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Programação Matemática Aplicada a Controle

PTC3420

Resposta do Exerćıcio 1 xij → quantidade do produto j produzido pela máquina i
onde,

i = 1, 2, 3, 4 j = 1, 2, 3
4∑

i=1

xi1 = 4000,
4∑

i=1

xi2 = 5000,
4∑

i=1

xi3 = 3000,

0.3x11 + 0.2x12 + 0.8x13 ≤ 1500

0.25x21 + 0.3x22 + 0.6x23 ≤ 120

0.2x31 + 0.2x32 + 0.6x33 ≤ 1500

0.2x41 + 0.25x42 + 0.5x43 ≤ 2000

min 4x11 + 6x12 + 12x13 + . . .

4x21 + 7x22 + 10x23 + . . .

5x31 + 5x32 + 8x33 + . . .

7x41 + 6x42 + 11x43

xij ≥ 0

Resposta do Exerćıcio 2 Simplificando,

min 100xA + 150xb
1
2
xa +

1
6
xb ≥ 20

3
10
xa +

1
3
xb ≥ 27

1
5
xa +

1
2
xb ≥ 30

xa ≥ 0, xb ≥ 0

Colocando essas restrições em forma de gráfico temos,
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Onde,

e1 → xa = 0, xb = 120, z = 18000

e2 →

{
1
2
xa +

1
6
xb = 20

3
10
xa +

1
3
xb = 27

xa = 18.5714, xb = 64.2857, z = 11500

e3 →

{
3
10
xa +

1
3
xb = 27

1
5
xa +

1
2
xb = 30

xa = 42, xb = 43.20, z = 10680

e4 → xa = 150, xb = 0, z = 15000

Pontos extremos e direções extremas:

e1 =

(
0

120

)
, e2 =

(
18.5714

64.2857

)
, e3 =

(
42

43.2

)
, e4 =

(
150

0

)
, d1 =

(
1

0

)
, d2 =

(
0

1

)
.

Exemplos do Teorema da Representação: Note que
(
30
60

)
é factivel pois

30

2
+

60

6
= 25 > 20

3

10
30 +

60

3
= 29 > 27

1

5
30 +

1

2
60 = 36 > 30

e escrevendo em função de e1, e2, e3 temos que30
60
1

 =

 0 18.5714 42
120 64.2854 43.2
1 1 1

λ1

λ2

λ3

 → λ1 = 0.1538, λ2 = 0.2364, λ3 = 0.6098.

Temos que
(
100
100

)
também é fact́ıvel e uma posśıvel representação em função dos pontos

extremos e direção extrema seria:(
100

100

)
= λ1

(
0

120

)
+ (1− λ1)

(
150

0

)
+ u

(
1

0

)
→ λ1 =

100

120
=

5

6

100 =
1

6
× (3× 5× 10) + u = 25 + u → u = 75

Resposta do Exerćıcio 3 xi → espaço reservado para o produto Pi Restrições:

x2 ≤ x1

x1 ≤ x2 + x3 + 3000

x2 + x3 ≥ 5000

x1 + x2 + x3 = 2000

Na forma de programação linear

max 1000x1 + 8000x2 + 5000x3

sujeito a



−x1 + x2 ≤ 0

x1 − x2 − x3 ≤ 3000

x2 + x3 ≥ 5000

x1 + x2 + x3 = 20000

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0
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Resposta do Exerćıcio 4

max 2x1 + 5x2

s.a.


x1 + 2x2 ≤ 16

2x1 + x2 ≤ 12

x1 ≥ 0, x2 ≥ 0

Com as variáveis de folga a matriz A, e o vetor b são:

A =

[
1 2 1 0
2 1 0 1

]
, b =

[
16
12

]
Letra a)

B2 B3

B1

B5

Letra b)
Letra c)

B1 =
x1 x2[
1 2
2 1

]
= 0

{
x1 =

8
3

x2 =
20
3

B2 =
x1 x3[
1 1
2 0

]
= 0

{
x1 = 6

x2 = 10

B3 =
x1 x4[
1 0
2 1

]
= 0

{
x1 = 16

x4 = −4
não fact́ıvel
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B4 =
x2 x3[
2 1
1 0

]
= 0

{
x2 = 12

x3 = −8
não fact́ıvel

B5 =
x2 x4[
2 0
1 1

]
= 0

{
x2 = 8

x3 = 4

B6 =
x3 x4[
1 0
0 1

]
= 0

{
x3 = 16

x4 = 12

Letra d) Os pontos extremos são:

e1 =

(
0

0

)
, e2 =

(
6

0

)
, e3 =

(
0

8

)
, e4 =

( 8
3
20
3

)
.

Letra e) O ponto
(
1
1

)
é fact́ıvel: Sim, pois

1 + 2 = 3 ≤ 16

2 + 1 = 3 ≤ 12

e ainda(
1

1

)
= λ1

(
0

0

)
+ λ2

(
6

0

)
+ λ3

(
0

8

)
+ λ4

( 8
3
20
3

)
λ1 + λ2 + λ3 + λ4 = 1, ∀ λi ≥ 0

λ2 =
1

6
, λ3 =

1

8
, λ1 = 1− 1

6
− 1

8
=

17

24

obtemos uma representação posśıvel. Outra possibilidade:

λ3 = 0

λ4 =
3

20

1 = 6λ2 +
3

20
× 8

3
→ λ2 =

1

10

λ1 = 1− 1

10
− 3

20
= 1− 5

20
=

3

4

Letra f)

c′x = 2× 8

3
+ 5× 20

3
= 38.7

c′x = 2× 6 + 5× 0 = 12

c′x = 2× 0 + 5× 8 = 40 ótimo
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Letra g)

max 2x1 + 5x2 + 3x3

Sujeito a


x1 + 2x2 + x3 ≤ 16

2x1 + x2 + x3 ≤ 12

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0

Tableau 1

x1 x2 x3 x4 x5 b
2 5 3 0 1 0
1 2 1 1 0 16
2 1 1 0 1 12

Tableau 2

x1 x2 x3 x4 x5 b
−1

5
0 1

2
−5

2
0 -40

1
2

1 1
2

1
2

0 8
3
2

0 1
2

−1
2

1 4

Tableau 3

x1 x2 x3 x4 x5 b
−17

10
0 0 -2 -1 -44

-1 1 0 1 -1 4
3 0 1 -1 2 8

Solução Ótima:


x∗
1 = 0

x∗
2 = 4

x∗
3 = 8

, z∗ = 5× 4 + 3× 8 = 44

Resposta do Exerćıcio 5 Como
x1 + x2 ≤ 6

2x1 − x2 ≤ 6

x2 ≤ 2

temos que a região é ilimitada.
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2

X1

X2

3 6

6

Letra b) Como
x1 + x2 ≤ 4

−x1 − 2x2 ≤ −12

x1 ≥ 0

temos que a região é vazia (não existe solução fact́ıvel).

Letra c) Como
2x1 + 3x2 ≤ 12

x1 − x2 ≤ 5

x1 ≥ 0, x1 ≥ 0

temos que a região é limitada.
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Resposta do Exerćıcio 6 λx∗ + (1− λ)y∗ é fact́ıvel para qualquer 0 ≤ λ ≤ 1 pois

λx∗ + (1− λ)y∗ ≥ 0

A(λx∗ + (1− λ)y∗) = λAx∗ + (1− λ)Ay∗ = λb+ (1− λ)b = b

E o valor da função objetivo é constante e igual ao valor ótimo z∗ pois

z∗ = c′x∗ = c′y∗ → c′(λx∗ + (1− λ)y∗) = λc′x∗ + (1− λ)c′y∗ = λz∗ + (1− λ)z∗ = z∗.

Logo para qualquer 0 ≤ λ ≤ 1 temos que λx∗ + (1− λ)y∗ também é ótimo.

Resposta do Exerćıcio 7 Consider os seguintes casos i) e ii) referentes ao vetor c:
i) Se cj > 0 ∀j = 1, 2, . . . , n, então x∗ = 0.
ii) Suponha agora que cj < 0 para algum j ∈ {1, . . . , n}. Temos 2 possibilidades ii.a)

e ii.b): ii.a) Se aij ≤ 0 ∀i = 1, . . . ,m então definimos

zλ =

x0j
...

x0n

 → j-ésimo linha, λ ≥ x0j, seque que


Azλ = x01a1 + · · ·+ λaj + · · ·+ x0nan ≤
x01a1 + · · ·+ x0jaj + · · ·+ x0nan = Ax0 < b

zλ ≥ 0

Como cj < 0 temos que

c′zλ = c1x01 + · · ·+ cjλ+ · · ·+ cnx0n → −∞, quando λ → ∞

ii.b) Suponha que axj > 0 para algum i, onde 1 ≤ i ≤ m. Seja y = b − Ax0 > 0.
Portanto,

b− (a1x01 + ajx0j + · · ·+ anx0n) = y > 0
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Seja

ϵ =
yn
arj

= min

{
yi

aij; aij > 0

}
Segue que{

aij > 0 → yi
aij

− ϵ ≥ 0 → yi − aijϵ ≥ 0

aij ≤ 0 → yi − aijϵ ≥ 0

b− (a1x01 + · · ·+ aj(x0j + ϵ) + · · ·+ anxn) =

y − ϵaij ≥ 0 → A(x0 + ϵej) ≤ b, x0 + ϵej ≥ 0

c′(x0 + ϵej) = c′x0 + ϵcj < c′x0 → logo x0 não pode ser ótimo

Resposta do Exerćıcio 8 Letra a)


−x1 + 2x2 = 12

x1 + x2 = 10

3x2 = 22 → x2 =
22
3
, x1 =

8
3

−x1 + x2 = 4

x1 + x2 = 10

2x2 = 14 → x2 = 7, x1 = 3
−x1 + x2 = 4

−x1 + 2x2 = 12

x2 = 8, x1 = 4
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Letra b)

x = λ1

(
0

0

)
+ λ2

(
0

4

)
+ λ3

(
3

7

)
+ λ4

(
10

0

)
λ1 + λ2 + λ3 + λ4 = 1, λi ≥ 0

e com c =
(
1
3

)
, segue que

c′x = λ1 × 0 + λ2 × 12 + λ3 × 24 + λ4 × 10

= 12λ1 + 24λ3 + 10λ4

Portanto, o ótimo é fazendo λ3 = 1, e x∗ =
(
3
7

)
(ótimo único).

Letra c) Nesse caso o conjunto de restrições é ilimitado, e as direções extremas e as
representações de x são dadas por:

d1 =

(
2

1

)
, d2 =

(
1

0

)
, x = λ1

(
0

0

)
+ λ2

(
0

4

)
+ v1

(
2

1

)
+ v2

(
1

0

)
λ1 + λ2 = 1; λ1, λ2, v1, v2 ≥ 0

Considerando c =
(
1
3

)
segue que:

c′d1 = 5 > 0{ ou c′d2 = 1 > 0} solução ilimitada

Resposta do Exerćıcio 9

x1 = 207 → z = 3× 207 = 621

x2 =
207

3
→ z = 9× 207

5
= 372, 6

x3 =
207

3
→ z = 6× 207

3
= 414

x4 =
207

4
→ z = 7× 207

4
= 262, 25

x5 =
207

2
→ z =

207

2
= 331.2x6 =

207

5
→ z = 8× 207

5
= 331.2

Logo a solução ótima (única) é: x∗
1 = 207, x∗

i = 0, i = 2, . . . , 6, e z∗ = 621 (máximo).

Resposta do Exerćıcio 10{
x1 + x2 + x3 ≤ 1
1
2
x1 + 2x2 + x3 ≤ 1, xi ≥ 0, i = 1, 2, 3.

Com as variáveis de folga a matriz A, e o vetor b são:

A =

(
1 1 1 1 0
1
2

2 1 0 1

)
, b =

(
1
1

)
, número máximo soluções básicas:

5!

3!2!
= 10.

O gráfico da região fact́ıvel é:
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x1

x2

x3

v1

v3

v5

v4

v2

1) x1 e x2 na base, variáveis não básicas x3 = 0, x4 = 0, x5 = 0.(
1 1
1
2

2

)(
x1

x2

)
=

(
1
1

)
Resolvendo temos o ponto extremo indicado no gráfico como v1:

−1
2
x1 − 1

2
x2 = −1

2
1
2
x1 − 2x2 = 1

3
2
x2 =

1
2
→ x2 =

1
3
, x1 =

2
3

, v1 =

2
3
1
3

0

 .

2) x1 e x3 na base, variáveis não básicas x2 = 0, x4 = 0, x5 = 0:(
1 1
1
2

1

)(
x1

x3

)
=

(
1
1

)
Resolvendo temos o ponto extremo indicado no gráfico como v2, que é uma solução básica
fact́ıvel degenerada (x1 = 0).

x1 + x3 = 1
1
2
x1 + x3 = 1

1
2
x1 = 0 → x1 = 0, x3 = 1.

, v2 =

0
0
1


3) x1 e x4 na base, variáveis não básicas x2 = 0, x3 = 0, x5 = 0. Solução básica não

fact́ıvel.

(
1 1
1
2

0

)(
x1

x4

)
=

(
1
1

)
→ x1 = 2, x4 = −1.

4) x1 e x5 na base, variáveis não básicas x2 = 0, x3 = 0, x4 = 0. Solução básica fact́ıvel
correspondendo ao ponto extremo v3.(

1 0
1
2

1

)(
x1

x5

)
=

(
1
1

)
→ x1 = 0, x5 =

1

2
, v3 =

1
0
0


Page 10 of 31 – Programação Matemática Aplicada a Controle (PTC3420)



5) x2 e x3 na base, variáveis não básicas x1 = 0, x4 = 0, x5 = 0. Solução básica fact́ıvel
degenerada, igual ao ponto extremo v2.(

1 1
2 1

)(
x2

x3

)
=

(
1
1

)
→ x2 = 0, x3 = 1.

6) x2 e x4 na base, variáveis não básicas x1 = 0, x3 = 0, x5 = 0. Solução básica fact́ıvel
correspondendo ao ponto extremo v4.(

1 1
2 0

)(
x2

x4

)
=

(
1
1

)
→ x2 =

1

2
; x4 =

1

2
; v4 =

0
1
2

0


7) x2 e x5 na base, variáveis não básicas x1 = 0, x3 = 0, x4 = 0. Solução básica não

fact́ıvel.(
1 0
2 1

)(
x2

x5

)
=

(
1
1

)
→ x2 = 1, x5 = −1

8) x3 e x4 na base, variáveis não básicas x1 = 0, x2 = 0, x5 = 0. Solução básica fact́ıvel
degenerada, igual ao ponto extremo v2.

(
1 1
1 0

)(
x3

x4

)
=

(
1
1

)
→ x3 = 1;x4 = 0

9) x3 e x5 na base, variáveis não básicas x1 = 0, x2 = 0, x4 = 0. Solução básica fact́ıvel
degenerada, igual ao ponto extremo v2.

(
1 0
1 1

)(
x3

x5

)
=

(
1
1

)
→ x3 = 1;x5 = 0

10) x4 e x4 na base, variáveis não básicas x1 = 0, x2 = 0, x3 = 0. Solução básica
fact́ıvel correspondendo ao ponto extremo v5 = 0.

(
1 0
0 1

)(
x4

x5

)
=

(
1
1

)
→ x4 = 1;x5 = 1

Temos 5 pontos extremos (soluções básicas fact́ıveis), estando de acordo com o gráfico.

v1 =

2
3
1
3

0

 , v2 =

0
0
1

 , v3 =

1
0
0

 , v4 =

0
1
2

0

 , v5 =

0
0
0


Notamos que c′v1 = 1, c′v2 = 1, c′v3 = 1, c′v4 = 1/2, c′v5 = 0 e portanto temos z∗ = 1
com infinitas soluções ótimas dadas por

x∗ = λ1v1 + λ2v2 + λ3v3, λ1 + λ2 + λ3 = 1, λi ≥ 0, i = 1, 2, 3.
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Resposta do Exerćıcio 11 Considere:

x =

(
x1

x2

)
, y =

(
y1
y2

)
em K, isto é,{

x2
1 + x2

2 ≤ 1

y21 + y22 ≤ 1

Seja

z = λx+ (1− λ)y = λ

(
x1

x2

)
+ (1− λ)

(
y1
y2

)
para 0 ≤ λ ≤ 1, vamos mostrar que z ∈ K, isto é, z21 + z22 ≤ 1. Realmente,

z1 = λx1 + (1− λ)y1

z2 = λx2 + (1− λ)y2

0 ≤ (xi − yi)
2 = x2

i + y2i − 2xiyi ≤ 1− 2xiyi

→ xiyi ≤
1

2
, i = 1, 2.

Logo,

z21 = (λx1 + (1− λ)y1)
2 = λ2x2

1 + (1− λ)2y21 + 2λ(1− λ)x1y1

z22 = (λx2 + (1− λ)y2)
2 = λ2x2

2 + (1− λ)2y22 + 2λ(1− λ)x2y2

z21 + z22 = λ2(x2
1 + x2

2) + (1− λ)2(y21 + y22) + 2λ(1− λ)(x1y1 + x2y2) ≤ . . .

. . . λ21 + (1− λ)21 + 2λ(1− λ)(1
2
+ 1

2
)

z21 + z22 ≤ λ2 + (1− λ)2 + 2λ(1− λ) = (λ+ (1− λ))2 = 1.

Resposta do Exerćıcio 12{
x1 + 2x2 + x3 = 7

2x1 − x2 + 2x3 = 6

1 2 1 7
2 -1 2 6

1 2 1 7
0 -5 0 -8

1 0 1 19
5

0 1 0 8
5
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{
x1 + x2 =

19
5

x2 =
8
5

→

{
x1 =

19
5
− x3

x2 =
8
5

Solução é dada pela reta:

x1

x2

x3

 =

19
5
8
5

0

+ µ

−1
0
1

 .

Com isso temos os seguintes pontos extremos (temos somente 2 bases):

Base1: (x1, x2) na base

(
1 2
2 1

)
→ x1 =

19
5

x2 =
8
5

x3 = 0

Base2:(x2, x3) na base

(
2 1
−1 2

)
→ x2 =

8
5

x3 =
19
5

x1 = 0

Conjunto fact́ıvel dado por:

x = λ

19
5
8
5

0

+ (1− λ)

 0
8
5
19
5

 =

 λ19
5
8
5

(1− λ)19
5

 , 0 ≤ λ ≤ 1

Resposta do Exerćıcio 13

t = 0 :

v0 = uf + u1 + u2 → uf = v0 − (u1 + u2)

0 ≤ u1 + u2 = v0 − uf ≤ 800

t = 1 : V (1) = (1 + rf )uf + (1 +R1)u1 + (1 +R2)u2

V (1) = (1 + rf )v0 + (R1 − rf )u1 + (R2 − rf )u2

= 1080 + (R1 − rf )u1 + (R2 − rf )u2
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R V(1)(
35%
40%

)
1080 + 0.27 ∗ u1 + 0.32u2(

0%
0%

)
1080− 0.08 ∗ u1 − 0.08u2(

−3%
−5%

)
1080− 0.11 ∗ u1 − 0.13u2

E(u(1)) 1080 + 1
3
(0.08 ∗ u1 + 0.11u2)

max (8u1 + 11u2)/300

sujeito a


0 ≤ u1 ≤ 600

0 ≤ u2 ≤ 700

0 ≤ u1 + u2 ≤ 800.

Resolvendo temos que a solução ótima é: u∗
f = 200, u∗

1 = 100, u∗
2 = 700, e o retorno

esperado ótimo é: 10.833%

Resposta do Exerćıcio 14

min 5x1 − 8x2 − 3x3

sujeito a


2x1 + 5x2 − x3 ≤ 1

−3x1 − 8x2 + 2x3 ≤ 4

−2x1 − 12x2 + 3x3 ≤ 9

Colocando na forma de tableau

x1 x2 x3 x4 x5 x6 a
-5 8 3 0 0 0 0
2 5 -1 1 0 0 1
-3 -8 2 0 1 0 4
-2 -12 3 0 0 1 9

x1 x2 x3 x4 x5 x6 a
−41

5
0 23

5
−8

5
0 0 −8

5
2
5

1 −1
5

1
5

0 0 1
5

1
5

0 2
5

8
5

1 0 28
5

14
5

0 3
5

12
5

0 1 57
5

x1 x2 x3 x4 x5 x6 a
−105

10
0 0 −20 23

2
0 −66

1
2

1 0 1 1
2

0 3
1
2

0 1 4 5
2

0 14
5
2

0 0 0 −3
2

1 3
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B−1 =

1 1
2

0
4 5

2
0

0 −3
2

1


Resposta do Exerćıcio 15

x(k + 1) =
1

3
x(k) + 4u(k), x0 = 9

x(3) = 0 → minizando |u(0)|+ |u(1)|+ |u(2)|

Com isso temos,

x(3) =

(
1

3

)3

x0 +

(
1

3

)2

u(0) + 4u(2)

=
1

27

9

3
+

4

9
u(0) +

4

3
u(1) + 4u(2) = 0

→ 4

(
u(0)

9
+

1

3
u(1) + u(2)

)
= −1

3

→ u(0)

9
+

u(1)

3
+ u(2) = − 1

12

Assumindo que u(k) = u+(k)− u−(k), ∀ k = 0, 1, 2 onde, u+(k) ≥ 0, u−(k) ≥ 0.
Letra a)

min |u+(0)|+ |u−(0)|+ |u+(1)|+ |u−(1)|+ |u+(2)|+ |u−(2)|

s.a.
[
1
9

−1
9

1
3

−1
3

1 −1
]

u+(0)
u−(0)
u+(1)
u−(1)
u+(2)
u−(2)

 = − 1

12
,

u+(k) ≥ 0, u−(k) ≥ 0, k = 0, 1, 2.

Temos 6 soluções básicas dentre essas 3 são soluções básicas fact́ıveis.
Letra b)

1)− 1

9
u−(0) = − 1

12
→ u−(0) =

3

4
, z =

3

4

2)− 1

3
u−(1) = − 1

12
→ u−(1) =

1

4
, z =

1

4

3)− u−(2) = − 1

12
→ u−(2) =

1

12
, z =

1

12
solução ótima

Logo, u∗(0) = 0, u∗(1) = 0, u∗(2) = − 1
12
, z∗ = 1

12
.
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Letra c)

x∗(1) =
1

3
9 = 3

x∗(2) =
1

3
3 = 1

x∗(3) =
1

3
1− 4

1

12
= 0

Resposta do Exerćıcio 16 Invertendo o sinal da função objetivo e introduzindo as
variáveis de folga temos:

max 4x1 − x2 − x3 → −min−4x1 + x2 + x3

s.a.


−2x1 + x2 ≥ 1

x1 +
1
2
x2 + x3 ≤ 1

xi ≥ 0, i = 1, 2, 3

→


2x1 + x2 − x4 = 1

x1 +
1
2
x2 + x3 + x5 = 1

xi ≥ 0, i = 1, . . . 5

Primeira fase:

min y1

s.a.


−2x1 + x2 − x4 + y1 = 1

x1 +
1
2
x2 + x3 + x5 = 1

xi ≥ 0, i = 1, 2, 3, y1 ≥ 0

Tableau 0

x1 x2 x3 x4 x5 y1 b
0 0 0 0 0 -1 0
-2 1 0 -1 0 1 1
1 1

2
1 0 1 0 1

Tableau 1

x1 x2 x3 x4 x5 y1 b
-2 1 0 -1 0 0 1
-2 1 0 -1 0 1 1
1 1

2
1 0 1 0 1

Tableau 2

x1 x2 x3 x4 x5 y1 b
0 0 0 0 0 -1 0
-2 1 0 -1 0 1 1
2 0 1 1

2
1 1

2
1
2

Fase 2
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Tableau 0

x1 x2 x3 x4 x5 b
4 -1 -1 0 0 0
-2 1 0 -1 0 1
2 0 1 1

2
1 1

2

Tableau 1

x1 x2 x3 x4 x5 b
2 0 -1 -1 0 1
-2 1 0 -1 0 1
2 0 1 1

2
1 1

2

Tableau 2

x1 x2 x3 x4 x5 b
0 0 -2 −3

2
-1 1

2

0 1 1 −1
2

1 3
2

1 0 1
2

1
4

1
2

1
4

Tableau ótimo, e a solução ótima (única) é:

x∗
1 =

1

4

x∗
2 =

3

2
x∗
3 = x∗

4 = x∗
5 = 0

z∗ =
1

2
= −1 +

3

2

B =
[
a2 a1

]
=

[
1 −2
0 2

]
, B−1 =

[
1 1
0 1

2

]
e ainda, considerando o problema com a base correspondente ao ińıcio da Fase 2, a solução
ótima do dual (denotado por D2) é:

w∗ = c′BB
−1 =

[
1 −4

] [1 1
0 1

2

]
=

[
1 −1

]
, w∗

1 = 1, w∗
2 = −1, z∗w = 1− 1

2
=

1

2
.

Problema dual D2 (relativo à base no ińıcio da Fase 2) é max w1 +
1
2
w2 sujeito a:

−2w1 +
1

2
w2 ≤ −4

w1 ≤ 1, w2 ≤ 1

−w1 +
1

2
w2 ≤ 0,

w2 ≤ 0
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Problema dual D1 (relativo ao problema na Fase 1) (D1)

Dual: maxw1 + w2

s.a.


−2w1 + w2 ≤ −4

w1 +
1
2
w2 ≤ 1

w1 ≤ 1, w2 ≤ 0, w1 ≥ 0

No gráfico, fazemos a troca de variáveis w+
2 = −w2 ≥ 0.

Pontos extremos (considerando w+
2 = −w2): e1 =

(
3
2

1

)
, e2 =

(
0
4

)
, Direções extremas:

d1 =

(
1
2

)
, d2 =

(
0
1

)
. Note que e1 é obtido resolvendo

−2w1 + w+
2 = −2

2w1 + w+
2 = 4

2w+
2 = 2 → w+

2 = 1, w1 = 1 + 1
2
= 3

2

que é ótimo :

{
z∗ = 1

2

w∗
1 =

3
2
, w∗

2 = −1(= −w+
2 )

Vamos verificar o resultado acima usando a representação da matrix A como na fase 1 e
usando o teorema visto em aula que gera a solução ótima do dual pelo primal. Temos

A =

[
−2 1 0 −1 0
1 1

2
1 0 1

]
e portanto

B =
[
a2 a1

]
=

[
1 −2
1
2

1

]
, c′B =

[
1 −4

]
B−1 =

1

2

[
1 2
−1

2
1

]
=

[
1
2

1
−1

4
1
2

]
, w∗ =

[
1 −4

] [ 1
2

1
−1

4
1
2

]
=

[
3
2

−1
]
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Resposta do Exerćıcio 17 Fase 1

min y1

s.a.


2x1 + x2 + 4x3 + x4 = 5

4x1 + x2 + 2x3 + y1 = 1

x1 + x2 + 2x3 + x5 = 2

xi ≥ 0, i = 1, . . . , 5, y1 ≥ 0

Tableau 0

x1 x2 x3 x4 x5 y1 b
0 0 0 0 0 -1 0
2 1 4 1 0 0 5
4 1 2 0 0 1 1
1 1 2 0 1 0 2

Tableau 1

x1 x2 x3 x4 x5 y1 b
4 1 2 0 0 0 1
2 1 4 1 0 0 5
4 1 2 0 0 1 1
1 1 2 0 1 0 2

Tableau 2

x1 x2 x3 x4 x5 y1 b
0 0 0 0 0 -1 0
0 1

2
3 1 0 −1

2
9
2

1 1
4

1
2

0 0 1
4

1
4

0 3
4

3
2

0 1 −1
4

7
4

Fase 2 minx1 +
3
4
x2 +

1
4
x3

Tableau 0

x1 x2 x3 x4 x5 b
-1 −3

4
−1

4
0 0 0

0 1
2

3 1 0 9
2

1 1
4

1
2

0 0 1
4

0 3
4

3
2

0 1 7
4

Tableau 1

x1 x2 x3 x4 x5 b
0 −1

2
1
4

0 0 1
4

0 1
2

3 1 0 9
2

1 1
4

1
2

0 0 1
4

0 3
4

3
2

0 1 7
4

Page 19 of 31 – Programação Matemática Aplicada a Controle (PTC3420)



Tableau 2

x1 x2 x3 x4 x5 b
−1

2
−5

8
0 0 0 1

8

−6 −1 0 1 0 3
2 1

2
1 0 0 1

2

−3 0 0 0 1 1

x∗
1 = 0; x∗

2 = 0; x∗
3 =

1

2
; x∗

4 = 3; x∗
5 = 1; z∗ =

1

8

B =
[
a4 a3 a5

]
=

1 3 0
0 1

2
0

0 3
2

1

 B−1 =

1 −6 0
0 2 0
0 −3 1

 ,

c′B =
[
c4 c3 c5

]
=

[
0 1

4
0
]

Primal considerando Fase 2:minx1 +
3

4
x2 +

1

4
x3

s.a.


1
2
x2 + 3x3 + x4 =

9
2

x1 +
1
4
x2 +

1
3
x3 =

1
4

3
4
x2 +

3
2
x3 + x5 =

7
4

xi ≥ 0, i = 1, . . . , 5

Dual considerando Fase 2:max
9

2
w1 +

1

4
w2 +

7

4
w3

s.a.


w2 ≤ 1
1
2
w1 +

1
4
w2 +

3
4
w3 ≤ 3

4

3w1 +
1
2
w2 +

3
2
w3 ≤ 3

4

w1 ≤ 0, w3 ≤ 0

w∗ = c′BB
−1 =

[
0 1

4
0
] 1 −6 0

0 2 0
0 −3 1

 =
[
0 1

2
0
]

w∗
1 = 0, w∗

2 =
1

2
, w∗

3 = 0, z∗w =
1

8

Primal considerando Fase 1:minx1 +
3

4
x2 +

1

4
x3

s.a.


2x1 + x2 + 4x3 + x4 = 5

4x1 + x2 + 2x3 = 1

x1 + x2 + 2x3 + x5 = 2

xi ≥ 0, i = 1, . . . , 5
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Dual considerando Fase 1:max 5w1 + w2 + 2w3

s.a.


2w1 + 4w2 + w3 ≤ 1

w1 + w2 + w3 ≤ 3
4

4w1 + 2w2 + 2w3 ≤ 1
4
w1 ≥ 0, w2 ≥ 0,

B =
[
a4 a3 a5

]
=

1 4 0
0 2 0
0 2 1

 , B−1 =

1 −2 0
0 1

2
0

0 −1 1


w∗ =

[
0 1

4
0
] 1 −1 0

0 1
2

0
0 −1 1

 =
[
0 1

8
0
]

w∗
1 = 0, w∗

2 =
1

8
, w∗

3 = 0, z∗w =
1

8

Resposta do Exerćıcio 18

min x1 − 2x2

s.a.


−x1 + x2 − x3 = 2

−x1 + x2 − x4 = 1

x2 + x5 = 3

xi ≥ 0, i = 1, . . . , 5

Fase 1
Tableau 0

z x1 x2 x3 x4 x5 x6 x7 b
1 0 0 0 0 0 -1 -1 0
0 1 1 -1 0 1 1 0 2
0 -1 1 0 -1 0 0 1 1
0 0 1 0 0 1 0 0 3

Tableau 0

z x1 x2 x3 x4 x5 x6 x7 b
1 0 2 -1 -1 0 0 0 3
0 1 1 -1 0 0 1 0 2
0 -1 1 0 -1 0 0 1 1
0 0 1 0 0 1 0 0 3

Tableau 1
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z x1 x2 x3 x4 x5 x6 x7 b
1 2 0 -1 1 0 0 -2 1
0 2 0 -1 1 0 1 -1 1
0 -1 1 0 -1 0 0 1 1
0 1 0 0 1 1 0 -1 2

Tableau 2

z x1 x2 x3 x4 x5 x6 x7 b
1 0 0 0 0 0 -1 -1 0
0 1 0 −1

2
1
2

0 1
2

−1
2

1
2

0 0 1 −1
2

−1
2

0 1
2

1
2

3
2

0 0 0 1
2

1
2

1 −1
2

−1
2

3
2

Fase 2
Tableau 0

z x1 x2 x3 x4 x5 b
1 -1 2 0 0 0 0
0 1 0 −1

2
1
2

0 1
2

0 0 1 −1
2

−1
2

0 3
2

0 0 0 1
2

1
2

1 3
2

Tableau 1

z x1 x2 x3 x4 x5 b
1 0 0 1

2
3
2

0 −5
2

0 1 0 −1
2

1
2

0 1
2

0 0 1 −1
2

−1
2

0 3
2

0 0 0 1
2

1
2

1 3
2

Tableau 2

z x1 x2 x3 x4 x5 b
1 -3 0 2 0 0 −4
0 2 0 -1 1 0 1
0 1 1 -1 0 0 2
0 -1 0 1 0 1 1

Tableau 3

z x1 x2 x3 x4 x5 b
1 -1 0 0 0 -2 −6
0 1 0 0 1 1 2
0 0 1 0 0 1 3
0 -1 0 1 0 1 1
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Resposta do Exerćıcio 19 Tableau 0

x1 x2 x3 x4 b
1 u2 u6 u3 10
3
5

0 1 1
5

1
u4 u5 0 1 u1

Onde, x1 é não básica e x4 é não básica, com isso, x2 e x3 são básicas. x3 = 1, x2 = u1.
E ainda, → u2 = 0, u5 = 1, u6 = 0.

Tableau 0

x1 x2 x3 x4 b
1 0 0 u3 10
3
5

0 1 1
5

1
u4 1 0 1 u1 → 10

3

10 = c1x1 + c2x2 = 3x2 → x2 =
10

3

Colocando x4 na base tirar x2.

x1 x2 x3 x4 b
1− u4u3 −u3 0 0 10− 10

3
u3

3
5
− u4

5
−1

5
1 0 1− 2

3
= 1

3

u4 1 0 1 10
3

Com isso,

−u3 = −3 → u3 = 3

1− u4u3 = 1− u43 = −5

→ u4 =
−6

−3
= 2

O tableau original é:

x1 x2 x3 x4 b
-5 -3 0 0 0
1
5

−1
5

1 0 1
3

2 1 0 1 10
3

Problema original:

max 5x1 + 3x2

s.a.


1
5
x1 − 1

5
x2 ≤ 1

3

2x1 + x2 ≤ 10
3
,

x1 ≥ 0, x2 ≥ 0.
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A =

[
1
5

−1
5

1 0
2 1 0 1

]
, b =

[
1
3
10
3

]
, B =

[
−1 −1

5

0 1

]
, B−1 =

[
1 1

5

0 1

]

Resposta do Exerćıcio 20 Letra a)

B−1 =

[
1
2

0
−1

6
1
3

]
, B =

[
a3 a1

]
Letra b)

x1 x2 x3 x4 x5 b
0 -4 0 -4 -2 -40
0 1

2
1 1

2
0 5

2

1 -1
2

0 -1
6

1
3

5
2

x1 x2 x3 x4 x5 b
0 0 8 0 -2 -20
0 1 2 1 0 5
1 -1

3
1
3

0 1
3

10
3

x1 x2 x3 x4 x5 b
6 -2 10 0 0 0
0 1 2 1 0 5
3 -1 1 0 1 10

Page 24 of 31 – Programação Matemática Aplicada a Controle (PTC3420)



A =

[
0 1 2 1 0
3 −1 1 0 1

]
, b =

[
5
10

]
, c′ = −

[
6 −2 10

]
, B =

[
2 0
1 3

]
Tableau na forma padrão

0 −(cD − c′BB
−1D) c′BB

−1b
I B−1D B−1b

Verificação

B−1D =
x3 x1[
1
2

0
−1

6
1
3

] x2 x4 x5[
1 1 0
−1 0 1

]
=

[
1
2

1
2

0
−1

2
−1

6
1
3

]

B−1b =

[
1
2

0
−1

6
1
3

] [
5
10

]
=

[
5
2
5
2

]
c′B =

x3 x1[
10 6

], c′D =
x2 x4 x5[
2 0 0

]
c′BB

−1b = −
[
10 6

] [5
2
5
2

]
= −40

c′BB
−1D = −

[
10 6

] [ 1
2

1
2

0
−1

2
−1

6
1
3

]
= −

[
2 4 2

]
c′D − c′DB

−1D =
[
2 0 0

]
+
[
2 4 2

]
=

[
4 4 2

]
Letra c)

cnovo = −

 6
λ
12

 → c′D − c′BB
−1D =

[
−λ 0 0

]
+
[
12 6

] [ 1
2

1
2

0
−1

2
−1

6
1
3

]
=

[
−λ 0 0

]
+
[
3 5 2

]
=

x2 x4 x5[
3− λ 5 2

]
tableau: z0 = −6× 5

2
− 12× 5

2
= −45

x1 x2 x3 x4 x5 b
0 λ− 3 0 -5 -2 -45
0 1

2
1 1

2
0 5

2

1 −1
2

0 −1
6

1
3

5
2

Tableau ótimo para λ ≤ 3. O caso λ = 3 gera infinitas soluções:

x1 =

5
2

0
5
2

 → z1 = c′x1 =
[
6 3 12

] 5
2

0
5
2

 = −45
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Colocando x2 na base

x1 x2 x3 x4 x5 b
0 0 -2 -6 -2 -50
0 1 2 1 0 5
1 0 1 1

3
1
3

5

x2 =

55
0

 → z2 = c′x2 = −
[
6 2 12

] 55
0

 = −45

Soluções ótimas: x∗ = ζx1 + (1− ζ)x2, 0 ≤ ζ ≤ 1.
Com λ = 10 vale a pena x2 entrar na base. Pivotando,

x1 x2 x3 x4 x5 b
0 7 0 -5 -2 -45
0 1

2
1 1

2
0 5

2

1 −1
2

0 −1
6

1
3

5
2

x1 x2 x3 x4 x5 b
0 0 -14 -12 -2 -80
0 1 2 1 0 5
1 0 1 1

3
1
3

5

Solução ótima única: x∗ =

55
0

 , z∗ = −80

Outra maneira de verificar que o tableau é ótimo para λ ≤ 3:

cnovo = −

 6
λ
10

 = c+

 0
−2− λ
−2


A =

B D[
a3 a1 a2 a4 a5

]
B−1D =

[
1
2

1
2

0
−1

2
−1

6
1
3

]
, B−1b =

[
5
2
5
2

]
c′B =

[
c3 c1

]
, c′D =

[
c2 c4 c5

]
, c′BB

−1D − c′D =
[
−4 −4 −2

]
Como cnovo mudou para c2 e c3 temos que

c′BnovoB
−1D − c′Dnovo =

[
−4 −4 −2

]
+
[
−2 0

] [ 1
2

1
2

0
−1

2
−1

6
1
3

]
−

[
−2− λ 0 0

]
=

[
−3 + λ −5 −2

]
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Letra d) Vamos mostrar que o ótimo não muda para λ ≥ 3, sendo ótimo degenerado
para λ = 3. Temos que:

b =

[
6
λ

]
→ B−1b =

[
1
2

0
−1

6
1
3

] [
6
λ

]
=

[
3

−1 + λ
3

]
≥ 0 ⇔ λ ≥ 3.

Outra maneira:

bnovo = b+

[
1

λ− 10

]
, B−1bnovo = B−1b+B−1

[
1

λ− 10

]
= . . .[

5
2
5
2

]
+

[
1
2

0
−1

6
1
3

] [
1

1− 10

]
=

[
5
2
5
2

]
+

[
1
2

−1
6
+ 1

3
(λ− 10)

]
=

[
3

λ
3
− 1

]
≥ 0 ⇔ λ ≥ 3.

Solução ótima é: x∗
1 =

λ
3
− 1, x∗

2 = 0, x∗
3 = 3, z∗ = −6(λ

3
− 1)− 10× 3 = −24− 2λ.

Resposta do Exerćıcio 21 O problema na forma primal é

min 10x1 + 24x2 + 20x3 + 20x4 − 25x5

s.a.


x1 + x2 + 2x3 − 3x4 + 5x5 ≤ 19

2x1 − 4x2 + 3x3 − 24 + x5 ≤ 57

8x2 + 9x3 ≤ 2,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

Agora na forma Dual temos,

max−19w1 − 57w2 − 2w3

s.a.



−w1 − 2w2 − 8w3 ≤ 10

−w1 + 4w2 ≤ 24

−2w1 − 3w2 − 9w3 ≤ 20

3w1 + 2w2 ≤ 20

−5w1 − w2 ≤ −25
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O ótimo é quando w3 = 0 (por inspeção) e com isso os três pontos extremos são:

e1 =

(
5

0

)
→ 19× 5 = −95 otimo

e2 =

(
20
3

0

)
→ 19× 20

3
= −126.67

e3 =

(30
7
25
7

)
→ −19× 30− 57× 25

7
= −285

Restrições com folga no dual no ponto ótimo

1o)− w1 − 2w2 − 8w3 < 0 ↔ x∗
1 = 0

2o)− w1 − 4w2 < 24 ↔ x∗
2 = 0

3o)− 2w1 − 3w2 − 9w3 < 20 ↔ x∗
3 = 0

4o)− 3w1 − 2w2 < 20 ↔ x∗
4 = 0

5o)− w1 − 2w2 − 8w3 < 0 ↔ x∗
6 = 0

6o) w1 > 0 ↔ x8∗ = 0

Com isso temos que as variáveis básicas na solução ótima do primal são: x5 , x7, x8.
Resolvendo para essa base encontramos:

5x∗
5 = 19

x∗
5 + x∗

7 = 57

x∗
8 = 2

→


x∗
5 =

19
5

x∗
7 = 57− 19

5
= 266

5

x∗
8 = 2

z∗ = −25
19

5
= −95

Resposta do Exerćıcio 22 Seja x∗ uma solução ótima finita de

min c′x

s.a.
{
Ax = b, x ≥ 0

Então pelo teorema da dualidade, existe uma solução ótima finita w∗ do problema dual.

maxw′b

s.a.
{
w′A = c′.

Consider agora o novo problema

min c′x

s.a.
{
Ax = b̂, x ≥ 0

Se o novo problema não é fact́ıvel, obviamente ele não é ilimitado. Como w∗ é fact́ıvel para
o dual (pois factibilidade nesse caso só depende do vetor c) para qualquer solução fact́ıvel
x temos que c′x ≥ (w∗)′b̂, o que mostra que o novo problema não pode ser ilimitado.
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Resposta do Exerćıcio 23

min c′x

s.a.

{
Ax = b,

x ≥ 0

maxw′b

s.a.
{
w′A ≤ c′

c′x∗ = w′λ

onde x∗ solução do primal e λ → solução do dual.
Letra a)

a1x = b1
...

akx = bk
...

amx = bm

→ novo problema



a1x = b1
...

µakx = µbk
...

amx = bm

→ Anovox
∗ = b

Dual:

maxw1 + · · ·+ wkbk + · · ·+ wmbm

s.a.


a11w1 + · · ·+ µak1wk + · · ·+ am1wm ≤ c1

. . .

a1nw1 + · · ·+ µaknwk + · · ·+ amnwm ≤ cn

λnovo =


λ1
...λk

µ
...
λm

 → λ′
novoAnovo = λ′A ≤ c′ é fact́ıvel

λ′
novobnovo = λ′b = c′x∗ é ótimo

Letra b)



a1x = b1
...

akx = bk
...

arx = br
...

amx = bm

→



a1x = b1
...

akx = bk
...

(ar + µak)x = (br + µbk)
...

amx = bm

→ Anovox
∗ = b
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Dual:

maxwb1 + · · ·+ whbh + · · ·+ wr(br + µbh) + wmbm

s.a.


a1w1 + · · ·+ ak1wk + · · ·+ (ar1 + µak1)wr + · · ·+ am1wm ≤ e1
... ≤ ...

a1nw1 + · · ·+ aknwk + · · ·+ (arn + µakn)wr + · · ·+ amnwmn ≤ cn

λnovo =



λ1
...

λk − µλr
...
λr
...
λm



λ′
novoAnovo = λ′A ≤ c′ → satisfaz os restrições

λ′
novobnovo = λ′b = c′x∗ → é ótimo

Letra c)

min c′x

s.a.



a1x = b1
...

akx = bk
...

amx = bm

↓

min(c′ + µak)x = min(c′x) + µbk

s.a.



a1x = b1
...

akx = bk
...

amx = bm

Dual
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maxw1b1 + · · ·+ wkbk + · · ·+ wmbm

s.a.


w1a11 + · · ·+ wkak1 + · · ·+ wmbm1 ≤ c1 + µak1

...

w1a1n · · ·+ wkakn + · · ·+ wmbmn ≤ cn + µakn

λnovo =


λ1
...

λk + µ
...
λm


Temos que

λ′
novoA ≤ c′ + µak → satisfaz as restrições

λ′
novob = λ1b1 + · · ·+ (λk + µ)bk + · · ·+ λmbm

= λ′b+ µbk = c′x∗ + µbk → ótimo

——— BOA SORTE :D ———
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