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• A condução de calor segue uma equação de 
difusão, em que a temperatura é difundida pelo 
meio sólido. Outros exemplos de processos que 
obedecem a equação de difusão são:  

• Transporte em meios porosos. 

• Difusão de um perfume no ar. 

• Dispersão de multidões (difusão não linear… mas 
isso já é outra história…).

Condução de calor: 
Equação de difusão



O que é difusão

https://en.wikipedia.org/wiki/Diffusion
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Série Fundação de  
Isaac Asimov

"Há uma série muito antiga de Isaac Asimov - os romances da Fundação 
- na qual os cientistas sociais entendem a verdadeira dinâmica da 

civilização e a salvam. Isso é o que eu queria ser. E isso não existe, mas 
a economia é o mais próximo que se pode chegar. Então, como eu era 

adolescente, embarquei nessa." - Paul Krugman, Prêmio Nobel de 
Economia de 2008



Primeira Lei de Fick
• Para muitos problemas físicos (como a condução de calor), a 

difusão segue a primeira lei de Fick, em que o fluxo é proporcional 
à variação da concentração e ocorre no sentido contrário a 
concentração. 
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Vamos plotar!!

H = 9.6⇥ 10�10 W/kg

⇢ = 2800 kg/m3

T0 = 20�C
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Figure 4.11 Dependence of surface heat flow q0 on the radiogenic heat
production per unit volume in surface rock ρ H0 in selected geological
provinces: Sierra Nevada (solid squares and very long dashed line), east-
ern U.S. (solid circles and intermediate dashed line), Norway and Sweden
(open circles and solid line), eastern Canadian shield (open squares and
short dashed line). In each case the data are fit with the linear relationship
Equation (4–29).

dioactivity can explain the linear surface heat flow–surface radioactivity
relation. The exercises to follow show that the exponential radioactivity
distribution is not unique in its ability to model the linear q0 versus ρH0

relation; other dependences of H on depth that confine radioactivity near
the surface are consistent with observations. However, the exponential dis-
tribution is the only one that preserves the linear q0 versus ρH0 relation
under differential erosion, a strong argument to support its relevance to the
continental crust. The exponential depth dependence is also consistent with
magmatic and hydrothermal differentiation processes, although a detailed
understanding of these processes in the continental crust is not available.

Problem 4.7 Table 4–4 gives a series of surface heat flow and heat produc-
tion measurements in the Sierra Nevada Mountains in California. Determine
the reduced heat flow qm and the scale depth hr.

Problem 4.8 Consider one-dimensional steady-state heat conduction in
a half-space with heat production that decreases exponentially with depth.
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Figure 4.22 Schematic of the cooling oceanic lithosphere.

Figure 4.23 The solid lines are isotherms, T − T0 (K), in the oceanic
lithosphere from Equation (4–125). The data points are the thicknesses of
the oceanic lithosphere in the Pacific determined from studies of Rayleigh
wave dispersion data (Leeds et al., 1974).

High-temperature deformation of rocks in the laboratory indicates that this
temperature is about 1600 K. Thus we can think of the lithosphere as the
region between the surface and a particular isotherm, as shown in the figure.
The depth to this isotherm increases with the age of the lithosphere; that
is, the lithosphere thickens as it moves farther from the ridge, since it has
more time to cool. We refer to the age of the lithosphere as the amount of
time t required to reach the distance x from the ridge (because of symmetry
we consider x positive); t = x/u.

The temperature of the rock at the ridge crest x = 0 and beneath the plate
is T1. The seawater cools the surface to the temperature T0. Thus, a column
of mantle is initially at temperature T1, and its surface is suddenly brought
to the temperature T0. As the column moves away from the ridge, its sur-
face temperature is maintained at T0, and it gradually cools. This problem is
identical to the sudden cooling of a half-space, treated in Section 4–15, if we
neglect horizontal heat conduction compared with vertical heat conduction.
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at explaining simultaneously the seafloor topography and
heat flux. First, the deviations are attributed to thermal
boundary layer (TBL) instabilities that may occur dynam-
ically below relatively old lithosphere (also called sublitho-
spheric small-scale convection or SSC) [Parsons and
Sclater, 1977; Parsons and McKenzie, 1978; Yuen and
Fleitout, 1985; Davaille and Jaupart, 1994]. The SSC
destabilizes the bottom part of lithosphere and replaces it
with the relatively hot mantle fluid, thus preventing the
lithosphere from continuous cooling as predicted by the
HSC model. A closely related and also widely used model is
the plate model in which it is assumed that the lithosphere
overriding a mantle with a constant temperature Tm, reaches
a constant thickness DL as it ages [Parsons and Sclater,
1977; Stein and Stein, 1992]. The two parameters in the
plate model, Tm and DL, can be determined from fitting the
observed seafloor topography and/or heat flux [e.g.,
Turcotte and Schubert, 2002] (Figure 1a). It is worthwhile
to note that seafloor topography and heat flux anomalies can
also be explained with constant heat flux plate model [Doin
and Fleitout, 2000; Dumoulin et al., 2001]. The plate model
explicitly requires that basal heat flux be supplied to the
lithosphere. Although the SSC is often invoked as the
physical mechanism for the plate model to maintain con-
stant Tm and DL and to supply the basal heat flux [Parsons
and McKenzie, 1978; Davaille and Jaupart, 1994], the
dynamical feasibility of the plate model has never been
explicitly demonstrated.
[4] Second, the deviations are believed to be caused by

convective processes associated with the deep mantle, in
particular the mantle upwelling plumes [Schroeder, 1984;
Davies, 1988a; Davies and Pribac, 1993; Malamud and
Turcotte, 1999]. Mantle plumes were initially proposed to
explain the midplate volcanism [Wilson, 1963]. Mantle
plumes result from the TBL in the deep mantle possibly
at the core-mantle boundary (CMB) [Morgan, 1972] and the
plume mode of convection is necessary for cooling the core
[e.g., Davies, 1988a; Sleep, 1990]. Mantle plumes due to
their buoyancy forces may produce topographic highs, and
the best example is probably the Hawaiian swell topography

that is suggested to result from the Pacific plate moving
over the Hawaiian plume [Davies, 1988a; Sleep, 1987,
1990; Ribe and Christensen, 1994]. The residual topogra-
phies in the Pacific and Africa have much larger horizontal
extents than the Hawaiian swell [e.g., Panasyuk and Hager,
2000], and they are called superswells [Nyblade and
Robinson, 1994;McNutt, 1998]. These superswells are often
attributed to buoyancy forces of superplumes [Lithgow-
Bertelloni and Silver, 1998; Romanowicz and Gung, 2002].
Mantle plumes are also hypothesized to provide the basal heat
flux for the plate model, but as many as 5000 plumes are
needed [Malamud and Turcotte, 1999].
[5] Although the mantle plume and the SSC models are

sometimes presented as competing models for the seafloor
topography and heat flux anomalies, seismic observations
indicate that both mantle plumes [Wolfe et al., 1997;
Romanowicz and Gung, 2002; Montelli et al., 2004] and
SSC [Katzman et al., 1998; Ritzwoller et al., 2004; Gilbert
et al., 2003] be important processes in the mantle. This
suggests that the seafloor topography and heat flux anoma-
lies cannot be attributed exclusively to either mantle plume
or the SSC process. It is therefore important to assess the
relative roles of the SSC and mantle plumes in the thermal
evolution of oceanic lithosphere.
[6] The SSC/plate model that includes lithospheric age as

the sole variable can account for a significant fraction of but
not all the residual topography [e.g., Panasyuk and Hager,
2000], indicating that some of the residual topography is
related to other age-independent processes (e.g., mantle
plumes). In fact, the residual topography with the plate
model as a reference highlights the anomalies in the
southern Pacific, while greatly reducing the anomalies in
the western Pacific [e.g., Panasyuk and Hager, 2000],
which is consistent with the seismic observations of thermal
plumes in the southern Pacific [Romanowicz and Gung,
2002; Montelli et al., 2004]. Modeling the long-wavelength
geoid suggests that some of the residual topography should
have a deep origin, because of the depth-dependent sensi-
tivity of the geoid [Hager and Richards, 1989; Ricard and
Vigny, 1989; Thoraval and Richards, 1997; Lithgow-

Figure 1. (a) Age-dependent seafloor topography and (b) heat flux. Figure 1a modified from Stein and
Stein [1992] (with permission from Nature Publishing Group), and Figure 1b is modified from Davaille
and Jaupart [1994] with data from Lister et al. [1990]. Also shown in Figures 1a and 1b are the HSC
predictions. The topography from the plate model by Stein and Stein [1992] is also plotted in Figure 1a.
The inset in Figure 1b is the zoom-in heat flux for seafloor older than 100 Ma.
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1992; Bunge et al., 1998; Dumoulin et al., 2001]. Our
approach here with a prescribed plate motion simplifies
the calculations of lithospheric age and comparison with
the HSC models, but the plate motion is not as dynamic
as in some of the previous studies [e.g., King et al.,
1992; King and Hager, 1990; Zhong and Gurnis, 1995;
Conrad and Hager, 1999] in which a variety of proxies
for plate margin processes are used to model plate
motion. However, understanding the physical processes
that are important to plate margin dynamics remains a
great challenge in geodynamics [Bercovici, 2003]. In this
study, while using a prescribed plate motion, we also
vary other parameters (e.g., mantle viscosity) to examine
the robustness of our results.
[18] The governing equations are solved with a finite

element code Citcom [Moresi and Solomatov, 1995; Moresi
and Gurnis, 1996] with some extensions [Zhong et al.,
2000]. For most of our calculations, we use a box with
aspect ratio of 14 and 768 ! 96 finite elements for the OB
models and aspect ratio 6 with 384 ! 96 finite elements for
the CB models unless specified otherwise. A larger aspect
ratio is used for the OB models than that for the CB models,
because the OB models are designed to simulate the plate-
induced shear flow with no return flow. The elements are
refined near the boundary layers to better resolve the
development of the TBL instabilities.
[19] In addition to these models with the Boussinesq

approximation, we have also computed a set of models
with non-Boussinesq effects including phase changes (oliv-
ine to spinel and spinel to postspinel) and their associated
latent heat, adiabatic and frictional heating. The governing
equations for these models are the same as those of
Christensen and Yuen [1985], and numerical implementa-
tions are given by Zhong and Gurnis [1994].

2.3. Topography and Heat Flux From the Numerical
and HSC Models

[20] An important feature of this study is the direct
comparison of the surface topography and heat flux between
numerical and the HSC models. For the HSC model, surface
heat flux and topography are controlled by the differential
temperature between the mantle and the surface, T0m " T0s
[Turcotte and Schubert, 2002]. Suppose that the nondimen-
sional interior temperature is Tm = (T0m " T0s)/DT, the
nondimensional topography wHSC normalized by DaDT,
as a function of horizontal position from the spreading
center, x, and plate velocity, Vp, is

wHSC ¼ 2Tm
x

pVp

! "1=2

; ð6Þ

where we did not consider the water in the calculations. The
nondimensional heat flux QHSC is

QHSC ¼ Tm
Vp

px

! "1=2

; ð7Þ

where QHSC is normalized by kDT/D, and k is the thermal
conductivity.
[21] For the OB models, Tm = 1, as T0m = T0b. However, for

the CB models, because of the bottom thermal boundary
layer, T0m is often not equal to T0b, and Tm is determined by
averaging the mantle temperature excluding the top and
bottom TBLs and subduction zone as we will explain later.
Therefore (6) and (7) can be used to determine the HSC
model predictions for surface topography and heat flux for
the OB and CB models for a given Tm.
[22] Determinations of actual surface topography and heat

flux from the numerical models, either the OB or CB
models, are straightforward. For example, the nondimen-
sional surface topography that is scaled in the same way as
that in the HSC models is related to nondimensional normal
stress acting on the surface szz and Ra as w = szz/Ra (notice
that szz varies with x). Another useful measure from
convection models is the isostatic topography wiso [Jarvis
and Peltier, 1982; Davaille and Jaupart, 1994] which is
defined in this study as

wiso ¼
Z

1

1"diso

T x; zð Þ " Tm½ 'dz; ð8Þ

where diso is a compensation depth. For a HSC model, wiso

is the same as that in (6) if diso is set to be sufficient large;
wiso may differ from w from convection models, because the
topographic response to thermal structure is depth- and
viscosity-dependent and not completely isostatic [e.g.,
Parsons and Daly, 1983; Hager and Richards, 1989].
[23] Jarvis and Peltier [1982] and Davies [1988b] were

probably the first to compare the topography and heat flux
from convection models to those from the HSC (or bound-
ary layer) models. Jarvis and Peltier [1982] formulated
steady state isoviscous convection models in a unit aspect
ratio box, while Davies’ [1988b] models use either uniform
viscosity or weakly temperature-dependent viscosity (a

Figure 2. Schematic diagrams of the two types of 2-D
models employed in this study: (a) flow-through boundary
(OB) model and (b) closed box (CB) model.
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portion of convective mantle, the isostatic topography
increases relative to that with diso = 1/8. For diso = 1/2,
the isostatic topography is nearly identical to that of the
HSC model, and for a larger diso, the isostatic topography is
even larger than that of the HSC model. This is consistent
with the SSC’s effects of cooling on the mantle and of
heating on the lithosphere. Davaille and Jaupart [1994]
showed that the isostatic topography is reduced significantly
after the onset of the SSC. However, their isostatic topog-
raphy included only buoyancy contributions from the top

thermal boundary layer (i.e., lithosphere) not the mantle
which may be important for the topography as we just
showed.
[29] Solomatov and Moresi [2000] suggested that the SSC

should have comparable vertical and horizontal flow veloc-
ity. Because in our models the horizontal flow is influenced
not only by the SSC but also the imposed plate motion, it is
important to examine how the vertical and horizontal
velocities compare to each other. We found that the vertical
velocity of the SSC is similar in magnitude to Vp and
horizontal flow velocity of the SSC. For cases OB1-3 and
other similar cases (not shown), the ratios of maximum
horizontal to vertical velocities at a depth of 0.3 where the
SSC is significant may range from 1.28 to 1.97. However,
for all these cases, the modeled topography and heat flux
show similar age dependence to that in Figure 4.

Figure 3. (a) A snapshot of temperature field, (b) the
horizontally averaged temperature hTi at different horizontal
locations versus the depth, (c) surface topography and
isostatic topography, and (d) surface heat flux for case OB1.
In Figure 3b, the numbers in the angle brackets for each line
indicate the horizontal section over which the averaged
temperature is computed. The dashed lines in Figures 3b
and 3d are predictions from the HSC model. In Figure 3c,
the thick solid and dashed lines (almost overlapped each
other) are the topography from the numerical model and the
HSC model, respectively, and the thin solid, dotted, and
dashed lines represent the isostatic topography with diso =
1/8, 1/2, and 1, respectively.

Figure 4. (a, b) Surface heat flux and (c, d) topography
from cases OB1-3 with different activation energy.
Figures 4b and 4d are the zoom-ins of Figures 4a and 4c.
The thick dashed lines are from the HSC model, while the
thick solid, thin solid, and thin dotted lines are for E = 120,
90, and 180 kJ mol!1, respectively.
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Exercício

258 Heat Transfer

Table 4.4 Surface Heat Flow and Heat Production Data for the Sierra
Nevada Mountains

q0 ρ H0 q0 ρ H0
(mW m--2) (µWm--3) (mW m--2) (µW m--3)

18 0.3 31 1.5
25 0.8 34 2.0
25 0.9 42 2.6
29 1.3 54 3.7

The surface heat flow–heat production relation is q0 = qm + ρH0hr. What
is the heat flow–heat production relation at depth y = h∗? Let q∗ and H∗

be the upward heat flux and heat production at y = h∗.

Problem 4.9 Assume that the radioactive elements in the Earth are
uniformly distributed through a near-surface layer. The surface heat flow
is 70 mW m−2, and there is no heat flow into the base of the layer. If
k = 4 W m−1 K−1, T0 = 0◦C, and the temperature at the base of the layer
is 1200◦C, determine the thickness of the layer and the volumetric heat
production.

Problem 4.10 Consider one-dimensional steady-
state heat conduction in a half-space. The heat sources are restricted to
a surface layer of thickness b; their concentration decreases linearly with
depth so that H = H0 at the surface y = 0 and H = 0 at the depth y = b.
For y > b, H = 0 and there is a constant upward heat flux qm. What is
the q0 (upward surface heat flow)–H0 relation? Determine the temperature
profile as a function of y.

Problem 4.11 The exponential depth dependence of heat production is
preferred because it is self-
preserving upon erosion. However, many alternative models can be pre-
scribed. Consider a two-layer model with H = H1 and k = k1 for 0 ≤ y ≤ h1,
and H = H2 and k = k2 for h1 ≤ y ≤ h2. For y > h2, H = 0 and the up-
ward heat flux is qm. Determine the surface heat flow and temperature at
y = h2 for ρ1 = 2600 kg m−3, ρ2 = 3000 kg m−3, k1 = k2 = 2.4 W m−1

K−1, h1 = 8 km, h2 = 40 km, ρ1H1 = 2 µW m−3, ρ2H2 = 0.36 µW m−3,
T0 = 0 ◦C, and qm = 28 mW m−2.

A further integration of Equation (4–28) using Equation (4–1) and the


