |Y[21
I—
P php

- N \
w= Xyz=a" = a..aa..aa...aa..aa...a

S
Xy

VA

Thus: yzak, 1<k<p
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xyz=a’ y=a", 1<k<p

From the Pumping Lemma: X yi Z €L
1=0,1,2,...

Thus: xyzz e L
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Xxyz=a" y=a*, 1<k<p

From the Pumping Lemma: X y2 Z € L

p+K p'—p
DN N A

xyz_a aa.aa.aa..aa.aa.a € L
vy

VA

Thus: a”™ el
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There must exist Z such that:
pH+k = 7!
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However:

p|_|_k < pH+p for p>1
< pHp!
< plp+ p!
= pl(p+1)
=(p+1)’
! |

pHk < (p+1)!

: |

pk =zt £ any Z
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for P=1
we could pick string W = a P

where pP'>p

and we would obtain the same conclusion:

p’+k =2z!  forany Z
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ap!—l—k & L

CONTRADICTIONII
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Therefore:

Conclusion:

Our assumption that L
is a regular language is not true

L is not a reqular language
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