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Newton Raphson (single variable)
Taylor polynomial for f(x) expanded about p0 and evaluated at x = p

f(p) = f(p0) + (p− p0)f ′(p0) +
(p− p0)2

2
f ′′(ξ) (1)

where ξ ∈ [p0, p].
Taking a first order approximation:

0 ≈ f(p0) + (p− p0)f ′(p0) (2)

p ≈ p0 −
f(p0)

f ′(p0)
(3)

For an iterative process, we have:

pn = pn−1 −
f(pn−1)

f ′(pn−1)
, n ≥ 1 (4)
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Newton Raphson (single variable)

Figure: Representation of Newton Raphson method.
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Newton-Raphson method (multivariate)
The method described for 1D functions can be generalized for a system of
non-linear equations:

f1(x) = 0

f2(x) = 0

· · ·
fN (x) = 0

where
x = [x1 x2 · · ·xN ]T (5)

Defining a function vector:

f(x) = [f1(x) f2(x) · · · fN (x)] (6)

The system can be rewritten as:

f(x) = 0 (7)
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Newton-Raphson method (multivariate)
Considering N = 2 (2D problem), the multidimensional equation can be
geometrically interpreted as:

Figure: Visualization of the root finding problem in 2D.
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Newton-Raphson method (multivariate)
The Taylor expansion for each function fi can be written as:

fi(x+ δx) = fi(x)+

N∑
j=1

∂fi(xj)

∂xj
+O(δx2) ≈ fi(x)+

N∑
j=1

∂fi(xj)

∂xj
δx (8)

In the vector form, the above equation can be written as:

f(x+ δx) = f(x) + J(x) δx (9)

where J(x) is the Jacobian matrix, which is defined as:

J(x) =


∂f1
∂x1

· · · ∂f1
∂xN

...
. . .

...
∂fN
∂x1

· · · ∂fN
∂xN

 (10)

Ricardo Afonso Angélico Numerical methods April 8, 2019 7 / 31



Newton-Raphson method (multivariate)

Assuming f(x+ δx) = 0, the roots are x+ δx, where δx can be obtained
from:

f(x+ δx) = f(x) + J(x) δx =⇒ (11)

δx = J(x)−1[f(x+ δx)− f(x)] = −J(x)−1f(x) (12)

And, from an starting point x:

x+ δx = x− J(x)−1f(x) (13)

For nonlinear equations, the result above is only an approximation:

xk+1 = xk + δxk = xk − J(xk)
−1f(xk) (14)
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Newton-Raphson method (multivariate)

Example 1
Computes the roots of: {

x21 − 2x1 + x2 + 7 = 0
3x1 − x2 + 1 = 0

(15)

Starting point: x = [1.00 1.00]T
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Newton-Raphson method (multivariate)

Example 2
Determine the points of intersection between the circle x2 + y2 = 3 and
the hyperbola xy = 1
Starting point: x = 0.5; y = 1.5

Solution: ±(0.618, 1.618) and ±(1.618, 0.618)
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Newton-Raphson method (multivariate)

Example 3
Computes the roots of:

3x1 − cos(x2x3)− 3/2 = 0
4x21 − 625x22 + 2x3 − 1 = 0
20x3 + exp(−x1 x2) + 9

(16)

Starting point: x = [1.00 1.00 1.00]T

Solution: x = [0.833282 0.035335 − 0.498549]T
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Exercises

Exercise 1
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Exercises
Exercise 2
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Exercises
Exercise 3
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Exercises

Exercise 4
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Exercises

Exercise 5
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Exercises

Exercise 6
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Exercises

Exercise 7
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