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Motivacao

Cilindro de comprimento L e raio desprezivel, de maneira que o fluxo de calor aconteca
na direcao-x. A Lei de Fourier indica que o fluxo, g, é proporcional ao gradiente de
temperatura u:

qg= —kru

K é o coeficiente de condutividade térmica e o sinal negativo indica que o fluxo de calor
acontece da maior para a menor temperatura. Entre os pontos x1 e x0 podemos
equacionar o fluxo da seguinte maneira:

H iy |

qg(x1) —q(zo) = —r(z1)u (21) + & (20) U’ (20) = f — (kR (x)u (x)) dz.

Lo

9 0 D<«—4 0

0 x, z, L
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Motlvacao
Uma fonte de calor externa ou interna, [ flz) da. ,pode causar o fluxo de

xp
calor

O balanco enérgico leva a:

Assim:

—(r(x)u {;c}}lr = f(x) forall0< x < L.

Periago F., AFIRST STEP TOWARDS VARIATIONAL METHODS IN ENGINEERING



Motivacao

A Lei de Newton também diz que a transferéncia de calor se da a uma taxa proporcional
a diferenca de temperatura entre a peca e o ambiente (na equacao, a temperatura do
ambiente é tratada como nula). Assim,

— (k) 4+ u=7f in (0.L)

Com as seguintes condi¢cdes de contorno:

EDO com

condicoes de
contorno!

Periago F., AFIRST STEP TOWARDS VARIATIONAL METHODS IN ENGINEERING



Motivacao

Problemas Elasticos
Problemas Térmicos
Escoamento de Fluidos

Eletroestatica

Equacoes
Diferenciais

Condicoes
de

Contorno




|ntr0dugé0 Exemplo: Centro de usinagem

Deformacao Elastica
Modos de Vibrar
Comportamento Térmico

Equacoes
Diferenciais

Sistemas de equacoes
T » Ku=F
Condicoes

de APROXII\/IA(;AO
Contorno

z
A
%’y
X




Introducao

[K]{up={F} = {u}=[K] " {F}
vy | ko

Behavior
Unknown

Property [K]| Behavior {u} Action {F}

Elastic stiffness displacement force
Thermal conductivity temperature heat source
Fluid viscosity | velocly body force
Electrostatic dialectri permittivity \ electric potential/ charge

N

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Introducao

Objetivo do método:

e dividir em dominios menores

* Aproximar a solucao nesses dominios

* Impor a solucao para dominio adjacentes

* Resolver as equacdes

N N N

Finite element: Small piece of structure

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Introducao

Objetivo do método:

e dividir em dominios menores

* Aproximar a solucao nesses dominios

* Impor a solucao para dominio adjacentes
* Resolver as equacodes

[KE]{u®) = (F5) [KE]{u®) = (F5)

W

\ AN

N N

[Ixf][u y=1{F%} [K*]{u®} = {F%}

[K*]{u®}={FF}  [K"]{u"}={F"

[K*]{u®} = (F5}

[K*]{u®} = {F}

(K" ]{u} = {F"}

N

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-

of-solids-and-fluids-i-fall-2009/



Introducao

Objetivo do método:

e dividir em dominios menores

* Aproximar a solucao nesses dominios

* Impor a solucao para dominio adjacentes
* Resolver as equacodes

[K]uj =1k} {u} =[K] " {F}

mﬁiﬁ@

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia

User Preprocess Build a FE model

@

Computer Process Conduct numerical analysis

@

User Postprocess See results

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia - Pré-processamento

[1] Select analysis type - Structural Static Analysis
- Modal Analysis

- Transient Dynamic Analysis

- Buckling Analysis

- Contact

- Steady-state Thermal Analysis
- Transient Thermal Analysis

[2] Select element type < 2-D < Linear Truss o—
3-D Quadratic Beam  o—
shell A/
Plate D
Solid
[3] Material properties E, v, p, «, - ol j

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia - Pré-processamento

[4] Make nodes c 00 0 o o

® & @ ¢ @ 0 9

[5] Build elements by assigning m
connectivity

[6] Apply boundary conditions
and loads m

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia - Resolucao

[7] Process
- Solve the boundary value problem

u.iil-:v

Meétodos Numéricos para inversao de matriz, fatoracao, solucao de
sistemas de equacoes

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia — POs-processamento

[8] Postprocess

- See the results  Displacement
Stress g S
Strain _1?:\;
e o
Natural frequency ',‘
|

Temperature
Time history

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia — Elementos

e —
> A D D
>R &

FIGURE 6.3. Typical finite element geometries in one through three dimensions.

3D

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia — Elementos

Physical Mathematical Finite Element

Smlcml‘al Model Name Idealization
Component

bar

& -
o
[ —

P

spar (web)

shear panel
(2D version of above

Fi1cURE 6.4. Examples of primitive structural elements.

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodologia — Elementos

Finite element
1dealization

Phvsical Finite element

) i Physical
1dealization g

>

<7 QY

F1GURE 6.5. Continuum element examples.

plates

</
<

https://ocw.mit.edu/courses/mechanical-engineering/2-092-finite-element-analysis-
of-solids-and-fluids-i-fall-2009/



Metodos de Aproximacao

{if““uu_l' I<e<l1
u(0) = 0, and u(1) =0

Funcéao tentativa:
i =ax(1—x)
71(0)=0

7i(1)=0

Kwon and Bang, The Finite Element Method Using Matlab



Metodos de Aproximacao
Substituindo a funcéo tentativa, calculamos o residuo:
R=—-t+2=-2a—azx(l-2z)+=z
O residuo deve ser nulo em toda a faixa O<x<1:

I= / wR de = / (_..._ —u+ m) dz Formulagao
dz? FORTE

=/ w{-2a — az(l—z)+ x}dz =0

0



Metodos de Aproximacao

Mas como escolher o ®?

e—

Method Description

Collocation w; =6z —x;), t=1,2,..,n

where z; 1s a point within the domain

Least Squares w; = OR/Ba;, t=1,2,...,n,

where K is the restdual and
a; is an unknown coefficient in the trial function
Galerkin w; = 0ufBa;, 1=1,2,..,n

where # is the selected trial function




Metodos de Aproximacao

1.

Mas como escolher o ®?

Collocation Method. The Dirac delta function, §(z — z;), is used as the test
function, where the sampling point #; must be within the domain, 0 < z; < 1.
In other words,

w = é(z - x;) (2.1.4)

Let z; = 0.5 and we substitute the test function into the weighted residual,

Eq. (2.1.3), to find a = 0.2222. Then, the approximate solution becomes
i = 0.22222(1 — ).



Metodos de Aproximacao
Mas como escolher 0 ®?

2. Least Squares Method. The test function is determined from the residual such
that

dR
Applying Eq.(2.1.5) to Eq. (2.1.2) yields w = —2 — 2(1 — 2). Substitution of the
test function into Eq. (2.1.3) results in @ = 0.2305. Then # = 0.2305z(1 — z).



Metodos de Aproximacao

Mas como escolher o ®?

3. Galerkin’s Method. For Galerkin’s method, the test function comes from the
chosen trial function. That is,
di
w= - (2.1.6)
For the present trial function, w = z(1 — z). Applying this test function to
Eq. (2.1.3) gives a = 0.2272 so that & = 0.2272z(1 — z). Comparison of these
three approximate solutions to the exact solution at z = 0.5 is provided in Table
2.1.1. Asseen in the comparison, all three methods result in reasonably accurate
approximate solutions to Eq. (2.1.1).



Metodos de Aproximacao

Mas como escolher o ®?

x = 0.5

Exact Sclution Collocation Least Squares (Galerkin

0.0566 0.0566 0.0576 0.0568




Formulacao Forte

Conseguimos resolver um sistema de equacdes ao invés da EDQO!
Encontramos um a e temos uma aproximacao para a solucao da
EDO:

u = 0.2272z(1 - =).

Mas sera é facil resolver assim?

Ainda nao dividimos o espaco em regioes menores e precisamaos
fazer derivadas e integrais!!



Formulacao FRACA

w-dy = Va/xawuu i
f //b;vfj\ w\ form,

o O Mo, 7%

g
ﬂ)ti’ﬁ 3
= /

Z




Formulacao FRACA

Integral por partes:

1 d?a
I=[J W(E—ﬂ+$)d$
1

—]l(—d%w@—wﬁ+mw)dm+[wg;ﬁ] =0
~ Jo de dz dz],

Essa formulacdo combina com Galerkin e Funcdes piecewise

(funcOes tentativas)!



Funcoes Piecewise
/1\
ZTiop & Liwg i
D |h1+1|
(:n - x;_l)/h,: for z;_1 <z < x;

¢>g(m) —— {

(zig1 — ) /hir
0

for 2; <& < Ziy41
otherwise




Vamos resolver o nosso exemplo!

% Example 2.3.1  Consider the same problem as given in Eq. (2.1.1). It is
rewritten here

{%‘%—u:—m,0<£<l (2
u(0) =0, and u(1) =0 |

The weak formulation is also rewntten as below:

Vo rd?a
I--.[:j w(@—u+m)dx

'/ dwda di]’
:./n (—Tmﬂ—wu+mw)dm+[wa—;]u=0 (2



Vamos resolver o nosso exemplo!

A trial function is chosen such that 4 = a,¢1(z)+ az¢2(z) in which a; and az
are unknown constants to be determined, and ¢; and ¢, are defined as below:

3z, Oﬁmﬁ‘%
h(z)=4 2-3z, égmﬁg (2.
0, -55:1:51
0, 953?5'1'32
da(z) =< 3z — 1, %Smﬁ 5 (2.
3""33, Eﬁmﬁl
?+ a9,

N
/

¢=) / SR Y
z N %
3

‘\




Vamos resolver o nosso exemplo!

rx
a,(3z), 053:5‘-1%
i=qa(2-32)+a@Bz-1), F<o<s
as(3 — 3x), gLzl



Vamos resolver o nosso exemplo!

w; = 0ufla;, t=1,2,...,n

where u is the selected trial function

Use of Galerkin’s method yields the following test functions

3z,
wy = ¢ 2-— 3z,
0,

0,
Wy = Jr — 1,
3 — 3z,

IAINAIA
= oy B
IAIAIA
b=t g il

L I = O

and

o e = OO
IAIA A
I B
IAIA A
= 0 g =



Vamos resolver o nosso exemplo!

Averaged weighted residuals are

' dw, dii .

P dw, di -
I;:fo (——dfzg—wgu+mwg)dm=0

Formulacdo FRACA

where [w %],:1, is omitted because wy{0) =w;(1)=w2(0)=w2(1)=0




Vamos resolver o nosso exemplo!

Formulacdo FRACA

I, =fﬂa [-3(3a,) — 3z(3a;z) + z(3z)]|dz+

2
j;a [3(—3a; + 3a2) — (2 — 3z)(2a; — a1z + 3azz — ay)
a

1
+ z(2 — 3z))dz + / 0dx
2
3

= — 6.222a, + 2.9444a, + 0.1111 =0

i

2
I :/ Odx +] [—3(-—-3&1 +3£12)
0 3
— (3z = 1)(2a; - 3a1z + 3asz — a3) + z(3z — 1)]dz+
1
/2 [3(—3as) — (3 — 3z)(3az — 3asz) + (3 — 3z)]dz

=2.9444a, ~ 6.2222a, + 0.2222 = (



Vamos resolver o nosso exemplo!

Formulacdo FRACA

I, =fﬂa [-3(3a,) — 3z(3a;z) + z(3z)]|dz+

2
fa [3(—3a; + 3a2) — (2 — 3z)(2a; — a1z + 3azz — ay)
3 Sistemas de
equacoes!

= — 6.222a, + 2.9444a, + 0.1111 =0 al=0.04838
" a2=0.0569

=
I ::/ Odz + ]3 [—3(-—-3&1 + 3(12)
0 3

— (3z = 1)(2a; - 3a1z + 3asz — a3) + z(3z — 1)]dz+

1
+ z(2 — 3z))dz + / 0dx
2
3

/: [3(—3as) — (3 — 3z)(3az — 3asz) + (3 — 3z)]dz

=2.9444a, ~ 6.2222a, + 0.2222 = (




Formulacao de Elementos Finitos
de Galerkin

Vamos dividir o problema em subdominios chamados elementos para resolver um

problema complexo.
PP I
+ +7 Elementos de 2

gl
T Ti44 NOS:

Uy Uy

Two-Node Linear Element

Funcdo tentativa: U= C1X + Cy



Formulacao de Elementos Finitos
de Galerkin

Funcdo tentativa: U=cx+cy
T T4y
Uy Uty

Two-Node Linear Element

Uiyy — Uy
c1 =
u(z;) = ey @y + c2 = w4 Ti41 — Ti
u(Zip1) = C1Ziq1 + 2 = Ujq oy = LiZitl T Uip1Zi
Ii-l'l — &y




Formulacao de Elementos Finitos

de Galerkin

“(iﬂi) =& + 2 = Uy

u(Zigy1) = 1Tig1 + €2 = Uiga

ey = Uigyy — Uy
Tigl — &f
_ UiTigy — Uiy T
ﬂg =
Livyr — Ty

\Vamos rearranjar os termos (por em evidéncia ui e ui+1)

u= Hl(m)u; + Hg(:l!)‘-ll‘-,*+1

H: funcdes de forma

Hy(zx) :H;l: -
Hg(r) — T ;{-’ﬂ;‘



Formulacao de Elementos Finitos
de Galerkin

Hy(z) 9:.:.1.;“— -
u = Hy(x)u; + Ha(z)uisr 2

Hg(ﬂ.?} = h{ !
H: funcdes de forma hi = zip1 — i

O que sabemos delas?
Hl(#i) =1, Hi(ziy1) =0, Hz(?a'i) =0, Hy(zip1) =1

H(z) Hyz)

1.0 Soma sempre

11

X

Xy Zi+1

; Linear Shape Functions



Vamos resolver o nosso exemplo!

% Example 2.3.1  Consider the same problem as given in Eq. (2.1.1). It is
rewritten here

{%—u:—m,0<m<l (2
u(0) = 0, and u(1) =0

Formulacéo fraca com n elementos (n=3 no exemplo):

T mi+1 1
I = Zf, (—%g — w*r.n+3:*u.:)da: + [u’w] =0

j=1vT 0

elem§1 elem§? elem§3

"
II:O IE:E I:}:% 1'4:
L Uy Us Uy



Vamos resolver o nosso exemplo!

Vamos olhar so esse termo

n Tig1 1
Izzv,», (—j—j%—wu+mw)dm+ [u"w]ﬂ:ﬂ

=1




Vamos resolver o nosso exemplo!

Vamos olhar so esse termo

n Tig1 1
Isz;;,- (—j—j%—wu+mw)dm+[u"w]ﬂ:ﬂ

i=1
The trial function u is expressed as
U = Hl(ﬁ)ﬂ,‘ + Hz(m)u,:_,_l (Q

and test functions for Galerkin’s method are wy = H;(z) and we = Hy(z).
Putting these 4 and w into Eq. (2.4.13) gives

L, (Ui (g ponml)ae 5
+f:i+1 & { f{; } dz (2.



Vamos resolver o nosso exemplo!

- (G pmmie { g fenmm)as {2}
+f:+1 z { gz } dz (2.

hi hi hifn. .
_lil:+3 _—Hl:_i_ﬁ]{“i }+{};}($:+1+2$:)}

%(25’:#1 + z;)

h depende do tamanho do elemento (conhecidas), u sdo as quantidades
Nno Nos e x as posicdes dos nds (conhecidas)



Vamos resolver o nosso exemplo!

_[ Loy b ——;‘;+%‘]{ u; }+{:§‘(ﬂfi+1+2mi)}
.flﬁi. T;IT + hy U1 —ﬁi(Qm:‘-H + mi)

Para os 3 elementos:

Element #1
—-3.111 29444 | | uy + 0.0185
20444 —-3.111} | us 0.0370
Element #?2
—3.111 29444 | | us + 0.0741
29444 -—3.111] | ua 0.0926
Element #3
—-3.111 29444 | | ug + 0.1296
290444 -3.111} | uy4 0.1481



Vamos resolver o nosso exemplo!

-3.111 2.9444
2.9444 -3.111

Element #1

—-3.111
2.944
0
0

2.9444
-3.111
0
0

0
0
0
0

U
u2

4

1431
U2
Us
Ug

0.0185
0.0370

_|.

}

0.0185
0.0370

0



Vamos resolver o nosso exemplo!

Somando todas as contribuicdes (3 elementos)

m—3.1111 2.9444 0 0 § wy

29444 —6.2222 2.9444 0 Ug \
0 29444 —-6.2222 2.9444 Uz

_ 0 0 2.9444 —-3.1111._ Uyq J

r 0.0185 —u/(0)y 4
0.1111

+9 2222 (=0

L 0.1481 + u’(l) y

elemf! elem§? elem#3

T+
T=0 Th=3 :1:3:% e
Y Uy Us Uy



Vamos resolver o nosso exemplo!

Condicao de Contorno de Dirichlet: u1=0 e u4=0

Condicao de Neumann: u’1=? e u’4=?
Vamos impor as condigoes:

[ 1 0 . _ 0 0 T ( u1 0 3
2.9444 —6.2222 2.9444 0 < uz \ ) —0.1111 \
0 2.9444 —6.2222 2.9444 us (| —0.2222

L 0 0 0 1 4 \ Uy 0 4




Vamos resolver o nosso exemplo!

[~ 1 0. 0 0 71 ( 1 ( 0 3

2.9444 -6.2222 2.9444 0 Jus | _ ) —o1111 |
0 20444 —6.2222 2.9444 | Yus ( — ) —0.2222

. 0 0 0 1 4 N Uy \ 0 /

Resolvendo ul=0, u2=0.0448, u3=0.0569 e u4=0




Vamos resolver o nosso exemplo!

ul=0, u2=0.0448, u3=0.0569 e u4=0. Lembrando que

o — I
Hy(z) = %
Hy(z) = = ;.:;

h; = Lig1 — Ly

Elemento 1: 0<x<1/3

u = H(z)uy + Ha(z)us = 0.1344z. §

U=0 H1 + 0.0448 H2 = 0.0448%*(x-0)/(1/3-0)=0.1344x



Vamos resolver o nosso exemplo!

ul=0, u2=0.0448, u3=0.0569 e u4=0. Lembrando que

o — I
Hy(z) = %
Hy(z) = = ;.:;

h; = Lig1 — Ly

Elemento 2: 1/3<x<2/3

U= u2*H1+u3*H2=
= 0.0448*(2/3-x)/(1/3) + 0.0569 (x-1/3)/(1/3)  =0.0327+0.0363x



Vamos resolver o nosso exemplo!

ul=0, u2=0.0448, u3=0.0569 e u4=0. Lembrando que

o — I
Hy(e) = B2
Hy(z) = = ;.:;

h; = Lig1 — Ly

Elemento 3: 2/3<x<1

U= u3*H1+ud*H2=
= 0.0569*(1-x)/(1/3) + 0 =0.1707-0.1707x



Vamos resolver o nosso exemplo!

Agora sabemos o valor de u para qualquer x:

O<x<1/3: u=0.0344x
1/3<x<2/3: u=0.0327+0.0363x
2/3<x<1: u=0.1707-0.1707x

Resolvemos o problema de maneira aproximada e sistematica!



EX.

+cu=f(z), 0<z<l

d?u bdu
Considere a EDP a2 to
u(0)=0 and u(l)=0

Para resolvé-la utilizando o Método dos Elementos Finitos, vamos utilizar
a formulacao fraca onde u € a funcao que aproxima a solucao da EDP e
w € o peso definido de acordo com a proposta de Galerkin (w=duda):

L L
d
/ {—a‘:l—w-(iiE + bwEEE + cwu}dm = ] wf(z)de — [aw—u]
0 0 dz

L

dr dz dz

0

Essa abordagem é bem resolvida quando utilizamos para a funcdo que aproxima
a solucéo uma piecewise function

1o i Hfe) elemjl  elemf? elem}3
' R

u = H(z)u; + Ha(x)u;yq

= —e—

35'3:% 1'4:[

CaDf b

Us Uy

8
B
x
£
&



EX.

1 Ao definir o material do
componente, ...

2 Ao definir o tipo de elemento da
malha, ...

3 Ao resolver o seu problema pelo
Métodos dos Elem. Finitos, ...

4 Ao definir as condicdes de
contorno, ...

5 Ao definir quantos nos a sua malha
tera e quais o graus de liberdade
eles terao, ...

6 Ao definir o carregamento, ...

\Vocé define quais sdo as shape
functions H1 e H2 que serdo
utilizadas.

\oce altera [ du]L na

aw—

dz

0

formulacéo fraca.
\oce altera os coeficientes a,b e ¢ da
EDO.
\Voce resolve um sistema de equacoes
algebricas ao invés de uma equacao
diferencial.
\océ define o tamanho do sistema de
equacoes algébricas que precisa ser
resolvido.
Vocé altera / t f(z)ds -

0

da formulacao fraca
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