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Family resemblances among “‘automo-
tive” vehicles are often quite subtle, Wheels
—and the fact that the vehicles are self-
propelled—seem to form the sole common
denominaior of off-the-highway earthmov-
ers, dutomobiles and fork-lift trucks, o name
o few well-known members of the breed.

From the designer’'s viewpoint, however,
vehicle differences usually prove to be mat-
ters of functional emphasis, not engineering
principle. Whatever the vehicle purpose,
study of forces and motions guides layout
of best steering, braking and drive systems.

Mechanics of vehicle motion are outlined
and correlated in this series. Terminology,
for the most part, wili be familiar to the
engineer-owner of a passenger car. Caster,
camber and tee-in, for example, are prac-
tically everyday words for describing wheel
orientation with the ground.

Motion of wheels . . . control and sta-
bility . . . static and dynamic forces . . .
accelerated and decelerated motion . . ..
performance prediction . . . these subjects :

form the backbone of the presentation, Em- :
phasis throughout will be on principle rather .

than on specific design problems.

ACTIVE forces for primitive transport ve= . ..
hicles the oxcart is an ancient example—
were externally applied. For such towed ve- B

hicles, the fundamental purpose of the wheel served v
admirably: while providing ground support for the
body structure, it replaced high-friction sliding =’ o

with the much easier rolling motion.

The self-propelled vehicle, on the other 'hs'm:d,"
demands certain additional characteristics from the -
rolling wheel: it is reguired to transform torgue

originating within the vehicle to a propelling thrust
while, at the same time, providing high frictional
resistance to side forces. This last characteristic—
resistance to side thrust—permits effective direc-
tional control of the vehicle from within its strue-
ture.

Survey of vehicle mechanics begins in thig ar-
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ticle with a look at physical laws governing pro-
gresgion of the rigid rolling wheel, From this sim-
ple case, the analysis is extended to the more com-
plex behavior of the flexible or rubber-tired wheel.

o ® .

Rigid Wheels

Although the primary function of the wheel is
to reduce friction, the existence of rolling motion
depends, paradoxically, on the presence of high
values of static friction. By experience, motion of
a wheel takes two forms:. il
j ‘any’ other pushed or pulled

Cbody. i

Lot 'Rb_llirig,'_:_d_efiﬁé_d:'f__#s":fhg_'pl_"_()gi'éssive motion of

“a eylindrieal body in ‘which the instantaneous
‘contact: point: has' no. motion relative to the
: ground. - In rolling,’ translatory speed of the

" Rotation

Torque .

—
F=Wu,

F=W#0 i n

Fig. 1—Tractive fofce on a rolling wheel
can be an external towing force (left) or
result from an internally developed torque
(right). Rolling continues as long as the
tractive force remains within limits of the
static-friction force.




Motion of W.heeis

» rolling resistance

* wheel slip

* braking stability

* coefficient of adhesion

wheel center equals the circumferential or tan-
gential speed of the wheel rim.

The question remains: under what physical con-
ditions can each type of motion be expected? Roll-
ing of a wheel depends ultimately upon the exist-
ence of a static frictional force acting at the ground
contact point so as to prevent the wheel from
gliding. If the frietional force is too low to bal-
ance the tractive force, rolling cannot be main-
tained and the wheel starts to slide.

Static Friction: Coulomb’s friction law offers
a mathematical explanation for the rolling proc-
ess and permits caleulation of the limiting condi-
tions. In equation form, the relationship is

F=Wau 1)

The coefficient of friction » can assume two dif-
ferent forms: p,, the coefficient of sliding friction,
and p,, the coefficient of static friction. From equi-

Nomenclature

B = Braking force, Ib

H = BEnergy, ft-lb

F = F'rictional force, Ib

f = Coefficient of roiling resistance
fo = Coefficient of rolling friction, in.
g = Acceleration of gravity, ft per sec?
= Torque or moment, Ib-ft

= Mass, lb-sec? per ft

= Propelling or tractive force, 1b
= Rolling resistance, Ib

= Rolling radius, ft

= Whesel slip, per cent

= Velocity, ft per sec

= Weight, 1b R

# = Coefficient of friction

#o = Coefficient of static friction

#s = Coefficient of sliding friction

« == Angular velocity, rad per sec

S ]

librium of forces, Fig. 1, and according to Equa-
tion 1, the condition for rolling motion is

Prax = Wﬂo . (2)

As this equation shows, rolling motion of a wheel
exists as long ag the tractive force P remains
smaller than the static-friction force,

Principal distinetion between rolling and sliding
of a wheel lies in its effective utilization of fric-
tional ground forces. Coefficients of static fric-
tion, having higher values than coefficients of glid-
ing frietion, permit greater forces to be trangmitted
by a rolling wheel than by s sliding one. This is
especially important during braking. The rolling
wheel can also maintain its direction of travel,
while a sliding wheel is directionally unstable.

The propelling force can asspme two different
forms:

1. External force, either pulling or pushing, act-
ing af the wheel center,

2. Infernal force, originating within the wehicle
itself and translated as torque to the driving
wheels. The frictional reaction of the ground
ig then the actual driving force.

In rolling motion it is unimportant whether the
force acts on the wheel center or on its periphery.
The internal traction force of a, gelf-propelled ve-
hicle is, however, directly limited by the available
ground friction, and torque in excess of this limit
is ineffective as propelling agent. Obviously, the
ultimate limit on vehicle performance is set by
the capacity of the wheels to create the necegsary
frictional connection with the ground.

HEquation 2 can be rewritten to give the maxi-
mum internal torque that can be transferred to
the ground by a wheel: .

Muax = vWp, . (8)

Rolling Resistance: For sliding motion, the frie-
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2—Rigid wheel rolling on plastic
ground. Coefficient of rolling resistance f,
has the dimension of length.

Fig.

tional force Wy, i8 the motion-resisting force to
be overcome by traction. Static friction Wy, is for
the rolling wheel only a limiling force and other-
wise does not participate in the actual rolling mo-
won. The force opposing the rolling progression
orf a wheel ig called rolling resistance.

A wheel of weight W pulled at its pivot point
by a tractive force P is shown in Fig. 2. In ac-
cordance with general physical deductions on roll-
ing resistance, the wheel, considered rigid, forms
a deformation in the ground. Acting at the pres-
sure center of the ground contact area is force N.
This force can be resolved into a vertical com-
ponent, forming equilibrium with wheel weight w,
and a horizontal component, representing the roll-
ing resistance R,. Considering the height of the
ground deformation negligible compared to the
rolling radius 7, the equilibrium equation around
the action point of the ground forée is

WwF, . :
P=R,= 4)

r

Here, the proportionality factor f, is the coeffi-
cient of rolling friction. Its value is determined
by the nature of the contacting materials. Dimen-
sion of the factor is a length, which has a certain
physical significance as the lever arm represented
by the hypothetical horizontal distance between
the point of application of the ground reaction
foree and the vertical axig through the wheel cen-
ter (Fig. 2). Accurate measurements of f, are dif-
ficult to make, and generally accepted data are
scarce. '

Elastic Wheels

Behavior of an elastic wheel, such as the rubber
tire, will not exactly follow the general laws of
friction and rolling that have been developed for
the ripid wheel. The imporiant differencé is in
the type of ground contact. On a rigid wheel,
ground contact is ideally a line; on a rubber tire,
it becomes a relatively large area, Fig. 3.

Rolling Resistance: Determination of rolling re-

appi‘_dach
developed” for the rigid elastic
wheel. Equation 4 can be :
i

where rolling resista
of the radial weight W and
tor f, which is the
This coefficient’ is  its
of the rolling radius
and elastic qualities

Wheel Slip: Tes
an elastic wheel: reac]
theoretically refjuired stati

troduced as a means
(in per cent), of slidin

speed. o
Sliding can assume’: tw
where a locked wheel: is®
(as in braking), and . thi
ereater than the speed of
(2) where the wheel is: furi
translatory progression: (
alippery ground) and re >t

Rolling radius r is usuall]
loaded radius of the tire
This approximation- is~accural
formance calculations.: Howev
radius will be larger due to
fects, especially at high speed
sure tires. e

ough for per-
ctual: rolling
1 force ef-

Tire Déformation:: Obs;
a rubber tire on rigi_g'l""gr
tion of the tire surface
the chord of the projected
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obviously shorter than the arc of the undeflected
tire, Fig. 3. Pressure distribution in the tire foot-
print is shifted in the travel direction, and a pro-
nounced surface elevation of compressed tire par-
ticles is formed behind the ground contact area.
The contracted part of the tire surface will ex-
pand again after it passes the ground-contact
area through the action of its elastic forces. Thig
expansion is, in fact, a sliding motion, resulting in
retardation of the translatory speed against the
speed of rolling and may be called the deforma-
tion glip, Every torque transfer through a tire
will therefore result in a certain slip and vice
versa. Contrary to the behavior of the rigid wheel,
where the highest static friction is reached with
zero slip, the maximum transferable force through
a pneumatic tire iz reached somewhere between
10 and 20 per cent slip. According to some experi-
mental data, 20 per cent ig the limit of deforma-
tion slip, since the coefficient of friction p, reaches
maximum at this point. Further increase of slip
results in an unstable condition, with , values
falling rapidly to pure sliding value #s- TO empha-
size the particular behavior of the elastic wheel,
the coefficient of friction for rubber tires has been
more appropriately called coefficient of roed ad-
hesion,

-Resultant Friction Forces: Mechanies of fric-
tional forces on a rubber tire can be illustrated
by an example. The right side of Fig. 4 iz a sche-
matic top view of a tire transferring a braking
force B in the rolling direction and a side force S,
perpendicular to the rolling direction. These con-
ditions may exist, for example, in a car being de-
celerated on a curve. Limits of frictional forces
are proportional to available , values and are
represented as circles to indicate that the tire has
no preference regarding the direction of the frie-

MOTION OF WHEELS

tional force it is transferring.

Forces B and 8 form a vector resultant E. As
long as R stays inside the circle Moy rolling will ex-
ist. Should either B or 8 incresse to the point
where R cannot be contained by e, the friction will
fall very rapidly to s values and the wheel will
start to slide. Side force 8, which then canmot
be maintained, disappears entirely; B loses its
previous direction of rolling and is opposed only to
the instantaneous motion.

These considerations are significant in the brak-
ing of a vehicle. Locked wheels result in the utili-
zation of lower y, values and the complete loss
of rolling resistance as a decelerating force. Fur-
thermore, and this is even more important, the
locked wheel loses its ability to absorb side thrust
and becomes directionally unstable.

Stability in Braking: Side thrust can be created
by centrifugal force, road side elevation, asym-
metrical weight distribution in the vehicle or by
uneven distribution of braking forces. If, on a car
equipped with four-wheel brakes, the wheels on
one axle become locked, Fig. 5, these wheels lose
their side thrust absorbing capacity, and all the
reaction is taken by the other axle. This action re-
sults in the following stability conditions:

1. For locked rear wheels, Fig. Ba, inertia force
#mb of the moving vehicle, acts as a pushing
force leaning.on the front wheels, Any de-
viation from symmetric weight distribution
will create a self-increasing turning moment
around the front-axle center. The condition
of Jocked rear wheels must, therefore, be
avoided by proper brake-force digtribution.

2. If front wheels are locked, Fig. 5b, a turning
moment around the rear-axle center is pro-
-duced. This iz a self-stabilizing effect, since

Fig. 4—Coefficient of road adhesion as a function of tire slip. Maximum ordinate
value—static coefficient y,—is reached between 10 and 20 per cent slip. Higher
angles result in an unstable condition, with tite action rapidly changing to pure
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the inertia force iz acting as a pulling force.

Coefficient of Road Adhesion: Measurement of
the coefficient of road adhesion, Table 1, is diffi-
cult and has shown great variation hecause of the
many variables that are difficult to control and
define. Nevertheless, theoretical analysig of the
physical processes involved leads to better under-
standing of the general problem of vehicle traction.

Following are the principal factors that affect
the road-adhesion coefficlent:

GROUND-SURFACE MATERIAL:. Asphalt, concrete
and stone pavement are the usual running surfaces
for highway vehicles, and their respective p values
under dry conditions are very gimilar. Off-the-
road vehicles, however, will operate on gurfaces
ranging from earthen roads to deep mud and snow
of varying consistency, and the undefined struc-
ture of these materials will permit p determination
only as an approximate average value.

CROUND SURFACE CONDITION: State of lubrication
of the surface, usually caused by rain, is the prin-
cipal factor to be considered. Widely varying u
values in the literature for wet highways are ex-
plained by the tendency of some materials, es-
pecially stone pavement and certain kinds of as-
phalts, to form when slightly wet an exceedingly
slippery layer of dust and dispersed oil particles.
This layer is usually washed away by heavier rain,
and a new condition may be created where y, values
again approach those for the dry surface.

Tike DESIGN: The elasticity of the tire, deter-
mined mainly by the inflation pressure and the
tread pattern, are the most important factors. In-
fluence of these tire characteristics on traction is
complex, and a generally accepted solution is un-
likely. Certain trends, however, are apparent, Fine
lamination of the tire surface delivers superior
traction on a hard, smooth surface like asphalt,
while for deep, soft ground {snow and mud) wide,
deep diagonal ribs give the best performance. Dif-
ferences in tractive performance between existing
competitive products, despite advertiging claims,
are rather minute. Dependable technical data for
comparison purposes are practically nonexistent.
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TmE SrLip: From the function of y versus slip
{Fig. 4), two representative values are usually
given, maximum friction yu, and pure slip y,.

Selection of Road Adhesion Coefficient: The
variety of factors influencing frictional forces, and
the impossibility of accurately standardizing them
usually means that only average , values for rep-
resentative conditions can be considered. Quality
and condition of the surface are the important
variables, while the influence of speed and tire de-
sign is normally neglected,

Choice of p values for caleulation of maximum
transferable brake or traction foree should be made
with sufficient margin for the inevitable side forces,
since the tire must transfer the vector resultant of
both traction and side forces. As a safety factor,
values for sliding friction g, are used, rather than
the larger y, values,

Further simplification is often necessary since
vehicles will operate on varying surface types. Only
the general surface category (highway or off-the
road) is normally established. Accepted values of
ps for highway vehicles are between 0.6 and 0.7.

For checking strength of transmission parts and
brake systems, the opposite approach is indicated,
and the highest possible ., values are assumed.
Good practice calls for the choice of p= 1.0, a
value which has frequently been observed under
favorable conditions. '

Dynamics of rolling motion: If torque M of vary-
ing magnitude is applied to a wheel with weight W
and polar moment of inertia I, Fig. 6, the resulting
motion may have characteristics outlined in the
following sections.

ACCELERATION: For calculation of the tractive
force necessary to accelerate the wheel, use is made
of the energy theorem: change in the kinetic energy
of a moving body equals work performed by forces
acting on the body in the drive direction. The
relation is

dF = (P — R,)ds (7
. Where dF is change in the energy and ds is the

elementary distance. Fnergy of a moving wheel
consists of translatory and rotating components, or

B = ot " T2

= 2 > (8.1)
Consequently, after differentiation
dE = mv dv + Iw du (8.2)

Substituting this result in Equation 7 and rear-
ranging, remembering that v = or,

I
vdv(m-{-——r) = (P — R,)ds (8.3)
a

Since v = ds/dt and ¢ = dv/di, tractive force
required to produce the acceleration is then
w I A

g r2

+ K, (9)

After substitution of Equation 5 into Xquation 9,
it can be demonstrated that the maximum ac-

MOTION OF WHEELS

celeration that can be imposed on a rolling wheel is

— W(.“ﬂ - f)
(W/sg) + (I/r2)

_ 9N (9.1)

14 (k/r)2

a’max

The limiting condition for this case is P = W,
MotroN AT CONSTANT SPEED: In this case, trac-
tive force will balance only rolling resistance, and

M
=" =wy (10)
r

LiMITS OoF TRANSFERABLE FORCES: Increagse of
tractive force above the limit set by static friction
will result in sliding motion of the wheel., Sliding
friction then becomes the actual motion resisting
force, or

P = Wy, (11)

BRAKING: If a decelerating or braking moment is
acting on the rolling wheel, it will be aided by the
rolling resistance. The maximum braking force
transferable is then

Brax = Wig, T 1) (12)

If the limits of the static friction are exceeded,
the wheel starts to slide, rolling resistance as a
decelerating force disappears and the maximum
braking force becomes

B =Wy, (13)

In the next part of this series, tire action in cor-
nering, wheel-ground orientation and the me-
chanies of directional control will be examined.

ACKNOWLEDGEMENT

The author expresses his appreciation to R. D.
Evans, Manager Tire Design Research Dept., Goodyear
Tire & Rubber Co. for providing certain experimental
data and reference material used in this series. Thanks
are also extended to G. G. Cooper, Design Engineer,
Massey-Harris-Ferguson Co. for his valuable sugges-
tions and corrections,

REFERENCES

The following references are applicable principally

to Part 1:

1. T. R. Agg—Bulletin 88, Iowa Siate College Eng. Exp, Statlon,
1628,

2. J. Bradley and R. F. Allen—'*Factors Affecting the Behavlor
of Rubber-Tired Wheels on Roead Hurfaced,’”’ Proc. of the Inst.
of Aute Eng., Vol XXV,

3. P. Zanke—''Wechselwirkung zwlschen Reifen und ¥ahrbahn belm
Bremsen'’ (Interaction Between Tire and Ground During Brak-
ing), ATZ, 1839,

4, H. Klaue — “'Bremswerkuniersuchungen an Kraftfahrzeugen'
(Analysis of the Braking Process on Automoiive Vehicles),
Deutsche Kraftfahrforschung Heft 13, VDI-Verlag.

5. Bauer Schuster—''Der Krafischluss zwischen Reifen und
Fahrbahn'' (The Force Cohnhection Betwesn Tire and Ground),
Denische Kraftfahrferschung Heft 72, VID-Verlag 1940.

The following general references are applicable to
the entire "“Mechanics of Vehicles” series:

6. Kent's Mechanical Engineers’ Handbook (Power Volume), John
Wiley & Sons Inc., New York, 1953.

7. R. Bussien—Autemobiliechnischss Hondbuch, Cram, Berlin, 1052,

8. P. M, Heldt—The Automotive Chassis (Without Powerplant),
Chilton Co., 1952,

9. W. Kamm—Das Kraftfehrzeug (The Automative Vehicle),
Springer, Berlin, 1936.

10. R. Dean-Averns—Adutomobile Chassis Design, Iliffe, London,
1952,

11. G. Goldbechk—Die Fahrmechonik des Kraftfahrzeuges (Mechanlcs
of- Automotive Vehicles), Franckh’sche Verlg., Btuttgart, 1948.

12, H. Buerger—Pas Eraftwagen-Fakrgesiell {Automohbile Chasasig),
Franckh’sche Verlg., Stuttgart, 1952.

13. Hutte--des Ingenieurs Taschenbuch, Tell V. A.




IRECTIONALLY stable maneuvering of self-
propelled vehicles presupposes the ability of
tires to support side forces developed by cen-

trifugal effects, side winds and road-bank eleva-
tions. Research in the mechanics of tire cornering
is of relatively recent date, and advanced develop-
ment is still in process. The unusunal complexity
of the subject permits treatment here of only basic
prineiples. Detailed considerations are -presented
in references given at the end of the article.

Tire Action in Cornering

Rigid wheels give sufficient stability to a low-
gpeed vehicle steered by outside forces. The horse
and carriage is an example. An automotive vehicle
steered from within, on the other hand, maintains
directional stability at high speeds only by utiliz-
ing the much higher side-thrust capacity of a
rubber tire.

Cornering Forces: Rolling motion of a wheel is
obviously possible only in its longitudinal plane.
If by action of external side forces, the travel
direction of a wheel is forced to deviate from true
rolling direction, the rubber tire counteracts with
a frictional-reaction or cornering force, Fig. 7.
Condition for its existence is an area ground
contact, which contrasts with the linear contact
of a rigid wheel. The tire cornering force originates
in the elastic forces of rubber-tire particles which,

sNow Research  and Development Engineer, FPhillips 'Peti-'olé'{:m
Co., Bartlesville, Okia. .
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to decrease the existing slip angle and therefore
realigns the directions of rolling and actual travel.
This particular effect of cornering force is known
as the self-aligning torque.

Factors Influencing Cornering Force: From the
physical origin of cornering forees, factors in-
fluencing its magnitude ean be deduced. Tire be-
havior in cornering is usually represented by char-
acteristic curves like those shown in Figs. 8 through
12, These curves are presented to emphasize char-
acter of the functions rather than actual numeri-
cal values.

Principal factors affecting the cornering force
are presented in following sections,

SLiP ANGLE: Cornering force is proportional to
slip angle, Fig. 8. The function ig practically linear
up to about 5 deg slip; it then flattens out and
reaches maximum value where the tire starts to
skid. To aid comparison of cornering behavior of
different tires, the factor cormering power, defined

as cornering foree per deg slip angle, has been
introduced. The cornering power of an average
passenger-car tire is about 150 1b per deg slip
angle,

RaDIAL Loap: Cornering force, since it is basi-
cally frictional in character, is proportional to
the radial weight acting on the wheel. Tire defor-
mation and changes in contact-area pressure dis-
tribution cause the function to deviate from the
theoretical straight line. Maximum value falls near
the nominal lead point, Fig. 9.

For better comparison purposes, the combined
factor, cornering coefficient, was created, defined
as cornering power per unit vertical load. This
factor is used as a true measure of the interrela-
tion between load and cornering ability. The form
of the curve indicates that relative cornering ca-
pacity declines with higher loads or, in other
words, the more load a tire carries, the less effec-
tive it is in supporting side forces, Fig. 10.

CAMBER ANCGLE: A cambered wheel—one with

Rubber fire —_
£
= eo0}-
L1
2
2
- - 400 -
Limit of sliding _E
Wu s
[ =
5 200
(8
Steel wheel ‘ ' ' !
______________ — 0 50 100 50 200
Per Cent Nominal Load
: l . ! Fig. 9—Cornering force as a
10 20 30

Slip Angle (deq)

Fig. 8—Cornering force as a function of slip angle

for typical rubber-tired and steel wheels. Force reaches

maximum value W, where skidding begins,

function of radial load (3-deg
slip angle). Tire deformation
and changes in footprint pres-
sure distribution cause function
to deviate from the theoretical
straighy line.
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its plane of rotation angled away from the per-
pendicular—would follow a circular rolling path
if not restricted. Direction of travel of a cambered
wheel on a vehicle therefore deviates from its
natural rolling path, creating a slip angle and,
consequently, a cornering force. Value of this
force is, for the usual camber angles of about 1
deg, relatively small. It subtracts or adds to the
cornering force due to the centrifugal effect, de-
pending on whether the camber inclination is
toward or away from the inside of the curve.
INFLATION PRESSURE: Inerease in side-wall stiff-
ness accompanying higher inflation pressures re-
sults in an increase in cornering power, Higher

inflation pressures are therefore often used to

achieve better cornering eifects, Fig. 11.

TIRE S1zi: Small tireg have relatively higher cor-
nering ability than large tires (per pound of load
capacity). This accounts in part for the prefer-
ence for small dual tires rather than single large
ones.

- SPEED: Cornering force has been found inde-
pendent of speed. L '

Belf-Aligning Torque: An important factor in
steering behavior is self-aligning torgue. Usually
represented as a function of the slip angle, this
factor shows a maximum around 5 deg slip angle,
followed by a steady deecline. For very high slip
angles it reaches negative values.

The relation between cornering force and self-
aligning torque is illustrated in Fig. 12, After
the self-aligning torque has reached a positive
maximum, it reverses and reaches a new high in
the negative direction. Cornering force steadily
increases with slip angle until the skidding limit
Wy is attained, Fig. 13. The average driver will

Nomenclature

4= Area, sq in.
b = Nominal tire width, in.
C = Centrifugal force (side thrust), Ib

¢ = Action arm of cornering force, in,

e = King-pin offset (projected distance on the
ground), in. ’

h = Effective moment arm of steered wheel, in.

I, = Polar moment of inertia of tire footprint,
in.¢

k = Polar radius of gyration of tire fooiprint
area, in.

My, = Moment around king pin due to king pin

inelination, Ib-in.
A = Moment around king pin required to turn
one stationary wheel, lb-in. i

M, = Static steering moment around footprint
center, Ib-in.
& = Cornering force or side thrust, 1b
8;, 8, = Side forees (subscripis 4 and o refer to in-

side and outside wheels, respectively), lb
Weight or load, Ik

Steering angle, deg

= King pin inclination, deg

8lip angle, deg

Coefficient of sliding friction

Effective coefficient of friction of a steered
tire
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Fig. 12—Self-aligning torque as a function of slip
angle. At high slip angles, self-aligning torque be-
comes negative, acting in a steer-angle increasing
direction. Radial load and inflation pressure, be-
cause they determine footprint area, have an effect
on self-aligning torque.--
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Fig. 13—Relationship between cornering force and
self-aligning torque. Average driver can handle car
at slip angles to 5 deg, skilled drivers to 12 deg:
In racing, slip angles become high enough to give
steer-angle increasing torques.



manage the car with slip angles up to 5 deg, skilled
drivers up to 12 deg. If driving conditions require
still higher cornering forces, extremely high slip
angles must be used, and the field of negative
gelf-aligning torque is entered. This effect often
can be observed in auto racing, where the driver
in a sharp turn steers against the track curvature.
Inflation pressure and radial tire load have
an effect on self-aligning torque because of the
way these variables change the foolprint area.
Higher loads and lower inflation pressures en-
large the area and the critical distance ¢ (Fig. 7),
consequently increasing the self-aligning torgue.

Directional Conirol

Directional control is defined as the process
of giving the vehicle a desired course. Handling
quality is usually understood as the total of rather
subjective . impressions of the driver regarding
behavior and response of the vehicle to directional
commands, '

Directional stability, on the other hand, is a
dynamic property, implying the tendency of .the
vehicle to maintain a given course under the ac-
tion of disturbing forces and its ability to create

a new equilibrium condition after the disturbance

has been removed. Despite the apparent importance
of the problems of vehicle maneuverability, par-
ticu]arlyl at high speeds, systematic research in
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wheel

—

—
—

/
=
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thig field has been undertaken onlv in the last
decade or so.

Wheel-Ground Orientation: T'he steered wheel is
suspended to pivot around the king pin. Angular
position of both wheel and king pin is of basic
importance with respect to steering behavior and
steering forces. Simplified illustration of a steered
wheel is shown in Fig. 14. Description of the
functions of wheel and king pin. angles is given
in the following sections.

Toe-IN: The wheel angle with the longitudinal
axis of the vehicle ig toe-in angle. It forms with
the drive direction an actual slip angle, creating,
therefore, side-thrust capacity for absorbing side
shocks from the road and eliminating steering-
wheel flutter known as “shimmy.” Too high toe-
in angles result in excessive tire wear and high
rolling resistance, Toe-in angle is measured as
a linear deviation of the wheel rim, with usual
values of about 4-in. .

CaMpER: Angle of the wheel plane with the
ground is -described as camber. Opinions vary on
ity desirability and recommended magnitude. Its
main purpose is to achieve axial bearing pressure
and to decrease the king pin offset distance e.
Camber on passenger cars s between 14 and 1 deg.
Too high camber angles promote excessive tire
wear.

CasTEr: King-pin angle in the longitudinal di-

Rn?o‘ﬁo/

I
Kingpin_j o Ls
offset

Travel direction
i

Caster
™ offset

Toe-in

{Comber angle is neglected
in this view for clarity)

Fig. 14—Wheel orientation with the ground.
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the radial load and % the polar radius of gyration
of the footprint area.

Center of rotation, which is the hypothetical
intersection of the king pin with the ground (point
KP), is usually located at a distance e from the
footprint center. Consequently, turning of the wheel
around this point will not be pure sliding, but
rather combined rolling and sliding. The rolling
component will increase with larger e values. The
effective torgque arm hecomes

h == et + k2 (16.1)
and the torque necessary to turn the wheel is
My, = uWh (16.2)

Here, the effective friction coefficient , is a func-
tion of distance e and of tire size. Approximate
values of , on dry concrete (u, —= 0.70) are repre-
gented in Fig. 17 as a function of the factor e/b,
where b is the nominal width of the tire,

Values of %k can be calculated from the actual
tire footprint, which in turn, is a function of in-
flation pressure and radial load. In rough approxi-
mation, the footprint area is a circle, and for
nominal tire load conditions, the diameter of this
equivalent circle can be assumed equal to the
nominal tire width b. The value of %k can be then
calculated from

I, b2

k2 = =
A 8

17y

where A is the area of the footprint, and I, the
polar moment of inertia of the area.

Statie torque M, is proportional to p and e,
while p itself decreases with larger e values. This
indicates that an optimum king pin distance e
must exist for which M, will be minimum, This
calculation was performed for a 7.60 x 15 tire and
is shown in Fig. 18 as M, /W, a function of e. The
curve declines rapidly at first, then flattens off
and finally rises again slightly. The design op-
timum for e is near the region where the rapid
rate of change of M,/W flattens out. Higher e
values give only negligible decline in static steer-
ing torque and, in addition, exaggerate the highly

CORNERING AND CONTROL
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Fig. 18—Static-steering torque per unit ra-
dial load as a function of king-pin offset.

undesirable effects of road shocks. Actual design
usually takes a compromise between the two re-
guirements.

From the calculated torque M,, the drag link
force D necessary to produce this torque can be
calculated from the geometrical relations of the
steering linkages.

In the next part of this series, such calculations
are illustrated for representative manual and pow-
er-steering linkage assemblies.
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Steering Forces and Stability

* steering geometry
* drag-link forces

'« power steering

ground forces and stability

Linkage Forees: Analysis of a typical center- Nomenclature
point linkage, Fig. 20, shows drag-link force D 4~ Area, sq in.
to be o, o/ = Steering-linkage lever arms, in.
I, o b B, B;, B, = Decelerating forces (subscripts { and o re-
D= ( -+ ) (18) fer to inside and outside wheels, respec-
dcos fcosy a b tively), 1b .

where drag-link angles g and vy are usually small b; = Nominal tire width, in.

enough to be neglected (less than 15 deg). b, o' = Steering-linkage lever arms, in.
For center-point linkage, the steering linkage c _ Centrifugal force as side thrust, b
ratio &, can, for simplification be expressed as ¢ = Action arm of the cornering force, in.
8 ! P D = Drag link force, 1b
a 1% d = Steering lever arm, in,
= T + T (19) d, = Hydraulic-cylinder diameter, in.
d, = Piston-rod diameter, in.
Substituting this relationship in Equation 18, and ¢ = King-pin offset (projected distance on the
assuming cos = cos y =~ 1.0, ground), in,
M h = Effective moment arm of steered wheel, in.
p = M L (20) F = Power-steering cylinder force, 1b
d H = Manual steering effort (handforce) on the
: . : ips : s wheel, Ib
K}:-:;h is a simplified expression for the drag-link 1, = Po.lar _mc;me'nt of inertia of the tire footr
Trin in,
Summi‘ng moments at the gegrbox output shaft b= II; Olat; radius of gyration of the tire foot-
@& and using the results of Equation 20, print area, in.
M, = Torque on the steering-gear output shaft,
My=Dp=- P& HluSym (21) T o &E ’
@ 2 My = Moment around the king pin due to Kking
Similar analysis for the spindle-lever linkage, pin inclination, 1b-in,
Fig. 21, shows the drag-link force D to be M) = Momen{ around the king pin required to
turn one stationary wheel, lb-in, -
D= M, (1 + b ) (22) M, = Static steering moment around footprint
d cos 8 cosy a center, Ib-in.

P, = Pump power, hp

Steering-gear linkage ratio ¢, is @ = Flow rate, gpm

b 8 = Cornering force or side thrust, 1b
L=1+ o (23) i, 8, = Side forces (subscripts i and o refer to in-
gide and outside wheels, respectively), b
which, when substituted into Equation 22, gives 8, = Force required to actuate valve, Ib
Myt t = Steering time, sec
D= M (24) W = Weight or load, 1b
d a« = Steering angle, deg

¢ = King pin inclination, deg

Summing moments as before at the gearbox out-
: 8 ¢, = Linkage reduction ratio

put shaft, — ) : .
I _ {y = Steering-gear reduction ratio
RERNRA N 2 Mepl, Hdwigwg # = Slip angle, deg
M =DpE e E (26) # = Coetficient of sliding friction
O A R AN ) ’ # = Effective coefficient of friction of a steered
which is identical to the relationship derived for tire
: the center-point linkage. 7y = Steering gear efficiency

17




Fig. 21—Spindle-lever linkage with péwéf :
dix). If handforce applied to the steering wheel exceeds the force re-:

quired to operate the control valve, the manual-steering force sup-:
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Relationship among the principal steering-link-
age design variables—that is, a plot of Equation
21—is given in kig. 22. Use of the chart to de-
termine stcering-linkage parameters is illustrated
by Example L.

In an evaluation of steering linkages, a plot of
steering-gear torque M, as a function of steering
angle is useful, Fig, 23. A good steering layout
gives no more than 15 per cent variation in M,
between extreme wheel positions. Should torque
varintions fall outside this limit, steering-linkage
elemenis can be altered in length and angular

STEERING AND STABRITY

position until the torque-angle curve is as desired.

Handforce required to steer a stationary vehicle
is usually restricted to certain arbitrary design
limits. Generally accepted values—assuming ve-
hicle operation on smooth, dry concrete—are given
in Table 2.

Power Steering: If the manual effort required
for steering approaches or exceeds practical limits,
power steering can be used. Essential elements of

I'roblem: Calculate all essential elements of
a sleering system for a vehicle with 3400 1b
weighl on the steering axle. King-pin offset e
is 2 in.; steering-wheel diameter «, is 18 in.;
the proposed steering gear has ratio 18:1 and
65 per cent efficiency, Reduction of the linkage
reaches maximum for an extreme steering angle.
At this point, the following data have been de-
termined (Fig. 20): @ = 7.5 in; b = 10 in; d =
91in: p = 11 in. Tire size is 7.60 x 15,

Mamnl-Steering Solution: Torgue required to
turn a stationary wheel around the king pin is
calculated from Equation 16.2 (Part 2). Data
necessary for use of the equation are determined
from the conditions of the problem,

Square of radius of gyration k of the footprint
area i1s given by Equation 17 (Part 2) as

The effective coefficient of friction g, taken from
Fig. 17 i(Part 2} for a value of the ratio ¢/B =
2,76 = 0.26, has the value g = 0.{2,

The effective torque arm is given by Equation
16.1 as

h= vkt +e= 712+ 4=331In.

With one wheel carrying half the axle load,
the moment around the king pin as given by
Equation 16.2 is

My = pIVh = (0.42) (1700) (3.3)
= 2350 Ib-in.

From Equation 21 or from the chart in Fig.
22, steering-gear torque and required handforce
on the steering wheel can be found. Steeraxle
Iinkage reduction ratio is found from Egquation
23 as

b 10
Lh=14+—-=14 —
a 1.5
= 2.33
The total reduction factor as used in the chart

will be:

P (11)(233)

d 9
For the given values, Fig. 22 gives the steer-
ing gear torque M, = 6800 lb-in, and the hand-
force I — 85 1b,
From Fig. 22, it ean be seen that the same

Example 1—Steering Force Calculation

‘& piston-red diameter d, — 0.75 in. and a net

gear torque induced as shock from the steered
wheels could be resisted by a handforce on the
steering wheel of only 20 lb. In such a case,
the reverse input efficiency of the gear (assumed
to be 50 per cent) will consume part of the
disturbing torque.

Should a handforce of 50 1b be desired as ac-
ceptable maximum, a gear with the ratio of
21:1 should be used. .

To check for king pin inclination effect, as-
sume #§ = 6 deg and the steerangle ¢« = 40 deg.
From Eguation 14 (Part 2),

l1—cosa
My, = €W sin ¢ ( -7y )
SN g
= (2) (1700) (0.1) ( 10468 )
’ 0.64

= 12.8 1b-in.

which is a negligible torque.

Power Steering Solution: Steering handforce as
calculated in the first part of this example may
be excessive. Power steering can then be con-
sidered.

From Fig. 21, the moment equilibrium equation
around the left king pin is

M+Mkad(Hdw§ s)+
k a — 2p s Mg v
by, Fcos B

This equation includes the steering supporting
effect of handforce II, the reaction force of the
actuating valve (in §) and the efficiency %, of
the hydraulic cylinder. The effect of these ele-
ments is partly compensating and ean usually be

neglected.
The simplified equation for the required cylin-
der force ig then

Bt (2350)(2.33)
T beosg | (0.94)(10)

An available cylinder has a bore d, = 1.76 in,,

= 6001b

area A on the piston-rod side of 2.0 sq in,

From the chart in Fig. 26, it is seen that a
pump will be required that can deliver hydraulic
fluid at 400 psi at an approximate rate of 2.25
gpm. This performance should be achieved at
a pump speed corresponding to engine idling
gpeed. The expected steering time will be be-
tween 2.5 and b sec, which is satisfactory.
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Table 2—Steering-Handforce Limits

Yehielo IIandforce, I (1b}
Passenger car 45
Trucks and industrial vehicles 80
Very heavy vehicles 100

<

5|4

3 =
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e

Ele

1 s}

Q| o

215

A
{0/
(b)

Left Turn Right Turn

Steering Angle (deg)

Fig. 23—Torque on gearbox output shaft as function
of steering angle. An example of poor steeting-geat
design is shown at &; torque peaks on one side of
straight-ahead position. Desirable torque distribution
is shown at b. Shaded area under each curve repre-
sents work performed by steering gear and is unaf-
fected by changes in linkage reduction, gear ratio or
angular linkage travel.
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Fluid reservoir

the usual power-steering system, Figs. 21 and 24,
are described in the following: sections.
DounLE-AcTiNG  HYpRAULIC CYLINDER: Integral
with the steering gear, or mounted as a separate
booster, Fig. 25, the hydraulic’ cylinder can act
on any steering-linkage element, ; Effective work
performed by the cylinder is. in:each case the
product of force and displacement. Steering work
is substantially constant for various combinations
of cylinder diameter, stroke and’ fluid pressure
Quality of power steering will, to- a large extent,
depend on the proper balancing of these elements.
Force required from the cylinder can be calculated
from equilibrium ‘of ‘moments: around an appro-
priate point (see Example 1)
ACTUATOR VALVE: Flow of hydraulic fluid under
pressure is directed’ to: the proper. cylinder port
by an actuator valve. The vaive can be integral
with the steering gear; integral with the cylinder,
or separately mounted in: -ag-link line. Wher-
ever the valve is mounted action is the same:
torque applied by hand to the steering wheel opens
one valve port, supplying oil under pressure to
one side of the cylinder. The other port simulta-
neously dircets the return flow from the cylinder
back to the reservoi 1 :handforce acting
on the steering wheel exceeds the force required
to actuate the valve, it supports. the effort of the
hydraulic eylinder.. . o
HyprauLIc Pump: Power source.for a gteering
gystem is a hydraulic’ gear pump which supplies
a definite volume of hydraulic fluid at the required
pressure ;. Power to: drive the pump can be
calculated from the general pump. equation
P, = Qpy(144) 1 Qpy
P T TL(550) (449)- - (1770)7

(26)

o I'lg 24 — Typical
/[ power-steering - system
7 -:-;'-:_(Beﬁdix)'. .




where P, = power required (hp), @ = volume
output (gpm), p, = pressure (psi) and » = total
efficiency of the pump (usually 70 to 80 per cent).
Characteristic curves supplied by pump manufac-
turers showing the relation between § and p Ior
different pump speeds are, in practical applica-
tions, cften distorted by use of flow-control and
relief valves. It is therefore advisable to find
actual pump output by experiment.

Volume output of the pump will determine the
time necessary to fill the hydraulic eylinder dis-
pPlacement. Speed of the cylinder piston should
be high enough so thdt it cannot be overtaken by
a handforce turning the steering wheel with an
average speed of about L5 rev per sec. A good
power steering design will achieve full turn of the
wheels in 3!4 to 415 revolutions of the steering
wheel, giving a total time available to fill the cyl-
inder of from 2.3 to 3 sec.

The following equations correlate the variables
of a power steering system:

_ 60(As)

= 27
231(t) 27
T (dy2 — d.2
F=Ap= L(p____}_ (28)
4
where @ = rate of flow (gpm), 4 = effective

cylinder area (sq in.), d, and d, are cylinder and
piston-rod diameters (in.), s = piston stroke {in.),
¥ = ecylinder force (Ib), and ¢+ = steering time
for full turn (sec).

Relations between these interdependent vari-
ables are represented in a working chart, Fig. 26.
Co-ordination among the design elements can be
quickly established by use of thiz chart.

Steering Stability

Forces acting on a tire in the ground contaet
area will exert torques around the king pin and
consequently affect steering stability of the vehicle.
The effect can be steer-angle increasing, which
is an undesirable condition of inherent instability,
or steer-angle decreasing, which is the desired
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connections

STEERING AND STABILITY
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Fig. 25—Typical booster-type power-steering in-
stallations (Vickers). Generally, the advantage of
the booster-type system is that the force reaction
on the power cylinder is supported by the vehicle
frame structure.

Rear-Axle Steering
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self-aligning tendency.

Forces and Stability: Forces that must be in-
vestigated are: (1) tractive forces, applicable
when the steered wheels are also the drive wheels;
(2) decclerating forces, including the always pres-
ent rolling resistance and Lhe braking force if
aprlicable; (3) cornering forces (reaction of the

Hydraulic pump chora cteristics

tire to side forees) acting perpendicular to the roll-
ing direction, s 7 : L
Influence of: these forces on steering is shown
in Fig. 27.. The llrce basic situatioiis are dis-
cussed in the following sections.
STRAIGUT-ANEAD: DriviNg: Tractive o

_ tive .dgé’elerat—
ing forces, in this case, produce opposite but equal
moments on’ileft: and right: whecls;

Time, # (sec) 2

T
w
Hydraulic Pump Output, & (gpm}

B0OOrpm
/ /
!
I
{ +2
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I 7
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Fig. 27—Effect of ground-plane forces (;ﬁ-.:'_stcer!_ng stabi ty “Tractive or

decclerating forces
fal balancing moments
ing resistance) on
creasing moments,

on vehicle in straight-ahead motion, produce countet-
on opposite wheels. Dec"cl_cifiui__r'ig'__'_ft_)'_lchs:j(l_)jra_king or roll-
the front-axle steered vehicle, b;:'pr-o'du__c'e_:_'Ste'ér-;mbvle in-
while side forces have a self-aligning effect. Side forces

on the rear-axle steered vehicle, ¢, produce a steer-angle increasing moment,

while decelerating

g Travel direction

Travel direction
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Torques therefore balance and have no effect on
steering,

STeEEukdD FRONT AXLE: A decelerating force B,
Fig. 270, creales the steer-angle increasing tie-
rod force B,{(e/a) on the wheel on the inside of
the curve and a self-aligning tie-rod force B,(e/b)
.on the wheel on the outside of the curve. As lever
arm ¢ of the inside wheel is, because of tie-rod
geometry, always smaller than arm b, the total
effect of a decelerating force is steer-angle in-
creasing. The tie-rod force is then '

B, e B, e
Fb= - -
a b

(29.1)

Tractive forces acting in the drive direction will
produce a self-aligning torque. On front-wheel
drive vehicles, therefore, lcss caster angle is nor-
maliy used, since self-aligning effects derived from
the tractive force are sufficient.

Cornering forces S of both wheels act in the self-
aligning sense, producing in the tie rod the force

8ec 8, ¢
+
a

F, =

(29.2)

Value of the self-aligning torque depends on the
length of moment arm ¢, Moment Sc¢ is the self-
aligning torque commonly called the caster effect,
This aclion of the cornering foree is important,
since it overbalances the steer-angle increasing
effect of rolling resistance.

STEERED REAR AXLE: On rear-axle steered vehi-
cles (or front-axle steered vehicles driven back-
ward) Fig. 27b, decelerating forces produce the
self-aligning tie-rod force

7, = B, e _ By, e

(30)

1] b

Theoretical
center of
rotation

Actual center
of rotation

i3
Fig. 28—Actual center of rotation of a vehicle
ncgotiuting a curve falls ahead of the theoretical
center because of differences in slip angles of
front and rear wheels.

STEERING. AND STABILITY

The cornering foree, however, creates a steer-angle
increasing torque, resulting uvsually in inherent
instability of the rear-axle steered vehicle. Negative
caster angle may be applied in such cases, revers-
ing the rotation sense of the cornering force around
the king pin.

Slip-Angle Steering: It has been shown in a
preceding section that any side force acting on a
vehicle requires a counterbalancing cornering force
of the same value. To produce the ecornering force,
the tire will run at a slip angle that is proportional
to the force required.

Top view of a vehicle driving .in—a curve is
shown in Fig, 28, The theoretical center of curva-
ture, which for Ackerman steering is on the pro-
longed rear-axle axis, cannot be maintained if
the wheels must run at a slip angle. To create
the slip condition, the actual center of curvature
iz always ahead of the theoretical center.

If cornering powers of front and rear tires are
different, or if weight distribution results in un-
equal side forces on front and rear axles, Fig. 29,
equilibrium between side-thrust and cornering
forces will be reached at unequal slip angles for
front and rear tires. Such an effect can give rise

ey
|

\

Lk

s N —
AR R

Understeered Neutral Qversteered

Fig. 29—Effect of slip angles on directional stability.
Vehicles /4, B and C are subjected to identical side
forces § at different points along the vchicle cen-
terlines. Rear-axle heavy vehicle A will “oversteer”
and turn toward side force § because the slip angle
on the rear axle is greater than the slip angle on the
front axle. Centrifugal force created by the curvi-
linear motion adds to the force §. Front-axle heavy
vehicle B “understeers,” turning away from the dis-
turbing force. Vehicle C with neutral steering char-
acteristics follows a straight line.
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STEERING AND STABILITY

to the following steering conditions:

OVERSTEERING: If the slip angle on the rear axle
is greater than on the front axle, the rear end of
the vehicle will drift away in the direction of the
ekeiting force into a eourse of increasing curvature.
Centrifugal forces created will add to the primary
disturbing force. Oversteering is therefore a sltua-
tion of inherent instability.

UNDERSTEERING: If the front-axle sllp a.ngle is
greater, the course of the vehicle will have a’ self-
straightening tendency, that is, away from- the

exciting force. The centrifugal force produced by:'f'

the curved motion will subtract from' the 1mt1al__3 ::.'-' i S
5 '20 ‘G w " Lingol

disturbance. This is a desirable condition of 1nhe
ent stability.

It should be emphasized that slip- angle steermg_

bears no relation to the actual steering of: the
vehicle. Conclusions reached would have the same_'
validity for a towed trailer. Disturbing forces
be centrifugally caused, or result from any~other
gide-thrust producing disturbance. With a: “side-

wind force, the complexity of the problem is multl-'-
plied, since the aerodynamie propertles of the body'-

enter the picture.
The influence of slip-angle steermg on the di

rectional behavior of a vehicle is shown in Fig. 29,
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The same side force § acts at different points on
vehicles A, B and (. Vehicle 4 is rear-axle heavy
and therefore oversteered; vehicle I is front-axle
heavy and therefore understeered. Path of the
oversteered vehicle is toward the center of the
disturbance with increasing curvature, while curva-
ture of the path:of the: understeered vehicle is de-
creasing. For compamson the ideal line of a neu-
tral steering path is: showm.. Thls _represents a
vehicle with 1dent1cal slip. ang es: on both axles.
Should the dxsturbmg force: dlsappear, the over-
steered vehicle: contmues e ‘path of increasing
curvature due. to. contmued i ntrlfugal foree, while
the understeered vehlcl straxghtens out'. by itgelf.
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Stability on « Curwe

» centrifugal forces
- o forece distribution
« sliding and tipping

By Jaroslav J. Taborek*
Development Engineer

Towmotor Corp.
Cleveland

IRECTIONAL stability and the side-skidding
characteristics of a vehicle negotiating a
curve depend upon the balance of dynamie

side forces. The nature of these forces, their dis-
tribution, and their effects cn vehicle stability are
examined in the following sections of this article.

Dynamic Side Forces

In curvilinear motion, centrifugal force ¢ (act-
ing ideally at the vehicle center of gravity) is
held in equilibrium by the sum of the side-force
reactions on all wheels, or

: W2
¢ = mr, ot = p= = 8 (31)
[

Here, v is the translatory speed of a vehicle of
mass m, o i8 angular veloeity, r, is radius of curva-
ture and 8 is the sum of the side-force reactions.

When a vehicle enters a curve, changing its mo-
tion from rectilinear to curvilinear, the side-force
reactions impose a rate change of angular mo-
mentum Iq. For a vehicle with polar moment of
inertia 7 (around the vertical axis), wheelbase I,
road-adhesion coefficient , and angular accelera-
tion g, the relation between side forces and rate of
change of angular momentum is

E g=" 2w (32)
. 7 "

Obviously, the vehicle with small moment of in-
ertia will exhibit fast directional response. Large
inertia moments, while slowing down directional
response, decrease sensitivity to secondary dis-
turbances. Such a vehicle would tend to maintain

*Now Research and Development Engineer, Phillips Petroleum Co.,
Bartlegville, Okla.

c
S
f S,
C=3401b
5185 1b
5,165 b
Se

Fig. 30—Side-thrust distribution to front
and rear wheels on a vehicle negotiating a
curve. Only centrifugal force is assumed to
act in this simplified case (rolling resistance
is neglected). o

its original direction of motion.

Weight distribution (fore and aft) is a deter-
mining factor for vehicle polar inertia. Heavy
components are preferably located close to the
center of gravity for minimum inertia moments.
Intended use of the vehicle, since it dictates the
necessary compromise between directional response
and directional stability, decides the final solu-
tion to the weight-distribution problem.

Force Distribution: Equation 31 gave the side
force required to balance the centrifugal force
on the wvehicle. Traction and braking forces act-
ing on the steered wheels, as well as other motion-
affecting forces acting ideally at the cg of the ve-
hicle, alt produce side-force components which may
add to or subtract from the centrifugal force.
The side-thrust reaction of the tires must balance
the resultant of all these factors.

From a directional-stability standpoint, distribu-
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tion of side forces to the wheels is important.
Limits of safe maneuverability are determined by
the wheel which first starts to slide. Vectorial
snalysis by graphical techniques offers a method
of determining side-force distribution. The method
is demonstrated in sections that follow for a ve-
hicle weighing 4000 1b (evenly distributed on front
amd rear axles) negotiating a curve of radius of
r, = 20 ft at a speed of 5 mph (7.33 ft per sec).

VEHICLE AT CONSTANT SPEED: In this example,
rolling resistance of the vehicle is neglected and
centrifugal force is assumed to be the only force
acting. From Equation 31,

4000(7.33)2

=——————— =3401b (33)
(32.2) (20)

Centrifugal force €, acting through the vehicle
center of gravity, is balanced by side thrusts of
froent and rear wheels, Fig. 30. Obviously, as the
turning radius r, increases, the vectorial sum

¢ =8+ 4
approaches the algebraic sum
c=48+8,

In this simple case, the difference in directions
of the right and left-hand steered wheels is neg-
lected, and a force on the center of the front axle
is caleculated. The error due to this simplification,
especially for larger curve radii, is negligible, It
is apparent that rear-wheel steering in this simpli-
fied case would produce an identical side-force
distribution, since the drive direction does not ap-
pear in the calculations.

VEHICLE IN ACCELERATED MoTIoN: In this case,
the following forces act on the vehicle: centrifugal
force ¢ — 340 b (same as in simplified example);
total rolling resistance B, = Wf = (4000) (0.02) =
80 lh. Assuming an acceleration a of 3 Ips? the
inertia force is R, = (W/¢)a = (4000/32)3 =
375 b,

Grade and air resistances are neglected here.

The graphical method of caleulation is demon-

Nomenclature

¢ = Centrifugal force, 1b

H = Height of center of gravity, ft

I = Polar moment of inertia of vehicle around

vertical axis, ft-lb-sec?

L = Wheelhase, ft

m = Mass, 1h-sec? per ft

n — Distance determining tipping stability, ft
P = Tractive force, b
R; = Inertia resistance, Ib

E, = Rolling resistance, 1b

r, = Radius of curvature, ft

§ = Side-force reaction of wheels, 1b
¥V = Speed, mph

p = Speed, ft per sec

W = Vehicle weight, 1b

« = Angular acceleration, rad per sec?
£ = Superelevation angle, deg

pe = Coefficient of sliding friction

¢ = Frictional angle, rad

« = Angular speed, rad per sec
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o ci3401b
S Ri=3751b ,
7. Rr=401b (per oxle)

52451

.+ Fig. 31-—Side-
. bution on a rear-wheel drive
":'vehicle in -accelerated mo-

. folling - resist

. inertia: force of acceleration
i ' increase the side-force reac-
*. tions of the wheels.

ide components of
“resistance and the

C:3401b
(F=3751b
Rr=40 Ib {peroxle}

Fig. 32—Side-thrust distri-
bution. " on - a front-wheel
- drive vehicle in accelerated
motion. Traction forces act-

ing in the folling direction
of ithe steered wheels con-
siderably decrease tutal side
thrust, -




strated for two representative cases: (1) rear-
wheel drive with front-wheel steering, Fig. 31, (2)
front-wheel drive with front-wheel steering, Fig. 32.

Comparing the resultant side forces 8, and 8,

with the results of the simplified case (Fig, 30), .

it is observed that, on the rear-wheel drive car,
forces acting at ihe cg and the rolling resistance
of the front wheels all produce side components
that increase the side-force reactions. On the front-
wheel drive car, on the other hand, traction forces
acting in the rolling direction of the steered wheels
considerably decrease the side thrust. The rear-
wheel drive car will, under the same driving condi-
tions, impose higher side thrusts on the tires.than

th 33—Balance of forces on a vehicle ne-
gotiating a superelevated (banked) curve.
Vehicle will slide to the outside of the curve
if the resultant of forces acting in the x di-
rection exceeds the maximum frictional side-
force reaction,

will the front-wheel drive vehicle. Thig situation
accounts for the well-known superior curve sta-
bility of the front-wheel drive, front-wheel steered
car. ,

Other combinations, especially rear-axle steer-
ing, four-wheel drive and four-wheel steering may
be investigated by the same graphical methods.

Sliding and Tipping Stability

Under some circumstances, the centrifugal force
developed on a curve exceeds the maximum corner-
ing capacity of the tires. The vehicle then either
slides sideways or tips over. These conditions will
be investigated for the general case of a vehicle
negotiating a superelevated {(banked) curve of ra-
dius 7, with constant speed v. Distribution of cen-
trifugal force to the wheels is assumed to be in

STABILITY ON A CURVE

proportion to the radial-load distribution.

Fig. 33 shows the gituation schematically, The
limit of the side reaction is determined by the
frictional ground force and is therefore given by

Z8max = Fs(oy + Wy) (34)

where (;, = y component of centrifugal force,
W, = y component of vehicle weight, and », =
coefficient of sliding friction.

To prevent the wvehicle from shdmg sideways,
the resultant of forces acting in the x direction
must not become larger than the maximum fric-
tional side-force reaction, or

(=W, @) <ty (Cy + Wy (35)

The relation between centrifugal forece (and
therefore driving speed) and the superelevation
angle 8 can be obtained when forces in Equation
35 are expressed as functions of 8. Conditions for
skid-free curve driving can then be calculated.

Minimum Safe Speed: The vehicle must maintain
a certain minimum speed to prevent it from slid-
ing down the banked roadbed. The corresponding
equilibrium equation developed from Equation 35 is

p(Csinp + WeospB) > Ccos 8 — Wsin g (36)

After substitution of the value of centrifugal force
¢ from Equation 31, minimum speed to prevent
sliding becomes
1/2
:I fps

'Us,min - I:

This equation ecan be further simplified by sub-
stituting for the friction coefficient y, the tangent
of the frictional angle, where

gre(tan 8 — p;)

(1 4 pytan 8)

(37)

¢ = tan1 g,

e = tan¢ (38)

For dry concrete, u, = 0.7 and the frictional angle
¢ = 35 deg. Substituting Equation 38 into Eqgua-
tion 37, converting v from feet per second to miles
per hour, and letting g = 32.2 ft per sec?

gv/2(3600)
5280 N

and the minimum safe speed is
Ve,min = 3.8[7 tan (8 — ¢) 172 mph

In verbal form, minimum speed is proportional to
the tangent of the difference between the super-
elevation angle and the frictional angle.

Ap interesting application of this stability equa-
tion is seen at stunt-driving exhibitions, where 2
car is driven on a vertical circular wall. The min-
imum speed required for this stunt can be caleu-
lated by substituting # = 90 deg in Equation 39.

Further, the elévation angle under which the sta-
tionary vehicle would just start to slide can be
found by substituting v = 0 in Equation 37. In

- this case, tan 8§ = g, Since the system is sta-

tionary, the coefficient of static friction applies.
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With 4 = 0.8 for dry concrete, the stationary ve-
hicle will start to slide at an elevation of 39 deg.

Maximum Safe Curve Speeds: Stability of a vehi-
cle traveling at high speed on a superelevated
curve presumes two conditions: (1) speed must
not be high enough to cause the vehicle to slide
up the slope of the superelevation, and (2) speed
must not be high enough to tip the vehicle about
the outside wheels. These conditions are examined
in the following sections.

_ SupING: Equilibrium equation for the ease where
the vehicle tends to slide up the slope of the super-
elevation is '

(Ceing + WcosgB)p, =Ccos 8 — Wsin g (40)

where
my?
o =
Te

After simplification

[ gr.(tan 8 + g,) ]1"2
Vs, max — — T

(1~ g, tan B)
and, since the frictional angle is related to the
friction coefficient by

(41)

# = tan ¢
then
Vo,max = 3.9[r, tan (8 + ¢)]1V2 mph (42)

Maximum safe speed is therefore proportional
to the tangent of the sum of the superelevation
angle and the frictional angle. With speed increas-
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ing to infinity ::(.'U-_ w2l ew) it c_ah_": be found from
Equation 40 that the superelévation need not ex-
ceed the value - i e

8 = cott g, (43)

For the hypothetical case of: ‘complete absence
of friction, a superele ngle can still be
found that permits safe vehicle operation. In such
a case, the resultant.of all forces is exactly per-
pendicular to the roa Substituting x, =
0 into Equation 40; the ide relevation angle
becomes . e G

pemr ()

The existence of a frictional
nonessential in this case,
imum speeds are equal; - 2

Simplifying Equation’ 42 for the case of a level
surface (# = 0), "~

(44)

ide-support force is
maximum’ and min-

Vimax = 3.8 (7, ) V2 mpl (45)

of: horizontal and
‘Jinejoining the
vheels with the
of the vehicle
boiit - point 4

TIrPING: When the regulta
vertical forces passes thri
points of contact of: the’
ground (point A4, Fig. 34)
beging. Equilibrium: of i
can be written as . | "

nRy — HR, =0 o (46)
R, = 'q.,"co's"B'w#

R, = C_"Si'n_ :

pin f.o.f three
1 a superelevated
ultant R “passes

Fig. 34—Stabili2r'-'
and four-wheeled -
curve is ensured’ |
inside of point A.:

{a)




where n is the projected distance between A.and
the center of gravity, and R, and R, are the force
components in the & and y directions. These com-
ponents are given by

After substitution of these results in Equation 46,

the eritical speed of tipping becomes
B [ gre(n + Htan B) ]“2

Vi, max = (H—n tan )8)

(47)

Simplifying again for the case of a level surface

(ﬁ = 0)1

: rom 12
Vemax = 3.9 ( T ) mph (48)

Comparison of Equations 41 and 47 will reveal
whether tipping or sliding will occcur first as the
speed of the vehicle increases. It is desirable that
gliding occur first, This happens when speed that
induces sliding is reached sooner than the critical
tipping speed, that iS, Vimes > Vimes For a level
surface, this results in the condition

® (49)
? > M

In the preceding equations, the vehicle is as-
gumed to be moving with constant speed, no trac-
tive or braking forces are being simultaneously
transferred, and the centrifugal force is distributed
on the axles in the same proportion as the static
level axle weights. Should this not be the case,
the distribution of centrifugal side thrusts to the
individual axles will have to be determined, and

STABILITY ON A CURVE

the safety against sliding examined for each wheel
separately. The wheel with reduced dynamic load
(due to a hill, trailer pull, etc.) will start to slide
first, Other conditions being equal, the driving or
braking wheel with lower effective p values will
slide first. Further, for the coefficient of friction
e ONIy such values can be taken for the side forces
that remain after vectorial subtraction of the por-
tion already taken by tractive or decelerating
forces. It is interesting to note also that all critical
speeds are independent of vehicle weight.

With increasing vehicle speed, sliding usually
starts before tipping on most passenger cars, On
trucks, however, where H is large, the critical tip-
ping speed may be reached sooner.

Tipping properties of four-wheeled vehicles with
pivoted steering axles (e.g., lift trucks) are similar
to those for a three-wheeled vehicle. In such a
case, the central pivot peint and not the wheels
forms the effective front-end support against tip-
ping.
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OWER is expended when a vehicle moves

against a resisting force. In accelerated mo-

tion uphill, the forces or resistances that op-
pose the motion of a vehicle are: (1) Rolling re-
sistance, (2) Grade resistance, (3) Air resistance,
(4) Inertia resistance, and (5) Transmission re-
sistance.

Here and in a following article, the magnitudes
and characteristics of these motion-resisting forces
are examined. Consideration of such forces will
subsequently be shown to form an important part
of vehicle performance prediction.

Force Characteristics

To move 2 vehicle at speed ¥ (mph) against any
resisting force R, (1b), power N, must be delivered
to the driving axle. Magnitude of the power (hp)
is given by

*Now Research and Development Engineer, Phillips Petroleum
Co., Bartleaville, Ohila.
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(30)

x

At any instant, the sum of all resisting forces
SR, is in equilibrium with the tractive force P,
which is delivered as torque’ M; to the driving
wheels. Such a force balance is expressed as

=P:ZRz ISR (51)
T

where r is the rolling radius of the driving wheels.

Rolling Resistance: In a senge, the most impor-
tant of the resisting forces is rolling resistance.
While other resistances act only under certain eon-
ditions of motion, rolling resistance is present from
the instant the wheels begin to turn. Rolling re-
gistance, in addition, has ancther undesirable prop-
erty: a large part of the power expended in a
rolling wheel is converted into heat within the tire
itself. The consequent temperature rise rednces

B

Fig. 35— Left—Rolling resistance of a vehicle is the .

sum of the rolling resistances of all wheels and is
therefore independent of weight distribution. The
weight used in rolling-resistance calculations is the
normal (cosine) component of vehicle weight,

Fig. 36—Below—The rolling plane of the wheel is
not parallel with che direction of travel. Tractive
force P must overcome the vectorial resultant. of
rolling resistance R, and side force S. Rolling is
maintained as long as f tan ¢ < p.

Direction of
travel




Motion-Resisting Forces

* rolling resistance
» grade resistance

both the abrasive resistance and the flex fatigue
of the tire material and becomes the limiting factor
on tire performance.

Differing basically from resistance sources for
rigid wheels (Part 1 of this series), the sources
of rolling resistance on prneumatic tires are:

(1) Work performed by flexing of the tire body as
it passes the ground contact area.

(2) Work performed by the wheel penetrating or
compressing the ground.

(3) Work performed by frictional motion due io
tire slip.

(4) Friction caused by air circulation inside _the\
tire and the fan effect of the rotating wheel
on the outside air,

The first two of these factors account for the
greater part of rolling resistance; the remaining
two have only secondary effect. Considering the
vehicle as a whole, the total rolling resistance R,
is the sum of the resistances of all the wheels, or

R, =R, -+ R;=fWcose (52)

04
600xi6

o
[

Coetficient of Rolling Resistance, £
o o
- [\

Congcrete

o] 10 20 30 40
Inflation Pressure, p(psi)

Fig. 37—Coefficient of rolling resistance as
a function of inflation pressure. Values
plotted assurne reasonable vehicle speeds for
each surface type.

where RE,, andR,, designate rolling resistances on
front and rear wheels, W cos ¢ is the normal-to-
ground component of vehicle weight, and f is the
eoefficient of rolling resistance, Fig. 35.

For theoretically correct ecaleulations, the dy-

Nomenclatuore

§ = Coefficient of rolling friction
G = Measure of grade, per cent

N = Power, hp

P = Tractive foree on driving wheels, 1b
By = Grade resistance, 1b
E, = Rolling resistance, 1b

» = Rolling radius of tire, ft

8 = 8ide force on tires, 1b

V = 8peed, mph
W = Vehicle weight, 1b

¢ == Horizontal incline of road, deg
p — Friction coefficient

¢ = Slip angle, deg -

0.4

[=]
o

o
[

2

Coefficient of Rolling Resistance, f

~] Concrete

o N

[1+] 20 30 40 50 &0 70
Tire Diameter (in.)

Fig. 38—Coefficient of rolling resistance as a func-
tion of tire diameter. Effect of tire diameter is neg-
ligible for hard surfaces (concrete) but decisive for
soft ground or sand.
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Fig. 39—Coefficient of rolling resistance as a
function of speed. The effect of speed is more
Fronounced at_lower inflation pressures. Curves

or pressures of 21, 28 and 40 psi were calculated
from Equation 57. An approximation for common
passenger car speeds: and inflation pressures is
given by the plot of Equation 58.
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Fig. 40—Supplementary coefficients
fo and f, for use in Equation 57.

Sy

Fig. 41—Grade resistance of a vehicle is the
downhill compoenent of its weight. Grade
is usuully measured in per cent where G
{%) = (100 b} /s, = 100 tan 6.
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namic weight of the vehiele, including the effects
of acceleration, trailer pull and the vertical com-
ponent of air resistance, is used. For vehicle per-
formance estimation, however, the changing mag-
nitude of the dynamic weight complicates the cal-
culations without offermg significant improve-
ments in accuracy.’ Furthermore, it is apparent
from Equation 52 that a dynamic weight transfer
toward one of the axles has no mfluence on the
total rolling resistance. - i’

For these reasons, statlc velucle weight is usu-
ally taken as sufficiéntly accurate for computation
of rolling resistance. As a further simplification,
the effect of the horizontal grade angle ¢ is often
neglected completely. Equatlon 52 then becomes

= fW cos 8 == fIV (53)
The error mtroduced by thls s1mp11f1cat:on 18 only
5 per cent for the steepest ex1st1ng grades {about
32-per cent).

All these cons:deratlons apply, in a strict sense,
only for straight-line wotion. ; For' vehicles on
curves, the direction of rolling deviates from the
direction of actual travel, and the tractive force P
must overcome the vectorial resultant of side force
8 and rolling resistance R,; Fig. 36, In this case,

E,
cos ¥

(54)

P=

where ¢ is the slip anfrle,'t'hat' is, the ang'e be-
tween the speed vector and the rolhng plane of
the wheel,

On a stecred wheel, the stde force 8 necessary
to maintain equilibrium of_fpr_'ces must remain
within the limits of sliding friction given by the
radial load W and the friction’coefficient p, or

§ = R, tlany < a1V (55)

These results, when combi.n_'e.c'{.:E W'lth Equation 53,
give the condition for rolling of the steered wheel
as L

ftany =< p o . ; (56)

For glippery ground (, = 0.2 2 andf = 0.02), Equa-
tion 56 gives ¢, — 84 dcg :

Fuctors Affecting Rollm" Rcmqhnce Cocfficient
of rolling resistance f is a dimensionless factor
that expresses the effects of the complicated and
interdependent physical . propérties of tire and
ground. Lstablishment of standardized conditions
for measurement of thé cffects of variables like
the fine structure of the ground material, composi-
tion of the rubber, design elements of the tire,
ete., proves difficult if not impossible, The follow-
ing account of the most important of these factors
will, nevertheless, contribute to a better under-
standing of the physical nature of rolling resist-
ancce.

CrouND-SURTACE STRUCTURE: Lowest f valucs are
measured on hard, smooth, dry surfaces. A worn-
out road almost doubles rollihg resistance. On wet




surfaces, higher rolling resistances are observed,
probably due to the cooling effect of the water
and the correspondingly decreased flexibility of the
rubber tire.

TIrRE-GROUND EraAsTICITY: The relative elasticity
and hysleresizs of both tire and ground are im-
portant factors that decisively influence rolling
resistance. Three basic combinations are possible:
(1) The tire is rigid as compared to soft, plastic
ground, rolling resistance being due to penetration
work only; (2) Both tire and ground are deform-
able, rolling resistance being due to both tire de-
formation and ground penetration work; and (3)
The ground is rigid in relation to an elastic tire,
rolling resistance being due entirely to tire defor-
mation work.

TIRE INFLATION PRESSURE: To a large extent tire
inflation pressure determines elasticity of the tire.
It affects the value of f in a manner that depends
on the elasticity of the ground, Fig. 37. For ex-
ample, the following situations can be distin-
guished:

On plastic surfaces, like sand, high inflation pres-
sures result in increased ground penetration work
and therefore higher f values. Conversely, lower
inflation pressures, while decreasing ground pene-
fration, increase tire-flexure work, Obviously, an
optimum pressure exists for a given surface.

On medium plastic surfaces, like grass sod, the
effects of inflation pressure on tire and ground
approximately balance, and f remains nearly inde-
pendent of inflation pressure.

On hard surfaces, f decreases with higher in-
flation pressure, since flexing work of the tire
body will be greatly reduced.

TIRE Rapius: Basically, f is inversely proportional
to rolling radius. The proportionality factor, how-
ever, is small on hard surfaces, becoming impor-
tant on soft, plastic ground, Fig. 38.

Driving Spurn: Coefficient f is directly propor-
tional to speed because of increased flexing work

Grade| Grade
19N & 1°6(%) | Ratio
Fig. 42 — Comparison
of grade designation
methods. In calcula- 07 70
tions of vehicle per- S(Igge)a , -
formance, the correct g sing —06 160
sine value is often re- \ C
placed by the more Superhighways — o Fo5 50 kb2
convenient tangent. a0, N
Note that the error Good mountain . 04 40
reaches about 5 per highways 30 04 - '
cent for the steepest Fos H-30 | 2
roads normally en- Steepest mountain roads 20 02 - —1:4
countered (32 per Otf-1he-road 0.2 A--02 <20 |~I'5
cent). vehicles o
1o o101 o [—lio
—1:20
£ [—1:40

MOTION-RESISTING FORCES

and vibration in the tire body. Conseguently, the
influence of speed hecomes more pronounced when
speed is combined with lower inflation pressures,
Fig. 39.

TrRACTIVE FORCES: Wheels transferring tractive
or braking forces show higher rolling resistance
due to wheel slip and resulting frictional serubbing.

Rapiar Loap: Coefficient f is directly propor-
tional to radial load due to the effect of load on
tire deflection, This influence is, however, revealed
only by exact measurement.

TEMPERATURE: Coefficient f decreases with in-
creasing temperatures (ambient or internal) as a
result of increased flexibility of the rubber.

TIRE MATERIAL AND DEsiGN: Thickness of the
tire base, usually expressed in plies, and thickness
of the rubber tread determine the amount and stiff-
ness of material to be deformed by rolling. Worn-
out, smooth-tread tires show f values up to 20 per
cent lower than new ones. Often for racing cars,
the rubber tread is ground off to small fractions
of an inch. Fine laminations, on the other hand,
increase f as much as 25 per cent. The cord ma-
terial in the tire carcass has only negligihle effect;
the rubber wmaterial and its compounding is of
much greater importance. Synthetic rubber gener-
ally shows higher f values than natural rubber.

Determination of Rolling-Resistance Coefficient:
The multiple and interrelated factors affecting f
make it virtually impossible to devise a formula
that takes all variables into account., Before a
value of f is chosen for a particular application,
the overall degree of accuracy required for the
calculations should be established.

On test runs where other measurements are be-
ing performed, it may be essential that f be known
as exaclly as possible. Several equations for f have
been developed for passenger-car fires rolling on
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concrete gurfaces. The variables in these equations
are usually inflation pressure, speed and radial
load. The aecuracy of such a ealculation is natur-
ally limited by the influence of factors that are
neglected, Laboratory measurements usually give
[ with steel as a ground surface. For concrete, a
new value can be recalculated by use of established
conversion factors,

For soft and plastic grounds it is very difficult
to find accurate data of general validity. The struc-
ture of these materials is hardly definable and will
change from place to place. Average values are
usually accepted and seldom should there be need
for any higher accuracy.

Relatively accurate values of f for concrete sur-
faces as function of inflation pressure and speed
can be ealculated from the following equation de-
veloped at the Institute of Technology in Stuttgart:

)

_ [ ¥\

f=f,+ 324 f, (71‘03' ! (57)
Here, V is speed (mph), the factor f, represents
the basic coefficient and f, determines the speed
effect. Both factors are taken from the diagram
in Fig. 40. Equation 57 is also plotted with in-
flation pressure as a parameter in Fig. 40.

For many performance calculations, it is often
gufficiently accurate to express f as a linear
function of speed. For the most common range of
inflation pressures (around 26 psi), the following
equation gives average values of f for concrete
surfaces: C( = | kg

(7.{ kwls2C

v o ;
f:0.01(1+—1&7) = L0l &V (58)

The range of acceptable accuracy of this equation

is up to about 80 mph. The advantage of this ex-
pression is that it can be substituted direetly into

Tahle 3—Coefficient of Rolling Resistance*

Vehicle Surface
Typs Conerete  Medium Hard  Sand
Passenger ¢ars ............ 0,015 0.08 0.30
Heavy trucks ............. 0.012 &.06 £.25
Tractors ,.......cvvvevan... 002 0.04 0.20

*Dimensions of f are Ib per b of vehicle weight.

other equations, therefore expressing rolling re-
sistance as a function of speed.

In many cages, even the effects of speed can be
ignored and average values of f, covering econdi-
tions for the particular application, ean be used
in performance calculations. Such values are sum-
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marized in Table 3 for a variety of ground sur-
faces and vehicles.

The dimension of the coefficient of rolling re-
gistance is pound per unit of vehicle weight.
Vehicle weight is expressed either in units of
pounds, 1000 pounds or tons. The author prefers to
keep all forces' and: weights in the same units,
avoiding unnecessary complication by the the intro-
duction of new units. ol

Grade Resistance: Grade resistance K, is the

component of vehicle weight ‘acting downhill, Fig.
41. It is given by = oo

R, = Wsin g (59)

In practice, it is é'uét_c_)}pé.ry:_t_d designate grade
G (per cent) as the ratiq.';'ij the! climbed height
to the projected horizontal distance, or

R (100) Iy
G=———=100tan¢
Sy Lol

(60}

Allowing for the approximation that for small
angles sin ¢ =~ tan 4, th_'e"gra:dg. 'resistance equa-
tion becomes BTt

wa
B,z Wtang = —-
100

(61}

The error resulting from:this simplification for
the steepest known road grades: (32 per cent or
18 deg) reaches an acceptable 5 per cent. ¥or
more exact calculations, or for still steeper grades,
the simplification should not be used.

A comparison of grade designation methods is
given in Fig. 42. Grades of modern super high-
ways are kept below 6 per.cent (314 deg); in
mountain areas, dual-highway up-hill slopes reach
7 per cent and downhill slopes are up to 8 per
cent. Average mountain highways are kept under
about 12 per cent (7 deg); the’ steepest known
roads in high mountains redach slopes up to 32 per
cent (18 deg) for short. distances. Off-the-road
and military vehicles are usually designed to negoti-
ate slopes of 60 per cent (31 deg).

The highest grade that a. vehicle can climb is
called its gradability and is designated as Gy
(per cent) Or @,,, (deg). .
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Fig. 43—The air-resistance force R, is assumed to act at the centroid of the pro-
jected frontal area of the vehicle. As an approximation, the area can be taken as
0.9 (body height) (wheel tread), or 0.9 (b,,)(s,).
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OLLING resistance and grade resistance—-
R two of the forces that impede the motion of

2 vehicle—were discussed in the preceding
article of this series. Both were shown to be pro-
portional to vehicle weight. This article continues
the examination of such motion-impeding forees,
discussing air resistance, inertia resistance and
transmission resistance and the relationship of
such forces to vehicle performance,

Air Resistance: According to the laws of aerody-
namics, a body moving through the air is resisted
by a force R,, where

Copdv,?

R, =
L a 2!_']

(62)

In this expression, ¢, is a dimensionless coefficient
o vof air resistance (drag coefficient) with a value
" unique for each family of geometrically similar

*Now Research and Development Englneer, Phillipa Petroleum
Co., Bartlesville, QOkla,

8y Jaroslav J. Taborek*
Development Engineer

Towmotor Corp.
Clevelond

body shapes. Remaining terms in the equation are
p. the air density (Ib per cu ft), A, the projected
area of the body in the direction of travel {sq ft),
and v,, the velocity of the body relative to the air
(ft per sec).

Because of the influence of air density, magni-
tude of the air-resistance force depends on the
state of the air, i.e., the barometric pressure and
temperature. The following relation relates density
to pressure and, temperature;

AALST not yor Y
1449 “-1.82pt

— (63)
RT 460 + ¢

p.;

Symbols in this expression are defined in Nomen-
clature,

The influence of changes in air density must be
taken into account in accurate performance cal-
culation, since differences between density extremes
may reach 20 per cent or higher. For example,
at an altitude of 4000 ft, air denmsity is only 83
per cent of the sea-level value.

35




For many performance calculations, however, the
density for ‘“normal” or standard atmospheric con-
ditions (60 F and 29.9 in. Hg) provides sufficient
accuracy. In such cases, p = 0.0763 lb per cu ft
is used as a constant value.

By substitution of the standard density, the
equation for the air resistance can then be simpli-
fied to read

v )2
R,=012¢c, 4 0

. v, "
—026¢, A ( ) 64
a 10 (64)

where V, is the speed of the vehicle in mph and
v, in fps, both relative to the air.

The physical origin of air resistance on vehicles
is derived from three sources:

1. Drag resistance, which is a function of the aero-
dynamic shape of the body with respect to all
outside surfaces. Protruding objects like mir-
rors, exhaust mufflers, license plates, etc., can
increase drag resistance considerably at higher

Nomenclature

A — Projected vehicle area in drive direction,
sq ft

a — Acceleration, ft per sec?

¢, — Coefficient of air resistance, lb-sce?-ft-*

¢, = Coefficient of air resistance, dimensionless
E = Kinetic energy, ft-1b

¢ = Acccleration of gravity, ft per sec?

! = Moment of inertia, ft-lb-sec®

I, = Polar moment of inertia of wheels, ft-

1h-sec?
M = Torque, lb-ft
M; = Torque required for accvleratmg rotating
parts, lb-ft

= Mass, lb-sec=-ft-1
= Bquivalent mass, Ib-sec®-fL-1
, — Total effective mass of vchicle, lb-sec-ft-1
= Power, hp
== Pressure, 1b per sq ft
= Baronictric pressure, in. Hg
= CGas constant (—=53.3)
= Air resistance, lb
= Grade resistance, Ib
— Inertia resistance, 1k
— Inertia resistance of translatory mass, 1b
= Rolling resistance, 1b
= Rolling radius of tire, ft
Wheel tread, It :
= Ahsolute temperature, deg Rankine - -
= Temperature, deg F
= 8pced, mph
Speed relative to air, mph

v = Speed, ft per sec

11, = Speed relative to air, ft per sec
W = Weight, 1b

« — Angular acceleration, rad per sec?

vy == Mass factor for rotating parts

¢ = Reduction ratio '

» = Bfficiency or efficiency factor

p

W

FP gz is
|

'fln"ﬂ:?'\ ‘-i-?ur.a.?:-:
| Il Ll

=
I

= Density, b per ft3
= Angular velocity, rad per sec

speeds. Of special importance is the shape of
the rear part of the body, which determines
the amount of turbulence in the wake of the
vehicle, .

2. Air friction on’ the’ outsuie surfaces or “skin”
of the hody. For the more or less standardized
guality of surface- finish on passenger <cars,
this portion amotints to about 10 per cent of
the {otal air re51stance S SERTER

3. Air flow throlugh’ the car for purposes of cool-
ing or ventilatmg Thxs influénce can be re-
s:stance-mcreasmg or resmtance -decreasing, de-
pending on the’ functlon location and aerody-
namie perfectmn of the channels

These three factors at expressed in the coeffi-
cient of air resistance: ca, which has a value par-
ticular to each vehlcle :_ It is found experlmentally
in scale model wmd-tunnel sts and is confirmed
by coasting tests performed : actual vehicles.

In some llteratur ol es the alr -resistance
coefficient is gwen a8 : e

Ca P

o, =
a 29’

= 0200, ( (65)

SAF standard air
__1'c_l_'e_s are given in

Average values of é,’,
conditions for representatl
Table 4. :

While the coefflclent of
tion of the aerodynam1
important criterion for com
the product of the coeff ie with the frontal area,
ie., A(c,). There are ca vhere, when the frontal
area is enhrged the_total remsfance is reduced

ir remstance ¢, is a fune-
ion of a body, the
1D I‘lSOl‘l of vehicles is

~Acceleration

i th Inertia: force of the translatmg vehicle
“'mass acts at the: cg"' dis aIways directed agamst
" the ‘acceleration: vector. Translatory acceleration is
necessarily accompamed by angular acceleration of
the wheels and the drive-system components. As

a means for’ s:mphfymg erformance calculations,
the: effects of rotational Inertia of such parts can
be represented by an equlvalent translatory mass.




Rotating Mass Factor, ¥

hecause of a resulting lower ¢, value. This occurs,
for example, when a protruding part is covered
with a streamlined fairing.

The hypothetical point of action of the air-re-
sistance force, Fig. 43, is the centroid of the pro-
jected area in the drive direction. Usual frontal
areas (in sq ft) on present-day cars are: (1) Pas-
senger cars (small), 14-20; (2) Passenger cars
{standard), 22-30; (3) Buses and trucks, 60-80.
Areag can also be estimated as 0.9 (body height)
(whecl tread). .

Combining Equation 64 with Equation 51 (Part
5), power N, necessary to overcome air resistance
is

) 0.0026c, A V2V

Ny om0 inpy

375 (67)

where again V, is the relative speed of the vehicle
against the air and V is the ground speed of the
vchicle, both in mph. For calm air ¥V, = ¥V and

0.0026 ¢, 4 Vi v )a
10

N, = e =T g, A (

375 Ny
From this equation, it is seen that the power re-
quirement is proportional te the third power of
the speed.

(88)

Inertia Resgistance: Every change of gpeed of a
moving body is opposed by an inertia forece which
is proportional to the product of the masg of the
hody and the time rate of speed change. For vehi-
cles considered herein, this force will be referred
to as the inertia resistance R; and will always be

2.4 i~ .

2.2 = -

1.0 1 1 | i 5
o 5 10 15 20 25

Total Reduction Retio, 4

Fig. 45—Mass factor v, representing the effect of
the rotating parts on the inertia mass of the ve-
hicle, is plotted here as a function of the total
reduction ratio ¢ between the drive axle and the
engme.
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directed against the vector of acceleration (or de-
celeration for decreasing speed). The peint of ac-
tion of this force is ideally located at the center of
gravity of the vehicle mass, Fig. 44.

Considering first only the translatory mass of the
vehicle, the inertia resistance R, is given by

av Wa
By =m (_—) = —
dt g

where m is the mass of the vehicle and a is the
translatory acceleration,

The state of translatory motion of a vehicle is
inseparably coupled to the rotational speed of the
wheels which, in turn, are positively conneected to
the rotating parts of the drive mechanism. Any
change of translatory speed must, therefore, be
accompanied by a simultaneous change in the ro-
tational speed of all such parts.

For calculation of the torque M necessary to
accomplish the change of the rotational speed, de,
use is made of the basic equation

(69)

(70)

where M is torque, I is moment of inertia about
the axis of rotation, and ¢ is angular acceleration
(see Nomenclature for dimensions).

With this equation applied to a vehicle with sev-
eral groups of parts, each rotating at a different
speed, the respective torgues can be related to the

" drive-axle by

=3 =

where M; is the inertia resistance torque of all ro-
tating parts reduced to the drive axle, and ¢ is
the veduction ratio between the drive axle and a
particular part.

From the speed and acceleration relationships

(71)

0 =gt {72)
and
a =g} (73)
Tahle 4—Air-Resistance Coefficients
¢y Co*
Vehicle Type {dimensioniess) (lb-secZ-ft*)
Pagsenger car 0.4-0.5 0.104-0.13
Convertible 0.6-0.65 0.155-017
Racing car 0.25-0.3 0.078-0.065H
Bus 0.6-0.7 0.155-0.182
Truck 0.8-1.0 0.208-0.260
Tractor-trailer 13 0.338
Motorcycle and rider 1.8° 0.470
Geometrical Bodies:
Sphere 047 0.122
Square plate 1.2 0.31
Streamlined body 01 0.026
(O, = 0.26 04
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Fig. 46—Vehicle power diagram. Power re-
uired to overcome rolling, air and grade re-
sistances is additively plotted against vehicle
speed. Engine power delivered to the drive axle
in first, second and high gears is also given.
Curve summing rolling and air-resistance forces
intersects high-gear power-available line at 100
mph, indicating maximum vehicle speed on
level ground. In second gear, a 20 per cent
grade can be negotiated at a speed of 55 mph.
Difference between power required and power
available is free or excess power for accelera-
tion.

Equation 71 can then be written ag

M= ay E_‘ ;2

where the subscript d refers to the driving axle.

(74)

Equivalent Mass: To simplify calculation of the
effects of rotating parts on total inertia resistance,
use can be made of the fact that cireumferential
speed at the rolling radius of the tire is equal to
the translatory speed of the vehicle (neglecting
slip). An eguivalent mass m, can be determined
which, hypothetically concentrated at the rolling
radius r, will have the same effect on the inertia
of tranglatory motion as the summation of inertia
torques of individual rotating parts. The equivalent
mass m, can be calculated from

Mi:m,rza,;:ad E Ifz

(75)
Solving for m,,
2
M, = ——— (76)

2

Mass m, can be added to the translatory mass m
of the vehicle, giving the effective inertia mass of
the vehicle, m’. It often proves convenient to ex-
press the effective mass m’ in terms of the vehicle
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ldE=(P~ZRz)ds

mass m, or

m=m 4+ m, = my (71}

where y is a dimensionless mass factor of the ro-
tating parts that defines how much the effective
mass exceeds the actual mass of the vehicle.

By use of the factor v, Equation 69 can be re-
written to give the total inertia resistance of the
vehicle, or

B; = yma (78)

Equation 78 can also bhe derived by an energy
method. From the theorem that the change in
kinetic energy of a body equals the work produced
by external forces

(79)

where E is the kinetic energy of the moving vehi-
cle, P is tractive force, and 3R, is the summation
of all resistance forces except R,.

From the equilibrium of forces, the following
relation applies:

E,=pP— Z R, (80)
Further, the kinetic energy of the vehicle is
2 Tw2
p="0 M - (81)
2
Differentiating this equation,
4B = mv(dv) + E Tw{dw) (82)
Combining Equations 79 th.rou'gh 82,
Ri(ds) = mw(dv) + 2 Tw(da) (83)
Separating R; and substituting ds/df — v —
Twg and Equation 72,
dv ZIgz
R; = ( — ( m + ) (84)
dt re

. Substituting further with the results of Equation

76, an equation identical to Equation 78 results,

For calculation of the value of v, the rotating
parts can be divided into two groups: (1) The
vehicle wheels (both front and rear), and (2)
Parts translating or rotating at engine speed, prine-
ipally the flywheel, clutch, crankshaft and pistons
(manual transmission parts, gears and shafts are
usually neglected in a simplified calculation). The
influence of parts rotating at engine speed gains in
importance in the lower gear ranges, since the
equivalent mass m, is proportional to the square
of the reduction ratio (Equation 76).

Numerical values of , (Equations 77 and 78)
have been calculated by several investigators. Re-
liable values are quite difficult to obtain becanse
the inertia moment of most engine parts has to
be measured experimentally, Average values of y
collected from the literature are given for canacity-
loaded vehicles in Table 5.

An excellent method of ealculation is presented
in Reference 36 and is explained by the following



development :
Rearranging Equation 77,

m 31 nppe
y:1+i;‘-:1+( vy 2 ) (85)

mr2 mre

where 37, is the inertia moment of the wheels and
I is the inertia of any part rotating at engine gpeed
with speed ratio ¢ with respect to the driving axle.

As a representative average from a number of
caleulations, v can be expressed as function of the
reduction ratio ¢, Fig. 45.

Y =1+ (0.04 + 0.0025 ¢?) (86)

From this expression, factor vy corresponding to
any given ratio can be calculated. The applicability
of this calculation method for all road vehicles
and for a relatively wide range of capacities is
substantiated by the fact that the size of drive
components, within the usual limits, is proportional
to the vehicle capacity. Results of the equation
-are fairly accurate and are useful for preliminary
performance calculations.

Transmission Resistance: Transmission resist-
ance ig not a resistance force in the same sense
as the other motion-resisting forces. Tt represents,
rather, the power consumed in the proecess of trans-
mitting engine power to the driving wheels and
is due mainly to the following elements:

1. Clutch, transmission, differential, universal
joints and bearings. Power consumption in
these components is function of both the qual-
ity of lubrication and the surface finish of the
gears and is proportional to power transmitted.

2. Oil churning in the gear hox. Power consump-
tion in this respect is proportional to engine
speed and is also a function of oil viscosity.

For wvehicles in motion, the measure of trans-
mission resistance is usually given as the efficiency
7 of the complete power train between the engine
and the drive axle and is measured experimentally
on a dynamometer. Preliminary design calcula-
tions are based on comparative data of existing
gimilar applications. The breakdown of the overall
efficiency factor into component subfactors de-
livers these average values: (1) Clutch efficiency,
0.99; (2) Gear shift transmission efficiency, in
direct gear 0.98, in lower gears 0.95; (3) Differen-
tial efficiency, 0.95; (4) Joints and hearing effi-
ciency, 0.98-0.98. ’

Efficiency of the whole power train is then the

%J, L. Koffman—''Vehicle Performance (The Mffect of Rotating
Masses on Acceleration)’’, Automobile Englneer, London, Dec. 1855,

Table 5—Average Volues of Mass Factor®

Gear
Vehicle Type High Second First Low
Passenger car (large) ., 1.09 1,14 1.30 i
Pasgsenger car (small) .. 1.11 1.20 1.59 2.40
Truek ................. 1.09 1.20 1.60 2.50

*Capacity-loaded vehleles,

RESISTANCE FORCES

product of the eificiency factors of all the compo-
nents, resulting in the following average overall
transmission efficiencies on present-day vehicles:
(1) In direct gear, 0.90; (2) In lower gears, 0.85;
(3) In transmissions with very high reduction,
0.75-0.80.

For calculations on vehicles coasting with the
engine disconnected, torque M, required on the
drive axle to overcome transmission resistance is
used. Its value can be found experimentally on
dynamometers or by trailing tests. In equation
form,

Ry = —.

(87)
where R, is the transmission resistance force.

Vehicle Performance: Calculation of the resist-
ance forces supplies data essential to vehicle per-
formance prediction. As a rule, performance is ob-
tained by one of the following graphical methods.

Power DiacramM: Power required to overcome
rolling, air and grade resistance forces (Part 5)

Grade -
{per cent)

Tractive Force, P (Ib)

[¢] 20 40 €0 a0 100
Speed (mph)

Fig. 47—Tractive-force diagram. Rolling, air
and grade resistances are plotted additively
against vehicle speed. Superimposed on the
family of force-required curves is tractive force
P available at the drive wheels in various gears.
Maximum speed is given by the intersection of
the (R, + R;) curve with the high-gear trac-
tive-force line. Speed at which a 20 per cent
grade can be negotiated is 55 mph in second
gear. Difference between the force-required and
force-available curves is free or excess force for
acceleration.
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is graphically plotted against vehicle speed on the
power diagram. On the same diagram engine power
delivered to the drive axle at different gear redue-
tiong is plotted, Fig. 46. From the intersections
of these power-required and power-available curves,
the expected vehicle performance at any speed and
grade can be determined directly or, conversely,
the power necessary to reach a certain perform-
ance level can he established.

TraCTIVE-FORCE DiaGRAM: In this method, roll-
ing, air and grade-resistance forces are additively
plotted in the given order againgt vehicle speed,
Fig. 47. The tractive force available at the drive
wheels in the different gear reductions is also su-
perimposed on the diagram. Intersections of the
two sets of curves give the graphical solution to
the equation

Mﬂ"?{
o

=P=R,+ B, + Ryg (88}

where M, is engine torque (lb-ft) as funection of
speed, 5 is power transmission total efficiency, and
¢ is the total reduction ratio between engine and
drive axle,

Corresponding curve intersections indicate the
tractive force (and therefore engine torque) re-
quired to balance the resistance forces at any
given speed and condition of operation, The trae-
tive-force diagram generally is preferahle to the
power diagram because, at very low speeds, the
power requirement and the engine power output
are very gsmall and determination of curve inter-
sections is difficult and inaccurate. Calculation of
performance by the tractive-force method, however,
giveg relatively large corresponding values, even

at zero speed and permits more exact graphical
analysis.

Both performance-prediction methods apply only
for constant-speed driving; performance calcula-
tion in accelerated motion is more complicated and
cannot be solved by a direct method. Detailed in-
vestigation of the complete subject of vehicle per-
formance prediction in constant and accelerated

motion is discussed in & subsequent article in this

series.

Summary of Resistance-Force Characteristics:
Comparing resistance forces, the following obser-
vations can be made: U

1. Rolling and air resistance are present under
all conditiong of motion.  Tractive force is used
principally to overcomeé thede two resistance
forces. Only if excess traction is available will
the vehicle accelerate or climb grades.

2. All the resistance forces' except air resistance
are proportional to vehicle weight. Neverthe-
less, a relationship between vehicle weight and
frontal area (or coefficient of air resistance) is
apparent, since high-capacity vehicles are usual-
ly designed for large loads and lower speeds
and therefore do not require an’ derodynamically
clean body shape. Sl

3. Rolling and air resistance are funétions of ve-
hicle - speed, while grade and inertia resistance
are independent of speed.. ;-

4. Comparison of air and rolling resistance forces,
Fig. 48, shows, as a function of speed, the per-
centile share of these resistances in the total
Generally, it can be observed that the effect of
the air resistance at a certain speed iz wmore
pronounced on a light passenger car, despite
its aerodynamically superior quality, than on a

Fig. 48—Comparison of rolling and air resistances for passenger car and heavy
truck. For the cart W = 3000 Ib, ¢, = 0.5, and A = 30 ft%; for the truck: W —
30,000 b, ¢, = 0.8, and A = 70 ft2. Coefficient of rolling resistance on both ve-
hicles is assumed as f = 0.01(1 + V/100). Assuming, arbitrarily, that air resistance
is of no practical importance until it reaches 30 per cent of rolling resistance, it is

found that this value is reached
at 20 mph for the passenger

car and 35 mph for the truck.
At a cruising speed of 70 mph,
air resistance accounts for 80

per cent of the tractive force
on the passenger car, but only
60 per cent on the truck. This

Heavy truch - fact justifies the emphasis

placed on the aerodynamic de-
sign of passenger cars.
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heavy truck. Considering the cruising speed on
modern highways as 70 mph, it is found that an
average passenger car will use 80 per cent of
its tractive force to overcome air resistance.
The necessity for aerocdynamic perfection, espe-
cially on small cars operated at high speeds, is
evident.

On the other hand, air resistance does not be-
come appreciable wuntil a certain speed is
reached.” Assuming that air resistance will be
considered only after it reaches at least 30 per
cent of rolling resistance (R, = 0.3 R,)}, it is
found that air resistance is negligible on pas-
senger cars for speeds below 20 mph and on
trucks below 35 mph. Rolling and air resist-
ances are equal at spceds of about 35 and 55
mph, respectively (Fig. 48),

. Similarity of the characteristics of grade and

inertia resistances enables mathematical com-
parisons to be made. The excess tractive force

will preduce either an acceleration o (ft per sec?)

or enable the vehicle to climb the grade G (per
cent), From Equations 61 (Part 5) and 78, the

RESISTANCE FORCES

following relation can be derived:

a = 9& (89)
100y
Correspondingly, if maximum aceceleration on
level ground is known, the acceleration @, while
the vehicle is ascending grade G can be calcu-
lated as ’

ga
A, = & (90)
100y

Therefore, the same excess tractive force
will produce either a 10 per cent grade-climb-
ing ability or an acceleration of 0.1 (g/y) ft
per sec?,

In the next part of this series, the effects of
weight distribution on vehicle static and dynamic
stability (against tipping) are reviewed. Experi-
mental and analytical methods for determining the
vehicle center of gravity are also presented.
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ORCES that-act on  moving vehicle, reviewed

in preceding articles of this series, are essen-

tial factors in performance and stability cal-
culations. Certain static vehicle characteristies,
fixed principally by the weight distribution of the
vehicle (loaded and unloaded), are also significant
to the vehicle designer. In this article, analytical
and experimental methods for finding vehicle cen-
ters of gravity in the longitudinal, transverse and
vertical directions are described.

b How %o Find the CG

The relationship hetween static axle reactions
and cg position is revealed by consideration of
Tig, 49. Axle reactions W, and W, are obtained by
writing the moment-equilibrium equations for the
ground-contact points:

w
W,:—L—— [L,cose-l-Hain(i-a) ] (91.1)

*Now Remearch azhd Development Englneer, Phillips Petroleum
Co., Bartlegville, Okia.

Fig. 49—Relationship between static axle reactions and
position of the center of gravity. The downhill axle car-

ries the greater load because of the raised cg
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W,=—L—|:L,cosa—Hsin(ia)-:_ -- (91.2)
Wcos e = Wy + W, G (91.3)

In these equations, it is assumed ‘that the longi-
tudinal and horizontal co-ordinates (L., L; and H)
of the center of gravity are known. The downhill
axle carries the greater load because of the raised
position of the e¢g. However, the sum of both axle
reactions equals the normal weight component.
Positive sign for angle 4 is arbltrarlly taken for
an uphill slope.

Longitudinal and Transverse CG Location: Posi-
tion of the center of gravity in the longitudinal di-
rection can be found by weighing the vehicle, Fig.
500, With one axle of the vehicle on a scale at a
time, the other supported on firm ground, fromt
and rear axle weights, W, and W,, can be obtained.
The longitudinal position of the cg is calculated
from the two relations :

Nomenclature =

H = Height of center of gravity, fi
H,; = Height of cg of load, ft
I = Mass moment of inertia around cg of body,
1b-ft-sec?
J = Mass moment of mertm. around oscillation
point, 1b-ft-sec?
L = Wheelbase, ft .
L; = Distance between front axle and cg of
vehicle, ft
L, =Load action arm, ft
L = Distance befween rear axle and cg of vehi-
cle, ft
Q@ = Load, 1b
r; = Front-tire radius, ft
7, = Rear-tire radius, ft
8 =2 Wheel tread, ft
g;, 8§z = Distances determining lateral cg position
in relation to vehicle tread, ft
7 = Ogseillation time, sec
W = Vehicle weight, 1b
W, = Front-axle-weight (statie), 1k
W, = Rear-axle weight (static), 1b
Wy, We = Static weight on the left and right-side
wheels.. 1h




Center of Gravily

* static axle reactions
side-tilting

» weighing with elevated axle
vehicle pendulum

Lw,
Lf =
w
Lw
L= (92)
w

Addition of co-ordinates I, and L, should give
wheelbase L, affording a check on the accuracy of
the measurements.

The transverse position of the center of gravity
can be assumed to lie on the axis of symmetry
of the vehicle only when vehicle weight is uni-
formly distributed on each side of the longitudinal
axis. For accurate results, or on vehicles with
asymmetrical weight distribution, the transverse
position of the centor of gravity can be determined
by a method similar to that described. In this case,
weights of the right and left-side wheels (W, and
W,) are found by weighing, Fig. 505, and the co-
ordinates of the transverse center of gravity loca-
tion are determined from

SWy
81 =
w
BW,
8, = (93)
T Tw

As a check, again 8, + 8, = 8.

Height of CG: Determination of the vertical posi-
tion of the center of gravity, distance H in Fig. b1,
is more difficult. Following are the principal meth-
ods: (1) Side tilting, (2) Weighing with one axle
elevated, and (3) The pendulum method.

SmE TiurING: The vehicle is tilted sideways (Fig.
51) and the angle of inclination g8 is measured
when the vehicle balances. By inspection of the
geometry of the filted vehiele,

8,
tan 8

H=r+ (94)

This method presupposes a round tire cross section
(point contact with the ground) and assumes an
exact knowledge of §;, the lateral position of the
center of gravity. Accuracy of this method is high-
ly questionable, since not all of these conditions
are fulfilled in the usual case. Also, the necessary
angular measurement may offer a problem. To
create the best possible experimental condifions,
high tire-inflation pressure should be used, and
springs should bhe locked in position to prevent
uneven deflection. Unavoidable tire distortion will,
in any case, give uncontrollable errors. If higher
than normal working tire pressure is used, correc-
tion for the effective tire radius should be made
in the final result. This method of fixing ¢g loca-

Fig. 50—Weighing front
and rear axles one at a
time, 4, gives the longi-

cg

tudinal position of the
cg. Where the cg is not
on the longitudinal axis
of symmetry, b, right-
side and left-side wheels
can be weighed to fix
the transverse position
of the cg.

rW
il »

wr

fa) b/
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Fig. 51~—By tilting the vehicle o one side unl
it balances, vertical height of the cg can be cal-
culated from a measurement of tilt g. This
method of locating the cg requires that front and
rear wheels have the same iread.

tion is limited to vehicles with front and rear tires
in line. Other wheel arrangements do not have
the tilt axis parallel to the axis of symmetry of the
vehicle, a condition which is necessary for use of
the method.

WEIGBING WITH ONE AXLE ELEVATED: This meth-
od requires measurement of the weight of one axle;
the other axle is raised to arbitrary height, n, Fig.
52. Actual height of the axle elevation is unim-
portant. The angle of tilt must be measured ac-
curately, usually by determining one or both longi-
tudinal distances L’ and n. Springs should be locked
in normal position, and the location of the center
of gravity in the longitudinal direction (distance
L.) must be known. In elevating the axle, care
ghould be taken that the hoist does not touch any
part of the vehicle except the axle, gince addi-
tional moments might be introduced that would
disturb the results.

This method can be used irrespective of the
wheel arrangement on the vehicle, for example,
on three-wheel vehicles and with unequal tire di-
ameters. Results can be obtained by the graphical
or analytical methods described in the following.

Graphical Method: In many applications, a gimple
graphical method gives H quickly and with suf-
ficient accuracy. Measuring the height of eleva-
tion n, and obtaining the corresponding weight of
the lower axle, W,/ (Fig. 52), distance L,” can be
caleulated from the expression

WL WY

w w
where N =n — 1.

L' = VvVIL? — N2 (95)
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This establishes a vertical line which crosses
the known longitudinal position of the center of
gravity and determines the cg position in the hotri-
zontal direction. Height H is next scaled from the
layout, giving sufficient accuracy for the usual
performance calculation.

Analytical Method: Evaluation of the vertical
position of the eg for the difficult case of unequal
front and rear tire diameters, Fig. 53, is illustrated
by the following development.

Let the difference in loaded effective tire radii
on rear and front axles be designated by Ar, where

Ar =r, — 1t (96)

and r, and 7, are radii of front and rear wheels.
By inspection (Fig. 53),

L'=I,cos8+ hsing
I/ =xcos 8 = (L — Artan g) cos g 97)

Dividing both equations by cos B and gubstituting
L, and L’ into Equation 95, it follows that

Wy L — W/ Artan g = Wi, + Whtan B (98)

For easier caleulation, I, can be eliminated by sub-
gtituting

WL, = W, L : (99)

from Equation 92. Height of the cg above the
rear axle center is then

LW W) Wi
T Wtang W

Angle g cannot be measured directly and will be

{100)

Fig. 52—Height of the cg can be determined by
weighing one axle with the other elevated to ar-
bitrary height » With longitudinal cg position L,
known, L, is calculated from Equation $5. This al-
lows two lines to be drawn that intersect at the vehi-
cle cg. Height H can be scaled from the layout.




calculated from 8 = « — y, where the component
angles are

N
tan g — ——
LI
Ar
tan y = (101)
Consequently,
tan ¢ — tan vy
tang =tan(a —y) = ————  °
L+ tanatany
LN — ArL!
R (102)
LL + ArN
Finally, for the cg height above the ground,
L(LL + ArN
H=r,-l~h=r,+-—————( )
(LN — ArL’)
w/ - w ArW,
A A2 (103)
w w

To limit length measurements in the elevated posi-
tion to » only, L’ can be eliminated by use of the
relation

L= vLt — N2 4+ (Ar)?

= VL2 — (n— )%+ (Ar)2 (104)

Only the following measurements are then neces-
sary: W, — Weight of the front axle with vehicle
on level ground, W/ = Weight of the front axle

L
hsing A Q‘L,cosﬂ-
o
g V,{s ° heiy
I3 &
hwg Nl
M :
L ]
/7
@
o MR
H LA {
! vy
x
1
”;f/
- L

Fig. 53—When front and rear wheels have different
diameters, height of the cg czn be determined from
Equations 100 and 103. Measurements required are:
(1) Weight of front axle with the vehicle level, :
(2) Weight of front axle with rear axle elevaletj,
W,'s and (3) Height of rear axle, m.

HOW TO FIND THE CG

with rear axle elevated, and n = Height of eleva-
tion of the rear-axle center.

For vehicles with equal tire radil on front and
rear axles, Equation 103 is simplified, since Ar =
0 and y = 0, giving
ey W WL VIET N

WN

Calculation of the height of the center of gravity
by this method requires no special equipment, and
accuracy is superior to the side-tilting method.
It is recommended, however, that several calcula-
tions be made at different heights of rear-axle
elevation and with front and rear axles alternately
raised.

PenpULUM METHOD: This method of finding
vertical cg position ig based on the physical law
that determines the oscillation period of a com-
pound pendulum as a function of the center of
gravity position of the swinging mass, The meas-
uring arrangement consists of two pendulum struec-
tures of lengths hy and Fk,, carefully suspended
on knife edges, Fig. 54. Location of the pendulum
centers of gravity (unloaded) and their oscillation
times are known. The vehicle is placed, successively,
on both long and the ghort pendulums, and the
oscillation times of the -combined systems are
measured. Height of the center of gravity is then
calculated from oscillation times.

Described in detail in Reference 40, derivation
of the expression for H, the vertical position of

(105)

v=vehicle ¢g {alone)
s=swing ¢¢ {clone)

$v=vehicle- swing cg{combination)

-
"Lr@\_sﬁ\ﬂ
.4

Fig. 54—Determination of center-of-gravity height

by the pendulum method. Two “swing” struc
tures (heights &; and A,) are used, and the oscil-
lation time of each is measured with the vehicle
on the platform. With all other pendulum data
known, cg height can be calculated.

-
1
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Fig. 55—Position of cg
of loaded vehicle (cg of

the vehicle cg, is not given here. Form of the
equation, where cap and lower-case subscripts re-
fer to the long and short swings, is

1
Wo(Tgp? — T4y?) — B2 my (hg — Ry)

[Wl Ll(Tﬂz - Twz) - WS LS(T82 - TSuz) +
Wy (T2 hy — Tou? By) — 42 m, (hg? — I?) ] (1086)

Containing, for the most part, known swing and
vehicle constants, Equation 106 requires only the
meagurement of T, and T, which are the oscilla-
tion times of the short and long pendulums, re-
spectively, with the vehicle in place.

For extreme accuracy in measurement, the buoy-
ancy of the vehicle in the air and the increase of
mass due to the entrapped air volume should be
taken into consideration. Buoyancy of the swing
structure is considered negligible.

From this brief description, it is seen that the
pendulum method requires quite elaborate equip-
ment and therefore finds use only in well equipped
laboratories. Accuracy elaimed is within +1 per
¢ent, which ig the highest of all methods.

Center of Gravity of a Loaded Vehicle: For prac-
tical reagons, the center of gravity of a vehicle
is often determined in the empty condition. Per-
{formance calculations, however, usually require the
cg position to be known in the loaded state. For
yehicles, which operate under changing loads, both
conditions are of importance: the minimum traction
and braking performance will be realized with ve-

{oad and cg of empty
vehicle krown) can be
calculated from Equation
5 106.

3

et Gt

q———sq—h‘

hicle empty, while other performance and stability
calculations will use the loaded-vehicle data.

Center of gravity of the load can usually be cal-
culated without difficulty. Designating the posi-
tion of the center of gravity of any load @, as
positioned on the vehicle with co-ordinates L, H,
and 8,, Fig. 55, the location of the loaded-vehicle
cg can be calculated from o

WLy + ZQL,
LF = e T %
W+ 2@
e . WH + 30H,
W+ 2Q
W8, + 298
g% = ;Qq_ (107)
W+ 26

Starred values designate the c¢g co-ordinates of
the loaded vehicle.

Knowledge of vehicle eg position leads to an
evaluation of static and dynamic stability against
tipping. Discussed in the next article of this series,
the problem is particularly important on a vehicle
that is designed to carry a load outside of its
wheelbase. Fork lift trucks, front-end loaders,
scoops and cranes are typical examples.
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Longifudinal Stability

By JAROSLAY J. TABOREK*

Development Engineer
Towmotor Corp.
Cleveland

TABILITY against tipping—in either lateral
or longitudinal directions—is an essential
characteristic of any well-behaved vehicle.

The problem of predicting tipping stability assumes
special importance where the vehicle center of
gravity is high, or where the vehicle is designed
to carry a load outside of its wheelbase. Represent-
ative of the latter case are fork lift trucks, load-
ers, scoops and cranes.

Dynamic and Static Moments

Part 4 of this series (July 11, 19567) dealt with
vehicle gide tipping on a curve resulting from the
action of centrifugal forces. In the following sec-
tion, stahility of a vehicle in straight-line motion
is examined and related to the position of its cen-
ter of gravity. As a special case, stability of a
load-carrying vehicle while stationary is also in-
vestigated.

Dynamic Stability in the Drive Direction: In the
general case, moments affecting the dynamic longi-
tudinal stability of a vehicle are:

1. Static moments of the load and of the empty
vehicle on level ground.

2. Static moments due to ground inclination.

3. Moments due to acceleration of the vehicle in
the drive direction.

4, Moments due to forces of acceleration on the
lifted or lowered load.

One of the worst possible combinations of forces
is represented in Fig. 56 where a fork-lift truck
is shown being decelerated on a down-hill slope
and the load is being decelerated while moving
downward. Equilibrium of moments around the

*Now Research and Development Engineer, Phillipg Petroleum
Ca., Bartlegville, Okla.

dynamic moments e
static moments o
axle reactions e
moments of inertia o

front-axle ground-contact point gives the equation:
Qal,

LyWeosé =L,Qcose + H,Qsing +

Wa H Qa, L,
_f_
g g

This equation applies, of course, for the state of
balance. In practice, stabilizing moments must be

HW sin ¢ + (108)

Nomenclature

a = Acceleration, ft per sec?
@, = Load acceleration, ft per sec?
D = Drawbar pull, ib
[ = Coefficient of rolling resistance
H = Height of cg from ground, in.
H, = Height of action point of the air-resistance
forece, in.
Hy = Height of the hitch point, in.
I = Polar moment of inertia, ft-lb-sec?
I = Wheelbase, in.
Ly, L, = Distances of cg from front and rear axles,
i,
M4 = Torque on drive axle, 1b-ft
"M, = Engine torque, 1b-ft
P = Tractive force, 1b
Py, P, = Tractive forcez of front and rear-wheel
drives, lb
Ry = Air resistance, 1b
R, = Grade resistance, 1b
R; = Inertia resistance, 1b
Ry, = Inertia resistance of translatory mass, 1b
R, = Rolling resistance, Ib
Was, Wa, = Dynamic weights on front and rear axles,
b
AW, = Dynamic weight transfer in driving, 1b
a = Angular acceleration, rad per sec?
¢ = Reduction ratio
y = Transmission efficiency
# = Road adhesion coefficient
¢ = Horizontal slope, deg
o = Stability factor
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made larger by a stability or safety factor g, de-
fined as the ratio of the stabilizing to the aver-
turning moment.

Stability can be expressed either as a ratio or
as a percentage margin, the two being connecled

by the relation
Stability Margin, per cent = (¢ — 1) X 100 (109)

Rearranging Kquation 108 so that every sta-
bility influencing factor forms its own group,

i
"TA¥BF 0D (o)
where
A = Static Level Moments
QL
WLy

B = Moments due to Slope

tan ¢ (WH + QH,)
WL,

¢ = Moments due to Vehicle Acceleration

_ a(WH + @H,)
- gLy Wcos ¢

I = Moments due to Load Acceleration

a, Q@ L,
gLy W cos ¢

Terms containing grade or acceleration can have
either a tipping or a stabilizing effect, depending
on the direction of the slope and the direction of
the acceleration. Convention for assigning signs
is as follows: -4, downhill; +e, braking; +a,
deceleration. ' '

Static Stability: Equation 110 is difficult to work

Acceleration

Speed \‘\
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with and requires ¢hat values of §, & and @, bhe
assumed. In practice, stability is often determined
for static level-ground conditions only. In such
cases, it is sufficient to know cg locations of the

vehicle and of the load. Values of the static
stability factor are then selected on an experience
basis. Adjustments, of course, are made for each
specific application so as to provide sufficient
gafety margin for anticipated dynamic conditions
and horizontal slope. . :

In Fig, 57, a lift truck is shown in level-ground
position. The stability factor is

Lyw )

Ly Q R
which is identical to Equation 110 if ‘interpreted
for stationary conditions and level ground.

It is apparent that stability is determined not
only by the weight of the load alone but, in.addi-
tion, by its moment around the tipping point.
For a given stability factor, the product of load
@ and action arm L, is constant. Graphically
such a relation is represented by a hyperbolic
curve, Fig. 57. While values of both variables are
theoretically unlimited where the stability effect
is eoncerned, the load magnitude is restricted by
the strength of vehicle structural parts, and prac-
tical considerations will limit the length of the
action arm,

g —

(111}

Stability Calculations: The techniques employed
in stability calculations are best demonstrated by
an example:

Assume that a lift truck has empty weight
W = 12,200 1b and ¢g location-at L; = 46 in. and
H — 30 in. The nominal load capacity is 11,000 1b
at L, = 40 in. The relation between the load and
its corresponding permissible distances from the
support point is to be determined for a stability
margin range of zero (lipping limit), 25 per cent,
and 50 per cent.

cqg {vehicle empty)

Fig.. 56—The fork lifq
truck is representative of
vehicles designed to car-
ry loads outside of their
wheelbases. The skerch
illustrates the stabiliry-
affecting factors for the
general case: downhill
slope, deceleration of the
vehicle in transiatory mo-
tion and deceleration of
the load while being
lowered.

Speed

Acceleration
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STATIC' STAEBILITY oN LEVEL Grounp: The re-
arranged - stability equation is
Ly w (46) (12,200)

LqQ:—__:
o o

(112)

From the desired stability margins, the corre-
sponding stability factors, ¢, are 1.00, 1.25 and
1.50, respectively. With an assumed series of @

" values, the corresponding distances L, can be calcu-

lated. Results are plotted as a family of curves
in Fig, 57.

For the nominal capacity of the truck, the sta-
bility factor is

(48) (12,200)
"~ 7(40) (11,0007

If the absolute load limit @ is 14,000 b, the truck
can carry 6,300 1b at L, = 70 in. (tips of the
forks) and maintain a nominal stability margin
of 27 per cent.

STABILITY ON UNBANKED SLOPES AND UNDER

= 1.27 or 27% margin (113)

. Dynamic Conprrions: For the same nominal ca-

pacity data, a stability check will be made for
static and dynamic grade conditions. The cg
height of the load is assumed variable between
40 in. (load lowered) and 100 in. (load elevated).
For the stationary condition, the grade ig first
caleulated for which the truck would tip oaver
(¢ = 1). Rearranged, Equation 110 is written as

LW—I,9
tan o, = ——— — 1 7
S H,Q -+ 'HW

{46) (12,200) — (40) (11,000)

= (114)
H,(11,000) + (30) (12,200)

For the assumed conditions, results are as fol-
lows:

1. Load lowered (H, = 40 in.), tan ¢,,, = 0.15
and 6., == 85 deg, or a 15 per cent grade.

2. Load elevated (H, = 100 in.), tan 4,,, —
0.082 and 4,,, = 4.79 deg, or an 8.2 per cent
grade.

Maximum translatory deceleration of the vehicle
at the point of tipping (¢ = 1) on level ground
is next established. From Equation 110,

gy W— 1L, Q)
H,Q + HW

Qraz

_ 91(46) (12,200} — (40) (11,000} ] (115)
© H,(11,000) ¥ (30) (12,200) _

Substituting again for H,, results are as follows:
1. Load lowered (Hy = 40 in.), a,,, = 015 g =
4.8 ft-sec—2,
2. Load elevated (#, = 100 in.), @,,,, = 0.082 ¢
= 2. 6 ft-gec—2,
Maximum safe deeeleration (g — 1) of the load
when it is lowered is

gLy W — L, Q)
L,Q
gl (46) (12,200} — (40) (11,000) ]
(40) (11,000) o

= 0.27T g = 8.7 ft sec-?

LONGITUDINAL STABILITY

Any combination of values for grade and accelera-
tion can, of course, be assumed and the actual
stability ealeulated from FEguation 110.

Finding Moments of Inertia

There are several occasions in the study of ve-

hiele dynamics where calculation of moments of in-
ertia is required:

1. In the determination of the kinetie energy of
rotating parts, such as wheels and tires, gears,
flywheels, clutches, crankshafts and connecting
rods.

2. In the design of suspension systems.

3. In the calculation of directional stability and
curve behavior, In such cases, the inertia mo-
meni of the whole vehicle with respect to all
three axes is required.

Mass moment of inertia, designated I, ig de-
fined by

2
Iimy = mk2 = ft-1b-sec? (117)

where % is the radius of gyration. The mass mo-

Nominal capacity

20,000
Lood 16,000 —
imity z
Stability Margin S
{per cent} o ] 1&poo z
a
5 2
/ A 8000
// —
= 1 4000
) 1 1 1 o

100 BO { 60 40 20
in.
L . (in.}

Load
o

l‘_‘ Le
Fig. 57—Capacity-rating technique for a vehicle
with load catried outside of the wheelbase. The
stability factor ¢ is defined as the rado of stabiliz-
ing to overturning moments. The relation between

the load @ and i0ad moment awa L, plots as a fam-
ily of hyperbolas with ¢ as a paramerer.
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ment is used commonly in Great Britain and on
the continent. In U.S. automotive practice, the
weight moment of inertia I, which is. the pred-
uct of the weight and the square of the radius of
gyration, is widely used. By definition,

L) = W2 Ib-ftz (118)

Mass and weight moments of inertia are related
by the simple relationship

Ty = Iomyg (119)

The moment of inertia of symmetrical parts,
for example, wheels and gears, ean be calculated
by conventional mathematical methods supplement-
ed by sensible approximations. For irregular parts,
one of the following experimental methods can be
used:

1. Pendulum method, introduced in Part 7 as a
means for determining the height of the vehicle
center of gravity, can also be used te find the
inertia moment around the transverse axis.

9 Torsional oscillation method, used to deter-
mine inertia moments around a vertical axis, re-
quires that the body be rigidly fastened at its
center of gravity to a torsion wire. For a known
twisting moment D (Ib-ft per rad) producing unit
deflection, the inertia moment can be caleulated
from the measured oscillation time T'. The relation-
ship is

i 2
=D |: T ] 1b-ft-sec?

1
Py (120)

The value of D for the torsion pendulum can be
found by applying Equation 120 to a body of known

Fig. 58—Vehicle in accelerated motion uphill.
All possible forces are represented.
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inertia moment.

3. A third method also uses the weight of the
body as an initiating force for torsional oscilla-
tions. Suspended freely on two flexible wires of
length L, spaced distance A apart, the body of
weight W is given a torsional motion of small
angular displacement. Time of one complete oscilla-
tion T is then measured. The inertia moment around
the vertical axis is ...

IiW[AT
I A

Direct suspension of the body itself is a useful
technique for small parts. However, if the inertia
moment of the entire vehicle is to be measured, a
platform is usually constricted. The inertia mo-
ment of the platform is deducted from the cal-
culated inertia moment of the car-platform com-
bination. [

(121)

] Ib-ft-sece . -

Dynamic Axle Reu_c'l";i_b'i:\é:_

Tractive force between vehicle driving wheels
and the ground jis a function of the road-adhesion
coefficient y and the effective weight on the driv-
ing wheels. When axle reactions are found by
weighing or are calculated from the cg position,
results apply only for the stationary vehicle. The
moving vehicle, on the other hand, is subject to
the action of motion-resisting forces which cause
a weight shift toward one of the axles. The re-
sulting effective axle reaction ig herein designated
the dynamic axle weight, and is the factor which
ultimately determines the maximum transferable

D = Drawbar pull
£ B = Tractive forces on front and rear axles
Ry = Air resistance
Ry = Inertia resistonce of transiatory mass
Wy Wy = Dynamic axle reactions

Inertla moment of rotating ports



tractive force.

All other vehicle performance factors, such as
acceleration, gradability, speed and drawbar pull,
depend directly on the available tractive force.
In following sections of this article, dynamic axle
reactions are examined and are related in the next
article. to the performance limits of front, rear
and four-wheel drive vehicles.

Dynamic Axle Weights: A vehicle in accelerated
motion up-hill with all possible forces represented
is shown in Fig. 58. Dynamic axle reactions are
best determined by forming moment equations
around the tire-ground contact points. This pro-
cedure eliminates all forces acting in the ground
plane. Resulting relationships are

i
WJIZT[L,WCOSG“HWSiH(iﬂ) -

H, B, — Hma — H, D :| (122.1)
1
War :T [ L; Weos e + HW sin (*+8) —
H, B, — Hma — H; D ] (122.2)
Weos 6 = Wy, + Wy (122.3)

where W, is the dynamie weight on the front axle
and W,. is the dynamic weight on the rear axle.

Rolling resistance, tractive force and the inertia-
resistance torque of rotating parts do not appear
in these equations since they form no moment
with respect to the tire-ground contact point. By
inspection of the equations and from common ex-
perience, it is apparent that the weight transfer
for the vehicle in Fig. 58 is toward the rear axle.

Results identical to those of Fquations 1221 to
122.3 are obtained when moments are taken around
the axle centers. Ground-plane forces, that is, roll-
ing resistance, tractive force and inertia torques
of rotating parts, would enter such calculations.
Additional moments would therefore be created
with the rolling radius of the tire as a lever arm.
These additional terms would be canceled out in the
final ferm of the moment equation, :

From an analysis of the influences of different
forces affeeting dynamic axle weight, it is seen
that:

1. Weight of the vehicle appears in the normal-
to-ground (cosine} component of the grade angle
#. The influence of the cosine factor, however, is
usually negligible. For example, for a gradability
limit of 30 per cent or 17 deg, the corresponding
cosine has a value of 0.96; for the usual maximum
road grades of 12 per cent, the cosine equals
0.993. Therefore, in subsequent calculations, the
approximation W cos # =~ W has been adopted.
Where the cos # factor still appears, it is only
to show relationships in theoretically correct form.

2. The effect of grade resistance E, is to give
a weight increase on the down-hill axle propor-
tional to the sine of the grade angle and to the

LONGITUDIMAL STABILITY

height of the vehicle cg. The grade angle § is con-
sidered positive if grade resistance is motion oppos-
ing (uphill travel). Conversely, grade resistance be-
comes a motion-promoting force as the grade angle
changes sign from positive to negative, since

sin (—¢) = — sin ¢ (123)

3. Air resistance tends normally to increase the
rear-axle reaction by a weight proportional to H,
the height of the air resistance action point., De-
termination of exact relationships, however, is dif-
ficult at high vehicle speeds where air lift forces
of unpredictable characteristics appear. Such forces
diminish axle weight, particularly on the front
axle. To counteraet this effect, high-speed vehicle
bodies are designed to create a vertical component
of the air-resistance force which will balance the
lift force and provide further additions to axle
weight.

4. Inertia resistance that affects dynamic axle
weights is that portion of the total force resulting
from acceleration of the translatory vehicle mass.
Acting at the mass center of the vehicle, effect of
this force is proportional to the height of the cg.
The inertia torque of rotating parts, M,, which
can be imagined as a resistance force acting at
the ground contact point, is similé.r to all ground-
plane forces in that there is no influence on dy-
namic axle weights,

5. Drawbar pull D, acting at the hinge point,
also increases rear-axle weight by an amount pro-
portional to H,, the height of the drawbar action
point.

For a stationary wvehicle, motion-dependent re-
sistance forces disappear, and dynamic axle weights
equal static weights,

Simplified Method: While Equations 1221
through 122.3 are mathematically exact, they are
unhandy to work with, This is because air resist-
ance i8 a function of speed and inertia resistance
is a function of acceleration. Furthermore, the state
of motion must he known, and the calculation is
limited to instantaneous values, A simplification
can be introduced by the approximation

H=H,=H, (1241

This implies that all resistance forees are assumed
to act at a height equal to that of the center of
gravity of the vehicle. Such a condition is very
nearly true for the air-resistance force, but for
drawbar pull, the approximation should be em-
ployed with discretion.

With this simplification, Equations 122.1 through
122.3 can be rewritten as

1
Wdf:—L—[L,rW—H(Rg'!'Ru‘}‘Rig'f‘D) ]
..... (125.1)

| S—

1
W“’:T [ LfW + H(R, + R, + Ry + D)
...... (125.2)
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From the equilibrium of forces parallel to the
ground, the following equation results:

P—(Ry+ R,) =R, + B+ R+ D (126)

The right side of this equation is identical with
the terms in parenthesis in Equations 125.1 and
125.2. Further, total rolling resistance of the vehi-
cle is umnaffected by dynamic weight trangfer and
eguals the sum of the front and rear-axle compo-
nents, or

Ry+R.=R,=fWcoso = [W (127)

When Equations 125, 126 and 127 are combined,
an equation results where the dynamic axle weights
are a function of the tractive force P, or

LW  H(P— fW)
Wy = - (128.1)
L L
LW H(P— W)
Wi = (128.2)
L L

From these equations, dynamic axle weight can
be readily calculated for any wvehicle operating

condition if the tractive force is known. It is of
interest to note that the first term on the right
side of each equation is the static level axle weight,
while the second term represents the actual change
in the axle weights, or the so-called dynamic weight
transfer AW,. It is also of importance to note that
the eguations are independent of the state of mo-
tion (speed or acceleration), the only variable
being tractive force P. Further, the form of mo-
tion-resisting forces is unimportant, and the equa-
tions are applicable whether the vehicle is equipped
with front, rear, or four-wheel drive.

Using the dynamic weight transfer term AW,
the axle weight equationg can be written

Wy = Wy — AW, (129.1)

Wer = W, + AW, (129.2)
where W, and W, are static level axle weights.
For determination of AW, the value of tractive
force P is required. It can be calculated from Mg,
the torque on the driving axle which, in turnm, is
a function of engine torque M, total reduction ra-
tio ¢ and transmission efficiency 5. The expression
is

A vehicle has gross weight of 3000 1b and is
driven by an engine delivering a maximum
torque of 200 lb-ft. The differential ratio is
3.9 and low-gear ratio 2.8. Transmission ef-
ficiency is assumed as 90 per cent in direct drive
and 85 per cent in low gear. The weight is
distributed to the axles as follows. L; = (0.55)
(L), L, = (045(L) and cg height H is (0.35)
(L). Rolling radius r of the tire is 1.1 ft, and
coefficient of rolling resistance f is 0.02,

The dynamic axle weights for max. engine
torque output are te be determined for direct
drive and for low gear,

Static axle weights are given by the cg loca-
tion; or

_ (045)LWwW

Wf:L,W I3

= {0.45) (3000) = 1350 1b

W, =W — W, = 3000 — 1350 = 1650 1b
The effective torque on the drive axle, M, is
found from Egquation 130. Results are:
1. In direct drive,
My = (200} (3.9) (0.9) "= 700 Ib-ft
2. In low gear,

My = (200)(3.9) (2.8) (0.85) = 1860 Ib-ft

The dynamic weight transfer is then calculated
from Equation 131. Results are:

Example 2—Dynamic Axle Weight

1. In direct drive,

_ (0.35)L [ 700
=

— (0.02) {3000) ]
L 11

= 2001b

2. In low gear,

_ (0.35)L [ 1860

a= — (0.02) (3000) ]
L 1.1

= 5§70 1b

which is a 42 per cent weight decrease on the
front axle, or a 34.5 per cent weight increase
on the rear axle over the static load.
Dynamic axle weights are then:
1. In direct drive,

Wy = 1160 Ib

Wy, = 1850 1b
2. In low gear,

W,ﬂ = 780 1b

Wy = 2220 1b

It is apparent that weight transfer is consid-
erable, especially in high-reduction drive. Re-
sults are the same whether the tractive force
produces motion acceleration or drawbar pull.




p= = (130)
a T
The dypamic weight transfer term is then
A, = 2 ( Ma W)
d 7 - f {131)

It is seen that the weight transfer term is merely
a function of wheelbase L and cg height H; it is

LONGITUDINAL STABILITY

independent of cg position and almost independ-
ent of weight (fW term is small), Example 2 illus-
trates the calculation technique.

The next part of this series examines the per-
formance limits of a wvehicle, that is, traction,
speed, gradability, acceleration and drawbar limits,
and relates these factors to the fundamental pro-
pulsive force.
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AXIMUM transferable tractive force—as de-
termined by the nature of the wheel-ground
connection—sets a fundamental limit to ve-
hicle performance. It follows, therefore, that the
type of drive employed in the vehicle—front, rear,
or four-wheel—influences its ultimate capacity for
speed, acceleration, gradability, and drawbar puil.

In this article, the performance-limit concept is
reviewed, and the relative advantages of the three
common drive systems are compared.

Equation of Motion: Performance of a vehicle
can be predicted from its equation of motion. When
interpreted for a moving vehicle, the energy theo-
rem gives the differential expression

df = (P — X R) ds (132)

where P is tractive force and TR = R, + R, -+
R, + D. When both rotating and translating ve-
hicle masses are considered,

muo? Z: Tw?
E = + (133)
2 2

As detailed in Part 6 (Aug. 8, 1957), this expres-
gsion is differentiated and the following substitu-
tions are made:

W= wg{
v
wd:._.
T
212
my = m + ———
2

*Now Research and Development Engineer, Phillips Petroleum
Co., Bartlegville, Okla.
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In these equations, oy is the angular speed of the
driving wheels, ¢ is the reduction ratio between
each rotating part and the driving axle and y is
the factor giving the equivalent inertial effect of
rotating parts (Part 6). After these operations
are performed, the resulting: expresmon for dE is

B = mvdv + EImdm_ '

( g I;’z )
= vdv m e
. TR/

vmyd’u (135)

Since v = ds/di, and @ 'ﬂ_ d,v/dt combmmg Equa—
tiong 132 and 135 gwes :

amy = P — (R, + R, -%-Ry_+D) (136)

which is the general equatlon of vehicle motion.

b Performance I.nmts

Calculation of vehicle performance limits is
based on the fundamental re_I:_a.ti(')n

Prax = Wdﬂ' (137)

This equation shows that the maximum tractive
force that can be transmitted by the driving wheels
is a function of both the effective dynamic axle
weight W, and the coefficient of road adhesion g,
as determined by existing road conditions (Part 1).

The type of drive—front, rear, or four-wheel—
exerts a decisive influence on the magnitude of the
transferable tractive force. Dynamic weight shift,
for example, generally decreases front-axle weight,




Limifs of Vehicle

erformance

s tractive force
s speed
gradability
acceleration

drawbar pull

making the front-wheel drive system generally less
effective than the rear-wheel system, The four-
wheel drive, on the other hand, theoretically util-
izes full vehicle weight,

In following calculations, it ig assumed that the
vehicle operates on a road without side eleva-
tion (no bank) and that the coefficients of road
adhegion , and rolling resistance f are idenmtical
for all vehicle wheels. With these assumed con-
ditions, limits of performance can be calculated for
all three drive types.

Tractive-Force Limits: The basic tractive-force
relationship (Equation 137) can be employed to
give vehicle tractive-force limits as outlined in the
following section.

FrONT-WHEEL DRIVE: Degignating maximum
force and dynamic axle weight on the front wheels
by Prye, and Wy, respectively,

Pj mazxr — Wdf » (138)

Substituting this expression into Equation 128.1
(Part 8),

Lw " (Warp — fW 139
7 7 ar & — fW) (139)

Wdf =

After rearrangement, dynamic axle weight becomes

W, = L ) (140)
o L+upH

Maximum transferable tractive force is then

L, + fH
Pf maz = p W [- ] (141)

- L+pH

By JAROSLAY J. TABOREK*

Development Engineer
Towmotor Corp.
Cleveland

To simplify its handling in subsequent calcula-
tions, the bracketed term in REquation 141 can be
designated by the symbol w, which is interpreted
as the weight-distribution factor W,/W. This is
the ratio of effective weight on the driving axle
to total vehicle weight. For the front-wheel drive
vehicle, Equation 140 shows that the weight-dis-
tribution factor has the form

w L, +1H
L B (142)
w LY uH

Equations 140 and 141 can then be written

Wd_f — W’Wr (14.3)
and

REAR-WHEEL DrIveE: The basic equation for
tractive force on the rear-wheel drive vehicle is

Proar = 6 War (1435)

Substituting this expression into Equation 128.2
and rearranging terms,

Wi{L; — fH
Wo = Ly~ IH) (146)
L — pH
In this case, the weight-distribution factor w, is
identified as
Ly— tH
L — pH

The maximum transferable traction force is thenm

(147)

r
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Example 3—Performance Limit Calculation

A vehicle has a gross weight of 3000 1b with
the following weight distribution: Ly = (0.55)
(L), L, = (0.45) (L). Height of the center of
the center of gravity H is (0.35) (L) ; coefficient
of rolling resistance f is 0.02. Derformance lim-
its, that is, maximum traction, maximum speed
as limited by available friction, maximum grad-
ability and maximum acceleration, are calculated
in this example,

Maxitmum Traction Force: With an assumed
value of 0.8 for the road-adhesion coefficient s
maximum transferable traction forces for the
three vehicle drive types are calculated in follow-
ing sections.

FRONT-WHEEL DRIVE: Eguation 142 gives the
weight-distribution factor s, as

(0.45) (L) -+ (0.02) (0.35} (1)
Wy =2 ———— —— = 0.857
L + (0.8) (0.35) (L)

From Equation 141, the maximum transferable
tractive force is then

Pt maz = (0.08) (3000 {0.357} = 860 lb

REAR-WIEEL DRIVE: Hquation 147 gives the
weight-distribution factor as

(0.55) (L) — (0.02) (0.35) (L)
w, = — = 0.755
L — (0.8) (0.35) (L.}
From Equation 148, the maximum tractive force
is

P snar = (0.8) (3000) {0.755) = 1830 1b
FoUR-WHEEL DRIVE: Fquation 149, which as-
sumes that full vehicle weight is utilized in pro-
ducing traction, gives the result

Py ez = (0.8) (3000) = 2400 b
This equation is used with the understanding
that tractive forces (and engine torque) are dis-
tributed to front and rear wheels according to
the requirements of Egquation 153, or

Py (048 (L) — (0.35) (L} (0.8 — 0.0zy 17

Py, (0.55}(L) + (0.35) (L) (0.8 — 0.02) 83

Meaning of this result is that the front axle pro-
duces 17 per cent and the rear axle 83 per cent
of the total tractive effort. For comparison, the
distribution is recalculated for a slippery road
where g = 0.2;

Py (045)—(0.35) (0.2 — 0.02) 38
Py, (0.55) + (0.35) (0.2 — 0.02) 62

These results show that the front axle utilizes 38
per cent and the rear axle 62 per cent of effective
engine torque when the road surface becomes
slippery. It is apparent that changes in opti-
mum torgue distribution for a four-wheel ve-
hicle are appreciable when road surface condi-
tions change from dry to wet.

Speed Limits: With an assumed coefficient of
air resistance ¢, = 0.5 and projected frontal area,
A = 25 sq ft, maximum vehicle speed as limited
by available friction is ealculated by use of Equa-
tion 158 in the following sections,

FRONT-WHEEL DRIVE:
V 3000f (0.357) (0.8) — 0.02)
(0.5} (25)

Vnm.r = 20

= 159 mph

REAR-WHEERL DRIVE:
3000] (0.756) (0.8) — 0.02]
(0.5) (25)

Vnm.r = 20
= 240 mph
FOUR-WHEEL DRIVE:

' —(0.02
v s ‘/ 3000[ (0.8) — (B02)3 mph
’ (0.5} (25)

Gradability Limits: Maximum gradahility for
dry concrete (¢ = 0.8) and for a slippery surface
{p = 0.2) is calculated from Equation 162.

FRONT-WHEEL DRIVE: Value of the weight-dis-
tribution factor, found in a preceding part of the
example, is w = 0.357.

For the dry surface (u = 0.8),

Ghnae = 100[ (0.0357) {0.8) — 0.02] = 27 per cent
For slippery surface (g = 0.2),
Ghiae = 100[ (0.357) (0.29 — 0.02] = 5 per cent

REAR-WIEEL DRIVE:
(Dry surface)
Giae = 100 (0.7556) (0.8} — 0.02] = 58 per cent.

(Slippery surface)
Guar = 100 (0.755) (0.2) — 0.02] = 13 per cent
FOUR-WHEEL DRIVE;
(Dry surface)
Ginge = 100[ (0.8) — (0.02) ] = 78 per cent

(Slippery surface)
Ginar = 100[(0.2) — (0.02) ] = 18 per cent

It is interesting to note that under slippery
surface conditions the front-wheel drive vehicle
is not able to negotiate grades above 5 per cent,
a value well within the range of grades en-
countered on normal highways.

Acceleration Limits: For vehicle operation on
a level read in direct drive, acceleration limits are
calculated from Equation 165. Assume y is 1.1.

FRONT-WIEEL DRIVE:
g
Cinar — 1_—1 [(0-357) (0-8) — (0.02)]
= 0.26g = 8.3 ft per sec?
REAR-WHEEL DRIVE!:
g
Upge — ——— [(0.765) (0.8) — (0.02)]
1.1
= 0.55g = 17.4 ft per sec?
FOUR-WHEEL DRIVE;

g
Cipor — Tl— [(0.8) — (0.02)]
= 0.73g = 23.3 ft per sec?
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sW Ly — fH)
Py maz = _L—'f—,ufl—— = g Ww,

(148)

Four-WHEEL DrIVE: Substituting the expression
P';ma:c - ﬂ-W (149)
alternately into HEquations 128.1 and 128.2, dy-
namic axle weights on front and rear axles are

w .
Wy = 7 L, — H (g — £)] (150)

W
W-ir:T[L,r"‘H (g — )] {1561)

For the four-wheel drive arrangement, full vehicle

Nomenclature
A = Projected vehicle area in drive direction,
' sqg ft
a == Acceleration, ft per sec?
¢; = Coefficient of air resistance

D = Drawbar pull, ib
K = Kinetic energy, ft-lb
f = Coefficient of rolling resistance
g = Acceleration of gravity, ft per sec?
H = Height of cg from ground, in.
Hy, = Height of action point of air-resistance
force, in.
Hg = Height of hitch point, in.
I = Polar moment of inertia, ft-lb-sec?
L = Wheelbase, in.
Ly, L, = Distances of cg from front and rear
axles, in.
M4 = Torgque on drive axle, Ib-ft
M, = Engine torgue, lb-ft
m = Mass, lb-sec2-ft-1
P — Tractive force, 1b
Py, P, = Tractive forces of front and rear-wheel
drives, lb
Py, Py, = Tractive forces on front and rear-wheel
axles of a vehicle with four-wheel drive,
b
R, = Air resistance, 1b
R, = Grade resistance, 1b
R; = Inertig resistance, 1b
Ry = Inertia resistance of translatory mass,
b
R, = Rolling resistance, Ih
r = Rolling radius of tire, ft
¥ = Speed, mph
v = Speed, ft per sec
W = Vehicle weight, 1b
W4 =Dynamic weight, 1b
W, War = Dynamic weights on front and rear axles,
b
W4 = Dynamic weight transfer in driving, 1b
w = Weight distribution factor
Wy, Wy, Wy = Weight distribution factors for front,
rear and four-whee] drives
o = Angular acceleration, rad per sec?
{ = Reduction ratio
7 = Transmission efficiency, per cent
¥ = Mass factor of rotating parts
# = Road-adhesion coefficient
o = Stability factor
w = Angular speed, rad per sec
# = Slope angle, deg

|
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weight ig theoretically utilized in producing trac-
tive forces. The weight distribution factor is

wy = 1 (152)
Such an ideal condition is realized, however, only
when tractive forces (and engine torque) are dis-
tributed to the axles in the same proportion as are
the dynamic weights on the respective axles. This
condition can be expressed by the equation

Py Wy _ L, —H(p—[) (153)

Py Wi Ly +H{g—f)

It is evident that on a four-wheel drive vehicle,
optimum distribution of traetive forces is a func-
tion of the road adhesion coefficient y. This means,
however, that for theoretically maximum vehicle
performance, the distribution of tractive forces
must be adjusted to suit varying road conditions.
Design attempts in this direction have been made
but, because of the complexity of the mechanism
required, no really satisfactory solution has been
obtained. For the purposes of this article, tractive
force distribution for the four-wheel drive vehicle
is computed in Kxample 3 for a medium value of
nequal to 0.4,

Speed Limits: On level ground and at constant
vehicle speed, tractive force is resisted by rolling
and air resistanceg only. For this condition of

mation,
Pmaj: - Wdl'-‘ = R, + B4 (154)

Substituting for the air-resistance term the follow-
ing expression (Part 6),

v 2
L, = 0.26 ¢ 4 (—~) (1556}
10
and for the rolling-resistance term
R, = W{f (156}
Equation 154 can be written
Wr‘!ﬂ' - W.f + 0.0026 Cq 4 Vma.r?’ (157

When this equation is divided by W, the weight
distribution factor w = W, /W can be substituted.
The maximum speed in mph, as limited by available
friction, is then

‘ W (wr — f)
Viraz = 20 {—uc 1
o

(158)

where the corresponding values of w for front, rear,
or four-wheel drive vehicles can be taken from
Eguation 142, 147, and 152.

The coefficient of rolling resistance f, which in
an accurate caleulation should be increased with
speed, is considered constant in Example 3. The
resulting error is negligible.

Gradability Limits: Because gradability lmits
are reached at low speeds, air resistance is con-
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sidered negligible. At constant speed, therefore,
tractive force balances only rolling and grade re-
sistances, and

Ppa: = R, + R, (159)

After substitution of Equation 137 and the rolling
and grade-resistance Equations 53 and 61 (Part
5), the resulting expression is

Prae = Wapu = fW + W tan Omax (160)

where §,.., is the maximum gradability angle.
Dividing this equation by W, and substituting
again for W,/W the weight distribution factor w,

tan 6,,,, = wp — f (161)

In place of the slope angle ¢, the more practical
value of G (per cent) (Equation 60, Part 5) can
be substituted giving maximum gradability as

Grmaz = 100 (wp — ) (162)

Again w is substituted for front, rear, and four-
wheel drive arrangements.

Aceeleration Limits: Since maximum accelera-
tion is reached at relatively low speeds, air re-
sistance is again negligible and the tractive force
balances the inertia resistance R,, the rolling re-
fistance B, and the grade resistance R, The equa-
tion of vehicle motion, Equation 136, is then

amy = P — (R, + Ry) (163)

Substituting the established values for R, and R,
(Equations 53 and 61) and using P = P,,, =
F-Wd:

Gmaz Wy
g

= pWye — Wf — W sin (+ ) (164)
Dividing by W and introducing the weight-dig-
tribution factor w,

a‘maz:“_g—[’w,u_f“sin (+ 8)]

Corresponding values of w for front, rear, and four-
wheel drive vehicles can be substituted. For the
correct value of gine g, the approximate expression
G/100 can be substituted.

Drawbar Pull Limits: If tractive force is used

to produce drawbar pull D, equilibrium of forces
(acceleration and air resistance neglected) is ex-
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(165) -

pressed as

Win = Ppg, = Dpgz + Br + R, (166)

In this case, however, the simplified equations for
dynamic axle weights W, (Equations 128.1 and
128.2) cannot be applied since the height of the
hinge point H, ig different from the cg height H.
The correct equations for dynamic axle weights
(Equations 125.1 and 125.2) with corresponding
adjustments, B, = 0, R, = 0, are used for W,
giving

1

Wy = - W — HWsin (x0) — HsDI  (167)
1

Wur = —— [Ly W + HW sin (+ 6) + H,D]  (168)

When these results are substituted into Eguation

166, the following expressions are obtained for

front, rear, and four-wheel drive vehicles:
FRONT-WHEEL DRIVE:

—% [L, W — HW sin (% 8) — H,D,,,,]

= Doz + fW + W sin (+ ) (169)
and, for the maximum drawbar pull,
- [ (Ly — fL) (L + gH)sin () ]
L+ uH, L+ pHy
(170)
REAR-WHEEY, DRIVE :
_;: [y W + HW sin (% 6) + H,D,,,]
= Dpaz -+ fW + W sin (= g) (171}
and
D= w [ {pL; — fL) _ (L~ pH)sin (*¢) ]
L — pHy L — pH,
(172)
FoUR-WHEEL DrIvE:
Wi = Dygr + fW + W sin (+ 4) (173)
and
Draz = Wln — f — sin (% §)] (17¢)

These equations include the horizontal grade
term 4. For level ground, the sine term becomes
Zero and equations are correspondingly simplified.

In the next part of thig series, the study of per-
formance limits is continued and a roundup of
equations used in such calculations is bresented.




LITS

PERFORMANCE LiI

» performance vs. weight distribution
* performance vs, gross weight

* engine-torque limits

drive-system comparison

AXIMUM transferable tractive force was

shown in Part 9 (Sept. 19, 1957) to set

a fundamental limit to vehicle performance,
regardless of whether the performance criterion
of gsignificance is acceleration, gradability, speed
or drawbar pull. Determining factors for maximum
tractive force were also shown fo be: 1. Available
road friction. 2. Effective or dynamic weight on
the driving wheels. .

This article continues the study of vehicle-per-
formance limits, distinguishing between those per-
formance qualities that are independent of vehicle
gross weight and those that are weight dependent.
For reference, a roundup of equations for calculat-
ing vehicle axle reactions and performance limits
(developed in Parts & and 9) is given in Table 6.

Weight-Independent Limits: Maximum accelera-
tion and gradability, two performance limits de-
termined by maximum transferable tractive force,
are independent of vehicle gross weight. For these
qualities, weight distribution alone is the signifi-
cant condition.

Physical interpretation of this faet is simple.
Assume that two vehicles with identical weight
distributions but with different gross weights are
compared. Obviously, the higher transferable fric-
tion force available to the heavier vehicle (because
of its greater driving-axle reaction) is exactly
balanced by the greater force required to acceler-
ate the vehicle or to push it uphill

Quite apparently, no gain in tractive-force limit-
ed acceleration or gradability is realized when vehi-
cle weight is increased. These performance limits
can be improved only by changing vehicle weight
distribution, that is, by loading the driving axle
with a greater proportion of vehicle gross weight.

Weight-Dependent Limits: Contrary to the case
for acceleration and gradability, maximum speed

*Now Research and Development Engineer, Phillips Petroleum
Co., Bartleaville, Okla.
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and drawbar-pull are functions of vehicle gross
weight. Explanation is that gain.in available fric-
tion (due to a vehicle weight increase) overbal-
ances the need for a higher tractive force in the
heavier vehicle, Consequently, the heavier vehi-
cle can attain a higher speed and can develop a
greater drawbar pull.

Tractive-Forcﬁ Chart: The functional relation-

Nomenclature
o = Acceleration, ft per sec?
¢, = Coefficient of air resistance
D = Drawbar pull, 1b

f = Coefficient of rolling resistance
g = Acceleration of gravity, ft per sec2

H = Height of ¢g from ground, in,
H; = Height of hitch point, in.
L = Wheelbase, in.
Ly, L, = Distances of cg from front and rear
axles, in.
My = Torque on drive axle, 1b-ft
M, = Hngine forque, 1b-ft
m = Mass, lb-sec2-ft1
P = Tractive force, 1b
Py, P, = Tractive forces of front and rear-wheel
drives, 1b
Py, Py, = Tractive forces on front and rear-wheel
axles of vehicle with four-wheel drive, lb
r = Rolling radius of tire, ft
V = Speed, mph
# = Vehicle weight, 1b
Wy = Dynamic weight, 1b
Wg4i,Wq, = Dynamic weights on front and rear
axles, 1b
Wg¢ = Dynamic weight transfer in driving, b
w = Weight distribution factor

wy, Wy, wy = Weight  distribution faetors for front,
rear and four-wheel drives
¢ = Reduction ratio
¢ = Transmisgion efficiency, per cent
vy = Mass factor of rotating parts
& = Road-adhesion coefficient
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Table 6 — Axle —~Reaction and Performance —Limit Equations

£ oy (b))

max

Front—wheel Rear—wheel Four-wheel
drive drive drive
. , Ly
Static drive- , L We=W——
oxle weight, W.=W —L W =W—- Ly
Wy, W (1b) 4 L g L w=w—=
Dynamic axle= H
weight transfer, AW, == (P —fW)
aAWy (Ib)
Dynamic axle W W - AW
reaction due to df " d
. = -— = +
tractive force, %f " aw, o7 an W =W 4 AW
W, (Ib) ar 7
Maximum dynamic :
. L.+fH — - -
axle weight, e = L W = Ly~ H _@ A
Wy (b) Lt pH ar " L—uH W, LetH (p=f)
Weight— distribution
factor, Lt LA W=l
Wy FoL+uH roL—pH 4
WE
Maximum tractive Py Wy
f transf = W P =w W —_— =
orce transferable, Frnox = W ¥ Fmox - ¢ Py W,

. ¥ r
Maximum speed, W 7 a w
W tmph) ZO\Jw(Wf,u—f) ZO\J%_A (W py—£}) 20 C-G—A(,qu)
Maximum
gradability, 100 (wy = £} 100 (wy 1) 100 {p— 1)
Gpmax PErCENt)
Maximum " 7 g
acceleration ' — g =F) Ay —f) -—;,g—{p—f)
Fpox 1 per sec”)
Maximum _ — FL
* ple— 1L vL,
drawbar pull, —— —yy W {u-ri
Doyt IB) LAuhy L—vhy

* On level ground
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ship between tractive force, road-adhesion coeffi-
cient and weight distribution can be plotted in the
form shown in Fig. 59. Containing only dimension-
less faciors, the chart has general validity for all
vehicles. Mathematical basis for the chart construe-
tion is ag follows:

1. Influence of rolling resistance on dynamic
axle weight is neglected. Tkis assumption is per-
missible for concrete or a similar surface where
f = 0.02 is a common value. The error introduced
by omitting f from the weight-digtribution equa-
tions is about 1 per cent.

2. To make the chart construction independent
of the absolute geometrical dimensions of the vehi-
cle, equations for the weight-distribution factor w
(Table 6) were rearranged as follows:

FRroNT-AXLE DRIVE,

L,

L
Wy = ———— {175)
. #H
1+ —

REAR AXLE DRIVE,

Reduction Foctor,

10 12 15 203040

PERFORMANCE LIMITS

Ly
Wy = _L_H (178)
Ll
L
Values appearing in Equations 175 and 176 are
dimensionless ratios L,/L, L;/L, and H/L.

3. Weight of the vehicle is eliminated by divid-
ing the tractive-force equation (Table 6) by W,
giving
Pmaz
—_——= 177

w e a7
The dimensionless quantity P,,../W represents the
tractive force per unit of vehicle weight (Ib per 1b).

4. The effective tractive force on the driving
wheels is a product of various combinations of
the following elements: engine torque M,, trans-
mission reduction ratio ¢, efficiency of the reduc-
tion mechanism 5 and rolling radius of the tires r.
Consequently, & value of maximum engine torque
per unit vehicle weight can be found, where

Example: A vehicle has cg
position H/I, = 0.35, Iy/L =
0.55, and L./L = 0.45. Maxi-
mum transferable traction on
dry concrete (g =~ 0.60) for
both front and rear-wheel
drives is reguired, Maximum
engine torque for a low-gear
reduction factor {y/r = 7.3
(ft1) is also desired.

Solution: In the lower left
quadrant, the z = 0.60 ordi-
nate is projected to intersect
the H/L curves at a value of
0.35. TFrom the intersection,

Weight -
Distribution
Factor,

the heavy example lines are
followed, giving Pppee =
and Pygar =

Front- Bo6 (0.21} (W)
wheel ‘ i {0.405) (W) as the values
drive . . for maximum transferable
traction.

When the example lines
are then followed to the lefi-
hand ahscisse axis, maximum i
engine torques are: M., =
(0.066) (W) for the front-
wheel drive, and M,.,.. = :
(0.028) (W) for the rear- '

06 o3} 02 0.3 0.4
L . wheel drive, ‘.
7+ front-wheel drive Assuming vehicle weight is i
o8 L, 4000 Ib: Py, = 1620 1b and x
1o T \rear—wheet drive Momaz = 224 1b-ft for the -

rear wheel drive; and P,
= 840 lb and M, = 112
lb-ft for the front-wheel
drive.

Fig. 59—Graphical relationship between the road-adhesion coefficient g,
the vehicle weight distribution, given by the factors H/L, L,/L, L,/L, and
the specific values of maximum transferable traction P.../W anc{ corres-
ponding engine torque M,,,,./W. Only dimensionless quantities are plotted,
and the chart is therefore applicable to all vehicles.
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Fig. 60—Efficiency of front, rear and four-wheel
drive systems as functions of the road-adhesion co-
efficient. Diagram represents the weight-distribution
factor 1a per cent (x X 100) for a car with identical
weight on front and rear axles. Front and rear-wheel
drives have the same efficiency at low friction values.
With incteasing friction, the rear-wheel drive arrange-
ment becomes more efficient and front-wheel drive
efficiency decreases. Effectiveness of the four-wheel
drive is maintained at the theoretical 100 per cent
value throughout the range of frictional adhesion
only if torque distribution to the axles is adjustable
for varying p values. Actual performance reaches
the theoretical maximum only at that frictional value
for which the drive is calculated.

Pm:n:
Monaz W (178)
w &y
Fa

These equations are graphically represented in
Fig. 59. The chart makes it possible to find with
ease and acceptable accuracy the values of Py,
and M,,,, for any vehicle weight and for all pos-
sible combinations of wheelbase, eg position and
road-adhesion coefficient, The technique of using
the diagram is illustrated by the example shown
with the figure.

Practical Engine-Torque Limits: An interesting
example of performance-limits calculation is pre-
gsented by the often repeated question: what are
the limits of the trend toward more powerful en-
gines on passenger cars?

As a basis for analysis, a representative weight
distribution (loaded car) of L, = 0.55L, cg height
H = 0.35L and road-adhesion coefficient p = 0.8
are assumed. For these values and for the usual
rear-wheel drive, Fig. 59 gives P,,, = 0.4W. Max-
imum possible acceleration, one of the main criteria
for judging performance of a passenger car, is
unalterably given by the eg position. Value of
@, 18 calculated directly from the P, value by
use of the relation
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_ Py (179)

Grax — W

In this example, the rotating-parts inertia fae-
tor in direct gear is assumed to be y = 1.1. There-
fore, :

{0.4) (g)
Cmax — 5
11

Assume further that the tractive force is pro-
duced through s total reduection ratio of 9.5:1
in low gear (common usage on passenger cars),
an overall transmission efficiency of 85 per cent

= 0.36¢ = 11.5 £t per sec? (180)

and a rolling radius of the tires of r = 1.1 ft.
Then :

9.5) (0.85
(95085 (181)

r 1.1

Tor this value, the diagram gives M,/W = 0.056
and, for an assumed vehicle gross weight of 4000
Ib, the maximum engine torque that can be trans-
ferred by use of the $.5:1 reduction ratio is

Mooz = (4000) (0.056) = 224 1h-ft (182}

Passenger-car engine torques in the 200 Ib-ft
range are now becoming common. Apparently, then,
the drive-wheel frictional limits in low gear have
been nearly reached. Higher engine- torques can
be used effectively only in combination with lower

-gear reductions, with probably mo improvement

in actual performance. Should  the demand for
higher accelerations continue, passenger-car weight
distribution will have to be changed by shifting the
cg toward the driving axle. -

Four-wheel drive

{ theoretical | S

08 —

06 —

Ze—Rear—wheel
drive

0.4

Effective Adhesion Coefficient, wx

0.2 \Fron!-—whee! drive

Q Q.2 0.4 0.6 o8 10

Availoble Adhesion Coefficient, »

Fig. 61—Comparison of the utilization of available
road friction by different drive systems. Diagram
represents effective g values (w0 X ) as functions
of available g values. The fout-wheel drive reaches
the theoretical 100 per cent utilization only for the
value of p for which torque distribution to the axles
correspands 1o the theoretically required condition.
Difference in friction utilization between front and
reat-wheel drives increases with higher friction values.




Drive-System Comparison: Theoretical perform-
ance limits are not always reached because, with
high values of road friction, engine power is often
the determining factor. Obviously, in such cases,
dynamic weight distribution is of no importance
where the tractive performance of the vehicle is
concerned. On the other hand, where high tractive-
force values are a necessity, or where the vehicle
must - operate under poor frictional conditions,
weight distribution does become a critical factor,
and the performance differences between front,
rear and four-wheel drive systems become appar-
ent.

A fair measure for comparing effectiveness of
the three drive-systems is the degree to which
they utilize the available friction. Such a compari-
son is given by the ratios

Ly
Py P L
s P =g
H
1 - B
L
Ly L.
L L
Pr:iPr=up " (183}
[ #H
1 — I
L

L L,
L L
Py:P,:Pi=p:p——u— 1 pg———— (184)
7 #H
1-— 1+ —

The right side of this expression represents ratios
of the effective friction coefficients utilized by the
three drive systems. These values are plotted
against the available road-adhesion coefficient p
in Fig. 60 for an assumed vehicle static weight
distribution corresponding to L, — L, = 0.5L, and
H = 0.35L. '

At any point, the four-wheel drive offers the
theoretical maximum of effectiveness, that is 100
per cent, Efficiencies of front and rear-wheel drive

_systems, calculated as funetion of the available

road-adhesion coefficient, are also shown in Fig.

PERFORMANCE LIMITS

60. With increasing friction values, efficiency of
the rear-wheel drive also increases. In contrast,
front-wheel drive efficiency declines. For the usual
road-adhesion coefficient of p = 0.6, ratios of
maximum transferable tractive forces for the three
drives are

P,:P,:P;=100:61:39

The same proportion applies for maximum en-
gine torques usable by each particular drive type.

The potential usability of the different drive
systems can be deduced from the foregoing com-
parison. Front-wheel drives can support only light
engines and will therefore find use only on light-
weight cars, In such applications, the superior
curve hehavior, increased interior roominess and
compact power plant construction provided by the
front-wheel system are important advantages.

The rear-wheel drive accounts for a majority
of present-day designs and, most probably, will
maintain its leading position. However, the trend
toward the use of heavier and more powerful pas-
senger-car engines has resulied in a steady weight
shift to the front axle. Agide from other disad-
vantages offered by heavier engines, the trend
directly opposes the urgent need for more fric-
tional weight on the driving rear axle, a require-
ment that permits the axle to transfer high torques
made available by more powerful engines. An
improvement in this situation ean be achieved by
locating the engine in the rear of the car. Used
in several highly successful designs, rear-engine
location is likely to find increasing use in the fu-
ture.

Advantages of the four-wheel drive are more
pronounced when friction values are low. The high-
er manufacturing cost of a four-wheel drive vehicle
is therefore justified, only if maximum possible
traction is the objective, or if the wvehicle ig de-
signed to operate under poor frictional conditions.
Off-the-road or military wvehicles offer examples
of such applications. Should the trend toward
more powerful engines continue, the four-wheel
drive may also provide a practicable design solu-
tion.
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RAKING capacity, which determines the

ability of a vehicle to slow down or stop,

ranks as a major factor in the study of
vehicle performance, This article—the first of two
surveying the mechanics of decelerated motion—
re-examines the principal motion-resisting and
motion-aiding forces and evaluates their relation-
ghip to the braking problem.

Braking Forces: All possible forces that act on
a decelerating vehicle on a downhill grade are
ghown in Fig. 62. As the primary motion-resisting
force, braking foree B originates in the frietional
engagement between brake shoes and drums. The
hasic relationship is
p=2lriem (185)

7

where F, is the effective force on the shoe, p is
the coefficient of friction between shoe and drum,
r, is the drum radius, and » is the rolling radius
of the tire. In calculations that follow, B is con-
gidered to be the sum of front and rear-axle brak-
ing forces,or B = B; + B,.

Ultimately, braking force B acts at the frictional
connection between the tire and the ground. Gov-
erned by the same physical relationships that set

*Now Regearch and Development Xngineer, Phillips Petroleum
Co., Bartlesville, Qkla.
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vehicle tractive-force Hmits, maximum braking
force B,., is given by the expression

Boax == Wyl(p + ) (186)

For the roiling wheel, therefore, maximum trans-
ferable braking force is a function of the gtatic
road-adhesion coefficient p, the rolling-resistance
coefficient f, and the effective or dynamic axle
weight W,. Should the wheel lock during braking,
gkidding occurs, and B,,, is then determined by
the coefficient of sliding resistance y,. With locked
wheels, maximum transferable braking force ig

Bz = Wb i (187)

Complete analysis of the braking vehicle re-
quires study of all forces and moments that are
dependent on its state of motion. As shown in
sections that follow, some of these factors are
gignificant, others ean be safely ignored.

DyNamIic WEIcHT TRANSFER: The action of ve-
hicle braking forces causes a dynamic weight
transfer which increases the weight on the front
axle and decreases it by the same amount on the
rear axle. The effective axle weight, called the
dynamic braking weight W,, has a basic influence
on fthe limits of braking performance and on the
optimum distribution of braking forces to front
and rear axles.
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GrapE EFFECT: For a vehicle braking on a
grade, the significant vehicle weight is the normal-
to-ground or cosine component. In braking calcu-
lations, the influence of the cosine factor is neglig-
ible, and the simplification cos § = 1 is justified.

The sine component of vehicle weight (grade
registance R,)} is motion-supporting if the vehicle
is moving downhill. In subsequent braking calcula-
tions, positive value for # will be arbitrarily as-
sumed as indicating a downhill slope.

RorLING RESISTANCE: Always motion-opposing,
total rolling resistance is independent of weight
distribution on the axles. The basic relationship is

B, + Ry =R, = fWecos 8 == Wf (188)

AIR RESISTANCE: Influence of air resistance R,
as a decelerating force is small at normal vehicle
speeds, especially for streamlined vehicles, In brak-
ing calculations, therefore, the decelerative effect
of air registance is often neglected. In a sense,
this simplification provides an additional safety
factor in the ecalculations, since air resistance aids
braking action when it is needed most, that is,
at high vehicle speeds.

For very fast vehicles, special devices known
as air-resistance brakes are sometimes used. The
air brakes expand the projected area of the vehicle

o decelerating forces

* engine-braking effects
* stopping time and distance

and simultaneously increase the air-resistance co-
efficient e¢,.

INERTIA: The inertia force due to vehicle de-
celeration is given by an expression that first ap-
peared in acceleration computations (Part 6):

In Equation 189, y, expresses the inertia effect
of vehicle rotating parts. Its value is often dif-
ferent from that used in acceleration calculations
because, in braking, the engine may be declutched,
leaving only wheels and transmission parts to be
decelerated. In such cases, y, for conventional
automotive wvehicles can be taken as about 1.04,
that is, the translatory mass of the vehicle is in-
creased 4 per cent to incorporate the rotating-mass
effect of wheels and other permanently engaged
rotating parts.

TRANSMISSION RESISTANCE: Transmission re-
sistance torque M, is the torque necessary to over-
come friction of gears, bearings and joints plus
torque duve to churning of oil in the transmission,
In the calculation of accelerated motion, these
factors were taken care of by transmission-effi-
ciency factor 5, which expresses the loss of power
between engine and drive axle, In braking, how-

Head Photo! Courtesy LeTourneau-Westinghouge,
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ever, with the engine clutch disengaged, torque
necessary to overcome transmission resistance is
derived from the kinetic energy of the vehicle.

Compared to actual braking forces, magnitude
of transmigsion resistance is small and can be
pneglected in braking performance calculations.
However, where accurate results are required,
transmission resistance may exert a significant
effect.

ENGINE BrRakING Power: Under certain circum-
stances, drag of a throttled engine is an impor-
tant factor in the braking of vehicles. An engine
running with closed throttle has a certain idling
speed. To make the engine run faster with the
throttle remaining closed, power must be supplied
from an external source, for example, through
consumption of part of the vehicle kinetic energy.
In such cases, the engine acts as a brake, Engine
braking power is proportional to engine speed and
therefore to the reduction ratio used. For this
reason, heavy vehicles on long downhill grades
depend directly on the drag of the engine to aid
braking, thereby reducing heat generated in the
brake drums.

Torque M,, on the drive axle, derived from the
engine braking effect, is given by

(190)

Torque M, required to drive the engine is measured
experimentally at the engine output shaft, { ig the
tolal reduction ratio between engine and the drive
axle, and 5 is the efficiency of the transmission.
Since the efficiency term n appears in the denomi-
nator, lower efficiency means higher torque and
therefore greater braking effect at the drive axle.
A plot of braking torque My, as a function of ve-
hicle speed is represented for different gear re-
duction ratios in Fig. 63.

Fig. 62—Fotces acting on a vehicle in decelerated
motion downhill,
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On heavy trucks it is sometimes necessary to
increase the engine-braking eifect by using the
engine as compressor. This can be achieved by
conirolling valve timing, or by using restrictor
valves in the exhaust system to increase the ef-
fective pressure in the cylinders.

Torque-Converter Transmissions: Braking poten-
tial of an cngine can be utilized only in trans-
mission trains that utilize a positive connection
between engine and drive axle. Hydraulic trans-
missions and torque converters usually transfer
power only from engine to drive axle, not from
drive axle to engine. In such case, only the trans-
mission resistance serves ag a decelerating torque.

To permit use of hydraulic transmissions in
heavy road vehicles, braking power of the engine
ean be replaced by olher adjustable power-consum-
ing devices, for example, by using flow restriclors
in internal torque-converter circuits.

Optimum Engine Braling Performance: The fore-
going discussion of braking by a driven engine
applies strictly for low values of deceleration—
for example, where a vehicle is being continuously
braked downhill. To achieve high decelerations,

Nomenclature

B;, B, = Braking forces, represented as frie-
tional forces at the tire-ground con-
tact point, 1b

b — Deceleration, ft per sec?
¢, = Coefficient of air resistance
I, = Effective force on brake shoe. 1b
[ = Coefficient of relling resistance
g = Acceleration of gravity, ft per sec?
M., = Resistance moment of driven engine,
1b-ft
M; = Inertia moment of rotating parts, Ib-ft
B, — Resistance moment of transmission,

1b-ft

m = Mass, Ih-sec2-ftt

R, = Air resistance, Ib

R; = Inertia resistance of the transilatory
mass, b

R, B,, = Rolling resistances, ib
» = Rolling radius of tire, ft
s = Braling distance, t
t — Time, scc
v = Speed, mph
V;, ¥, — Initial and final specds, mph
V., = Mean vehicle speed, myph
v = Speed, fps
v;, v; — Initial and final speeds, fps
W = Vehiele weight, 1b
W, = Dynamic weight, b
W,,, Wy, = Dynamic axle weights on front and
rear axles, 1b
W, == Weight of brake drum, 1b
W,, W, = Static axle weights on front and rear
axles, Ib
Wy, Wy, = Dynamic axte weights in four-wheel
brake system, Ib
W, = Dynamic weight transfer in braking, J{5]
vy = Inertia mass factor of rvotating parts
in braking
Angular speed, rad per sec
= Coefficient of road adhesion.
Efficiency factor

=R E
HERTI
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Fig. 63—Braking potential of a throttled engine.
Three sets of torque and power-consumption
curves show the effect of geac ratio on engine
braking capacity. Quite obviously, “shifting down”
helps retard the vehicle on downhill rups

brakes are applied Very sudden!y In.thié case,
the engine not only produces fno braking effect

but, to the contrary, eohsumes part of the me-
chanical braking effort to absorb kinctic energy

of rotating engine parts,

Depending on the inertia of the engine as repre-
sented by factor y» and consequently on reduction
ratio ¢, a critical value of deceleration can be eal-
culated above which the engine should be always
disengaged for optimum braking effect.?® For pas-
senger cars the critieal value iz about 5 ft per
sec.? As a general rule, therefore, it appears that
the engine should be disengaged during most brake
applications.

Dynamic Axle Weights During Braking: Forces
‘acting on a vehicle during braking cause a weight
shift toward the front axle. Knowledge of result-
ing dynamie axle weights is necessary for deter-
mination of maximum transferable frictional forees.

Dynamic axle reactions are best determined by
writing moment-equilibrium equations around tire-
ground contact points, thereby eliminating from
the caleulation all forces that act in the ground
plane. Ground-plane forces are the braking force
B, rolling resistance R,, braking forces originating
in engine and transmigsion, and the inertia torque
M; of rotating parts. )

For a vehicle decelerating on a downgrade slope,
Fig. 62, the equilibrium equations give the results:

1
Wy = T (L, W + HW sin ¢ + mbH — R, H,) (191)

1
Wy, == < (LyW — HWsin ¢ — mbll + R, H,) (192)

“References are tabulated at end of atticle.

DYNAMICS OF BRAKING

To transform these equations into a more work-
able form, use is made of the following assump-
tions: 1. The action point of the air resistance is
considered to fall at the cg of the vehicle, or If =
H,. 2. The simplified equilibrium-of-force expres-
sion is sufficiently accurate, where

mb — Rq+ Wsing = B + fW (193)

Dynamic axle weights during braking then be-
come
LW H(B + fw)

Wy = + 194)
by 7 I (

I,W  H(B + [W)

L L

Designating dynamic weight transfer during
braking as AW,
H(B + W)

aw, :—————E—k (196)

br =

Dynamic axle weights can then be written as
Wiy = Wy + AW, (197)

Wi = W, — AW, {198)

where W, and W, are static level axle weights.

Equations of Decelerated Motion: Equations of
decelerated motion for a vehicle are derived in a
manner similar to that used for aceelerated motion.
According to the energy theorem, change in kinetic
energy of a moving body equals work produced by
external forces. Applying this principle to a ve-
hicle in decelerated motion, change of kinetie en-
ergy in differential distance ds is

dE:(B-I-E R)ds (199)

where the effective retarding force is obtained
through summation of the actual braking force B
and all external resistance forces acting on the
vehicle at that instant, Kinetic energy of transla-
tory and rotating parts is given by

mue Tos?
B = -+
2 2

Differentiated, the expression becomes

dE = mvdv + E To dw (200)

By use of the technique developed in Part 6 of
this series, the effect of rotating parts is repre-
sented by an cquivalent translatory mass. Egna-
tion 200 then hecomes

1
dE = vdv (”""—'_TZHH) = om vy, dv (201)
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where v, is the factor expressing the inertia effect
of wheels and other rotating parts.
When Equation 201 is substituted in Equation
199 and with b = dv/df, the general equation
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of decelerated motion becomes

B = bm‘yb—i R (202)

From the foregoing equation, the state of mo-
tion of a vehicle and the forces involved in the
braking process can be readily calculated.

Stopping Distance: For calculation of . stopping

distances, Equations 199 and 201 are equated, or

ds(B+ E R):‘vm}'bdv (203)

In integral form, Equation 203 becomes

f"t v dv (204)
8= m —
v >, B+ ZR

Here, v, is initial speed, and v, is final speed. In
the integration of Equation 204, either of two
assumptions can be made: 1. Air resistance is
negligible. 2. Air resistance is significant. The
following sections show the effects of these as-
sumptions.

AIR RESISTANCE NEGLECTED; When air resistance
is neglected, deceleration is constant during brak-
ing, and the golution of Eiquation 204 is

m 22 — vy
§ = Yo I: b | :l (205)
B+ ZR 2

Therefore, minimum full-stop braking distance with
four-wheel brakes (Bpge = Wp) i8

v Yo ViETs [ 5280 *
Sipin = - —_—
" 29(a+p 64gt+ D 3600
_ L (208)
30(p+ )

where dimensions of s are in ft, v in ft per sec,
and V in mph.

It is seen, therefore, that if air resistance is
neglected, stopping distance is independent of ve-
hicle weight.

AIR RESISTANCE CONSIDERED: Since air reaist-~
ance is a function of speed, vehicle deceleration
changes continuously during the braking process.
Before substitution in Equation 203, the familiar
air-registance equation can be rearranged to read

B, = 0.0012 ¢, Avz = Cv?

where v is instantaneous speed in ft per sec. Solv-
ing for C,
€, A

o= (207)
840

On level ground only air and rolling resistances
act on the vehicle, and the stopping-distance equa-
tion becomes

Problem: Determine minimum stopping dis-
tance on dry concrete (p = 0.6, f = 0.02) from
initial speed ¥; = 100 mph. The vehicle weighs
4000 1b, has projected frontal area A = 25 sq ft
and air resistance ecoefficient ¢, = 0.5. The en~
gine ig disengaged during deceleration, and the
inertia factor for wheels and transmission parts
is yp» — 1.05.

NEGLECTING AIR RESISTANCE: From ilquation
206, minimum stopping distance with air re-
sigtance neglected ig

1.05(1002)
Sppin = ——————— = B0 f
30(0.6 + 0.02)

INCLUDING ATR RESISTANCE: From Equation
211, minimum stopping distance including the
effect of air resistance is

13.1(1.05) (4000) ) [ 14
Bnin = 0,
™min 015 (25) €

0.5(25) (1002} ]
390(4000) (0.6 -- 0.02)

= 4400 log , 1.129 = 532 fL

Stopping distances with and without the air-
resistance effect are of approximately the same
magnitude, differing by about 7 per cent, This
difference, of course, is greater at higher initial
speeds.

Coasting: For a free-rolling vehicle acted om

Example 4—Braking Distance and Time

only by rolling and air registance, B = 0 and
Equation 210 gives the coasting-distance as

13.1 v, W
Co A4

8 =

1 [1+ %4 V7 ]
08« "390(Wf)

Substituting numerical values,

13.1(1.05) (4000)

8= -
0.5(25)

log, [ i+
0.5(25) (1002) ]
390 (4000) (0.02)
= 4400 log, 6.0 == T100 ft

Stopping time for the free-rolling wvehicle
(B = 0) is given by Equation 215 as

0.9 W v Ca A
;= 'va t i J a

— an-1
Vicad 19.7 wf
Substituting numerical values,
0.9(1.05) V4000 100 125
= —tent ——y —————
v 0.02(12.6) 19.7 4000 (0.02)
= 120 tan -1 5.1y 0,156 = 133 seec
Average deceleration b is therefore
1.47(100)
b= " =111 ft per sec®
133
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vdv (208)
& = m
e BAE, + 002
Letting 2 = v%/2 and dz = v(dv), integration
gives

m [B+R,+Cviz:|
o 27 L TV
L B+ R, + Cup

(209}

Braking to a full stop (v, == 0) from initial speed
¥V (mph),

Yu 1 CV3E 5280 2
8= log, | 1+ ) :I (210
2¢ B+ R, 3600

With the substitution of € from Equation 207 and
B, = Wp for maximum braking force, the min-
imum-stopping distance expression becomes

13.1 Wy, Ca AV
8pin ————log , | 1+ —m— :} (211)
Cg A 390 Wip + f)

Stopping distance where air resistance serves as
a braking aid is therefore a function of vehicle
weight. This is because the same: air-resistance
force acts on vehicles of the same aerodynamie
form regardless of weight. Therefore the effect
of air resistance on a lighter vehlcle is more pro-
nounced. :

Stopping Time: Time required to reduce speed
of a vehicle from v; to v, is ealculated from Equa-
tion 203. With the substitution v = ds/d¢, Equa-
tion 203 can be rearranged to give

° [14}]
t:y,,mf'*_u%m— (212)
t, B4+ R, + Cv?

DYNAMICS OF BRAKING

After integration,
Yo ™ 5
t= ——————tan! J——-——-— (v; — vy) (213)
vO(B + R,) B+ R,

After substitution of ¢ from Equation 207, braking
time to a full stop (v; = 0) is given as

LW s
T g (B+ E,)c 4
Ca A
tan- 147 ¥, J e S (214)
840(B + R,)

Minimum stopping time (B, = Wu) is

w v | cz A
tin = 0.9 Yo J —_——tanl ———— _—
(et NeA 19.7  Wig+ f) i5)

When air resistance is neglected, the kinematie

equation for decelerated motion applies, and
v; 147V,

tm =" (216)
b b

Representative calculations for stopping distance
and time are given in Example 4.

In the next part of this series, braking-perform-
ance limits as established by maximum transfer-
able friction and by thermal considerations are
examined.
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VAILABLE friction at the tire-ground con-
tact point sets a basic limitation to the
stopping capacity of a vehicle braking sys-

tem. Assuming that such frictional contact is
adequate, a further braking limit is set by the
ability of brake-system mechanical components to
absorb or dissipate heal generated during vehicle
deceleration. Continuing the study of the brak-

By JAROSLAV J. TABOREK*

hesion. The mathematical relationship is

Buaxr = Wi 217)
where W, is the dynamic weight on the braking
axle. When this equation is substituted into equa-
tions for dynamic axle weights {Fquations 194
and 195, Part 11), braking-force limitg for front,
rear, and four-wheel systems can be derived as

ing vehicle, this artiele examines fundamental lim- follows:

its to brake performance and presents design eri-

FRONT-WHEEL BRAKES

. . B =W (218
teria that lead to optimum system performance. fenaz L :;# a )
. . e . Wy = — +—(bey+fW) (219)
Braking-Force Limits: Maximum transferable L L
praking force, sinee it is dependent upon frietional W (L, + fH)
ground reaction, is a function of dynamic axle Wy = L —aH (220)
weight and the available coefficient of road ad-
AR sW{(L, + fH) :
*Now Research and Development Engineer. Phillips Petroleum B:mnx - (221)
Co.., Bartlesville, Okla. L — pH
Reaction time /, {sec)
20 15 10 05 20

L
g
o
Speed, ¥ (mph)

Deceleration, &
[t per sec?)

1 1 1 b 1 Il I I
00 KO 200 250 200 350 400 450
*Braking Distance, s {ft}

1 1 1

260 50 100 50 0 50

Reaction Distance ==
sp(ft)

Total stopping
distance

Fig. 64—Braking-performance chart
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Example: Assuming a vehicle
speed of 40 mph, determine dis-
tance traveled during a driver re-
action time of 1 sec. Find also
the total stopping distance for
an assumed maximum decelera-
tion of 20 ft per secZ.

SOLUTION: On the left-hand side
of the chart, projection of the 40-
mph ordinate through the 1-sec
reaction-time line shows that the
vehicle travels 59 ft before the
brakes are applied. A similar pro-
jection through the 20 ft per sec?
maximum deceleration line on the
right-hand side of the chart shows
distance traveled during braking
to be 85 ft. Total stopping distance
from the point of emergency is
therefore 144 ft,



Braking Performance Limits

REAR-WHEEL BRAKES:

Bimar = Wy s 222)
LIW H “
Wy, = 7 o Whyr s+ fW J (223)
W(L; — fH)
Wy, = 224
br L+ I-IH ( )
B - LWy~ IR) (225)
rmax L + M

FoUur-WHEEL BRAKES: Since the effective axle
weight equals the full vehicle weight, then

Bamaz — 2W (226)

Substituting this expression into Hquations 194
and 195:

va= 2 [rvm (s

v [umn(s+1)]

The condition of maximum brake performance
as expressed by Equation 228 is realized only
when distribution of braking forces to the axles
is in proportion to their respective  dynamic
weights, That is,

By Wy L+ H(p+ f)

= = 229
By, War Lf""H(J“l'f) ¢ )

(227)

(228)

In a subsequent development (¥quation 236),

BHf W

Fig. 65—Forces acting on a tractor-trailer tig
when braking is provided by tractor only.

transferable braking forces
tractor-trailer braking
heat dissipation

heat storage

a simplified expression for maximum deceleration
ig derived as

=gip+f)

Combining this expression with Equation 229,
By _ Lyg+ bH
By, L;g — bH

(230

Both equations for braking-force distribution
(Equations 229 and 230) are functions of the
widely changing variables of road adhesion u and
deceleration b. As a consequence, the braking-force
distribution ratio would ideally have to be adjust-

Nomenclatare

A = Projected vehicle area in drive direection,
s¢ ft
B = Brake force at tire-ground contact point,
b
By, By, = Brake forces on front and rear axles,
four-wheel brakes, 1b
¢, = Air resistance coefficient
B = Kinetic energy, ft-1b
F, = Energy in thermal units, Btu
@ = Grade or gradability, per cent
H — Height of vehicle cg from ground, in.
I = Polar moment of inertia, lb-sec2-ft
L = Wheelbase, in.
Ly, L, = Distance between vehicle cg and front
and rear axles, in.
M, = HEngine torque, lb-ft
N, = Power required to overcome air resist-
ance, hp '
N, = Braking power supplied by additional
sources, hp
N, — Energy conversion rate in brake, hp or
Btu per hr
N, = Power reqitired to overcome grade resist-
ance, hp
N, = Power required to overcome rolling re-
sistance, hp
@, = Thermal capacity of brake drum, Btu
R, = Air resistance, 1b
E, = Grade resistance, lb
R; = Total inertia resistance, lb
R, = Rolling resistance, 1b
B, B, = Relling resistances on front and rear-
axle wheels, Ib i
ZR = Summation of resistance forces, 1b

i
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Example 5—Braking-Force Distribution
N

Problem: Determine distribution on a vehicle
with design configuration L; = L, = 0.5L and
H = 0.35L. With an average value g = 0.35,
Equation 229 gives

By _ 05+ 0.35(0.35 + 0.02) _ 63
B, 05— 035{0.35 + 0.02) 37

Tn other words, for thé assumed weight distri-
bution, braking-force distribution is 63 per cent
to the front wheels and 37 per cent to the rear
wheels.

able to assure optimum braking effect. This con-
dition, however, has not been realized in prac-
tice, and in the design of brake systems an aver-
age value of road adhesion p = 035 is usually
assumed as compromise, This corresponds to de-
celeration b = 11.5 ft per sec.? As deceleration
increases, or as values of road adhesion coefficient
increase, the braking effort exerted by the front
wheels increases. Bxample b illustrates a typical
calculation of brake-force distribution,

Limits of Deceleration: Substituting Equation
217, the braking force limit expression, into the
equation of decelerated motion (Equation 202,
Part 11, then

By = pWp = yomb — R, = B; — R, (231)

Deceleration b then becomes b,,,,, Where

_ I: Wy p
Yo W

When the dynamic axle weight term W, is replaced
by the values given in Equations 220, 224, and 226
(front, rear, and four-wheel brakes), the maximum
decelerations obtainable under given frietion con-
ditions are as follows:

Rq
+ f— sin (£8) + ——o ] 232
f— sin (£¢) (232)

bi’ﬂllﬂ:

FRONT WHEEL BRAKES!

B g (L, -+ fH)
bma:u — |: —r—‘—'u_ + f -
Yo L — pH
in (x8) + Ra ] 233
S (= e
= ( )
REAR-WHEEL BRAKES:
g (Ly — fH)p
Braz = [ +f-
max Yh L + '[‘H f
in (+£6) + R ] 234
sin (x —_
w ( )
FoUR-WHEEL BRAKES :
v B
bmuI:—[p+1hsin(ia)+ “ :} {235)
Yo w

The above equations inelude the effects of roll-
ing, grade, and air resistances, and show that de-
celeration is iIndependent of vehicle weight only
when air resistance can be neglected, that is, at
low speeds., The loaded vehicle, therefore, is at a
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Example 6—Parking-Brake Calculations

Problem: Determine the maximum grade onh
which a rear-axle parking brake will hold a
vehicle with dimensions IL; = L, = 0.5L and
H = 0.35L. Assume the surface is slippery
with friction coefficient g4 = 0.2.

Equation 246 gives the maximum grade G
as

100[0.2(0.5 02
Ginae = 10.2(0.5) + 0.02] = 11 per cent
1+ 0.35(0.2)

for the downhill-pointing vehicle, and

_ 100[0.2(0.5) + 0.02] 13 ¢
= = eI cen
ez 1 — 0.35(0.2) P

for the uphill-pointing vehicle.

Problem: Determine the minimum coefficient
of friction required to hold the vehicle stationary
on a slope of 30 per cent,

From Equation 247, required values are

30 — %

. =071
100(0.5) + 0.35(30)

Pmin —
for the downhill-pointing vehicle, and

B 30 — 2 — o4s
i T T 00(0.5) — 0.85(30)
for the uphill-pointing vehicle,

disadvantage when compared. to the same vehicle
in the empty condition. This is because the retard-
ing effect of air resistance (per unit weight) is
smaller and the resulting deceleration is there-
fore lower, :

When air resistance (which can be considered
as a safely factor) is neglected, Equation 235
cah be gimplified to the form

b=%(y+f):g(,u+f) {238)

The road-adhesion cocfficient value p = 0.6
is usually assumed for dry concrete, leaving a
sufficient margin for directional side forees. Max-
imum deceleration is then

bnaz = 32.2(0.6 — 0.02) = 20 ft per sec? (237)

Such decelerations have been actually measured
experimentally and c¢an usually be attained by
most passenger cars with properly adjusted brakes.
Practical considerations, such as passenger com-
fort and the shifting of loads, usually impose
much lower limits on deceleration, Deceleration
values over 10 ft per sec? are considered un-
pleasant; values higher than 15 ft per sec? are
used only in emergencies.

Deceleration values are often expressed in terms
of the gravitational constant g. Maximum decelera-
tion on dry concrete (20 ft per sec?) then be-
comes 0.64g, and the average deceleration 10 ft



per sec? equals 0.32g.

An average automobile collision, which is es-
sentially an extremely abrupt stop, is about 1 to
4¢ in terms of deceleration. Limits of human sur-
vival seem to be somewhere around 20¢ and, as
an example, a head-on collision at 40 mph pro-
duces a deceleration of about 16g or 510 ft per
sec.?

As stated in a foregoing section, deceleration
limits on dry concrete are seldom reached in
everyday driving. The superiority of the four-
wheel brake system is, therefore, more apparent
when the vehicle is driven on slippery surfaces of
low yu values, since the braking work is distributed
over more application points.

Actual Stopping Distance: In an emergency stop,
a certain time elapses before the driver can take
his foot from the aceelerator and depress the brake
pedal. Called the reaction time, the time interval
has been measured experimentally as falling be-
tween 0.5 and 2.0 sec. Actual stopping distanece,
8 = 8, + s, can be caleulated from the relationship

4

2b

8 =i, +

In this equation, the first term on the right side
is the distance traveled during the reaction time
before the brake is applied. The second term,
which results from combination of Eguation 236

Example 7—Braking-Power Calculation

Problem: Determine the energy that must be
absorbed by the brake system in & vehicle which
is descending a slope of 10 per cent at a steady
speed of B0 mph. Vehicle weight s 20,000 lb.

Rate af{ which potential energy is converted
in the descending wvehicle is given by the ex-
pression

WGV 20,000(10) (50)

N, = = = 266 hp
37,500 37,500
Assuming f = 0,02, the power consumed by
rolling resistance is
wWiv 20,000 (0.02) (50
N, = = ! = 53 hp

376 375

For an assumed ¢, = 0.8 and 4 = 70 sq ft,
power consumed by air resistance is

0.26¢,AV4  0.8(70) (650)3
37,500 144,000

= 47 hp

Power that must be absorbed by the brake
system is therefore

Ny + Nea =N, — (N, + N,
= 266 — (53 ‘ 47) = 166 hp

Despite the relatively high speed of 50 mph,
air resistance counteracts only about 18 per cent
of the total energy converted on the grade.

DYNAMICS OF BRAKING

and Equation 206 (Part 11), is the braking dis-
tance. The importance of reaction time in braking
calculations is graphically illustrated in Fig. 64.

Special Applications: Solution of any particular
braking-performance problem can be easily cal-
culated from combination of the equation of de-
celerated motion (Equation 202), the equations
for static and dynamic axle weights (Hguations
194 and 195), and the equation of maximum trans-
ferable braking force. The procedure is demon-
strated for two special applications in the follow-
ing sections.

DECFLERATION OF TRACTOR-TRAILER COMEINA-
TION: If, on a tractor-trailer combination, brakes
are provided only on the tractor, braking power
of the tractor must obviously decelerate both ve-
hicles. From Fig. 65, the force balance is

b, 7 /
B=_1 W+W¢)—f W+W,) (238)
g’ s

where subscript # applies to the trailer only, and ¢
refers to the combination.

Limit of braking force produced by the tractor
ig given by the relation

Bz = Wa (239)

When Equations 238 and 239 are eguated, max-
imum deceleration of the combination becomes
Beman = [ We 0 (240)
emazx — G W

Often a certain allowable minimum deceleration
of the tractor-trailer combination is required for
safely reasons. In such case, the maximum per-
missible weight of the trailer can then be calcu-
lated as

gleg+f) — b, ]
bc - g.f

After substitution of Hquation 236 for maximum

deceleration of the tractor alone, and neglecting

rolling resistance which, in this case, is of little
importance, Equation 241 becomes

W!mar =W I: (241)

Winge = W |: : —~1 ] (242)

As an example of such a calculation, assume
that the weight of the trailer must be determined
if the minimum required deceleration on dry
concrete is 15 ft per sec?. From Equation 237, the
deceleration of the tractor alone is b = 20 ft per
sec?. From Equation 242,

This shows that the trailer can have a maximum
weight equal to 33 per cent of that of the tractor.

PArRKING BRAKE HOLDING POWER: Parking-brake
action represents a special form of the braking
problem since it concerns the stationary vehicle,
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The function of a parking brake is fo retain the
vehicle on a grade at least equal to vehicle grad-
ability, usuaily by restraining the driving axle.
The force equation in this case is

Wsing — fWeoese¢ =B (243)

Here, plus and minus signs of the different terms
do not change in relation to each other, if the
slope either is downhill or uphill.

Braking force is limited by available ground
friction whieh, in turn, is a funection of weight
acting on the braking axle. For a rear-axle park-
ing brake, the equation for stationary axle weights
applies (Equation 91, Part 7):

w
W,=T Lycoss — Hgin | L6

where -4 applies to the vehicle pointing downhill.
This represents the worst case possible, since
weight transfer is away from the rear or braking
axie. Combining Equations 243 and 244 with the
applicable limit equation

(244)

Biaz =W, a

the resulting expression is

sW
Wsina-chosﬂ=—E— Lscos ¢ =
H sin ¢ ] (245)

After rearrangement and substitution of G = 100
fan @, tihen

L
[— Bh L f —I

L

Gnge = 100 T e
L= ]
L

where G in per cent and the plus sign in the de-
nominator refers to a downhill pointing vehicle.
Minimum coefficient of friction required to hold

the vehicle on a grade of & per cent is obtained
by rewriting Equation 246 as

(246)

G — 100§
Iu i -
T 100 , HG (247)
L = L

It is interesting to note that the maximum grade
on which the parking brake is able to hold is
independent of vehicle weight and ig a function
of weight distribution and friction coefficient only.
Example 6 illustrates typical parking-brake hold-
ing-power calculations.

Braking-Ileat Effects: In foregoing sections, ele-
mentary equations of motion and the relationships
between forces acting on a wvehicle in decelerated
motion were established. These equations, however,
did not consider braking-performance limitations
imposed by the energy conversion rate in the
brake and the accompanying temperature rise in
both drum and lining.

Bagically, a brake performs an irreversible con-
version of potential or kinetic energy into heat.
This conversion is a frictional process, which can
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take place in the brake drum or, undesirably, at
the tire-ground econtact area when the braked
wheel gkids, In following sections, braking cal-
culations are carried out from the viewpoint of
energy conversion, and basic equations and de-
sign criteria are established.

Heat created in the brake raises the tempera-
ture of the friction surfaces, which, in turn, sets
the limiting factor on brake performance. This
is because the friction coefficient value of the
brake lining decreages rapidly with higher tem-
peratures, and braking torque falls off correspond-
ingly. Furthermore, resistance of the linings
against abrasion also declines at higher tempera-
tures, affecting the service life of the brakes. De-
sign of a brake system must be carried out so
that lining operating temperatures, even under the
moest severe anticipated performance requirements,
will stay below limits for which fricticnal and
abrasive properties are acceptable.

From an energy conversion standpoint, braking
calculations described here are based on two dif-
ferent operational conditions:

1, Moderate brake application of long duration,
for example, on a vehicle descending a long down-
hill grade. For such hrake operation at constant
temperature, equilibrium must be established be-

Example 8—Braking-Heat Calculation

Problem: Determine average energy-conver-
sion rate and temperature rise in the brakes
of an aircraft decelerating at a 10 ft per sec2
rate from an initial speed of 100 mph., Gross
weight of the aircraft is 80,000 1b; brake weight
is 400 lb. Effects of air resistance and kinetic
energy of rotating parts are neglected,

BEquation 255 gives the average energy-con-
version rate as

LR

N, =
T 375

__ 80,000(100) [ 10
375(2)
= 3050 hp

Total work performed in stopping the aircraft
equals the kinetic energy converted, or from
BEquation 257

80,000(100) 2
30(778)
34,500 Btu

Il

Assuming specific heat of the brake-drum ma-
terial is ¢ = 0.11, temperature rise in the drums
is given by Equation 260 as

34,600

=——=T80F
0.11(400)
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tween the frictional heat generated in the brake
and the heat dissipated by the brake to the out-
gide air,

2. Severe brake application of short duration,
for example, in an emergency stop. In this case
the total kinetic energy converted during decelera-
tion must be absorbed by the heat storage ca-
pacity of the brake. This is because heat dissi-
pation during the short braking period is negligi-
ble.

The following sections give further details on
these hrake-application conditions.

Braking-Ileat Dissipation: The heat-dissipation
rate of the brake is the performance determining
factor where braking is intermittent but frequent.
This is the case in bus service, for example, or
during braking of extended duration.

Basis for the heat-dissipation calculation is the
energy-conversion rate and heat-flow balance at
the brake drum. Temperature of the brakes of a
vehicle descending a grade at constant speed in-
creases until it reaches a constant value where
equilibrium between energy conversion and heat
dissipation has been reached. Obviously, as heat
conduction from the lining contact area improves,
energy-handling capabilities of the brake also in-
crease.

Heat exchange in the brake is brought about
by the usual processes:

1. Conduction through the shoe and brake drum
to the adjoining parts in direct contact.

2. Radiation, which takes place between all brake
parts and surrounding surfaces. Since radiation

Heat - Dissipation Rate
(hp or Btu per unit time)
=

Speed {mph}

Fig. 66—Heat dissipation or energy-conversion
rate in a brake as a function of vehicle speed.
Rate of heat dissipation from the brake is pro-
portional o temperature and to vehicle speed,
Higher speeds improve the convective transfer
of heat from brake components. Energy-con-
version rate in the braking sysiem of a vehicle
descending a grade must remain below the heat-
dissipation capacity of the system if equilibrium
brake temperatures are to be established.
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ig a function of absolute temperature, it is usually
neglected because of the relatively low brake op-
erating temperatures.

3. Convection, especially from the outside surface
of the drum, to the ambient air. This accounts for
the largest part of the heat exchange in the brake,.
The amount of heat convected is a function of
the size and quality of the contact surface and
the wvelocity and turbulence of the air flow. Dia-
metral ribs are usually provided on the drums of
high-eapacity brakes, and an air stream is di-
verted to them from openings in the tire rims,
or by proper shaping of surrounding sheetmetal
body parts. When special cooling provisions are
not made, brakes hidden deep in the tire rim often
show poor performance because of inadequate con-
vection cooling.

Because of the many variables influencing heat
flow from the brake, no systematic mathematical
analysis has yvet been made. Instead, the problem
is handled by measurements in wind tunnels, or
by towing the vehicle to obtain characteristic
heat-dissipation curves. These curves usually form
a family, Fig. 66, each curve representing a certain
constant brake temperature plotted against ve-
hicle speed, which is the important heat-convection
influencing factor. On new designs, estimates are
made on a basis of similarity to comparable exist-
ing types.

Energy-Conversion Equations: The equation of
forces acting on a vehicle descending a downhill
slope with constant speed is derived from Equa-
tion 202 (Part 11) setting b = 0,

B+ By =R, — R, — B, (248)

In other words, the sum of B, the actual braking
force, and B,, the braking force derived from the
engine or other additional sources, equals the al-
gebraic sum of grade resistance and rolling and
air resistances.

Expressed in power units, Equation 248 becomes

14
N@,+Nad:3_75_(R9*R,ﬁRa) (249)

After substituting the terms for the resistance
forces,

vwae VWS

Np+ Npg = o — 2
P T 37500 375
026¢, A
_ X (250)
37,500

where N, is the energy conversion rate in the
brake (hp) and N, is braking power supplied by
additional sources.

A general solution for this equation, which
would be applicable to all wvehicles, cannot be
found, since the air-resistance factors ¢, and 4
are particular to each vehicle. The effect of vehicle
weight can, however, be eliminated by considering
the product W(G - 100f) as the variable. In
other words, the same energy conversion rate is
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reached when a vehicle of 2000 lb descends a grade
of 5 per cent as for the case of a 10,000 lb vehicle
on a 1 per cent grade. This substitution permits use
of the same diagram for calculation of brake per-
formance for all vehicles having the same product
cgd, regardless of weight. Rearranged, Equation
249 becomes

€ AV

VW (G — 100f)
1440

Mot Nou = 37,500

(251)
The first term on the right side of this equation
represents the total net power input, while the
second term is the power consumed by air re-
sistance. To maintain temperatures within per-
missible limits, the energy conversion N, in the
brake must be kept{ below the thermal capacity
of the brake, this capacity being established by
its heat dissipation curve (Fig. 66). Any braking-
power requirements beyond such equilibrium must
be supplied by additional braking sources, repre-
sented by N,

Equation 251 is solved by graphical methods
to give, for any value of W and G, the following
performance results: 1, Speed of descent of a free-
rolling vehicle. 2. Maximum permissible speed of
descent for a particular brake. 3. Additional brak-
ing power required and the gear ratio to be used
to achieve the desired braking performance. The
principles and technigues for use of the diagram
are shown in Fig. 67.

As an example of the use of Fig. 67, determine
the maximum grade on which an 8000 lb vehicle
can be braked (at brake equilibrium temperature)
without assistance from engine. Intersection of
the 50-mph ordinate with the N, curve is found
at the 40,000 power-input line, Therefore, assum-

c"oo

ing f = 0.02,

40,000
G = — + 100 f = 7 per cent

With the engine braking in high gear, intersec-
tion of the 50-mph ordinate and the power-input
line is at 60,000. This value corresponds to a 9.5
per cent grade. Similarly, in second gear, the maxi-
mum grade is 15 per cent.

Speed of descent for a free-rolling vehicle
(N, = 0 and N,; = 0) is found at the intersec-
tions of the power-input lines and the N, curve.
For example, on a grade of 4.5 per cent (20,000
line), the speed of free descent is 96 mph.

One possible simplification is to consider air
resistance as a safety factor and omit it from
the calculations. This is permissible with little
error when the anticipated maximum speed of de-
scent is under 50 mph, which is usually the case
in most automotive applications, The simplified
form of Equation 251 is then.

VW(G — 100f) :
37,500

Ny + Ny = (252)

This equation can also be solved again by the
graphical method mentioned earlier. The basic
diagram has general validity for all vehicles, each
particular case heing solved by superimposing on
the diagram the braking power of the engine and
the heat dissipation curve of the brake under con-
gideration. Example 7 illustrates the technique.

Heat-Storage Capacity: If quick deceleration of
the vehicle is the main objective of brake applica-
tion, duration of the process ig short, and heat
dissipation from the brake is negligible. The fune-
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tional lmmitation of the system is then the heat-
storage capacity of the drum.

The drum must absorb a heat quantity equiva-
lent to the maximum anticipated kinetic energy
of the vehicle without reaching a critical tem-
perature on the brake lining.

As in caleulations in Part 11, the engine is con-
gidered to be disengaged, and the force equation
becomes

B=y,mb—R,—R,+R, (253)

where the positive sign on the grade resistance
term R, applies to a downhill grade.

The instantaneous energy eonversion rate in the
brake N, (hp), corresponding to deceleration from
speed ¥V (mph), can be calculated from Equation
253 as

N,,:_B_%[yhmb+feg—3,—zeu]
Speed decreases during deceleration and so does
the energy conversion rate. The calculation is
therefore made for the mean speed
- V; + ¥y
2

(254)

For a full stop, this becomes

Vin &= ——
2
Neglecting air resistance, the mean energy-con-
version rate in decelerating a vehicle of weight W
descending a downgrade slope of (@ per cent is
WV b G
I: LI :]

375 —f

g 100 (255)

Nb:

Brake calculations based on sudden braking are
based on the total kinetic energy freed when the
vehicle slows down from V; to ¥, Furthermore,
the power-consuming effect of rolling and air re-
gistance is usually neglected and the assumption

DYNAMICS OF BRAKING

made that total kinetic energy E (ft-lb) is ab-
sorbed by the brake, or

vz — o ) _OW(VE— V@) [ 5280 ]“

E=m
( 2 2g 3600

Ji J— 2
- W VA (256)
30
Expressed in thermal units, and for a full stop,
Equation 256 becomes
wv;2z WwWv;2

E = = (Btu}
30(778) 23,200

When the amount of heat created in the brake
has been established, the temperature rise and
the required weight of the brake drum can be cal-
culated. Thermal storage capacity of the brake
drum is:

@y = cW,, AL

(267)

(2568)

where @, is the thermal capacity of the brake drum,
W, is the weight of the brake drum, ¢ is the spe-
cific heat of the drum material, and At is the tem-
perature rise in the drum. Letting E, = Q,, the
required weight W, of heat-absorbing material can
be determined for which converted kinetic energy
would raise the temperature only the permissible
amount Af. The expression is

B, WV
War — =

cAt 23,200 cat
Temperature rise At, which results from heat in-
put that is equivalent to the kinetic energy con-
verted, is therefore

(259)

at = Et _ WViz
T oWy | 23,200 eWy,
A. typical calculation of these effects is illustrated

in Example 8.

(260)
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ASIC lmitations to vehicle performance, re-
viewed in Parts 9 and 10 of this series, are
get by the maximum tractive force that
can be transferred by the driving wheels to the
ground. In the analysis of these performance
limits, it was assumed that torque supplied by
the engine always equaled or exceeded the de-
mands of the driving wheels.
In thig article, the first of two that will be pre-
sented treating the subject of vehicle performance
prediction, general characteristics desired of a

+*Now Research and Development Engineer, Phillips Petroleum
Co., Bartlesvilte, Okla.

Torque

Power

Power,P (hp)
Torque, ¥ [ |b-f})

Speed, 7 {rpm)

Fig. 68—Powerplant characteristics ideally suited
for vehicle propulsion show constant power out-
put over the entire speed range. This gives a
hypetbolic torque- curve and provides high tractive
forces for vehicle acceleration at low road speeds.
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vehicle powerplant are introduced, and methods
for correcting standard data to existing atmos-
pheric conditions are reviewed. Also surveyed are
the power losses in accessories and drive-system
components.

Vehicle Powerplants: Performance character-
istics that ideally suit a powerplant for vehicle
propulsion are: 1. Constant power output through-
out the usable speed range. 2. Torque that peaks
in the low-speed range where traction demands for
grade climbing and acceleration are high. Plotted
against engine speed, the characteristic curves of
such a powerplant have the form of a straight
line for power output P and a hyperhola for the
torque M, Fig. 68. The equation of the torque
characteristic has the general form

5262 P

n

Automotive powerplants in actual use have char-
acteristics differing more or less from these ideal

Nemenclature

B =— Barometric pressure, in. Hg

B, = SAB standard barometric pressure (—29.92
in. Hg)

B, = Vapor pressure of air, in. Hg

¢ = Number of cylinders

D = Cylinder bore, in.

M = ¥ingine torque, lb-ft

7 = Speed, rpm

P = Power delivered at output shaft, hp

p, = Brake mean effective pressure, psi

@ = Volume output of pump, gpm

s = Piston stroke, in.

T = Absolute temperature, °R

T, = SAR standard air temperature (=5020°R)

x = Revolutions per power stroke (@ = 2 for
four-stroke cycle}

7 = Efficiency




Powerplant Characteristics

propulsion requirements
standard performance data
» accessory losses

* {ransmission characteristics

requirements. In following sections, the internal-
combustion engine, which powers the majority of
automotive vehicles is discussed in detail; other
powerplant types are reviewed briefly for compa-
rison,

STEAM ENGINES: The steam engine, which as
a rule develops peak power output at very low
speeds, has characteristics that come close to
satisfying requirements of the ideal automotive
powerplant, Fig. 89, Such an engine would elimi-
nate the need for a speed-changé transmission
and could be directly coupled to the vehicle driv-
ing axle. Despite these excellent qualities, use of
the steam engine is generally limited to railroad
applications, and seldom is it seen on automotive
vehicles. One reason for this is the time required
to put the steam engine into operation; a second
disadvantage is poor power-to-weight ratio. Both
these qualities are of decisive importance in road
vehicles.

ELECTRIC MoTors:; The series-wound electric
motor also has power-torque characteristics which
approach the ideal for vehicle propulsion. There
are two applications where electric powerplants
are used in vehicles:

1. In battery-operated wvehicles, mostly of the
industrial type, requiring high tractive forces at
very low speeds. These -are conditions for which
the electric motor is best suited. The power
source is a storage battery; capacity of the battery
determines the operation time for which the vehicle
is independent of its base. Use of battery-powered
vehicles is limited to short-range applications
where weight is not objectionable. Often, in fact,
battery weight is an advantage, for example, in
industrial tractors and lift trucks.

2. Trolley buses, which find use in city trans-
portation systems, operate on alternating current
supplied from an overhead wiring system. The
excellent adaptability of the electric motor to high-
torque acceleration demands makes it an ideal
powerplant for bus service with characteristically

frequent stops. The superiority of the electric
motor over internal-combustion engine power is
still unsurpassed in this respect.
INTERNAL-COMBUSTION ENGINE: Of all the pos-
sible power sources for propelling automotive ve-
hicles, the internal-combustion engine has the most
unfavorable power-torque characteristics, and can
be used only in conjunction with a torque muiti-
plying transmission. This is because of the in-
herent property of the engine to develop power
in proporfion to speed, giving torque-output char-
acteristics unsuited for vehicle propulsion. Para-
doxically, the internal combustion engine has
nevertheless found the widest acceptance for auto-
motive vehicles, due principally to its excellent

Torque

Power

Power, #(hp}
Torque, M{Ib-ft)

Speed, 7 ([rpm}

Fig. 69—Characteristics of the steam  engine
and the " series-wound electric motor closely
approximate the ideal for vehicle propulsion.
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readiness for operation,
ratio, and wide availability of fuel.

high power-to-weight

Two different internal-combustion engine ap-
plications can be distinguished:

1. Direct Drive: In direct drive, which accounts
for the majority of current applications, the en-
gine is coupled through a transmission directly
to the driving axle. The transmission can be me-
chanical (gear shift) or hydraulic (torque-con-
verter type).

2. Indirect Drive: The internal combustion is
merely the initial power source in the indirect-
drive system; the actual driving is done by either
electriec or hydraulic systems.

The engine-electric drive combines the good
operational properties of the combustion engine
with the desirable power-torque characteristics of
the electric motor. The relatively low efficiency
of the combination, due to double transformation
of power, is improved by running the engine at
its economic optimum. Use of this type power-
plant is limited at present te railroads and heavy
duty industrial vehicle applications where advan-
tages offered by the flexibility of the electric drive
balance the increased cost and weight of the com-
bination.

In the hydraulic-drive system, the engine drives
a constant-displacement hydraulic pump which, in
turn, supplies hydraulic fluid under pressure to
a variable-displacement hydraulic motor ecoupled
to the drive axle. Hydraulic-motor pressure and
volume demands correspond to instantaneous driv-
ing conditions. Low efficiency of this combination
is again justified hy the excellent power-torque
characteristics of the hydraulic-motor drive. The
system is increasing in popularity for high-torque
applications, where stepless speed regulation is
esgential.

Internal-Combustion. Engine Characteristics: A
typical power-torque diagram for a gasoline engine
is shown in Fig. 70. Basic engine data are inter-
related by the equation

ppnDsc _ Mn

- (261)
396,000 o

Terms_in Equation 261 are defined in Nomen-
clature,

From Equation 261, proportionality between
brake mean effective pressure p, and engine torque
M can be derived as

M = kp, (262)

where k is the proportionality factor. Brake mean
effective pressure is in itself not a measurable
physical value, but is proportional to indicated
pressure. Consequently, it is a function of a
numhber of engine design factors and efficiencies.
It is noted that power developed is a function of
the product p, X =, while torque is proportional
only to p,.

The gasoline engine starts to run smcothly at
a certain minimum or idle speed n,,, and produces
excess power at speeds above thig point. Optimum
combustion quality, and therefore maximum effec-
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Power

Power (hp)
Torque (lb~ft)

Torque

Omin Ny Ny rox
Speed {rpm)

Fig. 70—Typical full-throttle characteristics of a gaso-
line engine. Maximum torque is given ac speed ag,
which corresponds to the point of tangency of a line
drawn from the origin to the power curve. Minimum
speed, B, is engine idling speed; maximum torque
is reached at relatively low power levels. Both of these
characteristics account for the poor adaptabiliry of the
internal combustion engine for vehicle propulsion and
point up the need for a change-gear t(ransmission.

tive pressure, is reached at a medium éngine speed
where, ag a result, maximum engine torque is de-
veloped. This point is designated in Fig. 70 as
#y;. Power output at this rather low speed is also
relatively low, which accounts for the poor adapt-
ability of the combustion engine as a vehicle
powerplant.

As speed increases further, brake mean effec-
tive pressure deteriorates due to the rapidly grow-
ing losses in the air-induction manifolds. Torque
therefore starts to decline.

Power output ig in nearly straight line propor-
tion with speed up to the point of maximum
torque. Beyond this point, the rate of power in-
crease AP/An falls off until the maximum-power-
output point is reached at my. The relative posi-
tions of ny and n, are often used as comparative
measures of the quality and adaptability of an
engine for given application.

Speed increase beyond ny results in a fast de-
cline in power output, determining thercfore the
position of maximum permissible speed %, In
vehicle applications, this peint is usually set just
above the maximum-power-output speed. Vehicles
designed for traction, however, are designed to
operate at much lower engine speeds, since maxi-
mum torque and not power output determines per-
formance limits.

The point of operation for maximum economy,
corresponding to minimum specific fuel eonsump-



tion, coincides approximately with the speed of
maximum torque. When transmission reduction
ratios are properly selected, this econmomic opti-
mum falls within the most frequently used part
of the vehicle speed range. This is especially true
for part-load operation, where differences in spe-
cific fuel consumption are particularly large.

Effects of Atmospheric Condifions: Maximum
engine power developed ig directly proportional to
the weight of air inducted into the cylinder. Power
output is therefore a function of the state of the
air.

In gasoline engines, it is found that power is
in direct proportion to barometric pressure (which
changes with altitude) and approximately in-
versely proportional to the square root of absolute
temperature. To permit comparison of engines
on & basis that is independent of atmospheric con-
ditions, performance data are measured experi-
mentally on dynamometers and are recalculated to
certain standard air conditions. These standards,
which were established by SAE, are: 1. Temper-
ature, T, = 520 deg Rankine (60F). 2. Baro-
metric pressure, B, = 29.92 in, Hg {(dry air).

If engine power under standard air conditions
is known, the effective power developed under
any other set of conditions can be calculated from
the equation:

_ PO(B—Bv) I T,
B, T

(263)

where P is effective engine power under the given
atmospheric conditions (hp), P, is engine power
under SAE standard air conditions (hp), T is am-
bient temperature (°R), B is barometric pressure
at the carburetor air inlet (in. Hg), and B, is
vapor pressure of the air (in. Hg).

The effect of air humidity, expressed in Equation
263 as vapor pressure B, is, except under season-
ally extreme conditions, usually negligible in per-
formance calculations.

VEHICLE POWERPLANTS

In Diesel engines, effects of atmospheric condi-
tions on power output are more complicated, since
not all the air inducted into the cylinders actuaily
participates in the combustion process, Data-
standardizing formulas are therefore functions of
many variables that pertain to specific character-
istics of a given engine, for example, engine size,
quality of the fuel-air mixing process, etc. As a
rough approximation, the following correction
equation can be used for compression-ignition en-
gines:

p= P, (B — By) ( T, )
B, T

(264)

Atmospheric conditions can easily change en-
gine output as much as 25 per cent. This is be-
cause air-intake temperature under the hood of
an engine can rise to 200 F or higher, and air-
intake pressures can be reduced substantially by
increaging altitudes. Ewven daily variations at a
given location can give a 10 per cent change in
engine power.

The effects of air conditions and altitudes on en-
gine power are graphically represented in Fig. 71.
The plot allows the relative magnitude of these
factors to be compared.

Engine Accessory Losses: Engine performance
diagrams supplied to vehicle designers usually
represent the power of the so-called “bare” en-
gine. Since there is no generally accepted de-
finition of this term, interpretation in each case
should be carefully considered. This requires ac-
curate knowledge of the conditions under which
dynamometer measurements were actually taken
in the laboratory,

Generally, the bare-engine performanece diagram
pertaing to an engine stripped of all installations
and accessories not essential to engine function-
ing and such accessories that are subject to in-

Fig. 71—Effects of carburetor-air in- 200
take conditions on internal-combustion 180 |
engine power output. Normal power
refers to engine rated power at SAE o0-30 -~ 160 -
standard conditions (60F and 29.92 B L
in. Hg). Curve a shows power ratio LT gwMol-
vs. ambient pressure; curve b shows z £
power ratio vs. intake temperature for .. 2000-128 o + 120
gasoline engines; curve ¢ shows pow- &= é -
er ratio vs. intake temperature for - o cWof
Diesel engines. - -
Example: Determine engine power £ 4000426 80 -
ratio at 5000 ft altitude and 140 F air- a T
imakt; temperature for gasoline and -g 60 -
Diesel engines.
Gasoline engine: 6000 124 < o
P=0.83 x 0.93P,=0.77P, 20 L
Diesel engine: "
P=0.83 X 0.87P,—0.72P, 8000 |22 oL, ‘ ! L 1
70 80 80 160 Lo 120

Per cent_Normal Power,”/2x100
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dividual design and application requirements.
To obtain the power actually available at the

output shaft, the power consumed by installations:

and accessories is subtracted from values given
by the bare-engine power diagram. This gives a
new diagram which represents the effective power
available.

Installations and accessories found in the normal
vehicle are reviewed in the following sections.

PumPs AND DISTRIBUTOR: Water pump, fuel
pump, oil pump and distributor drive form a
special group since they are usually driven through
internal connections from the engine block, As a
rule, power requirements of these components are
included in the bare-engine performance diagram.
The fuel pump is sometimes an exception, since
gravity feed may be used in the vehicle, making
use of a fuel pump unnecessary.

MUFFLER: The muffler causes back pressure in
the exhaust systemn and consequently power is
lost in pushing through the burned gases. This
power loss is proportional to the square of the
engine speed and, depending on muffler resistance,
reaches about 12 per cent at maximum power ouf-
put. In high-performance engines, dual mufflers
are used to reduce power losses to half of this
value.

AR CLEANER: Since the air cleaner is essentially
a resistance element in the suction line, it causes
a power loss proportional to the square of engine
speed. Depending on its flow resistance, the aver-
age passenger-car ait cleaner accounts for about a

~— Tractive —force required

Tractive—force avaitable
{with gear reduction)

'\{:"'5' — . Tractiva—force avoitable
! \ {no reduction stages)

" Tractive Force

Speed

Fig. 72—Comparison of tractive force required by
a typical vehicle and tractive force made available
to the wheels by the engine. Plot shows that basic
characteristic of the engine can be matched to the
tractive force :eﬂuired curve by providing three
or more speed-reduction steps in the transmission.
Difference between “high"” characteristic and “ro
transmission” characteristic is due to speed reduc-
tion in the vehicle differential.
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3 per cent loss at maximum engine output.

(GENERATOR: The generator has a varying power
demand, depending on the instantaneous load in -
the electric circuit. At constant load, generator
power-consumption characteristics have a linear
relationship with speed. For the average passenger
car, the generator requires about 2 hp at maximum
engine power output.

FaN: Power requirement of the cooling fan is
proportional to the third power of the speed and
accounts for a considerable loss of power at high
speeds. Shape of air-intake channels (grill) and
operating speeds of the vehicle have an important
effect on fan performance. On high speed ve-
hicles, the natural flow of air often provides a
substantial cooling effect. In fact, recent design
developments have made it possible to automati-
cally idle the fan when its function is not required,
such as at high speeds and when starting a cold
engine. On the other hand, vehicles working reg-
ularly at low speeds, or under intermittently sta-
tionary conditions, must depend entirely on the fan
for cooling flow, since air flow due to vehicle
speed is negligible. In rough approximation, an
average passenger-car engine requires a fan with
1 hp power consumption at medium speeds. Power
requirements increase about eight times when
speed doubles.

HypravLlc Pumps: Use of hydraulic pumps to
provide power for auxiliary functions is increasing
rapidly. On passenger cars fluid pressure is used
for power gteering, while hydraulieally powered
work-saving devices on agricultural and industrial
vehicles are standard equipment.

The power consumption of a hydraulic pump can
be calculated from the equation

po_ 9 (265)

1714 5

where § is volume output (gpm), p is pressure
(psi) and 5 is total pump efficiency, usually around
75 per cent. The power-consumption characteristic
of a pump is basically in straight-line proportion
with speed. At very high speeds, pump efficiency
usually decreases, resulting in higher power con-
sumption.

To determine how much of pump power
should be subtracted from the bare-engine output,
consideration must be given to the variation of
pump-power demand with driving -conditions.
Power steering and other auxiliary equipment,
for example, reach the peak power-consumption
point when the vehicle is stationary and show
reduced requirements at normal driving speeds.

Power requirement of all accessories should be
carefully evaluated for each application and then
plotted additively against engine speed. The final
graphical summation is then subtracted from the
bare-engine power diagram, The result represents
effective power delivered to the transmission input
shaft.

Transmission Characteristies: It has been shown
in preceding sections that the internal-combustion
engine Is not in itself suited for vehicle propulsion,




since torque regquirement for initial acceleration
can be met only with the help of a change-gear
transmission. The function of the transmission is
to transform the torque-speed relationship of en-
gine output into a form which more closely cor-
responds to actual driving demands, Fig. 72. This
transformation is performed by the following
means:

1. By the transmission itself, which can either
have the form of a manual gear-shift transmission
or that of a gear-reduction stage pius a hydraulic
element such as a fluid coupling or a torque con-
verter. Reduction ratios must be properly chosen
in number and magnitude if the desired effect is
to be obtained.

2. By a rear-axle gear, which gives, as a general
rule, a constant reduction ratio of 3.5 to 6.5 through

a hypoid gear pair. The rear-end ratic is deter-
~ mined by the usual practice requiring direct (non-
reducing drive) drive through the transmission in
high gear.

3. On vehicles requiring extremely high torques
at low speeds, additional gear-reduction stages
are usually placed at the drive wheels.

Power transmission between the engine output
shaft and the driving wheels involves the following
additional factors as power-consuming elements:

1. Clutch efficiency, amounting to about 99 per
cent.

2. Transmission power consumption, originating
in friction between gears and oii-churning losses.
Gear friction is proportional to power transmitied
and depends on gear-surface finish and quality of
lubrication. Oil churning losses are proportional
to approximately the third power of speed and
are a function of oil viscosity. These factors re-

VEHICLE POWERPLANTS

sult in an average transmission efficiency of 97
to 95 per cent for each gear pair, including final
gear reductions, Torgue-converter efficiencies,
which vary more widely with operating conditions,
are diseussed in the next part of this series.

3. Efficiencies of bearings and joinls, assumed
for a passenger car to be from 98 to 99 per cent.

4. Wheel slip. A driving wheel in one full furn
makes a translatory advance which is less than
the circumference of the circle corresponding to
the rolling radius of the tire. The diiference is
explained by the slip of the driving wheels (Part 1)
and depends mainly on the nature and condition
of the ground surface., This effect is expressed
as drive efficiency or slip factor, with values of
approximately 95 to 98 per cent for normal high-
way surfaces.

Total efficiency of the drive system between
engine output shaft and drive wheels is the produet
of all component efficiency factors, The follow-
ing are representative average overall efficiencies
for a vehicle with a change-gear transmission:

1. In direct gear, 90 per cent

2. In other gears, 85 per cent

3. Drives with very high reductions (final drive),

5 to B0 per cent.

Power loss in the transmission is manifested as
heat in the gear-box oil, bearings and other parts
engaged in power transmission. The heat is even-
tually transmitted to the outside air by convec-
tion and radiation,

In the next part of this series, two represent-
ative vehicles—a passenger car and an industrial
truck—are matched to their powerplants and de-
tajled calculations of resulting vehicle performance
are illustrated.

83




Mechanics of Vehicles—14

PERFORMANCE PREDICTION

By JAROSLAV J. TABOREK*
Development Engineer

Towmotar Corp.

Cleveland

powerplant for use in a wheeled vehicle were

surveyed in Part 13.4¢ In this, the final article
of the series, tentative design choice of power-
plant is assumed to have been made, and the prob-
lem considered is that of predicting vehicle per-
formance.

Performance calculations are illustrated for two
representative vehicles: 1. Passenger car with a
manual three-speed gear-shift transmission. 2. In-
dustrial truck incorporating a torgque-converter
transmission with low and high gear stages. Meth-
ods of procedure emphasize calculation techniques
and illustrate the adwvantages of graphical repre-
sentation of performance results. Specifications for
the two assumed vehieles are given in Table T.

PERFORMANCE characterigtics that suit a

Effective Engine Power: Basic methods for de-
termining effective engine power are identical for
both the passenger car and the industrial truck.
Power outputs P, of bare engines at SARE stand-
ard air conditions are shown as funections of speed
in Fig. 73 and 74. To establish usable power, stand-
ard engine power P, is corrected to existing am-
bient air conditions. It is important to note that
earburetor air-intake temperature under the hood
of an engine may be substantially higher than
that of the amblent air. The designer may rely
on previous experience as a guide in such cases.

For both examples, air-intake temperature is
assumed as 140 F, and air pressure is 29.6 in. Hg.
Vapor pressure of the air is negleeted (B, = 0).
From Equation 263 (Part 13}, corrected power is

_ P,(296) [ 520
(29.92) 600

Or, from the correction factors plotted in Fig. 71

= 0.925 P, (266)

“Heferences are tabulated ai end of artlcle,

*Now Research and Deovelopment Engineer, Phillips Petroleum Co.,
Bartlegville, Okla.
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Fig. 73—Powerplant performance characteristics as-
sumed for the passenger-cat example. Uppetr plot
shows method for obtaining effective power output
P, from SAE standard power P, Lower plot gives
relationship between engine speed #, and vehicle
speed V in first, second and high gears.
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PERFORMANCE PREDICTION

By JAROSLAY J. TABOREK*

Development Engineer
Towmotor Corp.
Cleveland

powerplant for use in a wheeled vehicle were

surveyed in Part 13.4¢ In this, the final article
of the series, tentative design choice of power-
plant ig assumed to have been made, and the prob-
lem considered is that of predicting vehicle per-
formance.

Performance calculations are illustrated for two
representative wvehicles: 1. Passenger car with a
manual three-speed gear-shift transmission. 2. In-
dustrial truck incorporating a torgue-converter
transmission with low and high gear stages. Meth-
ods of procedure emphasize calculation techniques
and illustrate the adwvantages of graphical repre-
sentation of performance results. Specifications for
the two assumed vehicles are given in Table T.

PERFORMANCE characteristics that sunit a

Effective Engine Power: Bagic methods for de-
termining effective engine power are identical for
both the passenger car and the industrial truck.
Power outputs P, of bare engines at SAE stand-
ard air conditions are shown ag functions of speed
in Fig. 73 and 74. To establish usable power, stand-
ard engine power P, i correeted to existing am-
bient air conditions. It is important to note that
carburetor air-intake temperature under the hood
of an engine may be substantially higher than
that of the ambient air. The designer may rely
on previous experience as a guide in such cases.

For both examples, air-intake temperature is
assumed as 140 F, and air pressure is 20.6 in. Hg.
Vapor pressure of the air is neglected (B, = 0).
From Equation 263 (Part 13), corrected power is

P,(20.6) [ 520

P=— ¢ — =0925P 2
(29.92) 800 0 {266)

Or, from the correction factors plotted in Fig. 71

#“Referonces are tabulated at end of artlele.

*Now Research and Development Engineer, Phillipg Petroleum Co.
Bartlesville, Okla. '
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Fig. 73—Powerplant petformance characteristics as-
sumed for the passenger-car example. Upper plot
shows method for obtaining effective power output
P, from SAE standzrd power P,. Lower plot gives
relationship between engine speed », and vehicle
speed V in first, second and high gears.




cases fully acceptable and saves lengthy numerical
calculation.

Transmission and rear-end gear reductions multi-
ply engine torque to the value M, at the drive axle,
Designating the tractive force exerted by the driv-
ing wheels on the ground by 7, the following re-
lationship applies:

12 M, {n

12 Mg '
p= = (270)
T T

tracted, giving the free tractive force T that is
available for grade climhing, trailer pull or acceler-
ation. Following are the principal motion-resist-
ing forces:

1, Rolling resistance R,, calculated from

R, = Wf

can be assumed constant throughout the speed
range, If greater accuracy is required, Equations
57 or 58 (Part 5) can be used. In the present
example, Bquation 57 gives the results tabulated
in Table 8.

From thiz value, the motion-resisting forces en-
countered in constant-speed driving are next sub-
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Passenger Car

WEIGHT DATA: Gross weight of
the loaded vehicle is 4000 1b. Dis-
tribution of weight to front and
rear axles is equal. Height of the

Table 7—Vehicle Specifications

loaded truck is 15,000 1b.

ENGINE DATA: Bare engine power
output P, at SAE standard condi-
tions is plotted with accessory pow-
er consumption P, in Fig. 74.

in Fig. 74. 'Torque multiplication at
stall speed is 2.1, Additional speed
reduction, obtained in the vehicle
fingl-drive gear box is as follows:

cg is H = 0.25(L), where L is the _TRANSMISSION DaTA: Transmis- ¥irst Second
sion is a torque converter with

wheelbase. automatic  two-speed earshift, Reduetion 22.2:1 15:1

ENGINE DATA: Bare engine pow- pee gearshift.  mota) Efficlency 0.35 0.35

er output P, is given for SAE
standard conditions in Fig. 73. Pow-
er P, consumed by accesscries is
plotted as a function of engine
speed in the same figure.

Ratio between input and output
speed and torque multiplication are
plotted as functions of cutput speed

TIRE DATA: Rolling radius of 8.25
x 15, 12-ply tires is r = 155 in.

Table 8—Passenger-Car Performance

TRANSMISSION DaTA: Transmis-
sion is a threc-speed, manual-shift ¢ Vh) (ne (njawfet sﬂdgt lgt'r:) (Il?,b,.) f;’g.] ﬁlﬁ 3;!) (!f.lgm’)
N . . m; rpm - -
unit. Rear-end reduction is through r v y ¢ ) ¢
a hypoid gear box. Reduction ratios First Gear
iolenci i 7 800 230 1840 1650 44 1 5 1605 10.2
and efficiencies of the power train 10 1150 258 2060 1840 44 1 4 1792 111
are a3 follows: 20 2300 276 2200 1960 44 16 80 1900 12.1
30 3450 240 1920 1710 48 36 84 1626 10.4
40 4800 175 1400 1250 52 6 116 1134 7.3
Gear————
First Seeond High Second Gear
" : 11 800 230 1130 1010 44 4 48 962 8.0
Transmigsion ratlo 264 L8S  a 20 1400 265 1300 1160 42 16 6 1100 7.9
Toral ratia el BEM Hen 30 2100 278 1360 1220 48 38 84 1136 8.3
Total Efficlency 0.55 0.8 090 40 2800 205 1300 1160 2 e s 1044 7.5
. X . 50 3500 240 1170 1050 56 00 166 204 6.4
TIRE DATA: Rolling radius of 8.75 60 4200 200 980 876 64 144 208 667 4.8
x 15 tires is r = 13.5 in, 0 4900 150 740 660 72 196 288 302 2.3
AIR-RESISTANCE DATA: Projected High Gear
frontal ares 4 = 28 sq ft. Coef- 20 gau gm 780 'mg ﬁ 16 gg 640 4.8
. ) X _ 30 1320 65 860 77 36 686 51
ficient of air resistance Cqg — 0.55, 40 1160 275 890 195 52 64 116 870 5.0
Truck 59 2200 278 200 800 56 100 156 644 4.8
ruc 60 2630 272 880 73(5) 64 ;;4 208 577 4.3
. . 30 3500 240 730 7 88 6 344 366 2.6
WEIGHT DATA: Gross weight of 100 1400 190 815 G50 120 400 520 30 oz
Table 9—Truck Performance
v Rge N, {ts &G Su {e M, Mg T EB Ty m' «
(mph) (rpm) (rpm) (b-f4) (tb-ft) (b} by (W) (1h-zecd/ft) (It per sect)
Low Gear
0 1400 w w 210 465 168 6850 5150 300 4850 0 1.08 485 10
2 500 1400 2.80 62 160 355 168 5100 3950 300 3850 0 1.03 485 7.5
4 580 1500 153 3¢ 127 282 168 4000 3100 300 2800 12 11 515 5.4
6 1490 1750 117 26 1.0 245 166 3460 2680 300 2380 21 132 620 3.8
8 1900 2100 110 24.4 1.02 22,7 180 3100 2400 300 2100 22 140 855 3.2
10 2450 2550 104 23 102 2.6 150 2820 2180 300 1880 23 1440 655 2.9
12 %200 3000 1.0 23 102 226 127 2460 1866 300 1560 23 1.40 856 2.4
High Geax
0 0 1400 @ v 2.1 31.5 168 4500 3480 300 3180 0 103 485 8.5
1 680 1450 =10 3.5 146 219 168 3120 2420 300 2120 2 104 490 43
& 1000 1500 © 1.50 225 1.27 19 168 2700 2100 300 1800 T 1.05 493 3.6
8 1300 1850 127 18 115 1T.3 187 2460 1900 300 1600 12 130 516 3.1
10 1820 1850 114 171 1.06 159 165 2230 1730 300 1430 14 112 625 2.7
12 1960 2120 1.08 162 1.02 153 160 2030 1610 300 1310 153 L.13 530 2.5
14 oome 2350 104 156 102 153 156 1970 1530 300 1230 16.3 1.13 530 2.3
18 2030 3000 103 165 1.02 153 187 162¢ 1250 306 930 183 1.13 530 1.8




Gradability, & (per cent)

~eoncrete); n =

2. Alr resistance R,, calculated from Egquation
64 (Part 6), is

fV NE V \:
R, =026¢, 4 — ) = 0.26(0.55) (28) ( -—
10 10

= 0.04 V2

Values of ¢,, the air-resistance coefficient, and 4, -
the projected area, are usually known for exist-
ing vehicles or, in case of new designs, are as-
sumed on grounds of similarity.

Both E, and R, are additively plotted against
vehicle speed V and their sum ig subtracted from
tractive force T. This operation gives the free
tractive force T, plotted for the passenger car in
Fig. 75.

Tractive forces transferable by the driving wheels
are limited by available friction, which, in turn, is
a function of both the dynamic weight on the
driving axle and the frictional properties of the
ground (Part 9). For the rear-wheel drive sys-
temm used on the passenger car, Equation 148,
which has the form

can be evaluated for representative road surfaces
with the following coefficients: p = 0.95 (dry
060 (gravel); p = 040 (wet
asphalt). Weight-distribution data (Table 7) are
L, = 05L and H = 0.25L. For dry conecrete, then

PERFORMANCE PREDICTION

0.75(4000) [0.5 — 0.02(0.25) ]
[1 — 0.75(0.25)]

= 1840 1b

mar ~ -

Other traction values are 1410 lb for the gravel
surface and 890 lb for wet asphalt, These results
are plotted in Fig. 75. The downward trend of
the curves with increasing vehicle speed is caused
by the decline of , values at higher speeds (Part
1).

INDUSTRIAL TruUcK: Unlike the geared transmis-
sion, which forms a positive coupling between en-
gine and drive wheels, the torque converter is
essentially a hydraulic coupling that gives values
for torgque multiplication and speed reduction that
depend on converter speed, Fig. T4.

Torque-Converter Characteristics: Torque ratio
of the converter reaches maximum at stall out-
put speed, with a value around 2.2:1. The ratio
gradually falls off as output speed increases, the
converter eventually acting as a hydraulic coupling
with 1:1 torque ratio.

-Speed ratio of a torque converter is infinite at
stall condition, where the wvehicle is stationary
and the engine is working at a certain predeter-
mined design speed. As the vehicle beging to move,
the engine speeds up, first very slowly, then at
an increasing rate until the converter becomes a
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Fig. 75—Tractive force and gradability for the passenger-car
example. Free tractive force T, is obtained by subtraciing mo-
tion-resisting forces from the gross tractive force T which cor-
responds to engine effective torque output.
proportional to free tractive force and therefore can be repre-
sented on the same diagram by recalculating the scale.

Gradability is

Fig. 76—Free tractive force and
gradability as funcdons of vehicle
speed for the truck example,
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coupling. Here the proportionality between input
and oufput speeds is re-established, At this point,
however, a small difference between input and out-
put speeds remaing because of internal slip in the
hydraulic element.

Principal advantages of the torgue-converter
transmission can be summarized as follows:

1. It creates an elastic connection between en-
gine and driving wheels, cushioning the engine
from sudden loads and shocks that are unavoidable
with gear-gshift transmissions.

2. It prevents engine operation at uneconomical-
1y low speeds and power outputs.

3. The torque-output characteristic of a torque-
converter transmission approaches closely the
toraue-speed demands of a vehicle.

Characteristics of the converter used in the

Nomenclatare

A = Projected vehicle area, sq ft
a = Acceleration, ft per sec?
B = Barometric pressure, in, Hg
B, = SAE standard barometric pressure (29.92
in. Hg)
B, = Vapor pressure of air, in. Hg
¢; = Coefficient of air resistance
f = Coefficient of rolling resistance
G = Grade or gradability, per cent
H = Height of vehicle ¢g from ground, in.
L; = Distance between vehicle cg and front
axle, in.
M4 = Torque on drive axle, Ib-ft
M, = Engine torque, lb-ft
m = Mass, lb-sec?-ft-1
m' = Total effective inertia, mass, lb-sec2-fi-1
# = Speed, rpm
#q = Drive-axle speed, rpm
#, = Engine speed, rpm
fiy = Engine speed at maximum torque, rpm
fmar = Maximum engine speed permissible, rpm
Rmin — Minimum engine speed, rpm
#y = Engine speed at maximum power output,

rpm
ny; = Torque-converter output speed, rpm
P = Power, hp

P, = Engine power output at SAE standard air
conditions, hp
R, = Air resistance, 1b
R, = Grade resistance, 1b
R, = Rolling resistance, 1b
r = Rolling radius of tire, in.
T == Tractive force, 1b
T; = Free tractive force, 1b
t = Time, sec
V = Vehiecle speed, mph
W = Vehicle gross weight, 1b

IR = Summation of motion resistance forces, 1b
y = Efficiency factor
nst = Tire-slip factor
¥ = Inertia mass factor of rotating parts
¢ = Total reduction ratio
¢s = Total speed ratio
{: = Total forque ratio
{12 = Torque-converter speed ratio

$te = Torque-converter torgue ratio

{» = Ratio of change in engine speed to change
in vehicle speed

p = Coefficient of road adhesion

truck example are given in Fig, 74. When com-
bined with the reduction in the geared stages,
the plot leads to a complete graphical equivalence
between vehicle speed, engine speed, converter
torque ratio, and engine torque output.

Speed and tractive force equations developed in
foregoing sections for a geared transmission must
be adjusted for use with the {orgque-converter
transmission. The basic relationship, which has
a form gimilar to that of Hquation 269, is there-
fore
V= N 7 LMt (211)

168 ¢y, ¢ 168 ¢,

Tractice Forces: Calculation of tractive forces is
carried out by means of a modified form of Equa-
tion 270:

dV=10mph
P

-.-
[y}
Ty

.
[»]
t

| 1°

<]

Acceleration, @ {ff per sec?)
lon

P 0 100
O=10mph
°0*
k- 5
di=q sec/
201}
& 30t
2
.
@
E a0k
i
Time-distohce
curve
50 |-
Time-speed
60 |- curve

Fig. 77—Construction of time-speed and time-dis-
tance curves for the passenger car by graphical in-
tegration of the acceleration-speed cugve, Diagram
interrelates speed, time and distance. “For example,
a speed of 80 mph is reached in 23 sec over a
distance of 1700 ft from the starting point.




r= s (<2 ) s (F2) em
r r

Further steps in the calculation of {ractive forces
for the truck example are identical with those for
the passenger car. Sum of resistance forces is
subtracted from the gross tractive force (Edqua-
tion 272), giving free tractive force T,. For the
industrial vehicle in this example, which usually op-
erates at speeds below 25 mph, air resistance is
neglected. In the calculation of rolling resistance,
the assumed coefficient f = 0.02 is considered as
speed-independent. for the relatively narrow operat-
ing-speed range. Results of such calculations are
given in Table 9.

Gradability: Free tractive forces, calculated for
both the passenger car and the truck, can be used
to obtain values of grade the vehicles can negotiate
at constant speed. From Equation 61 (Part 5),

100 T,
G =
w

(273)

The graphical representation of T, can also be
directly transformed into correspending gradabil-

Table 10—Mass Factors

Effective Mass
Gear Total Ratio Mass Factor m’
¢ ¥ (1b-sec2-£t-1)
First 94 1,26 157
Second B5.75 112 140
High 3.6 1.07 134
Speed totio, e
v -
sol- L?w High 3 g
& / §
o 50} / 5
$ ’ 3
Eu 40+ -2 §
- §:(low) [
g O £ (high) 2
W N _—— o
20} ~ -1 @
ok > $(iow)
A
t 1 "’#-_-—"lg'(hig?) i ‘ I
L N uﬁ"léélofam:elﬁm
Mass Factor, ¥ Speed, V (mph)

Fig. 78—Determination of inertia mass factor v for
the torque-converter transmission. Overall speed
ratio {, decreases from o0 at converter stall speed
(V=0) to the mechanical-stage ratios 't (low) and
t (high) when the converter acts as a coupling.
The actual relationship between engine s and
vehicle speed is given by the »,/V curves, Inertia
effect of rotating engine parts is proportionzl to
dn,/dV, which is represented by tangents to the
njV curves, The {y curve, constcucted by meas-
uring tangent slopes, gives values ranging from
zero at V=0 to the values ¢ (low) and ¢ (high).
At the left side of the plot, v is shown as a func-
tion of the ratio {-

PERFORMANCE PREDICTION

ity values, gince 7; and & are related by the equa-
tion

wG
Tf =R, =

=re 274
7 100 (274)

Maximum speed obtainable on each particular
grade is then graphically determined at the inter-
sections of the grade grid lines with the free trac-
tive force curve, Fig. 75 and 76. Limits set by
available friction naturally determine maximum
gradability.

Acceleration: To determine acceleration, use is
made of the basic equation of wvehicle motion

amy =T — ZR (275)

where y is the factor expressing the effect of rotat-
ing parts, and SR is the sum of resistances in con-
stant-speed vehicle motion. Free tractive force is
defined as

Ty =T — 2R (276)

Substituting HEquation 276 into Equation 275,
(277)

Here, m’ is the effective mass to be accelerated
and m’ = yW/g.

PassENGER CAr: Value of the factor v is ob-
tained from Equation 86 (Part 6), which has ac-
ceptable accuracy for all road vehicles:

y = 1.04 + 0.0025 ;2 (278)

The first term expresses the contribution of the
vehicle wheels, and the second term the contribu-
tion of parts rotating at engine speed, which is
related to wheel speed by the reduction ratio .
Results obtained when Equation 278 is evaluated
for the passenger car are listed in Table 10.

As a final step, free tractive force T, is divided
by values of the effective mass m’, giving accelera-
tion @. Results are plotted in Fig. 77 as functions
of wohicle speed. Results of calculations are also
given in Table 8.

INDUSTRIAL TrUCK: Corresponding calculations
giving acceleration for the torgue-converter in-
ataliation follow basically the same steps as for
the passenger car. The one exception is that the
reduction-ratio value substituted into Egquation 86
for determination of the factor y is not the speed
ratio ¢, of the transmission. Explanation of this
behavior of the torgue converter i that vehicle
speed is not directly proportional to engine speed.
This effect can be clearly observed from the speed-
ratio eurves in Fig. T4 and 78, where translatory
speed-up of the vehicle is accompanied by almost
no change in engine speed (curves ¢ and b), espe-
cially in the low-speed range. At the same time,
the total speed ratio £, is very high.

The ratio value substituted into Equation 86
must express change in engine speed An, in rela-
tion to change in vehicle speed AV, and therefore
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a new ratio ig introduced. It is defined as

dn,
av

$v =

and is shown graphically in Fig. 78, When the
torque converter hegins to act ag a- hydraulie
coupling at high gpeeds, engine and vehicle speeds
again become directly proportional, as in the case
of the gear-shift transmission, Consequently, £y =
Lo

For the truck in this example, where an extreme-
ly heavy vehicle is powered by a relatively small
engine, the constants of Equation 86 must be ad-
justed. As a rough approximation,

y = 1.03 + 0.0006 {2 (279)

Results of these calculations are shown as func-
tions of ¢y in Fig. 78. Values of y can be taken
directly from the plot for any vehicle speed. Final-
ly, acceleration is calculated from Equation 277.
Complete results are given in Table 9 and plotted
in Fig. 79.

Time-Speed Relationships: In Fig. 77 and 79,
calculated values of maximum acceleration for
the car and the truck are plotted against vehicle
speed. Acceleration, however, is not entirely suit-
able as a factor for illustrating vehicle perform-
ances, Time-gpeed and time-distance relationships

Problem: By graphical meang, determine the
time-speed relationship represented by Equation
281. The technigue requires solution of the equa-
tion

AV AV

At = R
Fon) a

where the curve f(V) va. V is given.

a=f{i") {2/ Defermining #-1/

TN
AL

P

le— 1 ——wtt— 4 | —]

ar,

T

From similar triangles in a,

Aty OP {OP}AV
= or Atl = -

AV @y a4y

Alg oP (OP)AV
= or Aty = —oo—

AT a2 2]

The graphical construction, illustrated for in-
crements Af; and At,, is repeated for the velocity
range of interest. Then,

t=ZAt = Aty + Aty +.... + AL,

Solution to Equation 281, which is the time-speed
relationship, is obtained by fairing a curve

Table 11—Graphical Integration

A8y V1 V1At
——— = or A81 =
at o'P’ o'P’
A8 YV Vs At
2 = 2 or A8y = _2_
At o'pP’ o'pP
" Therefore,

through the graphically determined points,

Problem: Determine the time-distance rela-
tionship by graphical integration of the time-
speed relationship.

The incremental equation is

AR = VAt -

where the curve of ¥V vs. ¢ is given in b.

P )
{b) Determining /-5
Poraltel
Vo e
4
ol v
|

41 Parallel

RO
ka5, N

f-V

f'rom similar triangles,

8 = ZA8 = AS8; + A8, + ... A8,

A line faired through the points represents the
required solution.
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Fig. 79—Construction of time-speed and time-distance
curves for the truck example. Techniques are the
same as those used in construction of Fig. 77. Acce-
leratlnon values in this case do not reach zero since
maximum engine speed is limited by an engine gov-
ernor.

offer more information.

Calculations for these relationships are based
on the equation for accelerated motion, which in
differentiated form is

dv
Consequently,
at = ym (dv)
Ts

Unfortunately, free tractive force T, is itself a
function of V, which makes the equation relating
time and speed not integrable by conventional
methods. Form of the equation is

tmofvl av
ve TIOPI (281)

where units of ¥ are mph.

PERFORMANCE PREDICTION

The graphical method of integration offers a
solution with sufficient accuracy. Theory of graphi-
cal integration is not detailed here.*s However,
techniques are demonstrated for the car and truck
examples, using values plotted in Fig. 77 and 79.
Graphical basis of the technique is illustrated in
Table 11. Outline of procedure is as follows:

1. On the plot representing acceleration as a
function of vehicle speed V, the area between the
acceleration curve and the speed axis is divided
into small sections to represent the differential dV
(Fig. T7).

9. A rectangle of width dV is constructed with
area equal to that enclosed under the curve proper
(shaded areas equal).

3. Height of this rectangle is then projected
on the acceleration axis (or a line parallel to it),
and the point thus created is comnected by a
gtraight line with the integration pole P.

4. From this line, a perpendicular is erected
to the speed-time co-ordinate system. The first such
perpendicular is drawn through the zero-zero point
to intersect the ordinate at 10 mph extended from
the upper diagram. This gives a point on the time-
speed curve. The second perpendicular, correspond-
ing to the interval from 10 to 20 mph, is drawn
through the point just located and extended to
meet the 20-mph ordinate. This process is repeated
until zero acceleration and maximum speed are
reached. The result is a complete graphical repre-
sentation of the time-speed relation.

5. On the points where gears are changed, the
power eonnection to the engine is interrupted, and
the vehicle is decelerated by rolling and air re-
gistances. An accurate determination of the speed-
time relation during this part of the vehicle prog-
ress was shown in Part 12 of this series. Gear-
shift time iz usually hetween 1 and 2 seconds.

6. Distance of the pole P from point O is deter-
mined hy the graphical seales used for the three
variables involved. The relationship giving PO in
length units is

(speed scale)

PO = (282)
(time scale) (&cceleration scale)

where units of length chosen for the construction
must be eonsistent for all scales.

In construction of the time-speed diagram for
the passenger car, Fig. 77, dV = 10 mph, dt = 4
sec, and evaluation of Equation 282 gives

. 10(1.47)

==
In this equation, the factor 1.47 converts the speed
scale (mph) to the same units as the acceleration
scale (ft per sec?).

Similarly, evaluation of Eguation 282 for the
truck (Fig. 79) gives the result

. 2(14T)
BRREYES)

= 3.68 (length units)

= 2.94 (length umnits)

Time-Distance Relationships: Graphical integra-
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tion of the {-V curve gives the time-distance rela-
tionship. Form of the equation for the ¢-V curve is
t
™ virrar
tp
The method of integration is as follows:

1. The diagram representing the relation be-
tween time ¢ and speed V is considered to be known.
The fields under curves in Fig. 77 and 79 are
again divided into small sections representing the
differential dt.

2, A rectangle of width df is then constructed
with an area equal to that enclosed between the
curve and the { axis (shaded areas equal).

3. Height of this rectangle is projected to the
distance and speed axis, and the point thus cre-
ated is connected with integration pole P’.

4. A line parallel to the connecting line deter-
mines the time-distance curve for that particular
section of df, since it represents the integral of
Equation 283. This process is repeated until the

3 = (283)

range of maximum (constant) speed is reached;
here the distance progress becomes a straight line.
5. The distance of the integration pole P’O’ is
found (as for the time-speed calculation) from
the scales of the variables. The relationship is

(distance scale)
{speed scale) (time scale)

Evaluation of Equation 284 gives P'O’ for the
passenger car (Fig. 77T) as
o 500

0 =——+ ——— =85 (length units)
10(1.47) (4)

P!oi =

(284)

Similarly, pole distance for the truck example
(Fig. 79) is

Fyr —

= —————— = 4.8 (length units)
2(1.47) (1)

Accuracy of graphical integration depends on
the size of the differential sections. Acceptable re-
sults are reached, however, with fairly large sec-
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Fig. 80—Determination of minimum passing distance
by double integration of the acceleration ws. speed
curve,




tions. Curves, which in the first stages of con-
gtruction are multiple broken lines, are finally
faired into smooth curves.

Passing Distance: Time-digtance curves can be
used for graphical determination of distances re-
quired for passing. The technique is shown in Fig.
80, which solves a situation involving three dars:

Car X: Car X is traveling at constant speed of
50 mph, represented by the line with slope #4,.

CarR Y: Car Y is the car considered as an exam-
ple in this article and is fraveling in third gear
at a constant 50 mph. At time zero, the throttle
is suddenly opened wide, and the car begins to
accelerate,

CAR Z: The third car is approaching from the
opposite direction at a constant speed given by
the line under angle §,. In this example, speed of
7 is also taken as 50 mph.

The acceleration vs. speed characteristic of ecar
Y in high gear is taken from Fig, 77 and is shown
in the auxiliary diagram on the left of Fig. 80.
Only the part above 50 mph, which is required for
thig ealculation, is shown.

The first graphical integration, based on the
principles explained in earlier sections, delivers the
auxiliary time-speed curve. The pole distance PO
is given by Hquation 282 as

_ B5(14T)

= 7.34 (1 th uni
1D (Iength units)

The time-speed curve is again integrated, deliver-
ing the time-distance curve of the car Y. The
pole distance P'Q’ of this integration is determined
from Equation 284 as

50
! P

= = §, i
5147 (D) 8§ (length units)

If the minimum clearance distance required be-

PERFORMANCE PREDICTION

fore the car Y can pull back into its own line is
100 ft, minimum free distance for passing is L =
560 ft.

In case, however, car Z is approaching from
the opposite direction, it can safely pass abreast of
car Y at the minimum distance L, that is, after car

Y has pulled back into line. The minimum distance

K between cars ¥ and Z at time zero is taken
from the diagram as 1020 ft.

The advantage of such a graphieal presentation
is that it permits the effects of different speeds
to be determined without repeated calculations.
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