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1-) Considere o sistema de 02 GDL mostrado abaixo. Sabendo que: m1 = 9 kg, m2 = 1 kg, k1 = 24 N/m,
k2 = 3 N/m, k3 = 3 N/m, pede-se: (i) Determine as frequências naturais não amortecidas (em rad/s e
em Hz) bem como os modos normais de vibração para o sistema; (ii) Para as condições iniciais {x}t=0 =
{10}T e {ẋ}t=0 = {00}T escreva a resposta livre do sistema; (iii) Verifique a validade das condições de
ortogonalidade em relação às matrizes de massa e rigidez do sistema; (iv) Considere agora que o sistema
possua amortecimento proporcional e sua matrix [C] é dada por [C] = α[K], onde α = 10−3. (v)Escreva
claramente as equações desacopladas nas coordenadas modais; (vi) Calcule os fatores de amortecimento e as
frequências naturais amortecidas para o modelo amortecido; (vii) Escreva a matriz de funções de resposta
em frequência para o sistema em questão; (viii) Esboce o gráfico das funções do item anterior em função da
frequência de excitação.
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In[10]: = num = NDSolve [{system[[1]] == f[[1]], x1'[0] == 0,
x1[0] == 0, system[[2]] == f[[2]], x2[0] == -.1,
x2'[0] == 0}, {x1[t], x2[t]}, {t, 0, 30}, 
PrecisionGoal->10];

Plot [{Evaluate [x1[t] /. num], Evaluate[x2[t] /. num]},
{t, 0, 30},
PlotStyle S {RGBColor[1, 0, 0], RGBColor[0, 1, 0]},
PlotRange S {-.2,.2},
PlotLegend S {"x1[t]", "x2[t]"},
LegendPosition S {1, 0}, LegendSize S {1, .3}]

n

The preceding examples illustrate the basic features of using math software 
to solve vibration problems. These examples are all simple two-degree-of-freedom 
systems, but the methods and routines work for any number of degrees of freedom, 
limited only by the array size for a particular code. The Toolbox provides addi-
tional solution possibilities.

PROBLEMS

Those problems marked with an asterisk are intended to be solved using computational 
software.

Section 4.1 (Problems 4.1 through 4.19)

 4.1. Consider the system of Figure P4.1. For c1 = c2 = c3 = 0, derive the equation of 
 motion and calculate the mass and stiffness matrices. Note that setting k3 = 0 in your 
solution should result in the stiffness matrix given by equation (4.9).
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Figure P4.1  

 4.2. Calculate the characteristic equation from Problem 4.1 for the case

m1 = 9 kg m2 = 1 kg k1 = 24 N>m k2 = 3 N>m k3 = 3 N>m

and solve for the system’s natural frequencies.

 4.3. Calculate the vectors u1 and u2 for Problem 4.2.

 4.4. For initial conditions x(0) = [1 0]T and x# (0) = [0 0]T calculate the free response 
of the system of Problem 4.2. Plot the response x1(t) and x2(t).

2-) Determine as equações de movimento na forma matricial para o sistema abaixo e em seguida obtenha
suas frequências naturais não amortecidades e seus modos de vibrar. Assuma que as constantes elásticas
torsionais k1 e k2 sejam iguais e que as inércias dos discos sejam tais que J1 = 3J2.
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 4.5. Calculate the response of the systemJ9 0
0 1

Rx$(t) + J 27 -3
-3 3

Rx(t) = 0

described in Example 4.1.7, to the initial condition x(0) = 0, x# (0) = [1 0]T, plot the 
response, and compare the result to Figure 4.3.

 4.6. Write the equations of motion for the system of Figure P4.1 for the case that k1 = k3 = 0 
and identify the mass and stiffness matrix for this case.

 4.7. Calculate and solve the characteristic equation for the following system:J9 0
0 1

Rx$(t) + 10J 1 -1
-1 1

Rx(t) = 0

 4.8. Compute the natural frequencies of the following system:J6 2
2 4

Rx$(t) + J 3 -1
-1 1

Rx(t) = 0.

 4.9. Calculate the solutionJ9 0
0 1

Rx$(t) + J 27 -3
-3 3

Rx(t) = 0,  x(0) = C 1
3
1
S
  

x# (0) = 0

Compare the response with that of Figure 4.3.

 4.10. Calculate the solutionJ9 0
0 1

Rx$(t) + J 27 -3
-3 3

Rx(t) = 0,  x(0) = C - 1
3

1
S
 
 x# (0) = 0

Compare the response with that of Figure 4.3.If you worked Problem 4.9, compare 
your solution to that response also.

 4.11. Compute the natural frequencies and mode shapes of the following system:J4 0
0 1

Rx$(t) + 10J 4 -2
-2 1

Rx(t) = 0

 4.12. Determine the equation of motion in matrix form, then calculate the natural frequen-
cies and mode shapes of the torsional system of Figure P4.12. Assume that the torsional 
stiffness values provided by the shaft are equal (k1 = k2) and that disk 1 has three times 
the inertia as that of disk 2 (J1 = 3J2).

k2k1 J1 J2

!1(t) !2(t)

Figure P4.12  Torsional system with two disks 
and, hence, two degrees of freedom.

3-) Dois vag’ões de uma linha de trem possuem massa igual a 2000 kg cada um, e são conectados por um
acoplamento que apresenta uma constante de rigidez equivalente de translação de 280 × 103 N/m. Seu
trabalho é formular um modelo discreto para o sistema e calcular suas frequências naturais e modos normais
de vibração para o modelo.
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 4.13. Two subway cars of Figure P4.13 have 2000 kg mass each and are connected by a 
coupler. The coupler can be modeled as a spring of stiffness k = 280,000 N>m. Write 
the equation of motion and calculate the natural frequencies and (normalized) mode 
shapes.
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Figure P4.13  Vibration model of two subway cares connected by a coupling device 
modeled as a massless spring.

 4.14. Suppose that the subway cars of Problem 4.13 are given the initial position of x10 = 0, 
x20 = 0.1 m, and initial velocities of v10 = v20 = 0. Calculate the response of the cars.

 4.15. A slightly more sophisticated model of a vehicle suspension system is given in 
Figure  P4.15. Write the equations of motion in matrix form. Calculate the natural 
 frequencies for k1 = 103 N>m, k2 = 104 N>m, m2 = 50 kg, and m1 = 2000 kg.
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Figure P4.15  A two-degree-
of-freedom model of a vehicle 
suspension system.

 4.16. Examine the effect of the initial condition of the system of Figure 4.1(a) on the responses 
x1(t) and x2(t) by repeating the solution of Example 4.1.7 given byJx1(t)

x2(t) R = C 1
3

 A1 sin (12t + ϕ1) - 1
3

 A2 sin (2t + ϕ2)

A1 sin (12t + ϕ1) + A2 sin (2t + ϕ2)
S

first for x10 = 0, x20 = 1 with x# 10 = x# 20 = 0 and then for x10 = x20 = x# 10 = 0 and 
x# 20 = 1. Plot the time response in each case and compare your results against Figure 4.3.

 4.17. Consider the system defined byJ9 0
0 1

Rx$ + J24 + k2 -k2

-k2 k2
Rx = 0

Using the initial conditions x1(0) = 1 mm, x2(0) = 0, and x# 1(0) = x# 2(0) = 0, resolve 
and plot x1(t) for the cases that k2 takes on the values 0.3, 3, 30, and 300. In each case, 
compare the plots of x1 and x2. What can you conclude?

4-) Para o sistema abaixo, composto por dois pêndulos simples ligados por uma mola linear determine suas
frequências naturais e modos normais de vibração bem como sua resposta livre e não amortecida para uma
condição inicial igual ao primeiro modo de vibração do sistema. Dados: k = 20 N/m, m1 = m2 = 10 kg,

1
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a = 0, 1 m, l = 0, 5 m.
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Using modal analysis for the case where the rods have equal stiffness (i.e., k1 = k2), J1 = 3J2, 
and the initial conditions are x(0) = [0 1]T and x# (0) = 0. 

 4.38. Consider the system J9 0
0 1

Rx$(t) + J 27 -3
-3 3

Rx(t) = 0

of Example 4.3.1. Calculate a value of x(0) and x# (0) such that both masses of the system 
oscillate with a single frequency of 2 rad>s.

 4.39. Consider the system of Figure P4.39 consisting of two pendulums coupled by a spring. 
Determine the natural frequency and mode shapes. Plot the mode shapes as well as 
the solution to an initial condition consisting of the first mode shape for k = 20 N>m,  
l = 0.5 m, and m1 = m2 = 10 kg, a = 0.1 m along the pendulum.

k a

m1
!1 !2 m2

l
Figure P4.39  Two pendulums of the 
same length connected by a spring used 
to model a machine part.

 4.40. Compute and plot the response ofJ1 0
0 10

Rx$(t) + J 12 -2
-2 12

Rx(t) = 0

subject to x(0) = [1 1]T and x# (0) = 0. Compare your result to Example 4.3.2 and 
Figure 4.6.

 4.41. Use modal analysis to calculate the solution ofJ1 0
0 4

Rx$(t) + J 3 -1
-1 1

Rx(t) = 0

for the initial conditions x(0) = [0 1]T (mm) and x# (0) = [0 0]T (mm>s).

 4.42. For the matrices

M-1>2 = C 112
0

0 4
S
  

and  P =
112

 J 1 1
-1 1

R
calculate M-1>2P, 1M-1>2P2T, and PTM-1>2 and hence verify that the computations in 
equation (4.70) make sense.

5-) Seja um sistema de 02 GDL cujas equações de movimento são dadas a seguir. Determine os valores de
α e β tais que os fatores de amortecimento do sistema resultem ζ1 = 0, 01 e ζ2 = 0, 05, respectivamente.
Estime também a matriz de amortecimento do sistema.[

1 0
0 4

]
{ü}+ (α [M ] + β [K]) {u̇}+

[
3 −1
−1 1

]
{u} = {0} (1)

6-) Para o sistema abaixo considere: m1 = 10 kg, m2 = 6 kg, k1 = 104 N/m, k1 = 102 N/m, c1 = 20 Ns/m,
c2 = 8Ns/m, c3 = 3Ns/m. (i) Escreva as equações de movimento para o sistema em função das coordenadas
absolutas u1(t) e u2(t); (ii) Repita para as coordenadas dadas por u1(t) e u3(t), sendo u3(t) o deslocamento
relativo entre as massas m1 e m2. Determine as frequências naturais e modos normais de vibração para o
sistema.
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Figure 5.16. Exercise 5.4(b).

(b) Figure 5.16, for small rotations. Here all the mass is lumped at two locations. Note
that the DOF are u(t), θ(t), while v(t) is the enforced motion. In order to simplify
the algebra, let H = mL2/6.

(c) Figure 5.17. Use the DOF u1(t), u2(t) that are measured from fixed points.

(d) Figure 5.17, but now use the DOF u1(t) as above and the DOF u3(t) that is the
relative motion between m1 and m2.

(e) Figure 5.18, where the left bar is shown rotated through a small angle θ , the single
DOF for the system. The rotational spring with stiffness coefficient K that connects
the two uniform, rigid bars of length L and mass m near their mutual hinge point
provides a moment resisting their relative rotation equal to K multiplied by the angle
of their relative rotation. Let H = mL2/12. Furthermore, linearize the equation of
motion to obtain the damped natural frequency.

(f) Figure 5.15, but this time let each bar segment be flexible with a stiffness coeffi-
cient EI0 = const.

(g) Figure 5.16, but this time let each bar segment be flexible with a stiffness coeffi-
cient EI0 = const.
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Figure 5.17. Exercises 5.4(c) and (d).

7-) A figura mostra uma aeronave parada na pista de decolatem. A aeronave possui uma massa de 20×103 kg e
momento de inércia J0 = 50×106 kgm2, calculado em relação ao eixo passando pelo CG. Além disso considere
que o trem de pouso principal possua constantes de rigidez e amortecimento equivalentes respectivamente
iguais a 10 kN/m e 2 kNs/m e para o trem de pouso dianteiro 5 kN/m e 5 kN/m. (i) Formule um modelo de
dois GDL para o sistema e escreva suas equações de movimento na forma matricial, destacando as matrizes
de massa, amortecimento e rigidez; (ii) determine as frequências naturais não amortecidas e os respectivos
modos normais de vibração para o modelo.
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5.33 An airplane standing on a runway is shown in Fig. 5.37. The airplane has a mass

and a mass moment of inertia If the values of stiff-

ness and damping constant are and for the main landing gear

and and for the nose landing gear, (a) derive the equations of

motion of the airplane, and (b) find the undamped natural frequencies of the system.

c2 = 5kN-s/mk2 = 5 kN/m

c1 = 2 kN-s/mk1 = 10 kN/m

J0 = 50 * 106 kg-m
2.m = 20,000 kg

(a)
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(b)

FIGURE 5.36 Motor-pump system on springs.
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FIGURE 5.37

5.34 The mass and stiffness matrices and the mode shapes of a two-degree-of-freedom system are

given by

If the first natural frequency is given by determine the stiffness coefficients 

and and the second natural frequency of vibration, v2.k22

k 12v1 = 1.7000,

[m] = B1 0

0 4
R ,  [k] = B 12 -k12

-k12 k22
R ,  X(1)

= b 1

9.1109
r ,  X(2)

= b -9.1109

1
r
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