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Modeling Techniques in this Course 
Models that are abstractions of system dynamics 
(how system behavior changes over time) 
 
¢  Modeling physical phenomena – differential equations 
¢  Feedback control systems – time-domain modeling 
¢  Modeling modal behavior – FSMs, hybrid automata, …  
¢  Modeling sensors and actuators –calibration, noise, …  
¢  Hardware and software – concurrency, timing, power, … 
¢  Networks – latencies, error rates, packet losses, … 
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Today’s Lecture: Modeling of  
Continuous Dynamics 
Ordinary differential equations, Laplace 
transforms, feedback control models, … 
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An Example: Helicopter Dynamics 



EECS 149/249A, UC Berkeley: 5 

Modeling Physical Motion 
Six degrees of freedom: 
¢  Position: x, y, z 
¢  Orientation: pitch, yaw, roll 
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Notation 
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Notation 
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Newton’s Second Law 
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Orientation 
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Angular version of force is torque. 
For a point mass rotating around a fixed axis: 

Just as force is a push or a pull, a torque is a twist. 
Units: newton-meters/radian, Joules/radian 
 
Note that radians are meters/meter (2π meters of circumference per 1 
meter of radius), so as units, are optional. 

Ty(t ) = r f (t ) 
angular momentum, momentum 
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Rotational Version of Newton’s Second Law 
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Simplified Model 
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“Plant” and Controller 
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Actor Model of Systems 

A system is a function that 
accepts an input signal and 
yields an output signal. 
 
The domain and range of 
the system function are 
sets of signals, which 
themselves are functions. 
 
Parameters may affect the 
definition of the function S. 
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Actor Model of the Helicopter 

Input is the net torque of 
the tail rotor and the top 
rotor. Output is the angular 
velocity around the y axis. 
 
Parameters of the 
model are shown in 
the box. The input 
and output relation is 
given by the equation 
to the right. 
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Composition of Actor Models 
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Actor Models with Multiple Inputs 
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Proportional controller 

desired  
angular  
velocity 

error 
signal 

net 
torque 

Note that the angular 
velocity appears on 
both sides, so this 
equation is not trivial 
to solve. 



EECS 149/249A, UC Berkeley: 20 

Behavior of 
the controller 

Desired angular velocity:

Simplifies differential 
equation to:

Which can be solved as 
follows (see textbook):
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Exercise 

Reformulate the helicopter model so that it has two 
inputs, the torque of the top rotor and the torque of the 
tail rotor. 
 
Show (by simulation) that if the top rotor applies a 
constant torque, then our controller cannot keep the 
helicopter from rotating. Increasing the feedback gain, 
however, reduces the rate of rotation. 
 
A better controller would include an integrator in the 
controller. Such controllers are studied in EECS 128. 
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Questions 

¢  Can the behavior of this controller change when it is 
implemented in software? 

¢  How do we measure the angular velocity in practice? 
How do we incorporate noise into this model? 

¢  What happens when you have failures (sensors, 
actuators, software, computers, or networks) 
https://www.youtube.com/watch?v=MhEXXgiIVuY 
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Behavior of 
the controller 


