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2.1 Teorema de Fourier

Teorema 2.1 (Fourler). Seja L um niimero real maior que zero. Para toda funcio f : [—L, L] — R continua por partes
tal que a sua derivada f' também seja continua por partes, a série de Fourier de f

ap nt nmt
Sf(f):E+EancnsT—l—Zb sen ——,
em que
L
ay, = %/.Lf(f)ms”def paran=0,1,2,...
1 st noct
b, = E./._Lf(f)seanf, paran=1,2,...

converge para f nos pontos de (—L, L) em que f é continua. Ou seja, podemos representar f por sua série de Fourier:

t t
fl(t)= ED E Ay cos% + E by, sen n;r , parat € (=L, L) em que f é continua.




202 Series de Fourier

1.4 Tabe

D
T
o
—
D
=

a de Coeficientes de Series de

Coeficientes das Séries de Fourier de Funcdes Elementares

_ _ 1 oL mt t
fil-LL =R -1<c<d<1| an(f,L)== [ Ff(t)cos—dt bu(f, L) = ;: ﬂd:
' LJ-L- L L L \
- 0] [ — 4 )
(0),,, | 1, sete]cL,dL] aolfed- ) = — ¢ (0) 1 |n7d
fea (1) = 0, caso contririo (0 1 |”““f bu(foq-L) = —gzcoss|
’ an(f.4,L) = msenblu ] nmc
TiC
I'll . dz 2
f"zl::'(tj { t, sete[cL,dL] ﬁ”“m L) = u{fﬁ; ) = )
— P d sl it
cd 0, caso contrario . C{b sen's + coss) nd —g—f”hn (—scoss+ sens) e
i nnc I
(2]} L) — L_l da 3
”D{_ff,,f: ) = 5 c’) b - (2) [y —
2 1) { 2 t € [cL,dL] ”””.[? L) = n(feqrL) = f
= i — T
cd 0, caso contrario , . , , , nd ”_L;_ (25 sens + {2 _ 52} ccrss} B
— ((s* — 2) sens + 2s cos s) - n e




MAP2320

Proposicao 2.3. Sejam f,¢: [-L,L] — R. Se

1 L t 1 /L t
an(f,L) = E_[_Lfmma%df, B (f, L) = E[_Lf{t}sen Tt

1 L nitt 1 L ntt
a,(g,L) = Ef_Lg(andt, b, (g, L) = E_[_Lg(t]laen T,

entio para quaisquer niimeros & e j,

an(f + B, L) = aay(f,L) + Ban(g, L) e by(af +Bg L) = aby(f,L) + Bb(g,L).
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Serics PRATO 552
FOURIER SERIES

Graham S McDonald

A self-contained Tutorial Module for learning
the technique of Fourier series analysis

® Table of contents
® Begin Tutorial

(©) 2004 g.s.mcdonald@salford.ac.uk



MAP2320

Section 6: Alternative notation

® For a waveform f(x) with period 2L = Qf . we have that

k= g—z = + and nkr = 7=
o0
f( ) ag n Z [ nmwx b -n..:fr;;::}
r) = — 1y, COS SII
2 ‘ " L " L
n—

The corresponding Fourler coefficients are

STEP ONE 1 1
ag = — x) dx
0 7 f(x)

2L

STEP TWO 1 nm.r
a R €) CoS dx

2L

STEP THREE

nmwr
d.r

b, = %/f(;{.r)sin 7
2L

and integrations are over a single interval in x of 2L
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EXERCISE 1.
Let f(i) be a function of period 27 such that

1, —m<x<0
f('*i") — { O S

0<ae <.

a) Sketch a graph of f(x) in the interval —27 < & < 27«

b) Show that the Fourier series for f(x) in the interval —7 < & < 7 is

1 21 . 1. 1.
— — — |smax + — Sl 3 + —smbr + ...
2 7 3 5
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Exercise 1.

1., —m<ax<0
flx) = { )

0. O0<ux <m and has period 27

a) Sketch a graph of f(r) in the interval —27 < & < 27

fx)
l L,
-1 —TT 0 T 21
X
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b) Fourier series representation of f(ux)

STEP ONE

1 [T 1 [° 1 [7
ap = — flo)ydr = = fe)de + — flo)de
—m 0

7T o v

1 /O 1 [T
— —/ 1-d.,t,‘—|——/ 0-dr
T )7 ™ Jo
0
= / duax

5 | o=

&
| ©
=

—
-
|
—
|
=
i —
j —

[—L‘:ﬂln—tﬂln—t‘:ﬂln—t
S

l.e. g =
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STEP TWO
1 [T 1 ¢ I
ap = — f(r)cosnedr = — f(x)cosnedr + — / f(x)cosnede
UL m ) ™ Jo
1 [ 1 ["
= — / 1 -cosnedr+ — / 0-cosnedr
™ J ™ Jo

1 /0
- cos na da
w — T

: 0
1 | sinne 1 . 0
= _ — sinna|”
—

s n nm m
L. .
= — (sin0 — sin(—nm))
nm
1
— —(0+ sinnmn)
n
1
e, an = —(0+0)=0.

ni
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STEP THREE

1 m
b, = — / f () sinne de
™ —

L0 L[
= — / f(r)sinne de + — / f(x)sinne dr
Iy 7 /g

1 1 [7
= — / 1-smnede + — / 0 -sinne de
0

o T
_ 1 [0 1 [—cosnz]®
Le. b, = —/ sinna dr = — [ ]
T ) . m n -
1 |
= ——Jcosnr]?, = —— (cos0 — cos(—nm))
nmw nm
1 1 n _
= —(1—cosnm)=——(1—(—=1)"), see TRIG
nmw nm
0

. , 1 even :
Le. b, = { g , since (—1)" =

1 . neven
. n odd

—1 ., nodd
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5. Useful trig results

When calculating the Fourler coefficients a, and b, , for which n =
1.2.3..... the following trig. results are useful. Each of these results,
which are also true for n = 0, —1, -2, —3,.... can be deduced from
the graph of sina or that of cosx

sm(x)
1
® sinnrt=20 N
b4 n m T
-1
cos(x)
1
® cosnm=(—1)" x
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Section 5: Useful trig results 20
sin(x) | cos(x)

X X

. 2n T " 13 -2n /) 0 T 2n B

A A
_ 0 .n even _ 0 .nodd
. U i
@ 5111715 = 1 .n=1,59.. ® cos ng = 1 .n=0.48,..
—1 .n=3.7, 11_ —1 .n=2,6,10....

Areas cancel when _
when Integrating 1]

] & ]
over whole periods /I—\ + /—I\x
o f sinna dr =0 vn - 1\/1: 3n
o fCO‘:TL,{d{—O 1




We now have that

flr) = % T Z[% cos nx + by, sinnir|

n=1

with the three steps giving

0 . L even
ap =1, ap =0, and bn_{ 2

——= . nodd

[t may be helpful to construct a table of values of by,

-n‘l‘

2
b”‘ 77‘

2] 3 |4] 5
ORI

™

P
Lo |
|

|

)

Substituting our results now gives the required series

2 1 1

1
f(i-") — § - 3 5

— — |sinx + —sin 3x + - sinba + ...

MAP2320
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Coeficientes das Séries de Fourier de Func¢bes Elementares

fil-LL =R -1<c<d<

1 i it
an(f,L) = T [_f flt)cos En’#

.1
-E:'H[_,IL. LJ = I[_f ,ILH'}E‘EI'ITdf

cd

f”::'-rfr] _ |1 sete [cL,dL]
/ 0, casocontrdrio

L
(L)
aolfeq.L) = d—¢ ,
i ff“:] [) = -Lsens "
mMicd =) = nm -

b ':_Jr,_-:ll,;:l L) =

Exercicio 1

L=m,c=-1,d=0
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1.2

0.8

0.6

0.4

0.2

-0.2

-0.4

Exercicio 1

MAP2320

- f(t)

o= SE_O(t)

=8 S _1(t)

= Sf 3(t)

e S_5(t)



Exercise 2.

flw) =

0,
£

—m<ax <l
0<ax <.

and has period 27

a) Sketch a

eraph of f(«) in the interval —37 < & < 37

Jfx)

MAP2320
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F A1) 5o '
ap(feq.L) = 5(d® —c?) by (FY 1) —
] W 1- ] —

\ : ~ [ P §
=) b osete [LL'EﬁT] nfeq L) = ) i
Tod V 0, caso contrario ' nd L_(_scoss+sens) |
£ (s sens + coss) | e e
KL S lnne

Exercicio 2

L=m,c=0,d=1
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b) Fourier series representation of f(x)

STEP ONE

|
= | =
N)
:‘]
)
~
+
o | =
c\
5
.
o
[

. m
lL.e. ap = —/.
2



MAP2320

STEP TWO
I e I

an = — [ flr)cosneder = — / flr)cosne de + — / f(x)cosne dr
™) . T ) . 7 Jo

1 [° 1 [T
= — 0-cosnedr + — € cosnax dr
™ s TT 0

. T .

, 1 [" 1 sin na T sin na

le. a, = — rcosneder = —< |x — .
T Jo T no g 0 n

(using integration by parts)

, 1 SIN N 1 cosnrl™
Le. ap = — T —0] —— |-
T n n n 0

‘cos nulg }

1 1
= 3 {cosnm — cos 0} =

{ 0 .1 even

2 {(_1)11 o 1}

mn

Le. a, = 5 , see TRIG.

—<~  .nodd
T



STEP THREE

1 ris
bp = — f(x)sinnr dx
?l— —TT
1 m
le. b, = — / x sinna dx
™ Jo

-

==

/—’\—\\

U sin na dao + —

MAP2320

1 v I
_ / f(r)sinne de + — / f(x)sinnedx
T T ™ .Jo

0

1 ™
2 sin na dax
™ Jo

A

(using integration h\ palts)

COH n.ua cOos n.r

dz}

1 1
— [rcosnxly + — coa n di}
m

n n,
1 1 sin n.
— (mcosnm —0) + —
n n no |,
5 0). see TRIG
™ |



+

:\--'
|
S~ 3~

We now have

. neven

. n odd
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0
ag .
flr) = > T E \ay, cos na + by, sinnu
- n=1
- 0 , L even —% , neven
where ag = —, an = 5 b, = .
2 ——5 ,nodd ~ . nodd
Constructing a table of values gives
n 1 2 3 4 5
2 1 2 1
an | =z | O =% 5| 0 | —% %
1 1 1 1
bn | 1 2 3 1 5
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This table of coefficients gives

flx) = % (g) (—g) cosx + 0 - cos 2z

-
+ ( )COs%t—I—U cos 4.

—|—( )CO‘;JI—I—

+ sina — —meUL + —sin3r —
2 3

‘~“1ll\2> ‘~“1ll\3

: 0 2 1 1
Le. f(x)= 1 = [eos @+ 32 cos 3 + =2 Cos D + }

+ 'in-'—l "1112-'+1 10 3 —
= .z 2b A 3:‘3 N

and we have found the required series!
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Exercicio 2

35

B f(t) B Sf O(t) BummSf 1(f) emmSf 3(t) S 5(t)
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Exercise 7.

f(r) = 22, over the interval —7 < = < 7 and has period 27

a) Sketch a graph of f(&) in the interval —37 < & < 37

Jx)
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[

a(f L) = 5@ - )

: . b (g, L) =
) 2 . ; - " ) i1 ¥
AP IOR A e W B PO s wad
Lo Vi 0, caso contrano ) i - L (25sens + {2 . 52} coss) |
”Ef, ((s° —2) sens + 25 cos s} ’ n e
e RILC
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4 | o
Qﬁg 2 . noevell
oy — ?) (lp —
_—ng— . n odd.
2 1 1

MAP2320

f(r) = — —4 |cosax — — cos 2 + — cos 3o — 12 €08 4o+ ...

3 22

32
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