UNIVERSIDADE DE SAO PAULO
ESCOLA SUPERIOR DE AGRICULTURA
“LUIZ DE QUEIROZ”
DEPARTAMENTO DE GENETICA
LGNS825 Genética e Melhoramento de Espécies Alogamas

Population structure and genetic effects

Prof. Roberto Fritsche-Neto

roberto.neto@usp.br

Piracicaba, August 21th, 2019


mailto:roberto.neto@ufv.br

Non-inbred populations

Population = a pool of shared alleles

Only the allele 1s passed to the offspring, not the genotype
Allele frequencies

B=f(B)=p

= p*+ %2(2pq)

=p’+pq
=p“+ p(1-p) - 02
=p*+p-p°

=p Bb 2pq
b=1f(b)=q bb q2

=q*+ %2 2pq)

=q*+pq

=q*+q(1-q)

=q*+q-q*

=q

Under HWE these frequencies are kept constant

Otherwise, with just one random mating this equilibrium is reached again



Inbred populations

Inbred populations
Alleles identical by descendent (IBD) — copies of a shared ancestral
Alleles identical by state (IBS) — same allele, but different origin

Inbreeding coefficient mnn

F=P (B,=B)) BB (1/4) IBD  Bb (1/4)
—1 1/, = 1
F=UW+"%="% b bB (1/4)  bb (1/4) IBD

Probability of IBD

It is equal of the allele frequency times the inbreeding rate
P(BB) =Fp

P(bb) = Fq

Non-inbred genotypes =1 - F
Inbred genotypes = F



Inbred populations

IBD IBS
= F(BB + bb) + (1 - F)(BB + Bb + bb)
= F(pBB + gbb) + (1 - F)(p?BB + 2pgBb + g%bb)
= FpBB + Fgbb + p?BB + 2pgBb + g?bb - Fp?BB - 2FpgBb - Fq?bb
= BB[Fp + p? - Fp?] + Bb[2pq - 2Fpq] + bb[Fq + g2 - Fg?]
= BB[p* + Fp - Fp(1-q)] + Bb[2pq - 2pqF] + bb[q* + Fq - Fq(1-p)]

Then, for any F
= BB[p? + pqF] + Bb[2pq - 2pgF] + bb[q* + pqF]

F=1 _
p? + pqF p>+pgF  p?
p*+pq Bb 2pq-2pgF 2pq O
p? +p(1-p) bb e

p’+p-p°=p



Genotypes and genic effects 2

Intra population - assuming HWE | ( \
a = female i and male ; allele effects at the k locus ( \

§ = interaction between alleles i and j | I |
The sum of the & over k loci means Breeding value (BV)

Substitution allele effect BB Bb u bb
O = Ug — Upop, yi=u+g;+9;j+si —

o, =U,-U d

Cl;osse: " Gij = uto; +o¢ +0y;

BB x population = up

ug =pa+ qd
B8 p* d BB p? Sga

gt
u, = q(-a) + pd e
Bb 2pq d Bb 2pq o+ Qy, Spb
Upop = P?a +q2(-a) + 2pqd bb i 2 bb S

= (p?- q%)a + 2pqd
=(p-9)a+2pad

(P*-98)=(1-q)?*-9* =1-2q+q*-q*=p+q-2q=p-q



Substitution allele effect

g = uB_upop
=pa+qd-[(p-q)a+ 2pqd]
=pa+qd-pa+ qa-2pqd
=qga+ qd - 2pqd

=qla+ (1-2p)d]

=qla+ (q+p-2p)d]
=qla+ (q-p)d]

= qa

op = Up — upop

=-qa +pd - [(p-q)a+ Zpqd]
-qa + pd - pa + qa - 2pqd
pd - pa- 2pqd

-pla-d + 2qd]

-p[a(2q -1)d]

-p[a(2q -p + q)d]

-pla+ (q - p)d]

-pa



Dominance effect

BB=U+2aB+SBB=a b Bb=u+O(B+0(b+SBb=d
SBB=a—u-2aB SBb=d—u-0(B-0(b

- [(p-q)a+ 2pqd] - 2[q[a+ (q - p)d] -[(p-9)a+ 2pqd] - [q[a+ (q-p)d] - [-pla+ (q-p)d]
=a-pa+qa-2pqd-2qa-2q(q-p)d =d-pa+qa+2pqd-qa-q(q-p)d+pa-p(q-p)d
=a-pa-qa-2pqd-2q*d + 2pqd =d-2pqd-q(q-p)d-p(q-p)d
=a-pa-qa-2q3d =d - 2pqd - q*d + pqd - pd + pqd
=a(l- p-q)-2qg3d =d- q?d-p4d
=a(p+q-p-p)-2q%d =d(1- q*-p?)
=-2qg*d =d(1-(1-p)*-p?
bb =u + 20, + Sy, = -a =d(1 - (1 +p*+2p) -p?)
Sbb=-a—u-20(b =d(1 '1'p2-2p-p2)
=-a-[(p-q)a+2pqd]-2[-pla+ (q-p)d] = =d(2p-2p?)

=-a-pa+dqa-2pqd+2pa+2p(q-p)d * = Zd[p p(l q)

=-a+pa+qa-2p3d . —deq

=a(p+q-1)-2p4d e =2pqd aptag
=a(p+q-p-q)-2p4d Bb 2pq  agta, SBb

= -2p4d bb g2 aytay, Sub



Substitution allele effect

* «a is the slope of the regression line
: P . & b= covixy) Genotype | f | Alleles | VG
* Regression coefficient — b Vy " »
2 2
BB 2 a
o? =z fiXiZ_(ZfiXi> COVy, = ZfiXiYi_ ZfiXi-ZfiYi g
0

2pq

bb g2 -a

* Thus, the variance of x is given by:

* PpA(2%) + 2pq(1°) + q*(0%) = 4p* + 2pq
* [p%(2) + 2pq(1) + q*(0)]* = [2p* + 2pq]*= [2p* + 2p(1 - p)]* = [2p* + 2p - 2p?]* = [2p]* = 4p*
* Vx=4p?+ 2pq-4p?=2pq

* and the covariance by

* p?(@)(2) + 2pq(d)(1) + q*(-a)(0) = 2p?a + 2pqd : 2
« p2(2) + 2pq(1) + q2(0) = 2p?+2pq = 2p | e
* p*(a) + 2pq(d) + q*(-a) = p*a+ 2pqd - q*a = (p*- q*)a + 2pqd = (p - @)a + 2pqd /
 2p(2p*a+ 2pqd) = 2p(p - q)a + 4p*qd
« COV(x,y)=2p*+ 2pqd-2p(p - q)a + 4p*qd = 2pq[a + (q - p)d] I

covixy) _ 2pqla+ (q-p)d
b - Vx - [ 21)(q ) ] -4 + (q B p)d: @ Number of Favorable Alleles



Additive variance

V(X) = E[X - E(X)]?

Vg = E[Gij - E(Gij)]z
=E[u+0(i+0(]- +.S{j-u]2
ao; + (x]' + .SI]]Z

Additive variance = variance of the
average allele effects

= E[a;]*= E[pi(a;)? - E(p;a)]?
= E[pi(a;)* - 0]*
= Ypi(a)* =" Va

= E[aj]? = E[pi(e)? - E(piat;)]?
= E[pi(a;)? - 0]?
= Ypi(a)? = ¥ Va

Gij = u+ocl- +0Cj +6ij

ot =2) pila)
i

Va = 2.p.ag? + 2.q.0,2
= 2.p.(q@)*+ 2.q.(-pa)?
= 2pq?a? + 2qp’a?
= 2pqa’(q + p)
= 2pqa?
= 2pq[a + (q - p)d]?

A=ai+a=E(ag+ay) =0

E(A) = E(a; + ;) = E(a;) + E(a))
Pi-&; + PjQ;

pi(ap) + pj(a)

p(qa) + q(-pa)

p(qa) + q(-pa)

pqa - pqa =0



Dominance

Dominance variance = interaction between allele

effects within a locus

= E[S5]*=E[pi($)* - E(piSi)]*
= E[pi(-sij)z - 0]*
= pi('S;j)z =Vd

Vd = p2.8sp* + 2pq.Spp” + % Sp”

= p?(-2q*d)* + 2pq(2pqd)? + q(-2p*d)?
= p(4q*d?) + 2pq(4p?qd?) + q*(4p*d%)

= 4p%q*d?(q* + 2pq +p?)
= 4p’q*d*(p + @)
= (2pqd)*

BB Ses

P> -29%d
2 Bb 2pq 2pqd Sap
CRORLIC) bb > 2pad s
; q -4p bb

E(D) = Zij(pipjsij)
= p%.Ssp + 2pq.Spp + 44 Sp

. = p?(-2g*d) + 2pq(2pqd) + q*(-2p?d)
. = -2p?q®d + 4p*q*d + 2p?q*d
° — 0



Mean in inbred populations

IBD IBS
= F(BB + bb) + (1-F)(BB + Bb + bb) BB olpqF p? p
= BB[p? + pqF] + Bb[2pq - 2pqF] + bb[q? + pqF] Bb  2pq-2pgF 2pq O
Gij = u+«; +0Cj +6U bb q2+pqF q2 q

E(Gy) = FXipi(u + a; + o +.5) + (1 - F)Xpipj(u + o + o + .5)
=Fu+ 2FYpio + FYipiSi + (1 - F)u + (1 - F)Xipias + (1 - F)Xpje + (1 - F) Xypipj S
=Fu+(1-Fu+ 1-FYpS
=u+ FYp;iS;
Mean + inbreeding depression (ID)
FY.ipiSi = FpSgs + FqSpp
= Fp(-29°d) + Fq(-2pd)
= F(-2pq*d) + F(-2qp*d)
= -2pqdF
Thus,
up=1u - 2pqdF
up = (p - Q)a + 2pqd - 2pqdF



Variance in inbred populations

- Vg= E[Gij - E(Gij)]z

=E[u+ a; + & + §j-u-FYp;S]?
= Ela; + o + 8- FYp; S
= E[a;]* + E[o]* + E[S;]* + E(-FYpi %)% + dp

E[a;]? = E[Ypi(at;)? - E(p;a;)]?
= E[Di("‘i)2 - 0]2
= Ypi(a)* =% Va

= E[aj]* = E[p;(a))* - E(pia;)]*
= E[pi(aj)z - 0]?
= Ypi(a)2 =% Va

= E[$]°= (1 - ) Xpip;(S)*- FXipi(S)?
non-inbred inbred
=(1-F)vd - FZipi(S;i)z

E(- FYipiSi)*= (FXipiSi)?

2E(aj)) = 2(1 - F)E(a)E(a)) + 2FY,pi(a;)?
= 0+ 2F }¥pi(a;)?
= 2F 1% Va= FVa

2E(a;S) = 2(1 - F)E(o)E(S;) + 2F Yipia;S;;
= 0+ 2F ¥ipia;$;;

2E(a;S5) = 2(1 - F)E(a)E(S) + 2F Yjp;a;S;
= 0+ 2F Ypj5;

2E(a;. - FXipiSi) = 2E(o) (- FXipiSii)
=0

ZE(O‘j " Fijj'S;j) = ZE(O‘]‘) (- FijjSIj)
=0



Variance in inbred populations

2E(Sy. - FRipiSi) = (1 - F)E(S) (- FXipiSi) + 2FE(S) (- FXipiSi)
= 0+ (2FXipiSi) (- FXipiSi)
= -2F*(XipiSi)*

Finally,

Vg=1%Va+ % Va+ (1-F)Vd-FXpi(S5)*+ 2FEpieS; + 2FYpjS; - 2F4(Xp;S)°?
Vg=(1+F)Va+ (1-F)Vvd +\2F iPitiSi + 2F Ypia;S;; }+ (FYipiiSi? - 2(F2YipiSi%)
|

Di =% (QipioiSi + 2ipieS;) = XipicSii
Covariance between additive and dominance effects in the homozygotes

Vg = (1+F)Va + (1 - F)Vd + 4FD; + FY;ipi(5:)?*- F2Qipisi)*
Vg = (14+F)Va + (1 - F)Vd + 4FD; + F[Ripi(S)*-Eipisn ] + F((1 - FH)(XipiS)*
Y =

D, = Variance due to the dominance effects in the homozygotes
H = the square of the inbreeding depression

Vg = (1+F)Va + (1 - F)Vd + 4FD, + FD, + F(1 - F)H



Variance at any level of inbreeding

Vg=(1+F)Va+ (1-F)vd + 4FD; + FD, + F(1 - F)H
D;=COV(a,d)

D, = V(S

H = the square of the inbreeding depression

F=0
Vg=(1+0)Va+ (1-0)Vd + 4.0.D; + 0D, + 0(1 - 0)H
Vg =Va+ Vd

F=1
Vg=(1+1)Va+ (1-1)Vd+4.1.D; + 1D, + 1(1 - DH
Vg =2Va + 4D; + D,

Inbred progenies = Normally, D, is negative, reducing the Vg
On the other hand, the bigger F, the bigger Va



Mixed populations

s = inbreeding rate

s=2F/(1+F)

F=s/(2-5)

Vg=(1+F)Va+ (1-F)Vd + 4FD, + FD, + F((1 - F)H

% —( 2 )V +(2_ZS)Vd+(4S>D1+(S)D2+[2—](1_5) H
g= 2—5 ¢ 2s 2s 2s 252

Considering two alleles

Parametric space

Va =2 ¥p;(a;)* = 2pqa « Va=0
vd = Zijpipj('gj)z = (2pqd)? e Vd=0
D; = YipiSi = 2pq(q-p)(a+ (q-p)d)d =2pq(q-p)ad ¢« -0<D;< 4w
D, =¥ipi($)*-(Xipisi)* = 4pqd(q - p)* D, =20

H = Qip;Si)? = (2pqd)? e H>0



D, and D,

D= Yipio;Si

= papSgg + 4, Sy

= p(qa)(-29°d) + q(-pa)(-2p*d)
2pqiad + 2p3qad
-2pq(q-p)ad

D,= Zipi(-ﬂi)z _(Zipi'sii)z

[p(-2q2d)? + q(-2p?d)?] - [p(-2q*d) + q(-2p?d)]?
[4pq*d?® + 4qp*d?] - [-2pq?d - 2qp?d)]*
[4pqd?(p* + q*)] - [-2pqd(q + p)]*

[4pqd?(p3 + q*)] - 4p?q?d?

= 4pqd?(p*+ q*- pq)

= 4pqd?(p*+ (1 -p)*-p(1-p))

= 4pqd?(p*+ (1 -p)*-p + p?)

= 4pqd?(1 - 2p)*

= 4pqd?(q-p)*



