Properties of
Regular Languages
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For reqular languages Ly and L,
we will prove that:

Union: L]_U L2 A

Concatenation: LyjLo

Star: L’l‘ Are regular

> Languages
Reversal: |

Complement: fl

Intersection: LinLy, _
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We say Regular languages are closed under

Union: L]_ULZ
Concatenation: Lo

*

Star: L
Reversal: Lf

Complement: L4

Intersection: L1 M L2
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A useful transformation: use one accept state

NFA

2 accept states

Equivalent
NFA 1 accept state
(oo

b E
o0
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In General

NFA
® O
©

Equivalent NFA

/\/\JNQ\ & Single
>@ accepting
&
statfe
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Extreme case

NFA without accepting state

T

% Add an accepting state

without transitions
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Take two languages

Regular language Ly Regular language L,

L(My) =1L L(M3)=L,
NFA My NFA M,

—oWB| oW

Single accepting state Single accepting state
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Example

n>0

Ll Z{anb}

i

L, ={ba} — 2Ry
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weLul, > wel, or wel,
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Example
NFA for Ly UL, ={a"b}u{ba}

Ll — {a i b}
d
QL@
_>Q/
E L2 = {b a}

£

\:b:ai
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Concatenation
NFA fOI" L1L2

change to
regular state

M 1 M 2

’
l
l
U
’
/ \
! \
[ 1
\ l
\ ’
N ’
S~ .

we LL, <> w=ww,: W ely and w, €L,
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Example

NFA for LiL, ={a"b}ba}={a"bba}

L, ={a"b
a1 {a"b} L, = {ba}

g:b:az
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Star Operation

NFA for L
M

2= change to
‘\—/’'regular state

« W=WW, AW : W el
<:> 17%2 k
wel or w=g¢ |
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Example

NFA for L, ={a"b}

L, ={a"b}
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Reverse

NFA for L
M M’
VO OV O
L(M)=L L(M") = L

1. Reverse all transitions

2. Make the initial state accept state
and the accept state initial state
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Ll Z{anb}

L, ={ba"}

85%}

Costas Busch - LSU

16



Complement

M

-V O

L(M)=L

I\/II

OV O

(M) =L

1. Take the DFA that accepts L

2. Make accept states regular

and vice-versa
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Example

L, ={a"b}

L, ={a,by —{a"b}

M

a a,b
b a,b

M

a a,b

(J (J
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NFAs cannot be used for complement

NFA

Make accept states regular

anhd vice-versa

M

O

L(M) ={}

L(M)=2"={a by
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NFA M’

O

L(M") ={e}= L(M)
Al

s hot the

complement
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Same example with DFAs
Make accept states regular

and vice-versa

DFA M DFA M’

a,b %?b
s O
L(M)=0 L(M")={a,b} = (M)

It is the

L(M)=%" ={a,b}
(M) @b} complement
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L, regular

L, regular

Intersection

\

- we shov> L Ly

~ regular
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DeMorgan's Law: LynLy =L UL,

regular, regular

== L. Lo regular, regular

= Loulz  regular

_— Lol regular

= Linly  pegular
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Example

L, :{anb} regular ~

> ‘ le L2 I{ab}

L, ={ab,ba} regular -

regular
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Another Proof for Intersection Closure

Machine My Machine M,
DFA for Ly DFA for L,

Construct a new DFA M that accepts Ly N Ly

M simulates in parallel M1 and M»
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States in M

State In M 1

State in M 5
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DFA M,

DFA M,

K O

transition

transition

)Y

4

DFA M

New transition
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DFA M, DFA M,

initial state initial state

\ ’4

DFA M

New initial state
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DFA M, DFA M,

accep’r state accepT states

DFA I\/I

New accept sTa’res

Both constituents must be accepting states
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DFA M for intersection

L(M) ={a"b} ~{ab™} = {ab}

d

b

a,b

Y

(0.
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Construction procedure for intersection

1. Build Initial State

2. For each new state and for each symbol
add transition to either an existing state
or create a new state and point to it

3. Repeat step 2 until no new states
are added

4. Designate accept states
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Automaton for intersection

L ={a"b} ~{ab™} = {ab}

initial state
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Automaton for intersection

L ={a"b} ~{ab™} = {ab}

add transition and new state

for symbol a
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a @ @ a
N w4
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Automaton for intersection

a
Jo: Po > dos P1
4’@

b

add transition and new state

for symbol b
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L ={a"b} ~{ab™} = {ab}

Y w /

34



Automaton for intersection

L ={a"b} ~{ab™} = {ab}

Repeat until no new states can be added
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Automaton for intersection

L ={a"b} ~{ab™} = {ab}

&y accept state for M,
P, accept state forM, T—> add Accept state
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Intersection DFA M:

simulates in parallel M1 and M>

accepts string w if and only if:

M1 accepts string w
and M, accepts string w

L(M)=L(Mp) A L(M,)
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